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ON DOUBLY PERIODIC SOLUTIONS OF NONLINEAR
HYPERBOLIC EQUATIONS OF HIGHER ORDER
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Abstract. Unimprovable conditions of the existence and uniqueness of dou-
bly periodic solutions are established for nonlinear hyperbolic equations of
higher order with two independent variables.
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1. STATEMENT OF THE PROBLEM AND THE MAIN RESULTS

Consider the nonlinear hyperbolic equation
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where agy, b, ¢, are real constants, f : R® — R is a continuous function, and
for any ¢ and k
8i+ku(l’, y)
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A function u : R* — R is called a solution of equation (1.1) if it is continuous
together with all its derivatives u™) (i = 0,1,...,2m; k = 0,1,...,2n) and
satisfies equation (1.1) everywhere in R2.

Let wy and wy be positive numbers. A solution u of equation (1.1) is called
(w1, ws)-periodic if

ul®(z,y) =

U,(LIZ‘ +W17y) = U(JJ?y)u U($7y+002> = u('ray) for <x7y) S ]R2'

Problems on the existence of (wy,ws)-periodic solutions to hyperbolic equa-
tions of second and fourth orders were studied in [1-4,8-14], and for higher
order equations in [6]. In the present paper new, unimprovable in a sense,
conditions of existence and uniqueness of (wq,wsy)-solutions are established.

Naturally, we assume that f is (w;,ws)-periodic with respect to the first two
variables, i.e., the following equalities hold in R3

f(x+wl7y’z):f(x7y7z)7 f(l’7y+w2ﬂz):f(x7y7z)'
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Theorem 1.1. Let
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Then equation (1.1) has at least one (wy,ws)-periodic solution.

Theorem 1.2. Let inequalities (1.2) and (1.3) hold, and

CL|21 - ZQ| < (_1)m+n(f(xay7zl) - f(x,y, 22)) < b|21 - ZQ|7

=0
¢ < (=1 f(x,y,2) SOzl +c for (v,y,2) €R.

(1.2)

(1.3)

(1.4)

(1.5)

where a and b are positive constants. Then equation (1.1) has one and only one

(w1, we)-periodic solution.

For higher order ordinary differential equations results similar to Theorems

1.1 and 1.2 were obtained by I. Kiguradze and T. Kusano in [7].
Example 1.1. Let € € (0,1) be an arbitrarily small number and
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Consider the differential equation
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(1.6)

k=0,...,n; 2 <i+k < m+n) are constants satisfying

(1.7)
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It is clear that equation (1.6) satisfies all of the conditions of Theorems 1.1 and
1.2 except condition (1.3). Instead of (1.3) it satisfies the condition
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Let us show that equation (1.1) has no (wy,ws)-periodic solution. Assume the
contrary that such a solution exists. Then

w1 w2

2 2
//smﬂsm ™y w2R) (2, ) da dy

%)

_ 1)%( 2k / / Sm%_xsm_%@ y)dedy.  (1.9)

Multiplying both sides of equation (1.6) by sin 2% sin 2y, integrating over

[0,w1] % [0,ws] and taking into account (1.7) and (1. 9) we get the contradiction

w1 w2
2 2

//sin2 T in? 2 gy dy = 0.
w1 w2

0 0

The constructed example shows that in Theorems 1.1 and 1.2 inequality (1.3)
cannot be replaced by inequality (1.9) whatever small £ > 0 may be.

Theorem 1.3. Let
(—1)mtntithy, <0 (i=0,...,m; k=0,...,n

2+/€<m+n), CLQn#(], amo#O, (].].0)
and let there exist a positive constant ¢ such that
(=)™ f(z,y,2)2 <0 for (z,y) €R? |z] >c (1.11)

Then equation (1.1) has at least one (wq,wsq)-periodic solution.

Example 1.2. Consider the differential equation

n—1 m—1
2m 2n) Z an 2m,2k) + Z ainu(ZiQn)
=0
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where ay, (i = 0,...,m; k =0,...,n;2 < i+ k < m+n) are the constants

satisfying inequalities (1.10). Equation (1.12) satisfies all the conditions of
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Theorem 1.3 except condition (1.11). Instead of (1.11) it satisfies the condition
limsup(—1)"""f(z,y,2) <0 for (z,y) € R (1.13)

2| =00

On the other hand, it is clear that equation (1.12) has no (wj,ws)-periodic
solution for any positive w; and wy. This example shows that in Theorem 1.3
condition (1.11) is optimal and cannot be replaced by condition (1.13).

Theorem 1.4. Let all of the conditions of Theorem 1.3 hold and
(_1)m+n(f($7y:zl)_f(xay722))(zl - 22) <0 fOT (x7y) € R27 21 7é 22- (114>

Then equation (1.1) has one and only one (w1, ws)-periodic solution.

In contrast to Theorems 1.1 and 1.2, Theorems 1.3 and 1.4 do not restrict
the growth order of the function f with respect to the third argument. For
example, the function

fla,y,2) = (=)™ po(a, y) exp(pa (2, 9)2%) 2"~ + g(2,y),
where py : R? — (0,+00), p; : R? — [0,400) and ¢ : R? — R are arbitrary
continuous (wy,ws)-periodic functions and [ is an arbitrary natural number,
satisfies conditions (1.11) and (1.14).

Example 1.3. Let inequalities (1.10) hold and

f(x7y7 Z) = (_1)m+n+lp0(x>y)f0(z)>

folz) = {0 for |z| <9,

z—4dsgnz for |z| >0,

where

§ is a positive constant, and py : R? — (0, +00) is a continuous (w1, ws)-periodic
function. Then it is clear that f satisfies condition (1.11), where ¢ > 0. However,
instead of (1.14) f satisfies the condition

(=)™ (f(2,y, 21)— f(2,y,22)) (21 — 22) <O for (x,y) € R*.  (1.15)

On the other hand, it is clear that for any v € [—0,d] the constant function
u(z,y) = v is a (wy,ws)-periodic solution of equation (1.1). Thus we have
shown that in Theorem 1.4 condition (1.14) cannot be replaced by (1.15).

The equation
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4 2m2n) — (amku@m,%) +bmku(2m,2k+1)> I (amu(2i,2n) +cinu(2i+1,2n)>
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m—1n—1
+Z (aiku(Zz,Zk)+biku(21,2k+1)+Ciku(21+1,2k))+p(x,y)u+q<x,y) (1.16)
i=0 k=0

is a particular case of equation (1.1), where p and ¢ : R* — R are continu-
ous (wq,wsq)-periodic functions. Theorems 1.2 and 1.4, respectively, imply the
following Corollaries 1.1 and 1.2.
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Corollary 1.1. Let inequalities (1.2) and (1.3) hold, and
a < (=1)""p(z,y) <b for (x,y) € R?,

where a and b are positive constants. Then equation (1.16) has one and only
one (wy,ws)-periodic solution.

Corollary 1.2. If
(=1)"*"p(z,y) <0 for (z,y) € R?
and inequalities (1.10) hold, then equation (1.16) has one and only one (wy,ws)-
periodic solution.
2. AUXILIARY STATEMENTS

2.1. Lemmas on a priori estimates. Denote by C. ~ the Banach space of
continuous (wi,ws)-periodic functions u having continuous partial derivatives

u®) (i =0,...,k; j=0,...,1), with the norm

k l
(3,k) .
fullesy, = ma{ 3= 3 W) (o) € 0.

i=0 j=0
Besides, we will use the notation C%° = C,,., and
w1 w2
ullzz ,, = // (s,t) dsdt
Set
n—1
E(U)(:L‘7 y) = u(2m,2n) (1:7 y) - (amku(2m72k) (.l’, y) + bmku(2m72k+1) (1'7 y))
k=0
m—1
i (amu @620) (3 0} 4 couth) (g, y))
=0
m—1n—1
i <aZ (21219 (z,y) + b u(212k+1)(x y) + il (2i+1, 21c)($ y)) (2.1)
=0 k=0

and consider the differential inequalities
alu(z,y)| — ¢ < (=1)""L(u)(z, y) sgnu(z, y) < blu(z, y)| + ¢ (2.2)
and
(_1)m+n£(u) (.’L’, y)U,([L‘, y) < _g(xv Y, U’(CE7 y))v (23)
where a > 0, b > a, ¢ > 0 are constants and g : R® — R is a continuous function
such that
g($+w1> Y, Z) = g($a Y, Z)a g(l’, y+w27 Z) = g(l‘, Y, Z) for (IL', Y, Z) € RS (24)
and
glx,y,2) >0 for (z,9) €R? |z| >ec. (2.5)
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By a (wy,wsq)-periodic solution of the differential inequality (2.2) (differential
inequality (2.3)) we understand a function u € C2";2" satisfying this inequality
everywhere in R?,

Lemma 2.1. If conditions (1.2) and (1.3) hold, then there exists a positive
constant r independent of ¢ such that an arbitrary (wy,ws)-periodic solution u
of the differential inequality (2.2) admits the estimate

ullcy,., <Te (2.6)
To prove the lemma we will need Lemmas 2.2-2.6 formulated below.

Lemma 2.2. Letu € C5t  and

wiw
|u(zo, yo)| = min{|u(z,y)| : (z,y) € R*}.
Then )
|u(zo, yo)| < (wiwa) ™ 2lullrz

and

1
o}
Jollpes <luCo,yo)l + (22) 1 22

wiwg
w1 % 1
+<u7) [P 2+ 2(wiws)? Ju™V | 2
2

wiwg wiwg
The proof of the lemma is in [6].

Lemma 2.3. Ifu: R — R is a k-times continuously differentiable w-periodic
function, then

w

7 2k—21
@ ()2 gs < (X (k) ()2 -
/|u ()P ds < (52) /|u (Pds (i=1,....k).
0 0

This is Wirtinger’s lemma and one can find its proof in [5] (see also [7]).
Lemma 2.3 immediately implies

Lemma 2.4. Ifu € C%! | then

wiwg?

; wy \ j w2
[z, < (5) Nu®liz, e 0O -

l—j
(0,0)
2 < (52) Iy,

w1 k—1i Woy l—j ) )
i, < (2)(2) IO, (=T ks =10,

Lemma 2.5. Let ¢ be a positive constant and u be a (wq,ws)-periodic solution
of the differential inequality (2.2). Then the following inequalities hold in R?
2 2

62

|29

(=)™ L(u)(w, y)ulz,y) = |L(w)(z, y)ule, y)| = —,
L (u)(x,y) < (b+o)|L(u)(@, y)ulz,y)| +7°c”, (2.9)
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where

N|=

v = (2ae)"2(b+¢). (2.10)

Proof. From (2.2) we have

C2

(=)™ L(u)(z, yIulr,y) > au’(z,y) — clu(z,y)| = %uQ(x,y) ~ 5

which implies inequalities (2.7) and (2.8).

Let (z,y) € R? be an arbitrarily fixed point. If u(z,y) = 0, then in view of
(2.2) we have |L(u)(z,y)| < ¢ and, consequently, inequality (2.9). Therefore it
remains to consider the case, where u(z,y) # 0. Setting

0= ((—1)""L(u) (@, y) sgnu(z,y) — alu(e, y)| + o) (b — a)lulz,y)| +20)
p=a+(b—an, q=(2n-1)csgnu(z,y),
and taking into account (2.2) we get
a<p<b lg<c (2.11)
On the other hand, it is clear that
(=)™ L(u)(@,y) = pu(z,y) +q.
Therefore

L2(u)(x,y) = (1) "pL(u)(z,y)u(z,y) + pqu(z,y) + ¢*

a o PZC]2 2
< pIL() (@, y)ule, )| + Heu*(ey) + 5= + g

Hence according to (2.7), (2.10) and (2.11) we get inequality (2.9). O

The following lemma is an immediate consequence of the formula of integra-
tion by parts.

Lemma 2.6. If
= CZm,2n

wiwa
then for arbitrary k € {0,...,m}, I € {0,...,n}, i € {0,...,2m — 2k} and
j€{0,...,2n — 2}
w1 w2
i) IR ) ddy = (1RO,
0 0
w1 wa

i+2k71,j+21)(

w9 (z, y)ul x,y) drdy = 0,

0 0
w1 w2

ul™D (, y)ul I () da dy = 0.
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Proof of Lemma 2.1. By (1.3) there exist numbers ¢ > 0 and 6 € (0,1) such
that

3

2m—21

-1
wo \ 2n—2k e Wy
(2%) |amk|+z (2%) |@in]
i=0
m—1n—1

+ Z Z <%>2m2i<;—;>2n%laml + (;‘)—;)m@—;)n(b te)z<1-6. (212)

1=0 k=0

1
k=0

Let u be an arbitrary (w;,ws)-periodic solution of equation (2.2). Then by
Lemma 2.5, inequalities (2.7)—(2.9) hold, where + is the number given by (2.10).
By Lemma 2.6 and conditions (1.2), (2.1), we have

w1 w2

m—1
(o [ e gt dedy = [0 =3 faul O
0 0 i=0
n—1 m—1n—1
- Z |ami] ||U(m’k)||%glu2 - Z Z || ||U(Z’k)||%glw2>
k=0 =0 k=0
w1 w2 m—1
[ [ c@ @ dody = = 3 o a2
0 0 =0
n—1 —1n-1
= faal [, ST S g a2,
k=0 =0 k=0

where p = ||u®™2)|| 2 ., Hence by Lemma 2.4 and inequality (2.8) it follows
that

w1 wo
[ 12w vyt )l do dy -+ o] IOz, -+ lanol 1Oz,
00
(@) (@) o
— — —=c :
—\27 o) M a
m—ln-l 2m—2i s (), \ 2n—2k Tl o 2n—2k
< ) &) X (3)
o= < / 27 27 ’alk‘ + 27 ‘amk‘
=0 k=0 k=0
m—1 . w1 w2
ﬂ 2m—21 A 9 (2m.2n)
+2 5 lail |7+ [ ] L) (@, y)u™™ " (2, y) dedy. (2.14)
i=0 00

On the other hand, by Schwartz’s inequality and inequality (2.9) we have

w1 w3

[ [ £,y dody
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w1 w2 1
2

smbmé( /] |c<u><m7y>u<x,y>|dxdy) + (@)

D=

Le.

If along with this we take into account inequalities (2.12) and (2.13), then from
(2.14) we get

p? = (1 —8)p® + éroc, where 1y =09"" ((b + 6)% (wlaw2> e 7(w1w2)%)

and, consequently,
< roc. (2.15)

()" (2) o+ (22)
ri=(— — ) r
! 27 21 0 a

and applying Lemma 2.4 again, from (2.7), (2.13) and (2.15) we obtain

Setting

[l < e (i,j=0,1), (2.16)
where
2 1 w n—1
roo = (‘) ry+ Cfl(wle)%, ro1 = ’GOnr% <—2> 1,
a 2
| |_%<w1)m—1 (w1>m—1(wQ)n—1
10 = |am — ry, rip=|(— — ro.
10 0 or 1 11 o or 0
By Lemma 2.2, estimate (2.6) follows from (2.16), where
1 1
W\ 2 w1\ 2
r= (W1w2)_%7“00 + <—2> “ro1 + (—1> *r10+ 2(001012)%7“11
w1 W9
is a positive constant independent of v and c. 0

Lemma 2.7. Let conditions (1.10), (2.4) and (2.5) hold. Then there exists
a positive constant v independent of ¢ such that an arbitrary (wq,ws)-periodic
solution u of the differential inequality (2.3) admits the estimate

ulley,., < 1g"(c), (2.17)
where .
g9*(c) = c+ max{lg(z,y, 2)|7 : (z,y) € R?, |z] < c}. (2.18)

Proof. 1f we integrate inequality (2.3) over [0, w;] %[0, ws], then in view of Lemma
2.6 and inequality (2.11) we get

wlw2

m—1 n—1
™R 4+ 3 s a1+ 3l [l
i=0 k=0

m—1n—1 w2 w1
# 3 Y laal 10+ [ [ ot uo)) dedy <o
=0 k=0 0 0

Hence by (2.5) and (2.18) it follows that
min{ u(z,y)| : (2,5) € R} < ¢, (2.19)
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1

||u(m,n)| S |a0n’_1 (W1w2)§g*(0)7

1,
2 < (wiw)2g™(c), [ul®| Lz

wiw2 T wlw2

™| 2

wlw2

1,
< amo| ™ (wiw2)2 g™ (c).

Hence Lemma 2.4 yields

iz, Srg”(e) (i, =0,1) (2:20)
where
amol (wrs02) (1) ol (wr) (22) "
10 = |@mo|(wrw — . To1 = |agn|(wiw — ,
10 0 1w2 ot 01 (0] 1w?2 ot

= e (22)" ()"
2T 2T

By Lemma 2.2, (2.19) and (2.20) imply estimate (2.6), where

1 1
W\ 2 w1\ 2 1
r=1+ <—2> 27"()1 + <—1> 2’/“1() + 2(w1w2) r
w1 )
is a constant independent of u and c. O

2.2. Lemmas on the solvability of linear and nonlinear periodic prob-
lems. Consider the linear nonhomogeneous and homogeneous hyperbolic equa-
tions

L(u) = (=1)""bu + q(x,y), (2.21)
L(u) = (—=1)""bu (2.22)
and the linear homogeneous ordinary differential equations

m—1

=0
n—1
w®) = Z(amkw(%) + by W), (2.24)
k=0

where L is the differential operator given by equality (2.1) and b is some constant
different from zero.

Lemma 2.8. Let either b > 0 and inequalities (1.2) and (1.3) or b < 0 and
inequalities (1.10) hold. Then there exists a linear bounded operator G : C,, ., —
C2m2n such that for any q € C,,,u, equation (2.21) has a unique (wy,ws)-periodic
solution

u(z,y) =G(q)(z,y) for (z,y) € R (2.25)

Proof. By Theorem 1.1 from [6], to prove the lemma it is sufficient to show that
equation (2.22) has only a trivial (wy,ws)-periodic solution, and equation (2.23)
(equation (2.24)) has only a trivial wi-periodic (wo-periodic) solution.

Let u, v and w be, respectively, a (w1, ws)-periodic, a wq-periodic and a wo-
periodic solution of equations (2.22), (2.23) and (2.24). Our goal is to prove
that u(z,y) =0, v(t) =0, w(t) = 0.
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First consider the case where b > 0 and conditions (1.2) and (1.3) hold.
Then u is a solution of the differential inequality (2.2), where a = b and ¢ = 0.
Hence by Lemma 2.1, we get that u(x,y) = 0. Multiplying (2.23) and (2.24),
respectively, by v®™)(t) and w®™ (t) and integrating over [0,w;] and [0, w,], we
get

/|U 2m ‘2 dt m+z /‘U m+z ‘2 dt (2.26)

/‘w 2n) |2 dt = Z( n+kam /’w (n+k) )|2 dt. (2'27)

Hence by Lemma 2.3 and inequality (1.3) it follows that

/ W@ ()2 dt < a / W) (1)[2 dt, / W@ (1) dt < 5 / e ()P dr,
0 0 0 0

where

2n—2k

m—1 . n—1
w1 2m—21 w2
a Z (27?) ’& | s ; 27r |a kl

1=

Therefore it is clear that v®™(t) = 0, w®"(¢) = 0 and, consequently, v(t) =
const and w(t) = const. Taking into account the fact that ag, # 0 and a,,0 # 0,
from (2.23) and (2.24) we conclude that v(t) = 0 and w(t) = 0.

Now consider the case, where b < 0 and inequalities (1.10) hold. Then u is
a solution of the differential inequality (2.3), where g(z,y, z) = |b|2?. Hence by
Lemma 2.7, it follows that u(x,y) = 0. On the other hand, using inequalities
(1.10), from (2.23) and (2.26) ((2.4) and (2.27)) we obtain that v(t) = 0 (w(t) =
0). O

Lemma 2.9. Let either b > 0 and inequalities (1.2) and (1.3) or b < 0 and
inequalities (1.10) hold. Moreover, let there exist a positive constant p such that
for any A € (0,1) every (wy,ws)-periodic solution of the differential equation

L(u) = (=1)"""(1 — N)bu + \f(z,y,u) (2.28)

admits the estimate
||u”cirlnw—21,2n—l S p (229)

Then equation (1.1) has at least one (wq,ws)-periodic solution.

This lemma immediately follows from Lemma 2.8 and Theorem 2.1 from [6].

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. Let r and G be the number and the operator appearing
in Lemmas 2.1 and 2.8, and let ||G|| be the norm of the operator G. Set

po=max{brc+|f(z,y,2)|: (r,9) €R® || <rch, p=]Glp.  (3.1)
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By Lemma 2.9 and conditions (1.2), (1.3), to prove the theorem it is sufficient
to show that for any A € (0,1) an arbitrary (wi,ws)-periodic solution u of
equation (2.28) admits estimate (2.29).

According to (1.4) w is a solution of the differential inequality (2.2). Hence
by Lemma 2.1 we get estimate (2.6). On the other hand, by Lemma 2.8 we
have the representation

u(@,y) =G u) = (=)™ ") (2, y).
By (2.6) and (3.1), the latter representation immediately implies estimate
(2.20). O

Proof of Theorem 1.2. Inequality (1.4) follows from (1.5), where

c = max{|f(z,y,0)| : (z,y) € R?}.
However, by Theorem 1.1, this inequality along with conditions (1.2) and (1.3)
guarantees the existence of (wy,ws)-periodic solution of equation (1.1). It re-
mains to prove that (1.1) has at most one (w1, ws)-periodic solution. Let u; and
ug be arbitrary (wy, ws)-periodic solutions of that equation and

U(J},y) = ul(x7y) - 'LLQ(QZ, y)
Then in view of (1.5) the function u is a (wy, ws)-periodic solution of the differ-

ential inequality (2.2), where ¢ = 0. Hence according to (1.2), (1.3) and Lemma
2.1 it follows that u(x,y) =0, i.e., ui(x,y) = ua(x,y). O

We omit the proof of Theorem 1.3, since it can be proved in much the same
way as Theorem 1.1. The only difference is that the constant b should be an
arbitrary negative number, and instead of Lemma 2.1 one should use Lemma
2.7, where

g(z,y, 2) = min{[p| 2%, (1) (2, y, 2)}.

Theorem 1.4 immediately follows from Theorem 1.3 and Lemma 2.7.
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