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STABILITY OF FINITE DIFFERENCE SCHEMES ON
IRREGULAR MESHES FOR VON FOERSTER-TYPE 1-D
EQUATIONS

PIOTR ZWIERKOWSKI

Abstract. We consider a generalized von Foerster equation in one dimen-
sional spatial variable and construct finite difference schemes for the initial
value problem. The stability of finite difference schemes on irregular meshes
generated by characteristics is studied.
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1. INTRODUCTION

Suppose that ¢c: £ — R and \: E X Ri — R, where £ = [0,a] x R, R, =
[0,400), a > 0. Consider the initial value problem generalizing the classical von
Foerster model of mathematical biology (see [1]-[3])

Owu(t,z) + c(t,x) Opult, x) = ult, x)A(t, z,u(t, z), 2(t)), (1)

where
2(t) = z[u(t, )] = /u(t,x) dr, te€]0,a, (2)

with the initial condition
u(0,z) =v(x), z€Ry, (3)

where v: R, — R, is a given continuous and integrable function. The well-
posedness of problem (1)—(3) demands the condition ¢ (¢,0) < 0, t € [0, al, that
is: the characteristics either go out of the set E' through the lateral boundary
or meet the boundary and remain there.

There is rich literature concerning models describing the evolution of age-
dependent populations [2], [4]-[6]. In these papers, nonlinear initial boundary
value problems with non-local boundary conditions are examined. Such bound-
ary conditions (renewal equations) describe a birth process, e.g., a number of
newborn inhabitants at a given time.

In papers [1], [7] there are considered models with the right-hand side of char-
acteristic equation dependent on ¢, x and z, which describes the total number
of inhabitants. Since the renewal equation is not considered, the function ¢ on
the lateral boundary is assumed to be nonpositive.
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Due to [7] the above models can be generalized in the following ways: (i) in-
cluding many species and many space variables, (ii) taking into consideration
past densities and past total sizes of species.

The main tools used to prove the existence and uniqueness of solutions are the
characteristics method and fixed point theorems. We refer the reader interested
in models of mathematical biology to [8]-[10].

In the known literature the authors consider methods of approximation of
solutions to von Foerster-type equations, in particular various methods of dis-
cretization are presented. In [11], [12] finite difference schemes are examined
for initial value problems on bounded domains with non-local boundary condi-
tions. A convergence theorem concerning Euler schemes in unbounded domains
is given in [13], assuming that all characteristics flow in one direction. The proof
is based on the Lax-Richtmyer equivalence theorem, which states that conver-
gence of a finite difference scheme is equivalent to its stability and consistency.
In [14], the stability of Euler schemes is proved in unbounded domains without
the assumption that the sign of the function c¢ is constant in the whole domain.

According to [15], problem (1)—(3) is transformed to the following system of
ordinary differential equations:

@l(t) - C(t,gp(t)), 90(0> =z, xeRy, (4)
¢(t) = CAL (1), C(1), 2(1),  ¢(0) = v(p(0)). (5)

By y(+; x) denote the unique solution of (4), by u(-; ) denote the unique solution
of (5) along y(+; x) provided that system (4),(5) is uniquely solvable. A change
() =

of variables 1 = y(¢; ) in the formula z u(t, p) dp yields

5) i
I

/u (t,y (t;x) ;xy(t;x)da:, t €10, al.
0

The purpose of the paper is to present finite difference schemes for (1)—(3)
using the method of characteristics, see [16]. In this approach a mesh is obtained
by numerical integration of (4). The proposed method significantly differs from
the generalized Euler method, since the mesh generated by characteristics is
irregular. Moreover, there is no need to assume the Courant—Friedrich-Levy
condition, cf. [13], [14], [17].

Note that the function z is the non-local term defined on an unbounded do-
main. To apply the classical theory concerning numerical integration rules we
truncate the set E to some bounded domain. A general theory concerning fi-
nite difference schemes for first order ordinary differential equations is applied.
Approximate solutions of (4) determine the mesh in the domain E. To ob-
tain better approximation of the characteristic curves, a second order method
is applied. We emphasize that using the second order method is essential for
our difference scheme. Solutions of (5) along discrete characteristics are com-
puted by the Euler method. The function z is approximated by an irregular
rectangle quadrature whose knots are determined by discrete characteristics.
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Similarly to [13]-[15] we apply recurrent inequalities to prove our stability the-
orem. The presented theory is illustrated by numerical experiments in R?. Due
to the biological interpretation of the considered problem, we investigate only
its nonnegative solutions.

2. DISCRETIZATION OF THE DIFFERENTIAL PROBLEM

Since only a finite number of terms can be involved in practical computations,
we truncate the domain £ and the initial set £y = R to some bounded domains
determined by a respective characteristic. The irregular mesh in these domains

is defined as follows. For a given number N € N put h = % and choose N, € N

such that hN, — oo as h — 0. Let 9, j = 0,1,..., Nj,, be nodal points on the
initial set Ejy such that the conditions: (i) y(® =0, (i1) Coh < y©+1) —409) <
Cih, g = 0,1,..., N, — 1, with some positive constants Cy, C; are satisfied.
Note that the initial set Ej is truncated to the interval [O,y(O’Nh)} . Denote
Eop={y®),j=0,1,...,N,}. If Cop = Cy, then the mesh Eq is regular. By
(¥, y(9)) denote the knots of the mesh, where ¢t} = ih, i = 0,1,..., N. The
number y*7) stands for the value of the discrete characteristic at the point ¢ =
t@ which starts at the point y(®9) € Ey,. Fori=0,...,.N—1,7=0,1,..., N,
the mesh points (t(i“), y(”l’j)) are determined by the improved Euler formula
(the Heun method)

YlHh) — g (@) 4 g [C (9, @) 4 ¢ ((0D @) 4 e (40 @) } . (6)

For ¢+ = 0,1,..., N define the numbers 5; in the following way: Sy = 0,
S; = min {j =0,1,...,Ny: y@) > 0} , ¢ =1,...,N. The motivation for the
definition of the number S; is the following. Let j = 0,1,..., N,. Since the
condition ¢(t,0) < 0, t € [0, a], is satisfied it is possible that y*7) < 0 for some
1, © = 1,..., N. Defining the number S; we exclude computation outside the
set . A
Denote Ej = { (t(i),y(i’j)) 1=0,1,...,N, 7=5;,..., Ny, }, E}(Z) = {y(i’j) :
= S;,...,Np}, i = 0,1,...,N. For a function u: E, — R write u(™) =
¢, y9)) . Solutions of (5) along the j-th characteristic, j = 0,..., N, on
E), are approximated by the Euler formula

L) = g 0) G\ ($0) gy 0) ) L)y 0d) — gy (50 (7)
fori=0,...,N — 1, where

Na—1
20 = 37 i) (i) _ ylia)) (8)

j=S
for i = 0,..., N. Formula (8) defines a discrete operator ), which is a finite

one-dimensional quadrature. Note that the number /N, can be chosen in such
a way that S; < N, — 1 for ¢ = 1,..., N. This property holds if the function ¢
is bounded.
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Remark 1. The condition hN;, — 400 as h — 0 is satisfied for N}, given by

the formula
Ny = L 1 L
h= |7k 0g hE
where [x] denotes the entire part of z. Notice that the greater k is, the faster
N, increases as h — 0.

}7 k217

Denote respectively by L>* (R,) and L' (R,) the classes of all essentially
bounded measurable functions and Lebesgue integrable functions defined on
R, . For any metric space X we denote by C'(X,R) the class of all continuous
functions u: X — R. Let us define the following class of integrable functions.
Suppose that f: Ry — R. The function f € L}, if and only if there exists a
decreasing function g: Ry — R, such that g € L*(Ry) and |f(z)| < g(z) for
a.e. r € Ry.

The following normed spaces are introduced. In the space [*° of all bounded
sequences ) = (¢;) . We have the natural supremum norm

[¥]lo = sup 4| for (v;) €™
5=0,1,...
The space (', of all summable sequences 1 = (1/1j)j€N, is equipped with the
norm

+oo
llly = b byl for  (vy) €1
7=0

Since the difference problem is considered on the bounded mesh, we define
counterparts of the norms |[|-|| _, |||, for a finite sequence (1;) € I, (¢;) € I!
as follows. By P, denote a finite, irregular mesh on R, whose knots satisfy the
conditions: (i) #() < UV j = 0,1,...,N, — 1, (ii) Coh < 20D — z0) <
Cih, j=0,1,..., N, — 1, with some positive constants Cy, C}, a discretization
parameter A > 0 and a positive number N,. Consider the function ¢: N — R
such that (¢;) € 1 N{* and ¢; = 0 for ) ¢ P, and define

Np
18lln = sup &5l (gl =R le5]
J j=0

=0,1,...,Np,

Note that the above definition is also valid for a regular mesh, i.e. 29 = hj,
7=0,1,..., Ny

Suppose that R, denotes an unbounded irregular mesh on R, whose knots
satisfy the conditions: (i) /) < zU*V j =0,1,..., (ii) Coh < 2D — 200 <
Cih, j = 0,1,..., with some positive constants Cy, C; and a discretization
parameter h > 0. Let f;, denote the restriction of the function f: Ry — R to
the set Ry,.

Lemma 1. Suppose that f: Ry — R and f € L. Then || full, < oc.

Proof. By virtue of the definition of the class L}, there exists a nonnegative,
Lebesgue integrable function ¢g: Ry — Ry such that |f(z)| < g(x) for a.e.
x € R,. Define a step function w: Ry — R, by the formula w(z) = g(z())
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for € [27D 20) j =1,.... Since the function g is integrable and the
inequality 0 < w(z) < g(z) holds for € Ry, we obtain [ w(x)dx < co. The
R+

condition (i7) of the definition of the set Rj implies the estimate

p

p p
CohY g (#9) < 3 g (a0) (29 — 20D = /w(x) d.
j=1 j=1

0

Letting p — + oo, we obtain [/gs||; < co. The desired assertion follows from
the inequality |f(z)| < g(x). O

Remark 2. The assertion of Lemma 1 remains true if R, is a regular mesh
generated by a positive discretization parameter h, e.g., R, = {:c(J): z) =

hj,j=0,1,...}.
We adopt the main regularity assumptions on the given functions:

AssumMPTION [V]. The initial function v: Ry — R is nonnegative, bounded,
continuous and v € L},.

AssuMPTION [C]. Suppose that ¢: E — R is continuous, bounded and there
is a constant L. > 0 such that

le(t,2) —e(t, )] < Le |v — 7
for (t,z), (t,z) € E.

AsSUMPTION [A]. Suppose that A\: E x R? — R is continuous and there are
constants L,, Ly, L, > 0 such that

for (t,x),(t,z) € E, p,q,p,q € R.

ASsSuMPTION [AO]. Suppose that there is a constant L > 0 such that the
function \: £ x R? — R satisfies the condition \(¢,z,p,q) < L for (t,z,p,r) €
E x R?.

ASSUMPTION [N]. Suppose that A\: F xR* — R and the discretization param-
eter h satisfies the inequality

for (t,z,p,r) € E x R2.

Note that if the function A is bounded, then Assumption [N] holds for a
sufficiently small parameter h.

Lemma 2. If Assumption [C] is satisfied and hI' < 1, T'= L, (1 + %),
then for i =0,1,...,N, j=25;,..., N, — 1 the following estimate holds:
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Proof. The proof is carried out by induction on i. Let y®) ¢ E,(f), 1 =
0,1,..., N. From the condition Cyh < y@7tD)—y(0) < Ch, j =0,1,..., Ny—1,
it follows that 3©/*+Y) —y(©9) >0, j=0,1,..., N, — 1. Suppose that the asser-
tion holds for some 4,7 =0,1,...,N — 1. Due to Assumption [C] we have

y(z’—i-l,j—l—l) o y(i—l—l,j) > (y(i,j—l-l) . y(z,j)) (1 . ]’LF) )

Since y#+1) — 4@ > (0 and 1 — hI' > 0 we obtain the desired assertion. [
Remark 3. By virtue of Lemma 2, the operator @), given by (8) is well-defined.

Lemma 3. Suppose that Assumptions [V], [C], [N] are satisfied and hI" < 1.
Then the discrete function u: E, — R determined by (7) is nonnegative. More-
over, if Assumption [AO] is satisfied, then the nonnegative function u: Ej — R
s bounded.

Proof. By induction, we show the nonnegativeness of the function u. Since the
initial function v is nonnegative, the assertion holds for i = 0. Suppose that the
values of the function u are nonnegative for (¢, z0)) € E,, i =0,...,N — 1.
Applying Assumption [N] to formula (7) we conclude that the assertion follows
for (t0H1) 20)) € E,.

Assumptions [N], [A0] applied to (7) yield the recurrence inequality u(+%7) <
(14 hL)u) | which gives the recurrence relation

with the initial condition H“(O’.)”h.oo < |jv]|, = sup {v(z): x € Ry} . Hence
we obtain the estimate ||u(™)]|, < U, where Uy = |v]| et O

Since the initial function v: R, — R, belongs to the class L1 ,, there exists a
nonnegative, integrable and decreasing function V': Ry — R, such that v(z) <
V(z) for a.e. x € Ry. By V}, denote the restriction of the function V' to the set
Ey.1,. By virtue of Lemma 1 there exists a positive number V', independent of
Ny, such that |V,]],, < V.

Lemma 4. Suppose that Assumptions [C], [N], [V], [AO] are satisfied and
hI' < 1. Then there holds an estimate ‘}u(i")“h_l < U fori=0,1,..., N, where
U1 = V@aL.

Proof. Applying Assumptions [N], [A0] to (7), we obtain the inequality u(17) <
(1+ hL)u%) which yields the recurrence inequality
[, < (e RL) [[u®],

with the initial condition Hu(o")H w1 S V. Hence we obtain the desired esti-
mate. ' ]

Lemma 5. Suppose that Assumption [C| is satisfied, hI' < 1, u: Ej, — R
and the norms Hu(i”)Hh.l are bounded. Then the following estimate is true:

Np—1 )
3wl (yED — ) < ¢y (1 4+ D) [l
J=Si

[ins
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i=0,1,...,N, provided that u*9) =0 for j <S; i=1,...,N.
Proof. Let y(9) € E® §=0,1,..., N. From Assumption [C] it follows that

yUthath) _y (i+1d) < (y(m‘+1) — y(i,j)) (1+ Al (9)
with Coh < y®3+t1) — 403 < Ch, j=0,1,..., N, — 1. Consider the compar-
ison difference equation for (9):

a9 = o(9) (1 4 ) .

There is no loss of generality in assuming (%) = Cih, j =0,1,..., N,. Taking
into consideration the initial condition, we have

albd) — Cih(1+ hF)i and y(i,j+1) _ y(i,j) < )
Hence, for i =0,1,...,N, 7 =5,,..., N, — 1 the following inequality holds
y(Bat ) gD < Ch (1 4+ AT

Multiplying the above inequality by «(*/) and summing the terms over j =
Si,..., N, — 1, we obtain the desired assertion. 0

In order to make the descriptions concise, denote
I — ¢ (t(i),y(i,j)) NG [u, 2] = A (t(i)7y(i,j)’ w9, Z(i))
for 1 =0,1,...,N, 5 =5;,..., Ny.

3. STABILITY OF THE SCHEME

To prove the stability of the finite difference scheme for problem (1)—(3)
consider a perturbed scheme with respect to the truncations of the domain,
perturbations of the right-hand sides and the initial condition. As in the pre-
vious section, we truncate the unbounded domain F to some bounded domain
determined by respective characteristic. The procedure presented in Section
2 will be applied to the difference schemes with perturbed right hand-sides.
The knots are derived by the improved Euler formula (the Heun method) with
perturbations:

GUtLd) — i) 4 2 [Em + (0D 5) 4 ptid)) } 4 B2y, (10)

where ¢ = ¢ (¢, g@9)) i =0,1,...,N, j=0,1,...,N,. The initial con-
dition is given by (%) = ¢ j =0,... N,. Denote E;, = { (t(i),gj(i’j)) t1=
0,1,...,N, 7=25;,..., Nh}. The numbers S;, i = 0,1,..., N, were defined in
the previous section. Note that some points of the mesh Ej, may be placed
below the X-axis.

The value of any discrete function @: E, — Ry at the knot (¢®),709)) is
denoted by a") = @ (t®, D) . Consider the following scheme with the per-
turbed right hand-side
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and the perturbed initial condition @) = v (5®9) +¢©9) for j = 0,1,..., Nj.
The perturbed function z is given by formula (8) with the discrete functions 7,
w: 29 = (Qpu);, i =0,1,...,N.

ASSUMPTION [P]. Suppose that the perturbations 7 and ¢ satisfy the condi-
tions:

(i) sup [ < G
(i) sup €7, < e sup [[¢]],, < Cea,
1€ | .. < Ce 1€, , < Cen,

where Cy 5, Cen, Cen, ey, CA’g‘h —0ash— 0.
)
’(y L

Lemma 6. Suppose that (t),y@9)) € E,, (t9),509)) € E,. If Assumptions
[C] and [P](i) are satisfied, then

fo-0]_, =

We write an auxiliary estimate for

r

=L T =L, (1+ %),

i=0,1,...,N, where X = &£
Proof. Denote 9 = 303 — (03) - Subtracting (6) from (10), we obtain the
explicit recurrence error equation

SiH19) — Gg) g[gu,j) e (04D gl) 4 @) ] + 2D

_ g [Cu,y’) T (104D, ) 4 i) } |
i=0,1,...,N—=1,7=25;,..., Ny It follows from Assumption [C] that
61| < (6] (14 AT) + 2 [fé)]
Taking the maximum over j = .5;,..., N, we have
[ < el 4D+ 22 [l
Consider the comparison recurrence equation with respect to (12):
0Ut) = 99 (1 + ) + K2 |0

(12)

) Hooh :
Taking into consideration the initial condition #(®) = 0 and the estimate given
in Assumption [P](i), we have

(14+hD) —1

)] Dot

i=0,1,...,N. Since (14 hI')’ < T < NI = o j =0, ... N, we have the
estimate

<09 and 69 <hC,,

o0.h

€|, <hCunX,  i=0,1,...,N,
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which completes the proof. O

Now, we present the estimate of the term |z — ()|

Remark 4. By the definition of the functions 2, 2 we have

Np—1
26) _ ,6) — i (aa,j) (Gt — D) — g 0) (G0 () )
Jj=5Si
Adding a term
Np,—1
3 (a(m‘) (yli+D) — i)y — i) (a1 _ (i) >7
J=5i

which is equal to zero, to the right hand-side of the above equality we have
Njp—1
‘z(l) . Z(l)| S Z /a(l’]) (|g(lvj+l) i y(17]+1)| + ‘g(%]) i y(%])‘)
j=S.

Np—1
+ 3 alid) — D] (e — ).
j=S

Applying Lemma 6 to the terms |y —yG+D| |52 — 09| and Lemma 5
to |ﬂ(i’j) — u(i’j)| (y(i’jﬂ) — y(i’j)) , we obtain the estimate

20 0] < 2X i), Cpu + G a6 —u,,. (13

where X = earr’l, I'=1~L. (1 + %) Note that using the second order method

to approximate solutions of (4) is essential to obtain estimate (13).
Now, we prove a stability theorem for the proposed difference scheme.

Theorem 1. Suppose that (t9,y")) € Ey, (t0, 50D € E,, Assumptions
[C], [P] are satisfied, the discrete functions u: E, — R, u: B, — R, are
bounded and fori=1,..., N the norms Hu(i")HLh, ﬂ(i“)HLh are bounded. If

(1) u is a nonnegative solution of problem (7),
(17) w is a solution of problem (11) with perturbations satisfying Assumption
[P] (i),
(7i1) the function A € C(E x R x R, R) satisfies Assumptions [A], [AO],
(1) the function A € C(E x R x R,R) and the discretization parameter h
satisfy Assumption [N],
then the sequences {||u™) —ut)|| 4 {||a®) —u®I|| 1 converge uniform-
lyto0 as h — 0.

Proof. The proof is based on the recurrence inequalities similarly as in the proofs
of Lemmas 5 and 6. Recall that ¢() = () — ¢(3) By w(9) = (7)) — 4,09
denote the error of the scheme. Subtracting (7) from (11), we get the explicit
recurrence error equation



802 P. ZWIERKOWSKI

Applying Assumption [A] and the nonnegativeness of the function u, we obtain
the inequality
}w(iﬂ,j)‘ < (1 + hL + hLAu(i’j)) |w(ivj)‘ + hLu9) |5(i,j)|
+ hLut) |20 — O] 4 p |69 (14)

Denote U; = sup ||ﬂ(i") H1 ,- By virtue of Lemma 6 and Remark 4, we obtain
1=0,..., ’

the recurrence inequality
o8| < (4 BL A+ RLAUs) [[w |, + LU Cre™ [,
+ hCynUscX (Lo +2L.00) + B |[E (15)

where the number U, is given in the proof of Lemma 3. Multiplying both sides
of (14) by h, summing all terms over j = S;,..., N, — 1, applying Lemma 6
and Remark 4, we obtain

1], € (L4 L+ DL+ ALUCr™) [,
+h2Cy Ui X (hLy, + 2L.0) + b ||¢%

where the number U; is given in Lemma 4.
Just as in the proof of Lemma 6 consider the comparison recurrence equations
with respect to (15) and (16):

0D = (1 + hL) 09 + hL.UsCre™ 0% + hIL, + 1 || €|
gu+y) — (1 —- hi) 0" + Il + h €0

Mo (10)

oo.h’

Mins

where L = L + Ly\Us, I, = CyuUsX (AL, +2L.01), L = L+ Ly\Ux +
LU, Cye, f[h = hC, U1 X (th + 2Lzl71) . Taking into consideration the ini-
tial conditions ||w(0")HOO.h < 9O = C’g_h, Hw(ov') }l.h < H0 = C’gh, we obtain the
estimates Hw(i")Hoo.h < 6% and ||w® < 6% Hence the solutions of (16),
(15) satisfy the inequalities

i

al
i A al A0 e - 5 ~ _. i
Hw( )Hm < <e Cen+ 7 <Hh + Cg.h) =: Fp, )
(ir) i) < abgo €71 TE LT LA
o™ ||oo.h <OV <0y + 7 (LzUooea F, + 11, + Cé-h)a
respectively. The proof is complete. 0

Remark 5. It follows from Theorem 1 that sup [2® — z(i)| —0as h—0.
0,...,N

Note that the right hand-sides of (17) do not depend on Nj,.

4. NUMERICAL EXPERIMENTS

The idea of truncations introduced in the paper is employed in numerical
experiments. For a fixed discretization parameter h > 0 we truncate the domain
E to some bounded domains by discrete characteristics and observe that the
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errors behave stably as the length of the initial set increases. To simplify the
presentation of numerical experiments only the length of the initial interval
0,Y], Y > 0, is given. The mesh points on the initial set [0, Y] are uniformly
spaced, i.e. y(o’j) =jh, 7 =0,...,N,. We take a =1 and h = 0.01, A = 0.002.
With the prescribed functions u : [0,1] x Ry — Ry, v(z) = u(0,2), z € [0, Y],
c: [0,1] xRy — R we determine the respective right-hand side of the differential
equation, i.e. the function A: [0,1] x R, x R? — R. The errors are given by the
formulas

Au = max ‘ﬁ(i’j) —u (t(i), y(i7j))

, Az = Jnax |20 — (D),

where the discrete functions u, Z approximate the functions u, z, respectively.
The values of the errors are listed in the tables for various lengths of the initial
interval [0,Y]. In our examples the function A depends on the approximated
values of the unknown functions u and z, represented by p and ¢. The approxi-
mation of the integer term ¢ is computed on a sufficiently large interval.

Example 1. Let

c(t, z) = sin’(x) sin (%(t +1)(1 + sinh(2) — cosh(2))> . i 1
and
At,x,p,q) = H—Ll + % <sin(2x) - %) sin(q), wv(z)= 51111(52)

The solution of (1)—(3) with the above function is

u(t,z) = mll—)l—#

Moreover z(t) = 7(t+ 1)(1 + sinh(2) — cosh(2)). The errors of computations
are given it the table.

Y h Au Az h Au Az

10 0.01 7.0E-3 0.1 0.002 6.12E-3 0.1
100 1.68E-3 10.8E-3 7.45E-4 1.01E-2
1000 1.3E-3 2.82E-3 4.45E-4 4.34E-3

Example 2. Consider problem (1)—(3) with
c(t,z) = sin(4.9875(t 4 1)) sin(z) sin ((¢ + 1) sin®*(z) exp(—0.1z)) /(1 + ),

At,z,p,q) = H—Ll + sin(p) sin(q) (2 cos(z) — 0.1sin(z)) /(1 + z)

and v(x) = sin?(z) exp(—0.1z). The function

u(t,x) = (t + 1) sin®(z) exp(—0.12)
is a solution of the above problem. Moreover, z(t) = 4.9875(t + 1). The errors
of computations are presented in the table.
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Y

Y h Au Az h Au Az
10 0.01 0.4 3.9 0.002 0.41 3.89
50 1.17E-2 7.04E-2 8.07E-3 6.83E-2
100 4.82E-3 3.1E-3 1.08E-3 2.03E-3
500 4.8E-3 2.9E-3 1.08E-3 2.03E-3

In both numerical experiments we observed that for given h, as the values of
increase, the values of the errors Au and Az decrease. Moreover, for greater

values of Y, which are not listed in the tables, both of the errors are equal to
the errors given in the last row of the tables.
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