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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR
EVEN ORDER MULTI-POINT BOUNDARY VALUE
PROBLEMS

YOUYU WANG AND WEIGAO GE

Abstract. In this paper, we consider the existence of multiple positive so-
lutions for the 2nth order m-point boundary value problem:

1"

2@ (t) = f(t,a(t),2” (t),--- ,2C0D)(), 0<t <1,
m—2

2C(0) = a;FD(0) = Y ayz®I(g)),
=1

m—2
22 (1) + bz (1) = 3 6;;239(¢), 0<i<n-1,
j=1

m—2 m—2
Whereaij,ﬂij,ai,bi S [0, OO) (OSZS’H—].,]. S] STTL—2)7 Z Qg Z ﬂij c
j=1 j=1

(0,1),0 <& <& < -+ < &n-2 < 1. Using the Leggett—Williams fixed point
theorem, we provide sufficient conditions for the existence of at least three
positive solutions to the above boundary value problem. The associated
Green’s function for the above problem is also given.
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1. INTRODUCTION

Multi-point boundary value problems for ordinary differential equations arise
in a variety of areas of applied mathematics and physics. Linear and nonlinear
second order multi-point boundary value problems have also been studied by
several authors. We refer the reader to [2]-[8] and the references therein. Davis
et al. [9] and Davis et al. [10] studied the 2nth order Lidstone BVP

2 = f(x(t), 2" (t),...,2®""D@), te]o,1],
| . , (1)
r®9(0) =2@)(1) =0, 0<i<n-—1,
where (—1)"f : R™ — [0,00) is continuous. They obtained the existence of
three symmetric positive solutions of the BVP (1).
Recently, Y. Guo et al. [11] studied the following 2nth order BVP

2@(t) = ft,a(t), 2" (t),..., 2% D(1), 0<t<1,
m—2

22)(0) — Bz (0) = 0, 2®)(1) = Y kijy®)(E), 0<i<n-—1. 2)
j=1
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They established the existence of at least three positive solution for the above
BVP.
Y. Guo et al. [12] also studied the 2nth order BVP

[
r@n(t) = f( ()w”(t) L), 0<t <,
) =

220 (1) = z:@ﬁm@» 0<i<n-1. 3)

By using the Leggett-Williams ﬁxed point theorem, they got at least three
positive solutions for the BVP (3). Motivated by the results of [9] and [12],
in this paper we study the existence of multiple positive solutions for the 2nth
order m-point boundary value problem

zC(t) = f(t,x(t), 2" (t), ..., 2C0=D(4)), 0<t <1,
(0) = aa®(0) = % a6, n

2®(1) + bz (1) = Z Byx®(g;), 0<i<n—1.
j=1

\
To the best of our knowledge, the existence results for positive solutions of

the above boundary value problem have not been studied previously.
Throughout the paper, we assume that the following conditions are satisfied:

m—2 m—
(H1) aij, Bij ainb; (0<i<n—1,1<j<m—2)€[0,00), Y i,y Bij €
=1 =1

(0,1),0<& <& <...<&na <1
(Hy) (=1)"f :[0,1] x R™ — [0, 00) is continuous.

2. PRELIMINARIES

Our main results will depend on the Leggett—Williams fixed-point theorem.
For convenience, we present here the necessary definitions from the theory of
cones in Banach spaces.

Definition 2.1. Let E be a real Banach space. A nonempty convex closed
set P C F is said to be a cone provided that

(i) au € P for all w € P and all > 0 and

(ii) u, —u € P implies u = 0.

Note that every cone P C E induces an ordering in F given by x < y if
y—z € P.

Definition 2.2. A map « is said to be a nonnegative continuous concave
functional on a cone P of a real Banach space E provided that o : P — [0, 00)
is continuous and

ate + (1 —t)y) > ta(z) + (1 — t)a(y),

forall z,y € Pand 0 <t < 1.
Similarly, we say that a map [ is a nonnegative continuous convex functional
on a cone P of a real Banach space E provided that 3 : P — [0, 00) is continuous
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and

Btz + (1 —t)y) <tB(x) + (1 —1)B(y),
forall z,y € Pand 0 <t < 1.

Definition 2.3. An operator is called completely continuous if it is contin-
uous and maps bounded sets into pre-compact sets.
For positive real numbers a, b, we define the following convex sets:

Py ={z e Pl |zl <7},
Pla,a,b) = {z € Pla < a(z), [lz] <b}.
Theorem 2.1 ([1], Leggett-Williams Fixed Point Theorem). Let A : P, —

P, be a completely continuous operator and let o be a nonnegative continuous
concave function on P such that a(z) < ||z|| for all x € P,. Suppose there
exists 0 < a < b<d<c such that
(C1) {x € P(a,b,d)| ax) > b} #@ and «o(Ax) >b forx € P(a,b,d),
(C2) ||Az|| < a for ||z]| <a and
(C3) a(Ax) > b forx € Pla,b,c) with ||Az| > d.
Then A has at least three fixed points x1,xo and x3 such that ||z1|| < a, b <
a(xg), and ||zs|| > a with a(xs) <b.

3. MULTIPLE POSITIVE SOLUTIONS OF (4)

In order to apply Theorem 2.1, we must define an appropriate operator on
a Banach space. We first consider the unique solution of the following second
order boundary value problem.

Lemma 3.1. Suppose (1 — wij @) <a + 22 ozzfi) + <1 — nij ocz-> (b +1-—

mif ﬁi§i> #0. If f(t) € C[0,1]. Then the problem
i=1
')+ fH) =0, 0<t<1,
m—2 m—2 5
r0) a0 = 5 @), o)+ =5 g,
has a unique solution

x(t) = —/(t— s)f(s)ds + At + B,

where
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_ % Kﬁgaig) /1(b+ 1—s)f(s)ds
- (o Z azsz) <mZﬁ 7 (6 ) (e)is )

2

S-S (S [ s,

=1
m—2 m—2 m—2
(1 — Zﬁ) (a+ Za@) - (1 — Za) <b+ 1- Zﬁg)
i=1 i=1 i=1
Proof. Assume that

t

x(t) = —/(t —s)f(s)ds+ At + B,

0

according to the boundary conditions, we have

m—2 m—2 m—o &i
i=1 i=1 0
m—2 &i
(b+1—2@@) +B(1—Z@) ——Z@/ »
0

=1

Now it is easy to check our results. 0

Lemma 3.2. Let M = (1 — mz_:Z @) (a + mz—:z aifi) + (1 — mz_f ai) (b +1—
i=1 i=1 i=1

m—2
> ﬁ@) # 0. Then the Green’s function for the boundary value problem
i=1
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s given by
m—2 m—2
(s+a)|b+1- % Bg) —t0- 3 )],
i=1 j=1
0<t<1, 0<s<¢&, s<t
m—2
aj— (1= > B))
j:l

<t+a>[<b+1— z B6) — s(1 - z ).
O<t<1 0<s<§1, t <s;

miz o 5]}

Jj=1

m—2

=ne+1-"E 'S

=58 % s -9+ (1 2 Do+1-3)
_m—2 —2 i| N m—2

(a+ Z a;&)(b+1—s)

-(b+1- Z B&5) Z aj(§ —s) — M(t - s),

m—2 m—2

i 1
+(b+ 1 —t) [(a—i- Z ajfj) —|—S(1 — Z Oéj):|,
j:l ]:1
Em—2<s5<1, s<t;

m—2
aj) +(a+ 3 Oéij)},
7j=1

0<t<1, &,2<s<1, t<s.

m—2
Lemma 3.3. Suppose oy, Bi,a,b >0 (1 =1,2,....m—2),0< > o <1,
i=1
m—2

0< > Bi<1. Then

=1

G*(t,s) >0 for (t,s)e€0,1] x[0,1].

Proof. We consider only the following two cases.
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Case 1. We first check that if §;_1 < s<&,2<i<m—2,t<s, then

J=1 J=i J=
m—2 m—2
- (1 -y 0@‘) > B - S)}
j=1 j=i
m—2 m—2 m—2
+ (a+ Zozjfj)(b—kl —5) — (a—l— Zajgj) Zﬁ](fj —5)
Jj=1 . . Jj=1 Jj=t
- (b+ 1-> @@) D (& — )
j=1 =i

Indeed, for the first part of the above formula we have

L3 ::tKl —m_QBJ) mi:zaj(gj —-s)+ <1 —m_jaj>(b+ 1—5s)

=1 j=i =
m—2 m—2
- (1 — Ozj> Bi(&; — 5):|
=1 7 =
m—2 m—2 m—2
:t[(l ﬂ]) Zaj(éij)Jr <1 Oé]) (1 Zﬂ]fj
j=1 j=t j=1
m—2 m—2
B E
J=t Jj=1

while

m—2 m—2
- <b+ 1= 5]'51) > ajé -
7j=1 Jj=t

> <a+§0‘j§j>(l —5)— (@+ Z ajEj) z_: Bi(&5 — )
(-5 06) St -
j=1

%

j=
m—2 -2

:s<a+zaj§]> Zﬂ] 1-¢5) +a<1— Z@@) (1—s)

7j=1 7=
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+SO——E:@@)§:QN1—§)

-1 =i

;_2 :n—Q m—2 m—2

+ [(1 -3 ﬁjfj) ;&5 — (1 - ﬁj{j) > ajfy} (1—s)
j=i j=1 Jj=1 J=t

Therefore, Ls = Lg1 + L3o > 0.
Case 2. Now we show that if & 1 <s<¢&, 2<i<m-—2, s<t,then
2

m—2 m—2 m—
L4;:t[<1— @)Zaj(@—s)—l—(l— aj |(b+1—25s)
j=1 j=i J=1
m—2 m—2
- <1 - O‘J) Bi(& — 5)]
j=1 J=i
m—2 m—2 m—2
+ <a+ a]£J>(b+1—8)— <a—|—2aﬁj) Zﬁj(& s)
j=1 Jj=1 J=t
m—2 m—2
—<b+1— @gj)zaj(gj—s)—M(t—s)
j=1 j=i
>0
From the above discussion we get
m—2 m—2 m—2
Lyz = <a +) aj§j> (b+1—3s)— (a + ) ajfj) > Bi&—s)
—1 i=1 =i
’ m—2 m—2 ’ J
S GRED M) SEVCEE
j=1 J=i
= L3
m—2 m—2 m—2
Za<1—§:ﬁﬁgﬁP—$+ (L‘§:@§>§:aﬁj
—i i—i i—=1
]m72 m—2 ’ ’
- <1 -y ﬁjfj) > O‘jfy} (1—s)
=1 j=i
mig ’ m—2 i—1
Za(l — Z ﬁ]§j> (1—s)+ (1 - 5;5]) Z%f](l s)
j=t Jj=1 Jj=1
m—2 m—2 i—1
Za(l - Z Bﬁ])(t —s)+ (1 - Z ﬂﬂ) Zaﬁg](t =)
Jj=t Jj=1 J=1
m—2 m— i—1
>a<1— @)(t—s)—i— (1— ﬁg)zay’@(t s)
j=1 J=1 J=1



YOUYU WANG AND WEIGAO GE

Analogously, we also have

782

Jie-o.

m—2
b+1->" B
J=1

)

again,
So,

1—1
> ajgt—s).
=1

m—2
1-) 5
=1

Therefore

v
\.IJ/Qﬁ
A
a =
R
m ,]1
+ 2
S
(X
\..J/ WJ
Q.
SAIAK
g Fm_j
_ —
/ﬂ\(
| I l_l
Al
—
<
~
l_l
(o]
<
~
l_l
™
<
~
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According to the above discussion, we get
Ly = Ly3+ Lyo + Ly — M(t —s) > 0. U

Lemma 3.4. Suppose (Hy) holds. Then g;(t,s) <0 (0 <i<mn—1), where
gi(t, s) is the Green’s function for the problem

') =0, 0<t<1,

m—2 m—2
I‘(O) — CL@%’(O) = Z:l ozij:r(gj), .'I?(l) + bl.f,(l) = 2 6741’(5])
j= j=
Proof. 1t is easy to see that g;(t,s) < 0 by using Lemma 3.3. OJ

Let G1(t,s) = gn—2(t,s), then for 2 < j < n — 1 we recursively define

1

G,(t,s) :/gnjl(t,r)(}’jl(r,s)dr.

0

Lemma 3.5. Suppose (Hy) holds. If f(t) € C[0,1], then the boundary value
problem

(WD) = f(t), 0<t<1,
) m—2
u®(0) = ap—4i-1u®(0) = Z o —r4i-1,;u®) (&), (6)
Z

u(Zi)(l) + bnflJriflu(zi—H)( ) = n—iti— 1Ju <§J> O<isi-1,

has a unique solution for each 1 <1 <n —1, G,(t,s) is the associated Green’s
function for the boundary value problem (6).

Proof. We prove the result by using induction. Obviously, the result holds by
using Lemma 3.2 for [ = 1.

We assume that the result holds for [ — 1. Now we consider the case for [.
Let u”(t) = v(t), then (6) is equivalent to

(W' (t) =o0(t), 0<t< L
w(0) = an—1-1u/(0) = 2:: n—-1,5u(85), (7)
(1) + bur-au(1) = 2nuww
and \
(VD)) = f(t), 0<t<1,
0) = 4y asin 2 0(0) = 5 0o (6. 5

m—2
V(1) + by 0@ (1) = Y funio®(E), 0<i<i—2.
j=1
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Lemma 3.2 implies that (7) has a unique solution u(t) = fol Gn—1—1(t,m)v(r)dr,
and (8) has also a unique solution v(t) = fol Gi-1(t, s)f(s)ds by the inductive
hypothesis. Thus (6) has a unique solution

u(t) = /lgn_l_l(t,r)/lGl_l(r, s)f(s)dsdr
= /1 (jgnll(t,r)Gll(r, s)dr)f(s)ds

1

= /Gl(t,s)f(s)ds.

Therefore the result holds for [. The proof of Lemma 3.5 is now completed. [
For each 1 <1 <n — 1, we define 4, : C[0,1] — C|0, 1] by

1
Ap(t) = /Gl (¢, 7)v(T)drT.
0
With the use of Lemma 3.5, for each 1 <[ <n — 1 we have

((Aw)®)(t) =v(t), 0<t<1,
(Aw)@(0) = an—rpi-1(A)FHD(0) = 3 anipim1,;(Aw) ) (E),
j=1
(A0) (1) + by i1 (A)ZHD(1) = ﬁnflJrifl,j(Al'U)(m) (&),
j=1
0<i<]—1.

\

Therefore (4) has a solution if and only if the boundary value problem
U/l(t) = f(t) An—1v<t)’ An—QU(t>a s 7A1U(t)7 U(t))7 0<t< ]-7

m—2 m—2 9
0(0) ~ 4 ?(0) =5 a1 0E), v(1) + b (V=T G o).
j=1 j=1
has a solution. If x is a solution of (4), then v = x(2(~1) is a solution of (9).
Conversely, if v is a solution of (9), then x = A,,_jv is a solution of (4).
Define A : C[0,1] — C[0, 1] by

1

Aov(t) = /gnl(t, $)f(s, Ap_q1v(s), Ap_ov(s), ..., Ajv(s), v(s))ds.

It now follows that there exists a solution of BVP (4) if and only if there exists
a fixed point of A. Moreover, the relationship between a solution of BVP (4)

and a fixed point of A is given by # = A,_;v(t) or equivalently, by z(2("=1) = ¢,
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Note that z is a positive solution of (4) if and only if (—1)""1z2r=) =
(—1)""'v is positive, where v is the corresponding fixed point of A.

For each 0 <t < 1,0 < i <n — 1, there is only a finite number of points s
such that g;(¢,s) = 0. Let

M,; = max/|g, (t,s)|ds, m; = min /|gz~(t,3)|ds,

0<t<1 6<t<1-6

where 0 < § < min{&;,1 —&,,—2}. It is obvious that M; > m; > 0.
Let X = C[0,1] with the maximum norm |z| = max |z(t)| and define the

cone P C X by
P={xeX:(-1)""z(t)>0,(—1)""'z is concave on [0,1]}.
Let a : P — [0,00) be a nonnegative continuous concave functional

_ : _1\n—1
a(x)—égr%l{l_é( )" x(t) for ze€P.

We now present our main result.

Theorem 3.1. Suppose (Hy) and (Hs) hold. In addition let there exist non-
negative numbers a,b, and ¢ such that 0 < a < b < min{0, m,_1/M,_1}c and

Flt up—1,Up—2,...,u1,up) satisfy the following growth conditions:
(Hs) (=D)"f(t,upn_1,-..,u0) < a/M,_q for (t,|u,_1|, |un_al,...,|uol) € [0,1]x
[T— 1[0, TS, Masa] x [0, a];
(Hy) (— ) flt w1, ... ,up) < c/Mpy_q for (t,|un_1], |tn—2],-..,|uo|) € [0, 1]%
1o 1[0, 1T, Moic] x [0,4];
(Hs) (— ) f(t Up—1y- .-y Ug) = b/my_y for (¢, |un_1], |tun—2l,...,|uo|) € [0,1—

81 5 Ty [TE2 o ib, T3 Mooib/] x [b,5/3].
Then the boundary value problem (4) has at least three positive solutions x,
Ty and xs such that

(2(n—1)) . _1)n1,20-1)
[« <a. b < min (<12

and (2(n—1)) (2(n-1))
2(n—1) . . _1\n—1 2(n—1
[E2 | >a with 6§r1¥1§1{1_6( "y (t) <b.
Proof. First we show that A : P — P. Let x € P. Then (—1)""'Az(t) > 0.
Moreover,

(=1)"H(A)"(t) = (=1)""f(t, Apmaz(t), Anaz(t), ..., Arz(t), (t)) < 0.
This concavity implies that A : P — P. Also, it is easy to see that the operator
A is completely continuous.

Choose = € P, then ||z|| < ¢. Note that

1
/ s)ds
0

J+1 Jj+1
|Az|| = trélgl < HM" ilz] < HM" iC.
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Thus, according to assumption (Hy), we have

[Az]} = max [Az(t)]

0<t<1

—mm{/mnmS (5. Aucaa(s) Ay-aa(s), (), () s

<

<L 1&I<1?<xl{/|gn1ts|ds}

= C.

Therefore A : P, — P..

Analogously, assumption (H3) implies that Condition (C2) of the Leggett—
Williams Fixed Point Theorem is satisfied.

We now show that condition (C1) is satisfied. Note that for 0 <t <1,

z(t) = (—1)71—1% € P(oz, b, g) and o(x) = % > b.

{x = P(a,b, %) ‘ a(z) > b} £ o,

i b = min (—1)"! > <t<
Also, if x € P(a,b, %), then a(z) agr{lgl{l—(s( )" z(t) > b for each 6 <t <

1—6,s0 (=1)"ta(t) >b, 6 <t<1-4 and therefore
1
(—=1)"2Az(t) :/—Gl(t,s)(—l)"_la:(s)ds

0
1-0

z/—&wﬂ4w%®@
)
1-6

> b/ |G1(t, s)|ds > bmy,—s.
5

Thus

Inductively, we have

J+1
(A 2 [ dseS1-0 18j 0L

and it is easy to see that
Jj+1

b
|Ajz(t)] < HMn—jg-
=2
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Applying now assumption (Hj), we obtain

So,
a(Azx) = 6Srtngi{1_§(—1)"_1Aa:(t)
- 55131{14 { / —n_1(t,8)(=1)"f(s, An_12(s), Ap_oz(s),..., Ajx(s), x(s))ds}
1-5
> 631%1{1—6 { / —n-1(t,8)(=1)"f(s, An_12(s), Ap_az(s),..., A1x(s), x(s))ds}
5
>

min /\gn 1(t, s)|ds

T My 6<t<1-6
=b.

Therefore condition (C1) is satisfied.

Finally, we show that condition (C3) is also satisfied, i.e., we show that if
x € P(a,b,c) and ||Az|| > d = b/), then a(Azx) > b. This follows since
A: P — P, in particular, since (—1)""!(Ax) is concave,

min (—1)""tAz(t) > 0| Az]|.

5<t<1-5

Thus a(Az) > dd = b. Therefore condition (C3) is also satisfied. So we
complete the proof. O

4. EXAMPLE

In this section, we present an example to demonstrate the application of
Theorem 3.1. Consider the boundary value problem

2D(0) = f(t2(t) 2" (1), 0<t<1,

( (¢
2(0) — ap’(0) = 32(5), (1) +boa/(1) =
2"(0) — ayz®(0) = 127(L),  2"(1) + b2

z(3), (4.1)
1) = 32" (3),

D=

4

where
(s sint 4+ 2 + 1p5y°, @ € (—00, o],
Lging— 1000000, 2y2 | 35T 4 13, o (80 23]
ftz,y) = ﬁsint— 1ggg($ - _) + %Z + 101009:)” T < [g_i’g_i]
1000 sint + 55 (¢ — §1)° + 15 + 0¥’ € &7 530
(o05 SI0 ¢+ S2st T a00Y > € € [550 +00)-




788 YOUYU WANG AND WEIGAO GE

3 1 1 3 1
LetaozZ—l,bozz,alzz,blzz,ézzl,thenwehave
((s+3)(1-1%t), 0<t<1,0<s<i s<t;
ot $)] = ds—t)+(t+3H(1—-1s), 0<t<1,0<s<3, t<s;
t—s)+ (G -t)(1+1s), 0<t<1, 3<s<1, s<t
(3 —s) (3t+1), 0<t<1, $<s<1, t<s
((s+H(3-1t), 0<t<1,0<s<i s<t
01t 5)| = 2s—t)+(t+7)(2—1s), 0<t<1,0<s<3, t<s;
’ St—s)+(I—-t)(5+3s), 0<t<1,i<s<1, s<t
((F—s)(3t+3), 0<t<1, $<s<1 t<s

We first consider the condition ¢ = 0.
1) ForOStS%wehave

1 ¢ 1 1
/mmwwz/mmmw+/mmww+/mmww
0 0 t 1

2

1
t S

:/<3+Z><1—%t>ds+/[g(s—t)—l—<t+%><1—%$)]d8

0 t
1
5 1
+/<Z—s>(§t+1>ds
1
2
5.3, 1
8 8 2

2)For%§t§1wehave

1 3 ¢ 1
/\go(t,s)]ds:/|go(t,s)]ds—|—/\go(t,s)\ds+/]go(t,s)|ds
0 0 1 t

2
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So,

—({2?}1/‘90 (t,s ]ds— 128

On the other hand,
3) Forigtgéwehave

3 1 3

1 t 2 1
/mwwwzfmmww+/mmw@+/mmﬂw
1 1 t 1
4 4 2

) 7

1
6716 2
4)For%§t§%wehave

/4\go(t,s)ldSZ/2|go(t,s)]ds—|—/|go(t,s)\ds—|—/4|go(t,s)|ds
—/2<5+%)<1—%t)d8+/[g(t—s)—i-(g—t)(l%—%s)]ds

So,

Next, we consider the condition 7 = 1.
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5)For0§t§%wehave

1 ¢ 1 1
/mwww—/mwww+/mmww+/mmﬂ@
0 0 t 1

2

0 t
1
+/(7 )<1t+1)d
——s|{zt+ < )ds
4 2 2
%
1 5, 1
=4 —t— =t
2 8 2

6)For%§t§1wehave

1 3 ¢ 1
/\gl(t,s)|ds:/\gl(t,s)]ds—l—/\gl(t,s)\ds+/]gl(t,s)|ds
0 0 1 t

2
i ¢

:/(S—l—%l)(g—%t)dS—F/[g(t—s)—i—(Z—t)(%—F%S)]dS

(i) (3t g)es

[N

So,

—ﬁﬁ/mf““‘mg

On the other hand,
7) Foriﬁtﬁ%wehave

3 1 3

1 t 2 1
/mww@:/mwmw+/mwﬂw+/mwww
1 1 t 1



EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS 791

19, 1,
4160 2
8)For%§t§%wehave
3 ¢

3 3

1 1
/mwwwz/mwww+/mww@+/mwww
1 1 1 t
4 4 2
t

[ DG f e+ GG e

1 1
4 2
%
7 1
——s)(=t+=)d
+/<4 S>(2+2>8
t
1 9 1,
RVRETAEEE

So,

Let a = %,b: 1,c =2, then
f(t,x,y) < CL/M1 - % for (t7 |l‘|, |y|) S [07 1] X [07 %] X [O’ %]’
flt,w,y) <ce/My =355 for (t o], ]yl) €[0,1] x [0, 5] x [0,2],
fltz,y) >0/my =G for (¢, |z, |yl) € [§, 3] x (35, 55) x [1,4].

By Theorem 3.1, problem (4.1) has at least three positive solutions.
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