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Abstract. It is shown that any uncountable commutative group (G,+) ad-
mits a representation G = ∪{Gj : j ∈ J}, where J is a countable set, Gj is
a subgroup of G for each j ∈ J , and G/Gj is uncountable. A related fact
for uncountable solvable groups is established in terms of invariant (quasiin-
variant) measures and an application of the above-mentioned results to the
measure extension problem is given.
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It is well known that the basic ideas and concepts of the modern theory of
dynamical systems came from the classical theory of ordinary differential equa-
tions. Indeed, for a given autonomous system of first-order ordinary differential
equations in a finite-dimensional phase space, the famous Liouville theorem
states the necessary and sufficient conditions under which the corresponding
phase flow preserves the Lebesgue measure. These conditions are trivially ful-
filled for Hamiltonian system in the same phase space. Consequently, we obtain
a natural example of a dynamical system which is systematically used in study-
ing various physical (primarily, evolutional) processes.

An abstract dynamical system can be treated as a triplet (E,G, µ), where E
is a nonempty phase space, G is some group of transformations of E and µ is a
nonzero finite (or σ-finite) G-invariant measure on E.

Many deep and important results were established in terms of (E, G, µ).
Among them there are: Poincare’s recurrence theorem, Birkhoff’s ergodic theo-
rem, Krylov–Bogoliubov theorem on the existence of a dynamical system for a
one-parameter group G of homeomorphisms of a nonempty compact space E.
The latter result was essentially generalized by Markov and Kakutani to a solv-
able group G of homeomorphisms of a nonempty compact space E. This gen-
eralization shows, in particular, the remarkable role of solvable transformation
groups in the theory of dynamical systems (equivalently, in the theory of invari-
ant measures).

The main goal of the present paper is to discuss the measure extension prob-
lem for uncountable solvable groups. Namely, it will be demonstrated below
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that special properties of these groups enable one to extend a given invariant
measure (i.e., a dynamical system) by using some nonmeasurable subgroup.

First, we would like to recall Vitali’s classical construction of a Lebesgue
nonmeasurable set on the real line. Let R denote the real line and let λ be the
Lebesgue measure on R. Consider the Vitali partition of R determined by the
equivalence relation V (x, y):

(x, y) ∈ V ⇔ x ∈ R & y ∈ R & x− y ∈ Q,

where Q denotes the set of all rational numbers. It is well known that any
selector Z of this partition is nonmeasurable with respect to λ (see, e.g., [16]).
Moreover, it can be shown that Z is nonmeasurable with respect to any mea-
sure on R extending λ and invariant with respect to the group of all rational
translations of R (cf. [16], [17]). Among the selectors of the Vitali partition
(which are usually called Vitali sets) we can encounter some subgroups of the
additive group R. Indeed, if we treat R as a vector space over the field Q, then
we can apply a well-known theorem from linear algebra, which states that a
vector subspace Q of R admits a complemented subspace in R, i.e., we have a
representation

R = Q + H (Q ∩H = {0}),
where H is a vector space over Q (actually, H is a hyperplane in R comple-
mented to the line Q in R). Consequently, H is also a subgroup of R such that
no translation-invariant extension of λ can make H be measurable. Besides,
the relation card(R/H) = card(Q) = ω holds true, where ω denotes the least
infinite cardinal (which may be identified with the set of all natural numbers).

There are some other constructions which establish that there exist sub-
groups F of R nonmeasurable with respect to λ, but satisfying the inequality
card(R/F ) > ω. For instance, by applying the method of transfinite recursion,
it is not difficult to construct a subgroup F of R satisfying the above-mentioned
inequality and the relation λ∗(R\F ) = 0, where λ∗ stands for the inner measure
associated with λ. The construction of such an F can be done similarly to the
classical Bernstein construction (cf. [14], [16], [17]). The advantage of F over H
is that F can be made measurable with respect to an appropriate translation-
invariant extension of λ. This fact is not accidental. It remains valid for any
uncountable commutative group (see Lemma 2 below). We are going to give an
application of one purely algebraic statement to the question of the existence
of nonmeasurable subgroups and to the problem of extending nonzero σ-finite
invariant (quasiinvariant) measures.

In what follows the symbol (G, ·) will denote an arbitrary group and (G, +)
will denote an arbitrary commutative group. We do not suppose that G is
equipped with a topology compatible with its algebraic structure (equivalently,
we may assume that G is endowed with its discrete topology). Let µ be a
measure defined on some G-invariant σ-algebra of subsets of (G, +). We recall
that µ is invariant under G (or, in short, is G-invariant) if, for any set X ∈
dom(µ) and for any element g ∈ G, we have µ(g + X) = µ(X). We also recall
that µ is quasiinvariant under G (or, in short, is G-quasiinvariant) if, for any



ON NONMEASURABLE SUBGROUPS OF UNCOUNTABLE SOLVABLE GROUPS 437

µ-measure zero set X and for any g ∈ G, we have µ(g + X) = 0. Clearly, every
G-invariant measure is G-quasiinvariant. The converse assertion is not true, in
general.

Let H ⊂ R be as above. We have already mentioned that H is absolutely
nonmeasurable with respect to the class of all translation-invariant extensions
of λ. On the other hand, one can demonstrate that H becomes measurable
with respect to an appropriate quasiinvariant extension of λ. The following
statement contains a much stronger result which shows that there are many
possibilities for such quasiinvariant extensions of λ.

Theorem 1. There exist continuumly many measures ν on R, which extend
λ, are quasiinvariant under the group of all translations of R and satisfy the
relation H ∈ dom(ν).

Proof. We begin by observing that H is λ-thick in R, i.e., λ∗(R \ H) = 0.
Further, we introduce the family of sets

{Hk : k < ω} = {q + H : q ∈ Q}.
Obviously, for any h ∈ R, the family {h + Hk : k < ω} coincides with {Hφ(k) :
k < ω} where φ is some permutation of ω. We thus claim that {Hk : k < ω} is
a countable translation-invariant partition of R into λ-thick sets. Now, define
the class of sets

S = {∪k<ω(Hk ∩Xk) : Xk ∈ dom(λ) for all k < ω}.
It can easily be checked that S is a translation-invariant σ-algebra of subsets of
R. Fix a sequence {ak : k < ω} of strictly positive reals such that

∑
k<ω ak = 1.

Take an arbitrary element ∪k<ω(Hk ∩Xk) from S and put

ν(∪k<ω(Hk ∩Xk)) =
∑

k<ω

akλ(Xk).

In this way we define a certain functional ν on S. Indeed, the definition of ν is
correct in view of the thickness of all Hk. For the same reason, the functional
ν is countably additive, so ν is a measure on S. If X ∈ dom(λ), then

ν(X) = ν(∪k<ω(Hk ∩X)) =
∑

k<ω

akλ(X) = λ(X),

which shows that ν extends λ. Finally, if we have

ν(∪k<ω(Hk ∩Xk)) =
∑

k<ω

akλ(Xk) = 0,

then, taking into account the inequalities ak > 0 for all k < ω, we get

λ(Xk) = 0 (k < ω),

which, for any h ∈ R, implies that

ν(h + ∪k<ω(Hk ∩Xk)) = ν(∪k<ω(Hφ(k) ∩ (h + Xk))) =
∑

k<ω

aφ(k)λ(h + Xk) = 0.
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Therefore, ν is quasiinvariant under the group of all translations of R (a similar
argument yields that ν is also quasiinvariant under the symmetry of R). Since
ν depends on the choice of a sequence of strictly positive reals {ak : k < ω}, we
conclude that there are at least continuumly many quasiinvariant extensions of
λ for which the Vitali set H becomes measurable. Theorem 1 has thus been
proved. ¤

Let (G, ·) be an uncountable group. If µ is a nonzero σ-finite left G-quasiinva-
riant measure on G, then there exists a subset of G nonmeasurable with respect
to µ (see [3], [8]). This result is based on the classical theorem of Ulam stating
that the first uncountable cardinal ω1 is not real-valued measurable (see [16],
[17], [24]). For an uncountable commutative group (G, +) equipped with a
nonzero σ-finite G-quasiinvariant measure µ, it can be shown that there exists
a subgroup of (G, +) nonmeasurable with respect to µ (in general, the same
result does not hold for an uncountable noncommutative group equipped with
a nonzero σ-finite left invariant measure). Moreover, there are uncountably
many subgroups of (G, +) nonmeasurable with respect to µ (see, e.g., Ch. 13 of
[11]). Here we are interested in some results closely connected with the existence
of those nonmeasurable subgroups of (G, +) which can be used for obtaining
extensions of invariant (quasiinvariant) measures given on G.

The algebraic structure of an arbitrary commutative group is investigated
more or less thoroughly. The following statement yields a description of this
structure: any commutative group (G, +) admits a representation G = ∪{Gn :
n < ω} where {Gn : n < ω} is an increasing (by inclusion) sequence of subgroups
of G and, for each n < ω, the group Gn is a direct sum of cyclic groups (finite
or infinite).

For the proof of this statement, see, e.g., [15]. Suppose now that our (G, +)
is uncountable. Then we may assume, without loss of generality, that all Gn in
the representation above are also uncountable. Let us express Gn in the form
of a direct sum

Gn =
∑
i∈In

Gi,

where all Gi are cyclic groups (finite or infinite) and card(Gi) ≥ 2. According
to our assumption, we have card(In) > ω. Further, let us represent In in the
form

In = ∪{In,k : k < ω},
where {In,k : k < ω} is a partition of In and card(In,k) > ω for each k < ω.
Finally, let us put

Gn,k =
∑

i∈In,0∪In,1∪···∪In,k

Gi

and consider the countable family {Gn,k : n < ω, k < ω} of subgroups of G. It
is not difficult to verify the following relations:

(1) card(Gn/Gn,k) > ω for all n < ω and k < ω;
(2) ∪{Gn,k : k < ω} = Gn for all n < ω.
Relation (1) implies that card(G/Gn,k) > ω for all n < ω and k < ω.
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Relation (2) implies at once that G = ∪{Gn,k : n < ω, k < ω}.
We thus obtain the following fact:

Lemma 1. Any uncountable commutative group (G, +) admits a representa-
tion G = ∪{Gj : j ∈ J} where J is a countable set, Gj is a subgroup of G for
each j ∈ J , and card(G/Gj) > ω.

This fact enables us to give a solution of the Sierpiński problem ([23], Prob-
lem 1) on extensions of invariant measures for uncountable commutative groups
by using the existence of certain nonmeasurable subgroups. For this purpose,
we need the next simple auxiliary proposition.

Lemma 2. Let (G, +) be an uncountable commutative group, µ be a σ-finite
G-invariant (G-quasiinvariant) measure on G and let G0 be a subgroup of G
such that card(G/G0) > ω. Then there exists a G-invariant (G-quasiinvariant)
measure µ′ on G extending µ and satisfying the equality µ′(G0) = 0.

Proof. Let us introduce the family of sets in G:

I = {X : X can be covered by countably many translates of G0}.
It is easy to see that I is a translation-invariant σ-ideal of sets in G. Moreover,
if X ∈ I, then for some countable family {gi : i ∈ I} ⊂ G we have

X ⊂ ∪{gi + G0 : i ∈ I}.
Therefore X ∩ (h + X) = ∅ for each element h ∈ G not belonging to the set
∪{gi− gj + G0 : i ∈ I, j ∈ I}. This implies (by easy transfinite induction) that
there exists an uncountable family {hξ : ξ < ω1} of elements of G such that the
family {hξ + X : ξ < ω1} consists of pairwise disjoint sets. We thus conclude
that µ∗(X) = 0 (in view of the σ-finiteness and G-quasiinvariance of µ).

Now, we can apply the standard method of extending a given measure µ
(see, e.g., [22], [23]). Namely, we suppose (without loss of generality) that µ is
complete and put

S ′ = {Y4X : Y ∈ dom(µ), X ∈ I}.
Further, we define

µ′(Y4X) = µ(Y )

for any set Y4X ∈ S ′. An easy verification shows that µ′ is well defined and is
a complete G-invariant (G-quasiinvariant) measure extending µ. According to
this definition, µ′(X) = 0 for all members X of the σ-ideal I. In particular, we
have µ′(G0) = 0. This ends the proof of the lemma. ¤

From the above lemmas we readily obtain the following result.

Theorem 2. Let (G, +) be an uncountable commutative group. There exists
a countable family {Gj : j ∈ J} of subgroups of G such that:

1) for any nonzero σ-finite G-invariant (G-quasiinvariant) measure µ on G,
at least one subgroup Gj is nonmeasurable with respect to µ;
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2) if Gj is nonmeasurable with respect to µ, then there exists a G-invariant
(G-quasiinvariant) measure µ′ on G extending µ and satisfying the relation
µ′(Gj) = 0.

Proof. Let {Gj : j ∈ J} be as in Lemma 1, and let µ be an arbitrary nonzero
σ-finite G-invariant (G-quasiinvariant) measure on G. By virtue of the equality
G = ∪{Gj : j ∈ J}, we may write

0 < µ(G) ≤
∑
j∈J

µ∗(Gj),

where µ∗ denotes the outer measure associated with µ. Consequently, there ex-
ists Gj such that µ∗(Gj) > 0. In view of the relation card(G/Gj) > ω, we easily
infer that Gj is nonmeasurable with respect to µ. Finally, applying Lemma 2,
we conclude that, for the same Gj, there exists a G-invariant (G-quasiinvariant)
measure µ′ on G extending µ and satisfying the equality µ′(Gj) = 0. This com-
pletes the proof. ¤

By using a more complicated argument, Theorem 2 can be extended to the
class of all uncountable solvable groups. Recall that a group (G, ·) is solvable if
there exists a finite sequence (Γ0, Γ1, . . . , Γn) of subgroups of G such that:

(a) Γ0 = G and card(Γn) = 1;
(b) for each integer k ∈ [0, n − 1], the group Γk+1 is normal in Γk and the

quotient group Γk/Γk+1 is commutative.

We say that a set X ⊂ G is G-absolutely negligible in G if, for any nonzero
σ-finite left G-invariant (left G-quasiinvariant) measure µ on G, there exists a
left G-invariant (left G-quasiinvariant) measure µ′ on G extending µ and such
that µ′(X) = 0. Some properties of G-absolutely negligible sets are considered
in [10]. For instance, it is proved there that the following two assertions are
equivalent:

(c) X is G-absolutely negligible in G;
(d) for any countable family {gi : i ∈ I} ⊂ G, there exists a countable

family {hj : j ∈ J} ⊂ G such that ∩j∈Jhj(∪i∈IgiX) = ∅.

Remark 1. In a certain sense, absolutely negligible sets may be regarded
as small subsets of a given uncountable group. However, the group operation
applied to such subsets sometimes yields a nonsmall set. More precisely, it can
be demonstrated that, for every uncountable solvable group (G, ·), there exist
two G-absolutely negligible sets A and B satisfying the equality A ·B = G.

The next lemma follows from the equivalence of assertions (c) and (d) (cf.
also [27]).

Lemma 3. Let (G, ·) be a group, H be a normal subgroup of G such that
card(G/H) ≤ ω, and let X be an H-absolutely negligible subset of H. Then X
is G-absolutely negligible in G.

We say that a family {Gj : j ∈ J} of subgroups of G is admissible if:

(i) card(J) ≤ ω;
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(ii) there exists a countable family {gk : k ∈ K} of elements of G such that
G = ∪k∈Kgk(∪{Gj : j ∈ J});

(iii) each group Gj (j ∈ J) is G-absolutely negligible in G.

It can easily be seen that if {Gj : j ∈ J} is an admissible family for G and µ
is an arbitrary nonzero σ-finite left G-invariant (left G-quasiinvariant) measure
on G, then at least one group Gj is nonmeasurable with respect to µ. Therefore,
µ can be extended to a left G-invariant (left G-quasiinvariant) measure µ′ on G
such that µ′(Gj) = 0 (cf. Lemma 2).

Lemma 4. For every uncountable solvable group (G, ·), there exists an ad-
missible family of subgroups.

Proof. Let (Γ0, Γ1, . . . , Γn) be a finite family of subgroups of G satisfying (a)
and (b). We use induction on n. Let φ : Γ0 → Γ0/Γ1 denote the canonical
epimorphism. Only two cases are possible.

1. card(Γ0/Γ1) ≤ ω. In this case, we obviously have card(Γ1) > ω. By induc-
tive assumption, there exists an admissible family {Gj : j ∈ J} of subgroups
of Γ1. Taking into account Lemma 3 and the inequality card(Γ0/Γ1) ≤ ω, we
claim that the same family {Gj : j ∈ J} is admissible for Γ0 = G.

2. card(Γ0/Γ1) > ω. In view of Lemma 1, there exists an admissible family
{Gj : j ∈ J} of subgroups of the commutative group Γ0/Γ1. Now, it is not
difficult to verify that the family of groups {φ−1(Gj) : j ∈ J} is admissible for
the original group Γ0 = G.

This completes the proof of Lemma 4. ¤

The two preceding lemmas immediately imply an analog of Theorem 2 for
any uncountable solvable group (G, ·), in terms of nonzero σ-finite left invariant
(left quasiinvariant) measures on G. Namely, we have the next statement.

Theorem 3. Let (G, ·) be an uncountable solvable group. There exists a
family {Gj : j ∈ J} of subgroups of G satisfying the following relations:

1) {Gj : j ∈ J} is admissible;
2) for any nonzero σ-finite left G-invariant (left G-quasiinvariant) measure

µ on G, at least one subgroup Gj is nonmeasurable with respect to µ;
3) if Gj is nonmeasurable with respect to µ, then there exists a left G-invariant

(left G-quasiinvariant) measure µ′ on G extending µ and such that µ′(Gj) = 0.

Remark 2. Let (G, ·) be a connected locally compact topological group and
let D be a subgroup of G. Denote by ν the completion of the left Haar measure
on G. Then we have either ν(D) = 0 or ν∗(G \ D) = 0. In the second case,
the group D is called thick with respect to ν. Obviously, a thick subgroup is
everywhere dense in the original group G. Moreover, if a thick subgroup D
is proper (i.e., G 6= D), then D is nonmeasurable with respect to ν. Indeed,
supposing that D is ν-measurable (hence is of full measure) and taking any
element g ∈ G \ D, we get gD ∩ D = ∅, which is impossible in view of the
relation

ν(gD) = ν(D) > 0.
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Note that there exists an uncountable commutative σ-compact locally compact
connected topological group (G, +), which does not admit proper everywhere
dense subgroups (see [20]). This fact shows that, in general, we cannot apply the
Bernstein-type construction in order to obtain a nonmeasurable (with respect
to the Haar measure) subgroup of G. On the other hand, the existence of
such a subgroup follows directly from Theorem 2 and it should be underlined
that no topological technique is needed for establishing this result. It should
also be mentioned that every uncountable σ-compact locally compact group
G is a resolvable topological space, i.e., G = A ∪ B, where A and B are two
disjoint everywhere dense subsets of G. Indeed, a well-known theorem of Hewitt
states that every locally compact topological space without isolated points is
resolvable.

In various situations a topological structure of a given topological group does
not admit any nonzero σ-finite quasiinvariant measure. For instance, it can
be proved that if G is a proper uncountable analytic (or co-analytic) subgroup
of R, then there exists no nonzero σ-finite G-quasiinvariant Borel measure on
G (see [9]). Similarly, if E is an arbitrary infinite-dimensional Banach space,
then there does not exist a nonzero σ-finite E-quasiinvariant Borel measure on
E (see, e.g., [21] where the case of an infinite-dimensional Hilbert space E is
considered in detail). Taking into account examples of this kind, it makes sense
to ignore any topological concepts and to pose the following general question:

Let (G, ·) be an uncountable solvable group. Does there exist a nonzero σ-
finite measure defined on sufficiently large class of subsets of G and invariant
under all left translations?

Theorem 3 shows that any such measure µ is defined on a proper subclass
of the family of all subsets of G and that µ can be strictly extended by us-
ing some µ-nonmeasurable subgroup of G. However, the method of extending
measures described in Theorems 2 and 3 does not essentially change the class
of measurable sets. For instance, if the original measure µ on G is separable,
then the extended measure µ′ remains separable, because all µ′-measurable sets
are obtained with the aid of members of a certain G-invariant σ-ideal in G
which does not change the metrical structure of µ. Therefore, it is reasonable
to ask whether G admits a nonseparable σ-finite left G-invariant measure. It
turns out that the answer to the latter question is positive under an additional
set-theoretic assumption.

Theorem 4. Let (G, ·) be an uncountable solvable group. Assuming the
Continuum Hypothesis, there exists a nonatomic nonseparable σ-finite left G-
invariant measure on G.

For the proof, see [12]. An essential role in that proof is played by the
following algebraic fact: if (A, +) is an uncountable commutative group, then
there exists a homomorphic image (B, +) of (A, +) such that card(B) = ω1.
Evidently, this fact fails to be true for uncountable non-commutative groups.

We do not know whether CH is necessary for the validity of the conclusion
of Theorem 4.
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Also, it is unknown whether any uncountable group (G, ·) admits a nonatomic
nonseparable σ-finite left invariant measure. This is so if card(G) ≥ 2ω and,
simultaneously, card(G) is not cofinal with ω. However, if these conditions do
not hold for G, the question remains open. Note that if (G, ·) is an uncountable
σ-compact locally compact topological group, then card(G) = (card(G))ω (see,
e.g., [2]); therefore, in this case the above-mentioned conditions are satisfied
automatically.

Concluding this paper, let us recall that the first two (essentially different)
constructions of nonseparable invariant extensions of the Lebesgue measure were
carried out by Kakutani and Oxtoby [7], and Kodaira and Kakutani [13], respec-
tively. Their constructions admit a straightforward generalization to a certain
class of locally compact groups (cf. [4], Chapter 4). More information concern-
ing extensions of measures invariant under various transformation groups can
be found in [1], [5], [6], [18], [19], [22], [25], [26], [28].
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