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THE GROWTH CONDITION GUARANTEEING SMALL
SOLUTIONS FOR A LINEAR OSCILLATOR WITH AN
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Abstract. The second order linear differential equation
P+ t)r=0

is considered, where ¢ : [0,00) — (0, 00) is continuous, piecewise continuously
differentiable, non-decreasing, and lim;_,+ ¢(t) = 0o. A solution zg is called
small if limy_, o, 2o (t) = 0. It is known that the equation always has at least
one nontrivial small solution, but, in general, it can have also solutions not
small. The Armellini—-Tonelli-Sansone Theorem says that if the function ¢
grows “regularly” in some sense, then all solutions are small. A generalization
of this growth condition is given in terms only of the integral of ¢ and ¢/q.
It is proved that the result is a real generalization of the earlier theorems.
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1. INTRODUCTION

Consider the linear second order differential equation
i+q(t)x =0, (1.1)

where ¢ : [0,00) — (0,00) is continuous, piecewise continuously differentiable,
nondecreasing, and satisfies

tllglo q(t) = oo. (1.2)

Equation (1.1) describes the oscillation generated by the restoring force —q?(t)x
with elasticity coefficient ¢?(¢) tending to infinity as ¢ — oo. H. Milloux [11]
proved that equation (1.1) always has a nontrivial small solution, i.e., a solution
xg : [0,00) — R possessing the property

lim zo(t) = 0.

t—o00

Milloux showed by an example that, in general, (1.2) does not imply that all
solutions are small. The celebrated Armellini-Tonelli-Sansone Theorem [1, 15,
14] (abbreviated as A-T—S Theorem) gave a growth condition for the function
q guaranteeing that all solutions of (1.1) are small. A nondecreasing function
f:]0,00) — (0,00) is said to grow intermittently if for every € > 0 there is a
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sequence A = {(a,, b,)}2, of disjoint intervals such that a, — oo as n — oo,
and

. - b — ax G
hflnfolip; y S© > (flan1) = f(bn)) < 00 (1.3)
are satisfied. If this does not occur, then f is said to grow regularly. The A—T-S
Theorem says:

If the function lnq grows to infinity reqularly, then all solutions of (1.1) are
small.

After Milloux’s theorem and A—T—S Theorem many results have appeared on
the zero tending solutions of (1.1) (see the surveysin [2, 9]). I. T. Kiguradze and
T. A. Chanturia [8] described the class of equations (1.1) for which the space
of small solutions is of dimension one (see [9, Theorem 4.10]). The growth
condition of A—T—S Theorem was generalized and sharpened in many papers
(see, e.g., [3, 4, 5, 10, 12, 13]). Most of these conditions, similarly to (1.3),
use different sequences of intervals that make them rather sophisticated. In
this paper, applying our earlier method for the investigation of the stability
of equilibrium of the damped oscillator, we give a new A-T-S-type growth
condition using only the integral of functions ¢ and ¢/q. We compare our
results to the classical A—-T—S Theorem and to a recent condition of P. Pucci
and J. Serrin [13].

n=1

2. THE MAIN RESULT

Theorem 2.1. Suppose that the function ¢/q* is bounded on [0,00), and for
every sequence {ty,ts,...} (lim, . t, = 00) the inequalities

tn+1 t'n+1
7 < lim inf / q, / g<2m(n=1,2,...) (2.1)
tn tn

imply

00 tn+1 ( ) t tn+1 2

o i)

——= [min q; q dt = o0. 2.2
g / q(t) 22)
n=l 4, tn t

Then every solution of (1.1) is small.

In the proof we will use the basic theorem of [6] on the asymptotic stability
of the zero solution of the damped oscillator

i+ h(t)i + kzr =0, (2.3)

where h : [0,00) — [0, 00) is a bounded piecewise continuous function (damping
coefficient), and k is a positive constant. This theorem needs the following
concept. Let a constant o > 0 be given. A discrete set A = {7,}, 7, < T,
n=1,2,..., on the real line is called asymptotically a-discrete if

liminf(7,41 — 7,) > .
n—oo
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Theorem 2.2. [6, Theorem 4.1] If

o

/ h()[dist(t, A)2 dt = oo (2.4)

0

for every asymptotically (m/k)-discrete set A, then the zero solution of (2.3) is
asymptotically stable, i.e., for every solution x of (2.3)

tlim x(t) = tlim (t) =0
15 satisfied.

Proof of Theorem 2.1. A suitable transformation turns equation (1.1) into an
equation of form (2.3). Indeed, introduce the new independent variable

T=p(t) = /tq(S) ds.

Then equation (1.1) is transformed into the form
(-1
" q T
o 2 )
(7))

where (-) :=d(-)/dt, () := d(-)dr, and ¢! denotes the inverse function of (.
Let us apply Theorem 2.2 to (2.5). Since

Yy +y=0, (2.5)

Tn+1 W71(7n+1)
dr = / q(t) dt,
™ 1 (7n)

a sequence {7,} is a-discrete if and only if

tn+1

lim inf / q(t)dt > « (tn =1 (1)).
tn

On the other hand, condition (2.4) has the form

[ae') )
O/W [dist (7, {7 })]" dr

o tn+1 () t tn+1 2
ol VAN
= ——= | min q; q dt = o0. 2.6
;/ q(t) (26)
n=l ¢ tn t

It remains only to explain the appearance of the second condition in (2.1). In
Theorem 2.2, divergence (2.4) is required for every asymptotically 7/k-discrete

=R
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set A. However, checking (2.4) for equation (2.5) we may restrict ourselves to
the sets A = {r,} satisfying also

tni1
Tntl — Tn = / gt)dt <27 (n=1,2,...). (2.7)
tn

Indeed, if 7,41 — 7, > 27 for some n in the sequence A = {7, }, then we keep
on adding points 7,, := 7, +jm, j = 1,2,..., to the set A = {7,} until the
distance 7,41 — 7,, becomes less than or equal to 27. Doing this for all such
n’s, we get a modification A" of A, which already satisfies both conditions in
(2.1). Consequently, (2.2) has to hold for A’. However, the infinite sum (2.2)
with the original A is greater than the same infinite sum with the modification
A’ s0 (2.2) automatically holds for A, too. This means that we can require the
second condition in (2.1) without loss of the generality. O

Let us mention that the boundedness of ¢/¢? is not a strict assumption.
Indeed, for any given ¢ > 0, the measure of the set of ¢’s where the inequality
¢(t)/¢*(t) > ¢ > 0 holds is finite; namely, it is at most 1/(q(0)c). Actually, this
assumption could be removed by the use of Theorem 5.1 instead of Theorem
4.1 of [6] (see [7]), but this would make Theorem 2.2 technically difficult.

3. APPLICATIONS

In this section we compare Theorem 2.1 to earlier results in the case with
¢/q* bounded. For convenience, we formulate a corollary of our main result.

Corollary 3.1. Suppose that the function ¢/q* is bounded on [0,00), and
there is ane (0 < € < 1) such that for every sequence {(an, by)}o2, (im0 ap =
o0) of disjoint intervals with properties

bn an41
/ng, 7r—2€§/q§27r—25, n=12 ..., (3.1)
an bn

the divergence

> Ing(ansa) = ng(by)] = oo (3.2)

n=1

holds.
Then every solution of (1.1) is small.

Proof. We prove that the condition of Theorem 2.1 is satisfied.
Let {t,} be a sequence satisfying (2.1). For every n € N there are a,, b, such
that

tn by,
€
ap < tn, < b, < apiq, /q:/q:é, n=12....
an tn
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For n large enough we may assume ftt:“ q > 7 — &, so we have
bn
foe-
Zn+1 tnt1 bn tn41
27 — 2e > / q= / q—/q— / q>m—€c—¢c=Tm—2¢,
by tn tn ani1
and
tnt1 t o tnga 2
/ @ min /q; / q dt
J ) S
g it 2
>5[ % dt = = Ing(a) ~ ng(b)].
brn

By the condition of the corollary, (3.2) implies (2.2), i.e., the condition of The-
orem 2.1 is satisfied. O

Now we show that the A-T—S Theorem is a consequence of Corollary 3.1.

Proposition 3.2. If q(t) / oo (t — o0) regularly in the A-T-S sense (see
Introduction), then q satisfies condition (3.1)—(3.2) of Corollary 3.1.

Proof. Suppose that ¢ grows regularly, i.e., there exists an 9 > 0 such that for
every sequence {(ay,b,)} of disjoint intervals the relation
n

b — a
limsupz Zb ai

=1

< €o (3.3)

implies (3.2). Without loss of generality, we may suppose g9 < 1. We prove that
condition (3.1)—(3.2) of Corollary 3.1 is satisfied with the same ¢y. Indeed, it
is enough to prove that every sequence {(a,,b,)} with properties (3.1) satisfies
(3.3).

Let {(ay,, b,)} satisty (3.1). Then

bn
q(an)(bn - an) S/q = €0,
(3.4)
4B} (@ — bus) < / ¢ < 9(0n) (0 — bu),
bnfl
whence
-2 2 — 2
bn — Qp S 6—07 d =0 S Qn bn—l S z 20 ) (35)
Q(an) Q(GN) Q(bn—l)



274 L. HATVANI

and, finally,

bn_an<

(@ —bp_1) <eolan —bn1), n=2,3,.... (3.6)

Now we can estimate the “density” of {(ay,b,)} in the following way:

n n

bi—a; b — by —
Z ba < a1+@ (a; —bi—1) < lba1+507

i=1 n bn bn i=2 n

which means that (3.3) is satisfied. O

After the classical A-T—S Theorem let us turn to a recent result. As a
corollary of their very general (nonlinear!) main theorem, P. Pucci and J.
Serrin formulated the following nice result [13, Corollary Al]:

Suppose that there ezists a nonnegative continuous function ¢ of bounded
variation on [0,00), such that

i)z o0t (20, [v=cx 3.7)

Then every solution of (1.1) is small.

We show that this assertion is also a consequence of Corollary 3.1.
Proposition 3.3. Condition (3.7) implies condition (3.1)—(3.2).

Proof. Suppose that there is a function ¢ satisfying the conditions in (3.7). Let
e (0 < € < 1) be arbitrary and consider a sequence {(a,,b,)} with properties
(3.1). We have to show that (3.2) holds. Since ¢/q > v, for this it is sufficient
to prove 37, [, b = oo,

Introduce the notation I, := fab: U, Jp = bc;’““ Y (k=1,2,...). Obviously,
Y pe (I + Ji) = 0o. Let us use the method of indirect proof: suppose

D T < oo (3.8)
k=1

Then
> I =oo. (3.9)
k=1

We will show that these two relations contradict the fact that 1 is of bounded
variation on [0, 00).
Using the notation

N, = {keNk>2: L — Ju1>0}, Noo={keN,k>2: I, — Jp_, <0},
we have the estimate ), . Ip <> oy Jr—1 < 0o. Hence by (3.9)

Y L= (3.10)
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Now we estimate the total variation Vi of ¢. For an arbitrary K (2 < K € N)
we have

\/°°¢>2K: e )> Z 1 ak—bk—1[_J
0 _k bk—ak ar - F b

— by_ ar —bp_11 by —a
k-1 ren h<i P k—11 Ok k

(3.5) and (3.6) imply the inequalities
1

q(bp—1)  ar — by ST 2e

>1 (k> K, 3.11
ar —bp1 — 2(r—¢e)  bp—ap — & (k> Ko) (3.11)

with some K > 2 large enough. From (3.8), (3.10) and the previous estimate,
for K > K, we obtain

Vew >y Q(L_l)(fk — Ji-1)

kEN, , Ko<k<K 2(r —¢)

> %?( Z I, — Z Jk_1> — 00 (K — o0),

keNy , Ko<k<K keN4 ,Ko<k<K

i.e., Vi°y = oo, which is a contradiction. [l

In the next section we show by an example that neither the converse of
Proposition 3.2 nor that of Proposition 3.3 is true; in other words, Corollary
3.1 is a real generalization both of the A-T-S Theorem and of the cited result
of Pucci and Serrin.

4. EXAMPLE

In this section we construct a function ¢ : [0,00) — (0,00) which satisfies
condition (3.1)—(3.2), but Ing grows to infinity intermittently, and ¢ does not
satisfy condition (3.7).

Let T, ;== (n— 1), n=1,2,..., and define successively

1 if ¢ =0,
q(t) = q(Tn)e”Q(t_Tn) it T, <t <T,+1/n?
qo(Ty)e if T, +1/n*<t<Tyy (n=1,2,...).

Then ¢(T,41) = eq(T,); consequently, ¢(T,+1) = €" — o0 (n — 00). It is easy
to see that In ¢ grows to infinity intermittently. Indeed, consider the sequence
of intervals (a,,b,) = (T, T,, + 1/n?), n=1,2,.... Then

1
— n (T + ) Ty,
lim sup Z be —ax _ = lim sup Z < lim sup LZ = 0.

n—00 n—oo T —|— n—00 (n_l)

At the same time,
(o, ¢]

Z [ng(ansi) —Ing(b,)] = 0.

n=1
This means that for every ¢ > 0 (1.3) is satisfied by the same sequence of
intervals {(an,b,)}, i.e., Inq grows intermittently.
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On the other hand,

qt) { n? if T, <t<T,+1/n%

qt) 0 UT+1/n*<t<Tpn (n=12,...).

If ¢ : [0,00) — [0,00) is a function of bounded variation on [0, c0), then 9 is
bounded on [0,00). Let 1 denote an upper bound of ¥ on [0,00). If ¢(t) >
Y(t)q(t) (¢ >0), then ¢(t) =0 for t € .2, (T;, + 1/n? T,,11); therefore,

o0 Tat s

o9 > 1
[o=3 [ verdies
0 n=1 Tn n=

This means that there is no function 1 satisfying condition (3.7) of Pucci and
Serrin.

Finally, we prove that condition (3.1)-(3.2) is satisfied for q. Let ¢ (0 <
e < 1/e) be arbitrary, and choose a sequence {(a,, b,)} having properties (3.1).
Introduce the notation

1
NHII{kENITnSGk, bk+1§Tn+_2}
n

ItT, <a<p<T,, then

From these inequalities and properties (3.1) we obtain the estimates

€ € T—¢€ 2
_nébk_akgeTkl; p Sak+l_bk§en71 (k € Ny),
whence
T—€& TWT—€ € T—&
a — b, > = > b —ai) > 2(b. —a keN,).
i —b 2 =TS s TS g 22— ) (REN,)

These estimates show that for large n the interval [T),,T, + 1/n?] contains
“many” elements of the sequence {(ay,bx)}, and

1
measure{ U (bk,ak+1)} > 5

keN,
But ¢(t)/q(t) = n® provided that T,, < t < T,, + 1/n?; consequently,
Ag41

q(t) 1 1
Z [Ing(ar+1) — Ingq(br)] Z / 0) n2 =5

keN, keN, by,

which implies (3.2).
We can conclude that the function ¢ defined by (4.1) satisfies condition (3.1)—
(3.2). By Corollary 3.1, equation (1.1) with this ¢ has only small solutions.
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