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STAGNATION ZONES OF A-SOLUTIONS
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To the blessed memory of llia Vekua

Abstract. We investigate stagnation zones of solutions of partial differential
elliptic equations. With the domain width being much less than its length
and special boundary conditions, these solutions can be almost constant over
large subdomains. Such domains are called stagnation zones (s-zones). We
estimate the size, the location of these s-zones and study the behavior of
solutions on s-zones.
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1. Introduction. Below we investigate solutions of partial differential elliptic
equations on non-smooth surfaces. The investigation is motivated in part by
the fact that, with a recent increasing interest in areas such as micro-electrical-
mechanical systems (MEMS) and nanoscale physiological processes, there is a
greater need to improve our understanding of fluid flows, flows of electric and
chemical fields in the micro- or nanocanals, good conductors, cracks etc.

When the width of the band is much smaller than the length, zones inside
which the flows are almost stationary, and consequently their potential functions
are almost constant, will be of sufficiently large size.

We estimate the size and location of these stagnation zones of solutions. At
first sight, the situation seems to be of little interest. However, keeping in mind
that a minute change in the potential function value occurs over a very long
interval, it is clear that a better understanding of such stagnation zones, which
we call s-zones, may allow one to organize calculations in a better way and
minimize the amount of computation as much as possible.

First we define the following concept which will be the key one in this article:

Let f : D — R be a continuous function. Fix a subdomain U C D and
a constant s > 0. A subdomain U is said to be a stagnation zone with the
deviation s (s-zone) of f if the oscillation of f on U does not exceed the pre-
assigned constant s.

Some estimates of stagnation zones are given in [8], [7], [9, Ch. 7] for solutions
of Laplace—Beltrami equations on Lipschitz surfaces.

In the situation where a solution f : D C R? — R describes the goods barter
intensity on some geographical space, the boundary condition df/0n = 0 de-
scribes the borderline which could be crossed from both sides with an economic
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gain only in exceptional cases (see F. Braudel [1, Ch. I}). The theorems estab-
lished in [7] give (under appropriate restrictions on the model chosen) estimates
of a geometrical size of the stagnation zone (which adjoins that part of the
borderline) in the world economy.

The theorems on stagnation zones are closely connected with the pre-Liouville
theorems, i.e., with the solution oscillation estimates which immediately give
rise to different versions of the classical Liouville theorem on an entire doubly-
periodic function to be identically constant [7].

If an s-zone U C D is defined for a deviation s > 0, which is the measurement
error of f, then the key problem is the search of indirect methods to receive
information on f on U without direct measurements. Here we present some
results in this direction.

Following I. N. Vekua [10, Chapter 6], we consider equations in metrics of
sufficiently general form.

2. Surfaces. Let D C RP be a domain, 2 < p < m, and let €2 be a p-
dimensional surface in R™ given by a locally Lipschitz vector-function

r=f(u)=(filw,...,up),. .., fr(u1,...,up)) : D — R™ (1)

where x = (21, ...,2,) .

In the general case, () can have self-intersections. We shall say, that  is
imbedded in R™, if f realizes a homeomorphic map of D onto f(D) with the
metric (and, consequently, topology !) induced by R™. A surface €2 is immersed
in R™ if f is imbedded locally on D.

Since f is locally Lipschitz, by the Rademacher theorem [2, Section 3.1.6],
there exists the differential df (u) a.e. on D.

Let w € D be a point where f has the differential. By

/ / /

f1u1 f2u1 s Jmug
/ / /

Fus Jous -+ Fruo

f=

/ ! !/

flup f2up st Jmuy

we denote the derivative of f at a point u = (uy, ..., u,), where it exists. Using

the standard notation

glJ: af7@_f 9 ?:7.j:1727"'7p7
(9ui an

we define the first quadratic form of 2 on D:

p

dsy = Z gij(u) du; du; . (2)

2,j=1
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Below we assume that the following property holds a.e. on D:

rank (df) =p. (3)

Let g = det (gi;). At each point where (3) holds, the quadratic form (2) is
positive and g > 0. At such a point, the inverse matrix (¢”/) = (g;;) " is defined
and

gij _ ad] Gij _
g
We set

» 1/2
Sla = <Z 9" (u) fz-fj) :
ij=1
We denote by

dHE, = /g duy - - - du,

the volume element on ).

Let © C R™ be a locally bi-Lipschitz surface. Since the metric on f(D)
is induced by R™, the p-dimensional Hausdorff measure H,(E), E C f(D) is
defined. Moreover, a tangent plane 7,(2) exists a.e. on 2 and consequently
a.e. on ) we can define the gradient V.

By W '?(Q) we denote the set of functions ¢ : © — R of the class WP(U)
on every open subset U @ .1

Let D be a subdomain of €2, homeomorphic to the ball B?(0,1) in R? and let
w: D — BP(0,1) be a homeomorphism from D onto the ball. We fix a closed
set S C OBP(0, 1) and denote by S the set of all sequences {u} lying on D and
such that w(u,) — S. We call the sets of such sequences S boundary sets of
D.

A subdomain U C D adjoins a boundary set S, if there exists a sequence
{ug} € S lying in U.

Let P, Q C 0BP?(0,1) be non-overlapping sets and let P, Q denote the sets of
{u} lying in D and such that w(ux) — P, w(ux) — @, respectively. A triple
of the form (P, Q; D) is called a condenser.

3. Structure conditions. Let D @ 2 be a domain on the surface €2 and let
p p
ANy - Nam)

be a map defined a.e. on the foliation A”(T(D)) of tangent p-covectors. We
suppose that for a.e. y € D the map A is defined on the space A"(T,(D)) of
p-covectors, i.e., for a.e. y € D, the map

Aly, )¢ N'(T,(D) — N'(T,(D))

is defined and continuous. We assume that the map
y— Ay, )

L' @ Q means that a subdomain U is bounded and its closure U C .
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is measurable in the Lebesgue sense for all measurable p-covector fields £ and
Ay, X)) = AAI* 2 A(y,€), AeR', a>1. (4)

Suppose that for a.e. y € D and all £ € A"(T,(D)) the following properties
hold:

vi €] <€ AW, o, A, 8o < lélg™ ()

with a@ > 1 and some constants vy, v, > 0. (Here and below, the subscript {2

means that the corresponding quantity is calculated with respect to the metric
of Q.)

We consider the equation
divg A(y,Vf)=0. (6)
Recall that the divergence of a vector field A on €2 is defined by

p
=1

Here the summation is taken over an arbitrary orthonormal basis { E;}¥_; of the
tangent space T, (€2).
We note a special case of (6)

- (@ ;gi«u)g_@ 0. M)

Equation (7) is called the Laplace—Beltrami equation with respect to the met-
ric of 2.

1 p

4. Capacity. Let D be a subdomain of RP, p > 2, and let 2 be a surface in
R™ given by the locally Lipschitz vector-function (1) with (3).
Fix a constant o > 1 and a condenser (P, Q; D). Let

cap, (P, Q; D) = inf / Vol dH. (8)

D

Here the infimum is taken over all locally Lipschitz functions ¢ : D — (0, +00)
with properties:

lim ug) =0, lim up) =1 9
{uk}ePSO( k) {Uk}EQSO( k) (9)

and such that for every subdomain D' € D

0 < ess igf |IVap(x)|a < esssup |Vap(z)|o < co. (10)
DI

The quantity cap, o (P, Q; D) is called the a-capacity of a condenser with re-
spect to the metric of 2.
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Also, we shall need a capacity of a more generalized form. Consider a con-
denser (P, Q; D) on the surface Q. Fix a vector field A(y,£) and define the
A-capacity of (P, Q; D) by

capy(P, Q: D) — inf / (A(y, Vag), Vapa dHY, | (11)
D

where the infimum is taken over all functions ¢ with (9), (10).

In the case, where A(y, &) = |£[P72€ and p = 2, we have the standard harmonic
capacity of the condenser on the surface. For p = n, we obtain the conformal
capacity.

5. A-solutions. Let ¢ : D C 2 — R be a locally Lipschitz function. We
denote by Dy() the set of all points a € D at which ¢ has no differential. We
denote by D,(€2) the set of y € 2, in which 2 has no tangent plane.

Let U C D be a subset and let ’U = 90U \ 0D be its boundary with respect
to D. If 9'U is (H"!,n — 1)-rectifiable, then it has a locally finite perimeter
in the sense of De Giorgi and H" !-almost everywhere on AU, a unit normal
vector n exists [2, Sections 3.2.14, 3.2.15].

Let D C € be a domain and let & be a boundary set of D. Define the
concept of a generalized solution of (6) with zero boundary Neumann condition
on D\ S. A subset U C D is called admissible, if U does not adjoin S and
has a (H""!,n — 1)-rectifiable boundary with respect to D.

We denote by dD the boundary of D with respect to the extended space
RP U {oo}. Let G C 9D be a set closed in R? U {co} (the case where G = @
is possible). We consider the set (G, D) of all subdomains U C D with U C
(DUG) and (HP~',p — 1)-rectifiable boundaries 'U = oU \ dD.

Definition 1. We say that a boundary set G C oD is absolutely non-
transparent for a locally Lipschitz solution f : D — R of (6), if for every

subdomain U € (G, D),
HP=HO'U N Dy(f)] =0, (12)

and for every locally Lipschitz function ¢ : U \ G — R the following property
holds

/ o (A, Vo f) By dHE " = / (A(w,Vof) . VaghadHh.  (13)
o'U U

Here 1 is a unit inner normal vector to &'U and dHg, is a volume element on 2.

Following [3, Chapter 6], we call solutions of (6) A-solutions. However we
should note that our definition of generalized solutions is slightly different from
the definition in [3].

In the case of a smooth surface €2, a smooth boundary 9D, smooth A; (i =
1,...,p) and f € C? relation (13) implies (6) with

(A(y, Vah),m)q =0 (14)
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everywhere on G (see [9, §7.2.1]).

The surface integral exists by (12). Indeed, this assumption guarantees that
Vaf(u) exists HP~'-a.e. on &U. The assumption that U € (G, U) implies the
existence of a normal vector T for HP!-a.e. points on &'U [2, Chapter 2 §3.2].
Thus the scalar product (A(u, Vo f),m)q is defined and finite a.e. on 0'U.

Monotonicity close to the boundary. Let D C RP be a domain and let
2<p<o0.

Definition 2. A function f : D — R is called monotone up to a boundary
set G C 9D, if for every subdomain U C D with (90U \ G) C D the following
property holds

osc(f,U) <osc(f,0U\G). (15)

For functions on subdomains of R? this property was studied in [4], [5].
If G = @, then we have the well-known class of functions monotone in the
Lebesgue sense. If G = dD, then it is easy to see that every monotone up to
the boundary function f = const.

Theorem 1. If a boundary set G C dD is absolutely non-transparent for a
locally Lipschitz solution f : D — R of (6) with (4) and (5), then f is monotone
up to G.

Proof. The idea of the proof is close to the proof of the corresponding result in

[5] and so we shall restrict ourselves to its main points. We fix a subdomain U
of D such that (OU \ G) C D. First we prove that

sup f(u) = sup f(u). (16)
U U
Suppose that the contrary holds. There exists a point ug € U where
f(uo) > sup f(u) = M.
U

We choose € > M such that f(ug) > e. By Theorem 3.2.22 [2] for a.e. € > 0,
sets {z € D : f(z) = €} are (H?~!,p — 1)-rectifiable and, consequently, have a
locally finite perimeter. In particular, a.e. there exists a normal to these sets.

We fix a component U, ug € U, of {x € U : f(x) > €}. Without loss
of generality, we may assume that the boundary 9'U is locally (HP~1,p — 1)-
rectifiable. Using (13) with ¢ = f(x) — €, we write

/(vgf JA(u, Vaf)) g dHE = /(f — e)(A(u, Vo f), Mg dHY ' = 0.
U o'U
By (5), we have
Vaof(u)=0 ae. on U,

and f = const on U. This contradicts the definition of a component U, xq € U.
Thus (16) is proved.
The function —f is a solution of this equation. Hence (16) implies

inf /() = inf f(u). (17)



STAGNATION ZONES OF A-SOLUTIONS

Relations (16) and (17) guarantee the monotonicity of f up to G.
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7. Stagnation zones. Let D be a domain in R?, p > 2. Let 2 be a p-
dimensional locally Lipschitz surface in R™, 2 < p < m < oo, defined by the

vector function (1) with (3).

Theorem 2. Assume that a boundary set G C dD is absolutely non-trans-

parent for a locally Lipschitz solution f : D — R of (6) with (4) and (5).

subdomains Uy C Uy C Us of D belong to the class (G, D), then

/ Vafls dHD, < C capt o(Us, Us \ Us; Us)
U
Here

o
Vy

C = kasupy,|f(u)], k=

a—1"
1

Proof. Fix a locally Lipschitz function ¢» > 0 on Us such that

7vD|U3\U2 =0, 1/)U1|U1 =1.
Let ¢ = f¢*. By (13) we may write

/<A<U, Vf) ,V(fwa»g de — / fwa <A(u, Vf) ,ﬁ>Q ng,1 —0.

Us 'Us
We have

/ VS, A, V) dHE = —a / PO T, A, V) dHE,.
Us Us

Assumption (5) for A implies that
(Vi A, V)G <k [Vauls (VS A(w, V)
Indeed, we have
[(V, A(u, Vol < [Vl [A(u, Vo

and
[A(u, V)lo < VG =

o1V 1 (a—1)/«
= (1) < (9 AWTD))
Thus we obtain
VOL
|A(u, V)& < 25 (Vf A(u, V))a™

V1

and (19) follows easily.
By (19) we have

/ LS, A, V) o dHE < o / SV, Alu, V) dHE,
Us

Us

If

(18)

(19)
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with
1
¢ = k= asup|f(u)].
Us
The Holder inequality implies
a—1
=AM

/ BNVl (Vf, Alu, V)
Us

< IVe|& dHP, VAV, Alu, VI))a dHE
/ /

Thus we come to the inequality

/ GV, A,V ) dHE < / IVl dH
U3 U3

Since ¥ = 1 on Uy, we obtain

/ (Vf, A, V) dHE < & / Vol dH,

Uy Us\Us

Taking the infimum over all admissible functions ¢, we come to (18). U

Now, let h(u) be a locally Lipschitz function such that
lim h(u) =0.

u—G

We may choose h(u), for example, as a distance function from the boundary set
G to u € D at the metric dsq. For an arbitrary t > 0 we set

Ypt)={ue D :h(u)=t}, Bpt)={ueD:h(u)>t}.

Since h is locally Lipschitz by Theorem 3.2.15 [2], a.e. h-spheres ¥ (t) are
countably (HP~!,p — 1)-rectifiable. Let o > 1 be a constant. For every open
subset V' C X,(t), we introduce the following numerical characteristic

1/

/<st0, A(u, Veo))s|Vah|g dHE
flaa(V) = inf |V

(20)
/ oV shls [Vah|gldHE
1%

Here the infimum is taken over all Lipschitz functions ¢ : V' — R such that

‘/wdnglzo. (21)

\%
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Theorem 3. Let D be a domain in RP, p > 2. Assume that a non-empty
boundary set G C JD is absolutely non-transparent for a locally Lipschitz solu-
tion f: D — R of A[f] =0 with (5).

If the subdomains By(ts) C By(t1), t1 < ta, belong to (G, D), then

to

I(ty) < I(ts) exp { —k° / WS (1)) dt (22)
for
10 = [ (V1 AW Poart,
By (t)
and

1(En(t)) = pa,a(Zn(t)) -
Moreover, if s > 0, U; = By(t;), i = 1,2, and
t2

ko sup| ()] caps U3, D'\ Uai D) exp § <k° [ u(Sn(e)de p <5, (23

t1
then Uy is an s-zone of f.

Proof. We assume that By, (t) is an h-ball with a locally (H?P~!, p — 1)-rectifiable
boundary h-sphere 3, (t). Since t; < t < to and By(t1), Bx(t2) belong to the
class (G, D), Bp(t) also belongs to (G, D). We choose a constant ¢ such that
the function ¢ = f — ¢ satisfies (21). By (13), we may write that

I(t) = / (A(u, Vaf) , Vaf)a dH, = / (F = co) (A, Vo), By dHL "

By(t) Zn(t)

Here 1 is a unit normal to ().
For H% '-a.e. points on ¥ (t), we have

n-= VQh/ |VQh|Q ,

and hence for a.e. t we have

I(t) = / (f — co) (A(u, Vo f), %)a dHL

Zn(t)

Let a € ¥,(t) be a point where the h-sphere has a tangent plane. Using (5),
we have

(A(u, Vaf), Vah)a|* < k [Vahlg (Vaf, Ala, Vaf)* .
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Since this h-sphere is locally (HP~!, p — 1)-rectifiable, we find
Vah

0< [ 1 =al (4l Vaf) Shoa| drts
Sr(t)
a-1 d'Hp 1
<kt [ 1f =l [Vahla(Vaf, Alw Voh)a® oo
(t) Vahla
Zp
We have
. v dHE!
10 <k [ 1f =l [Vahla(Vas, Al Voh)a”
[Vahla
Zn(t)
\ dHy !
S ka / |f — C(]’ |VQh|Q
[Vah|
Zn(t)
dHE =
X Vaf, Ai(u,V —=_ .
( [ Vo, 4w, Var) |V9h|n>
Zn(t)
We use the characteristic ;. By (20) we have
dHy !
( [ 11 =l Va2 |>
Sr(t)
dHETT\
(Vaf, A(u,V >
(2 (t) o e |VQh|Q)
h
and hence
dHy !
I(t) < kop (Vaf, A(u,V —Z
0 < 0) [ (Fak Ao
Zn(t)
Observing that by the co-area formula
, dHY !
[Vah|a

Zn(t)
we come to the differential inequality

1() < ') kS (Sa(0))
Solving it, we obtain

to

/ W(EL(#) dt < k= log

t1

1(ts)
I(ty)’
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and (22) follows easily. O

8. A-solutions on a stagnation zone. The following theorem describes the
behavior of A-solutions on a stagnation zone.

Theorem 4. Let 2 C R™ be a p-dimensional locally bi-Lipschitz surface and
let (P,Q; D) be a condenser on Q. If f is a locally Lipschitz solution of (6)
with the boundary condition (14) on 0D \ (P U Q), then for every pair of non-
overlapping (p — 1)-dimensional surfaces ¥ and 3o lying in D and separable
P, Q, the following property holds

T 1/p
(capA (50, 5 U>) <supfa €%y, be Syt [f(a)— fO)}.  (24)

Here U s the subdomain of D contained between the cross-sections 1, Yo and

7 / (A(y, Vo), Mg dHE !
>

is a constant independent of the cross-section 3 separating the boundary sets P
and Q in D.

Proof. First we observe that (13) implies

/ (Aly, Vo f), M dHy " = / (Aly, Vof) W dHy ™
1 3o

Thus the quantity Z is independent of the surface ¥ separating P and Q in D.
We set

p=sup{a € Xy, b€ Xy [f(a) — f(O)]}.

Now we assume that

fWls, =M, f(y)ls,=m and M —m=p.

The function

is admissible for calculation of the A-capacity of the condenser (X, ¥9;U) and
is extremal. Hence

cap,y (S, To: U) = / (Aly, Vo), V"o dH?,
U

and by (4),

1
cap (%1, 52:0) = o [ (Al Vo). Vas)a dHh.
U

Thus we obtain
capy (X1, 22;U) = —. (25)
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In the general case we find the level surfaces ¥ C {y : f(y) = M} and
¥, C{y: f(y) = m}. Let U' be a subdomain of D lying between ¥} and 5.
Then

cap, (37, 35; U') < capy (31, 52; U)
and, by (25), for the condenser (X, ¥9;U) we have
-
[ M —mlr’
which implies (24). O

capy (31,29, U) >

9. Corollaries. Now we shall formulate some corollaries. We consider a con-
denser (P, Q; D). Let p: D — R be a locally Lipschitz function satisfying 9)
and (10).

Let 31, X5 be a pair of non-overlapping hyper-surfaces in D separating P
and @Q such that under the motion from P to Q along the Jordan arc, we first
reach ;. We set

pr=sup p(y), p2= inf p(y)
yeT] YyEDg

Corollary 1. Let Q C R™ be an n-dimensional locally bi-Lipschitz surface
and let (P, Q; D) be a condenser on Q. If f is a locally Lipschitz solution of
(6) with (14) on 0D \ (P U Q), then for a pair of non-overlapping (p — 1)-
dimensional surfaces Y1 and o lying in D, separating P, Q and such that
p2 > p1, the following estimate holds:

1/p
A
Vo /|Vﬂp|€zd9
U

(p2—p1) <sup{r € ¥y, y € Xy : [f(x) — f(y)|}. (26)

Let us consider another special case. Let A be a domain in R*™!' and let
D = A xR! be a cylindrical domain in R". We assume that a special coordinate
system y = (v, yn), ¥ = (Y1, .., Yn—1) in R"™ introduced so that the domain A
lies on the hyperplane of variables ¥ = (y1,...,Yn-1), yn = 0.

Denote by P and Q the sets of sequences {y;} of points yx = (v}, Ykn) € D
with coordinates y;, € A and yy,, tending to —oo and +o0, respectively.

We set

() = 2 (arctany o + )
= — (arctanvy, —.
Py - YUn+1 5

This function satisfies (9), (10) and, by Corollary 1, we come to the following
statement.

Corollary 2. Let D C R" be a cylindrical domain of the described form.
If f is a locally Lipschitz solution of (6) with the boundary conditions (14) on
dD\ (P U Q), then for a pair of non-overlapping (n — 1)-dimensional surfaces
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Yy and X lying in D, separating P, Q and such that ps > p1, the following
estimate holds

10.

A 1/p
1-
(p2 — p1) WI/QVz/ 1+x2 p/2
<sup{a €%y, bE Tyt [f(a) — FO)}.  (27)
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