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Abstract. The impulsive equation with retarded argument
2(t) + a()w(t) + pt)alt — 1) =0, t# b,
Az(tr) + arx(tr) + prex(ty — 7) =0,

is considered, where the function p(t) and the sequence {px} are not
of constant sign. Sufficient conditions are found for oscillation of all
solutions to the equation under consideration.

1. Introduction

In the last twenty years significantly has increased the number of the pub-
lications devoted to the oscillatory behaviour of the solutions of functional-
differential equations. A bigger part of the works on that topic published
before 1977 is presented in [5]. In monographs [4] and [3] published in
1987 and 1991, respectively, the oscillation and asymptotic properties of
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the solutions of different classes of functional-differential equations were sis-
tematically studied.

The first paper where the oscillatory properties are studied for the im-
pulsive differential equations with retarded argument of the type

2(t) +p(t)x(t —7) =0, tF# 1,
Az(ty) + agx(ty) =0

is that of Gopalsamy and Zhang [2]. The authors have found sufficient
conditions for oscillation of all solutions assuming that p(t) is a positive
function. Moreover, sufficient conditions are obtained for the existence of
non-oscillatory solution if p(t) = p = const > 0.

In the present paper we find sufficient conditions for oscillation of the
solutions of linear impulsive differential equations with retarded argument
of the type

#'(t) + a(t)x(t) + pt)x(t —7) =0, t#ty,
Ax(ty) + apz(ty) + prx(ty — 7) = 0.

We assume that the function p(¢) and the sequence py change their sign for
t>0,keN.

(1)

2. Preliminary notes

First of all, we will consider the linear impulsive differential equation with
retarded argument

a'(t) + p()a(t —7) =0, tFtg,
Ax(ty) + prx(ty —7) =0

and the corresponding linear impulsive inequalities
2(t) +p(t)x(t —7) <0, tF#t,
Ax(ty) + prz(ty —7) <0

(2)

and
2 (t) +pt)x(t —7) >0,
Ax(ty) + pro(ty —7) 20

where Az (ty) = z(t]) — z(t;), z(ty) = z(t )
Introduce the following conditlons

t# tg,

H1. The constant 7 is positive and the sequence {t;}7°, is such that

O=th<ti<ta<..., lim t;, = +o0.
k——+o0
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H2. The function p: Ry — R is piecewise continuous in Ry = [0, +00)
with points of discontinuity {tx}, where it is continuous from the left.

Let J = [a, B) C [T, +0).
Definition 1. The function z = ¢(t) is called a solution of the equation
(2) in the interval J if:

1. ¢(t) is defined in J; = [a — 7, ().

2. (t) is absolutely continuous on each interval Jy N (tx_1, tx], k € N.

3. ¢ (t) + p(t)e(t — ) = 0 almost everywhere in J N (tx—1,tx), k € N.

4. p(ty) = o(t), () — @(te) + prp(ty —7) = 0 for ty € J.

In an analogous way, we define solutions of the equation (1) and inequal-
ities (3) and (4).

Definition 2. The solution x(t) of the equation (2) (or of the inequalities
(3), (4)) is called regular if it is defined in some interval [T}, +00) C R4 and

sup{|z(t)]: t>T} >0 foreach t>T,.

Definition 3. The solution z(¢) of the inequality (3) is said to be finally
positive if there exists T' > 0 such that z(¢) > 0 for ¢t > T.

Definition 4. The solution x(t) of the inequality (4) is said to be finally
negative if there exists T' > 0 such that z(t) < 0 for ¢t > T.

Definition 5. The solution x(t) of the equation (2) is said to be oscillatory
if it changes its sign in the interval [T, +00), where T is an arbitrary number.

3. Main results

Theorem 1. Let the conditions H1 and H2 be fulfilled and let there exist a

sequence of non-intersected intervals Jy, = [En,Mn) with n, — &, = 27, such
that:
1. For eachn € N, t € J, and t € J, one has
p(t) >0, pg>0. (5)
2. There exists v1 € N such that for n > vy
Mn
[ past S mz (6)
Nn—T Un—TStk<77n
Then:

1. The inequality (3) has no finally positive solution.
2. The inequality (4) has no finally negative solution.
3. Each regular solution of the equation (2) is oscillatory.
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Proof. First, we shall prove that the inequality (3) has no finally positive
solution. Let us suppose the opposite. Then there exists a solution x(t)
of (3) such that we have z(t) > 0, t > T for sufficiently large 7. Then
z(t—7)>0fort>T+T.

Since &, — +00 as n — 400, there exists vy € N such that £, > T + 7
for n > vp. Then, it follows from (3) and (5) that 2/(¢) < 0, Az(tx) < 0 for
t, ty € Jy, i.e., z(t) is a nonincreasing function for t € J,, n > vy.

Let v = max(vp, 1) and n > v.

We integrate (3) from 7, — 7 to 1, and obtain

Mn
() —x(n —7) + / p(s)z(s — 7)ds + Z prx(ty — 1) < 0.
Nn—T nnfTStk<7’)n

Since x(s — 7) < x(n, — 1) for s € [n, — 7,71y), then
T
(1) + 2 — 7) / p)ds+ Y pe—1y <0 (7)
Nn—T M —T<tp<tn
It follows from (7) that for each n > v the inequality
T

/ p(s)ds + Z pr <1

n—T Nn =T <tk <7n

holds true, which contradicts (6).

In order to prove that (4) has no finally negative solution, it is sufficient
to note that if x(¢) is a solution of (4), then —x(¢) is a solution of (3).

It follows from assertions 1 and 2 of Theorem 1 that the equation (2)
has neither finally positive nor finally negative solutions. Therefore, each
regular solution of (2) is oscillatory. O

For the equation with constant coefficients and constant delay
Zt)+px(t—71)=0, tF#tg,
Az(tk) + pox(ty — 7) = 0,

we obtain the following

Corollary 1. Letp >0, pg > 0, 7 > 0 and
pT + poi|T, — 7, T,,) > 1 (9)

for infinitely many numbers T, with lim,_, 1. T,, = 400, where ila,b) de-
notes the number of the points ty lying in the interval [a,b).
Then each regular solution of the equation (8) is oscillatory.
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Let us suppose in addition, that the equation (8) is T-periodic, i.e., there
exists am € N such that tgypy, = tp+7, k € Z, or equivalently, i[t—1,t) = m.
Then each regular solution of the equation (8) is oscillatory if

pT + pom > 1. (10)

Theorem 2. Let the conditions H1 and H2 be fulfilled and suppose there

exists a sequence of non-intersected intervals J, = [§n, ) with n, —&, > 27
such that:
1. For eachm € N, t € J, and t;, € Jy,
p(t) >0, py>0. (11)

2. There ezist a constant K > 0 and an integer v1 > 0 such that for each
n>wvy and t € [, + T,n,) we have

At) = /p(s)ds + Z ppe> K >e b (12)

‘ t—7<tp<t

3. There exist a constant § > 0 and an integer vo > 0 such that for each
n > vy there exists t} € [, — T, 1) such that

B (t7,)Cn(t,) = 6, (13)

n

where
e
Bty = [ peds+ Y m
- Nn—T<t <tk
MNn
Cn(tZ)—/p(s)ds+ Z Dk-

i £ <ty <n
4. There exists vs > 0 such that for each n > v3 the inequality
M — &n > (Mo + )T (14)
holds true, where
mo =min {m € N: §(eK)"™ > 1}. (15)

Then:

1. The inequality (3) has no finally positive solution.

2. The inequality (4) has no finally negative solution.

3. Each regular solution of the equation (2) is oscillatory.
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Proof. 1. Let us suppose that the inequality (3) has a finally positive
solution z(t), i.e., there exists sufficiently large T' > 0 such that x(t) > 0 for
t>Tand z(t —7)>0for t >T + 7.

Since &, — +00 as n — +00, there exists vy > 0 such that &, > T + 7 for
n > vy. Therefore, it follows from (3) and (11) that x(¢) is nonincreasing
function in J,, n > 1.

Let v = max(wvy, v1,v2,v3). Then for each n > v the solution z(t) is a
nonincreasing function in J, and conditions (12), (13) and (14) are valid.

It follows from (3) that

2'(t) +p)z(t) <0, t#t,

(16)
Az(tg) + pra(ty) < 0
for t, ty € [&n+TyMn), n > 1.
Since 1 — pi < e Pk then (16) implies
d(t) < —p)x(t), t# ty,
(17)

x(t;) < e Pey(ty)

for t, tg € [§n + 7, 10), n > v
By means of the Theorem of impulsive differential inequalities ([1], The-
orem 2.3), it follows from (17) that

t

xz(t) <z(t—T1)exp | — /p(s)ds— Z D

2 t—r<t<t

for t € [, + T,Mn), n > v. From the above inequality, and from (12) it
follows

x(t—7)
x(t)

Repeating the above procedure we arrive at

> el > eK, te[&+Tmm).

x(t—1)

ZORER 1

for t € [&, + moT,mn), n > 1.
Since &, + moT < 1, — 7, then (18) holds true for each n > v and

t=t: e, —7,m), ie.,

> (eK)™. (19)
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On the other hand, integration of (3) from 7, — 7 to ¢} implies the in-
equality
th

o(t) = aln =)+ [ peas-ndst Y patt- 1) <0

Nn—T <t <t}

n—T
which implies
z(ty, —7)Bn(ty,) < x(n — 7). (20)
Analogously, from the inequality
Mn
o) = o(t) + [ p(o)a(s = s+ Y (e = 7) <0
tx th <t <nn
we obtain
(1 — 7)Cn(ty) < (ty,). (21)
Then, it follows from (13), (20) and (21) that
a(th —7) < 1 (22)
(ty,) o
Finally, (19) and (22) give
1
g Z (eK)mOa
which contradicts (15).
The proof of the assertions 2 and 3 is carried out as in Theorem 1. [

Remark 1. The condition (12) is fulfilled if we suppose that
t
.. -1
ltll_l)l_&&f / p(s)ds + Z Dk >e€
t—1<tp <t

t—7

for t € U;.Lozl[gn + 7, nn)

Remark 2. In the case when the equation (2) is an equation without im-
pulse effect (pr = 0, k € N), the condition (12) has the form

t
Alt) = /p<s>ds SK>el, telnt ), n>m
t—1

and it implies that condition (13) is fulfilled also with § = K2/4.
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In the case when py # 0, we cannot derive (13) as consequence of (12).
In fact, if p(t) = 0, tx, = k7, then condition (12) has the form
pp>K>e!

and in this case B,,(t)Cy,(t) = 0. Therefore, the condition (13) is not satis-
fied.

Remark 3. Condition 4 of Theorem 2 is fulfilled if we suppose that
li n — QSn) — .
W B (1 = &n) = 00

Remark 4. If p > 0 in the equation (8) with constant coefficients, then
condition (13) is fulfilled since

2.2
Bu(t)Ca(th) = .

Corollary 2. Letp>0,pg >0, 7 >0 and
pT + po liminf i[t — 7,¢) > e~ L. (23)
t——+o00
Then each regular solution of the equation (8) is oscillatory.

Moreover, if the equation (8) is a T-periodic and i[t — T,t) = m € N, then
each regular solution of the equation (8) is oscillatory if

pr +pom > e L. (24)

Consider now the equation (1) together with the corresponding inequali-
ties

() +a(t)x(t) + pt)x(t —7) <0, t#tg, (25)
Az(ty) + apz(ty) + pre(ty —7) <0

and
' (t) +at)x(t) + p(t)x(t —7) >0, t#t, 26)
Ax(ty) + agz(ty) + prx(ty — 7) > 0.

We introduce the following conditions:

H3. The function a: Ry — R is piecewise continuous in R} with points of
discontinuity {tx}, where it is continuous from the left.

H4. 1—-a; >0, ke N.
We set into the equation (1) (or, into the inequalities (25), (26))

Rt
2(t) = p(t)2(t) = e 0 TT (1 - ap)2(t). (27)

0<tp<t
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Making use of the relations
'(t) = —a()p(t)z(t) + (1) (), T # by,
Ax(ty) = —arp(te)z(te) + o (t)) Az (ty),

we obtain
t

Z'(t) + p(t) exp / a(u)du H (1—a;) t2(t—71) =0,

t—r t—7<t;<t
t # ty,
" (28)
Az(ty) + pr exp / a(u)du H (1—a;) 'zt — 1) =0.
th—T T —T<t; <tk

Since 1 —ay > 0, then (t) > 0 and the oscillatory properties of the equa-
tions (1) and (28) coincide. Moreover, the directions of the inequalities in
(25) and (26) are preserved after the change of the variable (27). Therefore,
applying Theorems 1 and 2 to the equation (28) we can derive oscillatory
results for the equation (1).

The following theorems hold true.

Theorem 3. Let the conditions H1 — H4 be fulfilled and let there exist a

sequence of non-intersected intervals Jy, = [En, M) with n, — &, = 27, such
that:
1. For eachn € N, t € J, and t € J, one has
p(t) >0, pp>0. (29)
2. There exists v1 € N such that for n > vy
Mn S
/ p(s) exp /a(u)du H (1—a;)tds+ (30)
Nn—T s s—7<t;<s
ti
+ Z Dk €XP / a(u)du H (1—a)"t>1.
M —T <tk <Mn t—T tp—T<t; <ty
Then:

1. The inequality (25) has no finally positive solution.
2. The inequality (26) has no finally negative solution.
3. Each regular solution of the equation (1) is oscillatory.
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Theorem 4. Let the conditions H1 — H4 be fulfilled and let there exist a

sequence of non-intersected intervals Jy, = [§ny M) with n, — &, > 27, such
that:
1. For eachn e N, t € J, and t, € J, :
p(t) 20, pp=>0. (31)

2. There ezist a constant K > 0 and an integer v1 > 0 such that for each
n>wv andt € [&, + 7,m,) we have

S

At) = /p(s)exp /a(u)du H (1 —a;)tds+

t | sZ7 s—7<t;<s
S
+ Z Dk €Xp / a(u)du H (1—a)) ' >K>et. (32
t—T<tp<t | tp—7 L —7<t; <ty

3. There exist a constant 6 > 0 and an integer vy > 0 such that for each
n > vy there exists t}, € [n, — T,np) such that

By (t;)Cnl(ty) = 6, (33)

where
t s
B, (t) = / p(s) exp /a(u)du H (1—a;) tds+
S I s—T<t;j<s
tr

+ Z Pk €Xp / a(u)du H (1—aj)™?,

Nn =Tt <tk tp—7<t; <t

t—T
Tn s
oy 1
Cn(t)) —/p(s) exp /a(u)du H (1—-a;) "ds+
tx ser s—1<t;<s
123
+ Z Dk €XP / a(u)du H (1—a;)t.
Ly <tp<nn th—T tp—7<t;<ig

4. There exists vs > 0 such that n, — &, > (mo + 1) for each n > vs,
where mo = min {m € N: §(eK)™ > 1}.

Then:

1. The inequality (25) has no finally positive solution.

2. The inequality (26) has no finally negative solution.

3. Each regular solution of the equation (1) is oscillatory.
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For the equation
Z(t) +ax(t) +pr(t—7) =0, t#t,

(34)
Ax(ty) + aox(ty) + pox(ty — 7) =0,
the following assertion is valid:
Corollary 3. Suppose that
p>0, p>0, 7>0, a<1, ift—7,t)=meN (35)
and
pre?™ (1 —ag) ™™ + pome®™ (1 —ag) ™™ 1 > e L. (36)

Then each regular solution of the equation (34) is oscillatory.
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