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ON THE OSCILLATION OF SECOND ORDER NONLINEAR
NEUTRAL DELAY DYNAMIC EQUATIONS

HASSAN A. AGWO

Abstract. In this paper we obtain some new oscillation criteria for the sec-
ond order nonlinear neutral delay dynamic equation

(x(t)− p(t)x(t− τ1))44 + q(t)f(x(t− τ2)) = 0,

on a time scale T. Moreover, a new sufficient condition for the oscillation
sublinear equation

(x(t)− p(t)x(t− τ1))
′′

+ q(t)f(x(t− τ2)) = 0

is presented, which improves other conditions and an example is given to
illustrate our result.
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1. Introduction

In the recent years, the theory of time scales has received a lot of attention.
This theory was introduced by S. Hilger in his Ph.D thesis in 1988 in order to
unify continuous and discrete analysis (see [8]). In fact, there active research
has been concerning the oscillation and nonoscillation of solutions of differential
equations on time scales (or measure chains). We refer the reader to the recent
papers [1], [4], [5], [12], [14], [15] and the references cited therein. A book on
the subject of time scales by Bohner and Peterson [2] summarizes and organizes
much of time scales calculus, see also the book by Bohner and Peterson [3] for
advances in dynamic equations on time scales.

In this paper, we are concerned with the oscillation of the second order non-
linear delay dynamic equation

(x(t)− p(t)x(t− τ1))
44 + q(t)f(x(t− τ2)) = 0 (1.1)

on a time scale T. Since we are interested in asymptotic behavior of solutions,
we suppose that the time scale T under consideration is not bounded from the
above, i.e., it is a time scale interval of the form [t0,∞). on a time scale T.
[t0,∞)T = [t0,∞) ∩ T. Throughout the paper it is assumed that:

(H1) p(t) and q(t) are real-valued rd-continuous functions defined on T where
0 ≤ p(t) < 1 and q(t) ≥ 0;

(H2) τ1 and τ2 are positive constants, τ1 < τ2 such that the delay functions
τ1(t) := t − τ1 and τ2 := t − τ2 satisfy τ1(t) : T → T and τ2(t) : T → T for all
t ∈ T.
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(H3) f : T→ R is a continuous nondecreasing function such that uf(u) > 0
for all u 6= 0.

By a solution of equation (1.1) we mean a nontrivial real-value function x(t)
which has the properties (x(t)−p(t)x(t−τ1)) ∈ C2

rd[tx,∞), tx > t0, and satisfies
equation (1.1) for all t > tx; here C2

rd[tx,∞) is the space of functions the first
derivatives of which are right dense continuous on [tx,∞) (see below). Our
attention is restricted to those solutions of equation (1.1) which exist on some
half-line [tx,∞) and satisfy sup{|x(t)| : t > t1} > 0 for any t1 > tx.

A solution x(t) of (1.1) is said to be oscillatory if it is neither eventually
positive nor eventually negative. Otherwise it is called nonoscillatory. The
equation itself is called oscillatory if all its solutions are oscillatory.

Note that if T = R, we have σ(t) = ρ(t) = t, µ(t) = 0, f∆(t) = f
′
(t) and

in that case equation (1.1) becomes the second-order nonlinear neutral delay
differential equation

(x(t)− p(t)x(t− τ1))
′′

+ q(t)f(x(t− τ2)) = 0, t ∈ [t0,∞), (1.2)

which has been investigated by many authors, see, for example, [6], [7], [9]–[11].
Wong in [13] proves that when p(t) ≡ p, the necessary and sufficient for the

sublinear equation (1.2) to oscillate is

∞∫
q(t)f(t)dt = ∞. (1.3)

However, Lin in [10] claims that the sufficient condition of Wong in the above
result may turn out to be false, but Lin does not give a counterexample to show
that his claim is true and proves that equation (1.2) is oscillatory if

∞∫
q(t)dt = ∞ (1.4)

holds in a sublinear case.
In this paper, we obtain a new sufficient condition for equation (1.1) to oscil-

late and a new sufficient condition for the sublinear equation (1.2) to oscillate,
which improves Lin condition. Moreover, we give an example to illustrate our
result.

2. Some Preliminaries on Time Scales

A time scale T is an arbitrary nonempty closed subset of the real numbers R.
On any time scale T , we define the forward and the backward jump operators
by

σ(t) := inf{s ∈ T : s > t} and ρ(t) := sup{s ∈ T : s < t}, (2.1)

respectively.
A point t ∈ T, t > inf T is said to be left-dense if ρ(t) = t, right-dense if

t < supT and σ(t) = t, left-scattered if ρ(t) < t and right-scattered if σ(t) > t.
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The graininess function µ : T → [0,∞) is defined by µ(t) := σ(t) − t. For the
function f : T→ R the (delta) derivative is defined by

f4(t) :=
f(σ(t))− f(t)

σ(t)− t
; (2.2)

f is said to be differentiable if its derivative exists. A useful formula is

fσ := f(σ(t)) = f(t) + µ(t)f4(t), (2.3)

If f , g are differentiable, then fg and the quotient f
g

(where ggσ 6= 0) are

differentiable with

(fg)4 = f4g + fσg4 = fg4 + f4gσ, (2.4)

and (
f

g

)4
:=

f4g − fg4

gg4
. (2.5)

If f4(t) ≥ 0, then f is nondecreasing.

A function f : [a, b] → R is said to be right-dense continuous if it right
continuous at each right-dense point and there exists a finite left limit at all
left-dense points. A function f : T → R is called regressive if 1 + µ(t)f(t) 6= 0
for all t ∈ T. The set of all functions f : T → R which are regressive and
rd-continuous will be denoted by Cr. We define the set R+ of all positively
regressive elements of R by R+ = {f ∈ R : 1 + µ(t)f(t) 6= 0, t ∈ T}. A function
F with F4 = f is called an antiderivative of f and then we define

b∫

a

f(t)4t = F (b)− F (a), (2.6)

where a, b ∈ T. It is well known that rd-continuous functions possess antideriva-
tives. A simple consequence of formula (2.3) is

σ(t)∫

t

f(s)4s = µ(t)f(t), (2.7)

and improper integrals defined in the usual way

∞∫

a

f(t)4t = lim
b→∞

b∫

a

f(t)4t. (2.8)

If p ∈ R, then the exponential function is defined as

ep(t, s) = exp

( t∫

s

ξµ(ν)(p(ν)4ν

)
, (2.9)
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for all s, t ∈ T, where ξh(z) is the cylinder transformation given by

ξh(z) :=

{
log(1+hz)

h
, h 6= 0,

z, h = 0.
(2.10)

For the properties of the exponential function we refer to [2].

3. Main Results

In this section, we investigate the oscillation of equation (1.1).

Theorem 3.1. Assume that (H1)–(H3) holds and there exists ` ∈ [0, 1) such
that 0 ≤ p(t) ≤ ` < 1 for large t. Then every solution of equation (1.1)
oscillates, if the inequality

z4(t) +
ε

`
q(t)f(z(t− δ)) ≤ 0, ε > 0, (3.1)

where δ = τ2−τ1−ε for any 0 < ε < τ2−τ1, has no eventually positive solution.

Proof. Suppose to the contrary that equation (1.1) has a nonoscillatory solution
x(t). We may assume without loss of generality that x(t − ρ) > 0 where ρ =
max{τ1, τ2} and 0 ≤ p(t) ≤ ` < 1 for all t > t0. Set

y(t) = x(t)− p(t)x(t− τ1). (3.2)

Then from equation (1.1) it follows that

y44(t) = −q(t)f(x(t− τ2)) ≤ 0 for all t > t0. (3.3)

This shows that y∆(t) is nonincreasing on [t0 + ρ,∞). Hence there are two
possible cases:

(a) y∆(t) > 0 for all t ≥ t0 + ρ or
(b) y∆(t) < 0 for all t ≥ t1.

If the second case holds, i.e., y∆(t) < 0 for all t ≥ t1, then we have

y(t)− y(t0) =

t∫

t0

y∆(s)4s ≤ y∆(t0)(t− t0) (3.4)

and consequently y(t) → −∞ as t → ∞, which implies that there exist c > 0
and t2 > t1 such that y(t) < −c for all t > t2. Then x(t) ≤ −c + `x(t− τ1) for
all t > t2, which implies that

x(t2 + nτ1) ≤ −c

n−1∑
i=0

`i + `nx(t2) (3.5)

and so, x(t2 + nτ1) < 0 for large n, which contradicts the fact that x(t) > 0 for
all t ≥ t0. Hence y∆(t) > 0 for all t ≥ t0 + ρ. This shows that y(t) is increasing
on [t0 + ρ,∞) and so there are two possible cases:

(i) y(t) < 0 for all t ≥ t0 + ρ or
(ii) y(t) > 0 for all t ≥ t3 for some t3 ≥ t0.
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If case (i) holds, i.e., y(t) < 0 for all t ≥ t0 + ρ, then

y(t) > −p(t)x(t− τ1) > −`x(t− τ1)

which implies that

x(t− τ1) > −1

`
y(t),

and then

x(t− τ2) > −1

`
y(t + τ1 − τ2), t ≥ t2 + 2ρ.

Since f is nondecreasing,

f(x(t− τ2)) > f(−1

`
y(t + τ1 − τ2)), t ≥ t2 + 2ρ,

which implies that

y44(t) + q(t)f(−1

`
y(t + τ1 − τ2)), t ≥ t2 + 2ρ. (3.6)

Integrating inequality (3.6) from t ≥ t0 + ρ to ∞, we obtain

−y4(t) +

∞∫

t

q(s)f(−1

`
y(s + τ1 − τ2))4s ≤ 0.

Since y(t) is increasing on [t0 + ρ,∞), −y(t) is decreasing and therefore for any
0 < ε < τ2 − τ1we have

−y4(t) + f(−1

`
y(t + τ1 − τ2))

t+ε∫

t

q(s)4s ≤ 0. (3.7)

Set

z(y) = −1

`
y(t), δ = τ2 − τ1 − ε and Q(t) =

1

`

t+ε∫

t

q(s)4s. (3.8)

Then
z4(t) + Q(t)f(z(t− δ)) ≤ 0. (3.9)

This shows that inequality (3.9) has an eventually positive solution z(t), which
contradicts the assumption of our theorem. This contradiction shows that case
(i) is impossible.

If case (ii) holds, i.e., y(t) > 0 and y4(t) > 0 for all t ≥ t3 and for some
t3 ≥ t0, then x(t) ≥ y(t) and consequently from equation (1.1) it follows that

y44(t) + q(t)f(y(t− τ2)) ≤ 0, t ≥ t3 + ρ. (3.10)

Then

y(t) = y(t4) +

t∫

t4

y4(s)4s >

t∫

t4

y4(s)4s

> (t− t4)y
4(t) >

ε

`
y4(t) for all t >

ε

`
+ t4.
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Since

y(t− τ2) >
ε

`
y4(t− τ2) ≥ ε

`
y4(t− τ2 + τ1 + ε), (3.11)

we have

f(y(t− τ2)) ≥ f(
ε

`
y4(t− τ2 + τ1 + ε)). (3.12)

Set

w(t) =
ε

`
y4(t). (3.13)

Now from (3.10), (3.12) and (3.13) we get

w4(t) + Q(t)f(w(t− δ)) ≤ 0,

where δ = τ2 − τ1 − ε, 0 < ε < τ2 − τ1, which has an eventually positive w(t).
This is a contradiction and so case (ii) is impossible. The proof is complete. ¤

Theorem 3.2. Assume that

z4(t) + Q(t)f(z(t− δ)) ≤ 0, (3.14)

where Q(t) > 0, f is a nondecreasing function such that uf(u) > 0 for all u 6= 0,
and that

0 <

t0∫

0

4s

f(s)
,

0∫

−t0

4s

−f(s)
< ∞ ∀t0 > 0. (3.15)

Then all solutions of (3.14) are oscillatory if
∞∫

Q(s)4s = ∞. (3.16)

Proof. Suppose to the contrary that inequality (3.14) has a nonoscillatory so-
lution z(t). We may assume without loss of generality that z(t− δ) > 0 for all
t ≥ t0 + δ. Then from (3.14) it follows that

z4(t) ≤ −Q(t)f(z(t− δ)). (3.17)

This shows that z(t) is nonincreasing on [t0 + ρ,∞). Hence we can write

Q(t) ≤ − z4(t)

f(z(t))
for all t ≥ t0 + δ. (3.18)

Integrating inequality (3.18) from t1 = t0 + δ to t, we obtain

t∫

t1

Q(s)4s ≤ −
t∫

t1

z4(t)

f(z(t))
4s = −

z(t)∫

z(t1)

4s

f(s)
=

z(t1)∫

0

4s

f(s)
−

z(t)∫

0

4s

f(s)

<

z(t1)∫

0

4s

f(s)
< ∞,

which is a contradiction, since the left side of of the above inequality tends to
∞ as t →∞. ¤
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Theorem 3.1 reduces the question of oscillation of equation (1.1) to the ab-
sence of an eventually positive solution (oscillatory) of the differential inequality
(3.14). As a consequence Theorem 3.1 and Theorem 3.2 immediately imply

Theorem 3.3. Assume that (H1)–(H3) holds and there exists ` ∈ [0, 1) such

that for large t, 0 ≤ p(t) ≤ ` < 1 and 0 <
t0∫
0

4s
f(s)

,
0∫

−t0

4s
−f(s)

< ∞ ∀t0 > 0. Then

every solution of equation (1.1) oscillates if
∞∫

q(s)4s = ∞. (3.19)

Theorem 3.4. Assume that f is a nondecreasing function such that |f(uv)| >
f(u)f(v), uf(u) > 0 for all u 6= 0, and that

0 <

t0∫

0

4s

f(s)
,

0∫

−t0

4s

−f(s)
< ∞ ∀t0 > 0. (3.20)

If there exists α(t) > 0, α4(t) > 0, such that
∞∫

Q(s)

α(s)
f(α(s− δ))4s = ∞, (3.21)

then all solutions of (3.14) are oscillatory.

Proof. As in the proof of Theorem (3.1) we get z(t) > 0, z(t−δ) > 0 and z4 < 0
for all t > t0 + δ.

Let

z(t) = u(t)α(t), (3.22)

where u, α > 0, u4 < 0 and α4 > 0 for all t > t0 + δ. Then

z4(t) = u4α + uσα4

and, consequently,

u4(t)α(t) + u(σ(t))α4(t) + Q(t)f(α(t− δ))f(u(t− δ)) ≤ 0,

which implies that

u4(t) +
Q(t)

α(t)
f(α(t− δ))f(u(t− δ)) ≤ 0. (3.23)

Following the procedure as in Theorem 3.2 the statement of this theorem follows.
¤

Theorem 3.5. Assume that f is a nondecreasing function such that f(uv) >
f(u)f(v) if uv ≥ 0, uf(u) > 0 for all u 6= 0 and that

0 <

t0∫

0

4s

f(s)
,

0∫

−t0

4s

−f(s)
< ∞ ∀t0 > 0.
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If there exists α(t) > 0, α4(t) > 0, such that

∞∫
q(s)

α(s)
f(α(s− δ))4s = ∞, (3.24)

then all solutions of (1.1) are oscillatory.

Theorem 3.6. Assume that f is a nondecreasing function such that |f(uv)| >
f(u)f(v), uf(u) > 0 for all u 6= 0. Then all solution of (1.1) are oscillatory if

∞∫
q(s)f((1 + p(s− τ2))f(

s− β

2
)4s = ∞, β = τ1 + τ2. (3.25)

Proof. Suppose to the contrary that x(t) is a nonoscillatory solution of equation
(1.1) and proceed as in Theorem 3.1 to get y4(t) > 0 for t ≥ t0 + ρ where
ρ = max{τ1, τ2}. Then y(t) is an increasing function on [t0 + δ,∞).

Since y(t) = x(t)− p(t)x(t− τ1), we have

x(t) = y(t) + p(t)x(t− τ1)

= y(t) + p(t)(y(t− τ1) + p(t− τ1)x(t− 2τ1))

> y(t) + p(t)y(t− τ1) ≥ (1 + p(t))y(t− τ1)

and

y(t) = y(t1) +

t∫

t1

y4(s)4s >

t∫

t1

y4(s)4s

> (t− t1)y
4(t) >

t

2
y4(t) for all t > ρ + t1.

Then

x(t) > (1 + p(t))(
t− τ1

2
)y4(t− τ1),

which implies that

y44(t)+q(t)f

(
(1 + p(t− τ2))

(
t− (τ1 + τ2)

2

))
f(y4(t−(τ1+τ2)) ≤ 0. (3.26)

Putting

z(t) = y4(t),

inequality (3.26) can be rewritten as

z4(t) + Q(t)f(z(t− β)) ≤ 0,

where

Q(t) = q(t)f(1 + p(t− τ2))f

(
t− β

2

)
, β = τ1 + τ2, (3.27)

has a positive solution, which is a contradiction. ¤
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Remark 3.1. We note when T = R, equation (1.1) becomes the second order
nonlinear neutral differential equation (1.2) and condition (3.19) becomes

∞∫
q(s)ds = ∞, (3.28)

which coincides with Lin’s condition (1.4), while condition (3.24) takes the form

∞∫
q(s)

α(s)
f(α(s− δ)ds = ∞. (3.29)

Also, condition (3.25) takes the form

∞∫
q(s)f((1 + p(s− τ2))f(

s− β

2
)ds = ∞, β = τ1 + τ2. (3.30)

Remark 3.2. Lin in [10] claims that the sufficient condition (1.3) for the oscil-
lation of sublinear equation (1.2) may be false and proves that condition (1.4)
is sufficient for the oscillation of such equations. It is clear that condition(3.25)
improves Lin’s condition and corrects the sufficient condition of Wong.

In the following, an example is given to illustrate our conclusion.

Example. Consider the following second-order sublinear neutral differential
equation

(x(t)− px(t− τ1))
′′

+ q(t) |x(t− τ2)|ν sgnx(t− τ2)) = 0, 0 < ν < 1, (3.31)

where 0 < p < 1 and q(t) = t−3ν . Then

∞∫

T

q(t)dt =

{
∞, 0 < ν ≤ 1

3
,

finite, 1
3

< ν < 1.

This shows that equation(3.31) is oscillatory when 0 < ν ≤ 1
3

according to Lin
condition (1.4) and condition (3.28). But

∞∫

T

q(t)f(t)dt =

{
∞, 0 < ν ≤ 1

2
,

finite, 1
2

< ν < 1.

This shows that equation (3.31) is oscillatory when 0 < ν ≤ 1
3

according to
Wong’s condition (1.4).

Thus we have
∞∫

T

q(s)f(1 + p(s− τ2))f

(
s− β

2

)
ds =

{
∞, 0 < ν ≤ 1

2+α
, α > 0,

finite, 1
2

< ν < 1.

Therefore that condition(3.25) improves Lin’s condition and corrects the suffi-
cient condition of Wong.
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