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Abstract. Sufficient conditions are found for oscillation of all solutions
to a class of nonlinear impulsive differential equations of first order with
retarded argument and fixed moments of impulse effect.

1. Introduction

The impulsive differential equations with deviating argument are ade-
quate mathematical models of various processes and phenomena studied in
physics, biology, electrotechnics, etc. In spite of the great possibilities for
application, the theory of these equations is developing rather slowly due to
difficulties of technical and theoretical character arising in their study.

Let us note that in the recent years the theory of the impulsive differential
equations has been separated as a selfcontaining branch in the general theory
of differential equations [1], [2], [3].

However, the oscillation theory of the impulsive differential equations has
not been yet elaborated.
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The first work devoted to the oscillatory theory of the impulsive differ-
ential equations is the work of K. Gopalsamy and B.G. Zhang [4]. The
oscillatory properties are studied for the solutions of impulsive differential
equations of the type

() +pt)at—h) =0, t£m,
Az(7i) = bpa (7).
Therein sufficient conditions are found for oscillation of all solutions to the
problem under consideration. Moreover, sufficient conditions for existence
of a nonoscillatory solution are obtained when p(t) = p = const.
In the present work we obtain sufficient conditions for oscillation of all so-

lutions to a class of nonlinear impulsive differential equations with retarded
argument and fixed moments of impulse effect.

2. Preliminary notes

Let N, = {1,2,...,m}, h; be positive constants, i € N,,, h = max{h;:
i € N}, b = min{h;: i € Ny}, {7:}32, be a monotone increasing, un-
bounded sequence of positive numbers and let {b;}32; be a sequence of real
numbers.

Consider the impulsive differential equation with retarded argument

x/(t)—Fa(t)l’(t)-an:pi(t)fi(l‘(t —h1),...,x(t—hp)) =0, t # 1
i=1

Aw(ry) = (mi + 0) — 2(75 — 0) = bpa(rs — 0), (1)

where z(7;, — 0) = z(7x), and the corresponding differential inequalities

m’(t)—i—a(t)x(t)—&—Zn:pi(t)fi(x(t —h1),.o x(t —hy)) >0, t# 7
i=1

Ax(my) = bka(Tk)j @)

w’(t)+a(t)x(t)+zn:pi(t)fi(x(t —h1),...,x(t—hp)) <0, t #71%
i=1
Ax(rg) = bra(7y), )
with the initial condition
.Z’(t) = (P(t)v te [_h7 0]7 (4)

where ¢ € C([—h,0],R).
Introduce the following conditions:
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H1. The functions a, p1,...,pn: Ry — Ry (Ry = (0,00)) are piecewise
continuous with points of discontinuity {7x}3>,; where they are continuous
from the left.

H2. f; e CR™, R), i € N,,.
H3. If u; # 0 and sgnu; = sgnug = ... = sgnu,,, then
ukfi(ul,uQ,... ,um)>0 keN,, i€eN,.

H4. There exist constants L; > 0 and «;; > 0 (i € Ny, j € Np,) such
that

m m
|fi(U1,u2,... ,um)| ZI@H |uj’aij7 Zaij =1, 1€N,.
j=1 j=1

H5. There exist constants {1 and [y such that

klir&(Tk —kly) = lo.
H6. There exists a constant M > 0 such that 0 < by < M, k € N.
H7. 7441 — 1, > T > h for each k € N.

Let us denote by i[a, b] the number of the impulse moments in the interval
[a,b] (0 <a<b< o0).
We construct the sequence

{ti}Z1 = {mi}Z1 U{mis e, 5L

where 755 =7, + hs (1 €N, s € N,,) and t; < t;41, 1 € N.

Definition 1. By solution of the equation (1) with an initial function (4)
we mean any function x: [—h,00) — R for which the following conditions
are valid:

L. If —h <t <0, then x(t) = ¢(t).

2. If 0 <t <t; =7, then = coincides with the solution of the problem

2/ (t) + a(t)z(t) + Zpi(t)fi(:n(t —h1),...,x(t—hy)) =0
i=1

with initial condition (4).
3. If by <t <tipr, ti € {m}2 \ {ms}2q, 72y, then z coincides with the
solution of the problem

n

o' (t) +a(t)z(t) + > pi(t) fi(z(t — h1), ..., x(t — hy)) =0
=1

z(ti +0) = (1 + by,)z(t:),

where the number k; is determined from the equality ¢; = 7y, .
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4. It <t < tiyr, ti € {Tis}2q, 1y \ {7}, then = coincides with the
solution of the problem

2(0) + )l +0) + 3 pu(t) et — 4 0),. . alt — B+ 0)) = 0
=1
x(ti -+ 0) = :L'(tz)

5. I1f 6 <t < tiyr, ti € {m}52 N {Tis}524, 72, then = coincides with the
solution of the problem

2 (t) +a(t)z(t +0) + zn:pz(t)fl(x(t —h1+0),...,2(t—hy+0)=0
i=1

z(ti +0) = (14 by,)z(t:).

Remark 1. The definition of a solution to the problem (2), (4) ((3), (4))
is analogous to that of Definition 1.

Definition 2. The solution x of the inequality (2) is said to be finally
positive if there exists a point ¢y > 0 such that z is defined for ¢ > tg and
z(t) > 0 for t > to.

In an analogous way the notion of finally negative solution of the inequal-
ity (3) can be introduced.

Definition 3. The nonzero solution = of the equation (1) is said to be
nonoscillatory if there exists a point ¢y > 0 such that the function z is
defined for ¢ > ¢y and x(¢) does not change its sign for t > ¢y. Otherwise,
the solution x is called oscillatory.

3. Main results

Lemma 1. Let condition H5 hold. Then for each Aa > 0 there exists a
constant | = 1(Aa), | € N, such that i[a,a + Aa] <1 for a > 0.

Proof. In view of 7, > 0 (k € N), it follows that I; > 0. Let g = 11/2.
Then there exists kg € N such that for any k > kg the following inequality
is fulfilled:
lo —eg <1 —kly <lyg+¢gy, ie.,
lo —eo+ kll <1 <lo+4eo+ kly.
Analogously we obtain

lg—é‘o—l-(k—l-l)ll<Tk+1<l2+€0+(k}+1)l1
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whence we deduce
T4l — Tk > [lQ —eo+ (k+ 1)[1] — [lg + &0+ kh] =11 —2¢ > 0.

Consequently, if a > 75, then there are at most Aa/(l; — 2¢p) impulse
moments in the interval [a,a + Aa].
Finally, in each interval of the form [a,a + Aa], a > 0 we have at most
Aa

l1 — 260

l=ko+

impulse moments. ]

Theorem 1. Let the following conditions hold:

1. Conditions H1 — H6 are fulfilled.
t

2. liminf [ a(s)ds > ki,
t—o00
t—h;
where k; are positive constants, i € Ny,.
t
(14 M)%

LRl 1 € Np,.

3. liminf | pi(s)ds >
t—o00
t=h
Then:
1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.

Proof. Let = be a positive solution of the inequality (3) for ¢t > to > 0. It
is clear that z(t — hj) > 0, j € Ny, and fi(z(t — h1),...,2(t — hin)) > 0,
i €N, for t > to + h.

t

Let t > T > to 4 h. Multiplying (3) by exp (f a(s)ds), we deduce

T
(m(t) exp (/t a(s)ds))

T
+ i (1) ex a(s)ds | fi(x(t —h1),...,x(t —hp)) <0. (b
A0 p(T/ (5)ds ) Fialt = ). ot = ) 0. ()

Set

A() = 2(t) exp ( /t a(s)ds). (6)
T
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Then, from (5) and (6) we obtain

2(t) + zn;pi(t) exp </t a(s)ds) X
= T

t—hy t—hm

fi <z(t - hl)exp<— :/ a(s)ds),... s 2(t—hu) exp(— T/ a(s)ds)) <0 (7)
Az(g) = bpz(Tk).

It follows from (5) that z(t) > 0 for t > T. Then z(t — h;) > 0, j € Ny,
and

t—hy t—hm
fi (z(t - hl)exp<— / a(s)ds),... ,2(t— hp) exp(— T/ a(s)ds)) > 0,

T
forie N, and ¢t > T.
In view of the above inequalities and of (7), it follows that z is a nonin-
creasing function in the set J = (T, 75)U [Ufil(n, TZ‘+1)], where 7,1 < T <
Ts.

We introduce the notation

w(t) = Z(Z(t)h), t>Ty =T+ h.

Fixing ¢ (¢t > T») and renumber the points of impulsive effect so that

t—h<m<m<---<m<t k<l

Then
_Ant0) #() X0 e
2(t—h) > z(m) = T+ 0r > 21_[?:1(1—1—61-)2(14-]\4)[’ €.,
w(t) = z(t —h) 1 (8)

2B S A+Mn

We shall prove that the function w is bounded from above for ¢t > T3 =
T5 + h. Let t* be an arbitrary point, t* > Tj;.

From condition 3 it follows that there exist constants INV; > 0, i € N,,
such that
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for sufficiently large ¢t (¢ > T3). Therefore there exists a point ¢t > T5 such
that t — h < t* <t and, moreover,

t* t
/ pi(s)ds > By and /pi(s)ds > 1€ Np,.
t=h £

Fixing i (¢ € N;y,), (7) implies the inequality

2'(t) + pi(t) exp (/ a(s)ds) X
T
t—h1

t—hm
T/ a(s)ds),... ,2(t— hp) exp(— T/ a(s)ds)) S(Eg

AZ(Tk) = bkz(Tk>
Integrating (9) from ¢ — h to t* we obtain

2t—h)—z(t)+ D bpa(mr)

fi <z(t — hy)exp <— )

THE[t—h,t*]
t* s m m s=h;
>L; /pi(s) exp(/a(u)du) Hza“(s—hj) Hexp(—aij / a(u)du)ds.
t=h T =1 =1 T (10)
Moreover,
m s—h;
exp(/ a(u)du) H exp(aw / a(u)du)
T J=l1 T
= H exp (am a(u)du) > exp (Z Qi hg)(i)]gf a(u)du) (11)
']:1 S—h]' ']:1 S—hy
> exp(z ozijk:]) > ek,
j=1

where k = max{k;: j € Np}.

Since z is a nonincreasing function in the set (75, 7;) U [U?ik(Ti,Ti_i_l)},
it follows the inequality
z(s —h) z(s—h)

—hy) > =z '
z(s — h;) > (1+M)Z'[S—hi75_h] — (1+ M)

Then




222 D.D. Bainov, M.B. Dimitrova and A.B. Dishliev

From (10), (11), and (12) we obtain that

A=) =2+ S brz(m) (13)

TRE[t—h,t*]
Liek : Lzesz
T ; — P N Y
S TESTL /hp (s)z(s — h)ds > 501+ MY se[glh,t*]
t—
LiNiek Z(t* — h)
—2(1 + M)l (1 + M)i[t—zh,t*—h}'

z(s —h)

Since i[t — 2h,t* — h| < [, then from (13) as well as from the fact that
z(t*) > 0, it follows that

\ 2(1 + M)*
TRE[t—h,t*]

Integrate (9) from ¢* to ¢ and analogously to (13) obtain that

L;N;eF
2(t*) — z(t —i—Tkez[t:* . bpz(1) > msel%tl*f }z(s—h) (15)

L,-Niek Z(t - h) > LlNlek

Z 30+ MY (15 ayE—hi = a4 o

Having in mind z(¢) > 0, it follows from (15) that

2(t*) + Z ka(Tk):|. (16)

From (14) and (16) we obtain the estimate

2(t* — h) < A%z2(t*) 4+ A2 Z brz(1i) + A Z bz (k)
TRE[t*t] TRE[t—h,t] (17)

where A = 2(1 + M)%/(L;N;e).
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Moreover, the following inequalities hold true

it
Yo ozlm) < a(t7) Y1+ M)?T (18)
TREL* t] s=1
ift—h,t*]
S am)<zt—h) Y 1+ M) (19)
ThE[t—h,t*] s=1
* Z(t — h)
Z(t - h) 2 (1 + M)i[t*—h,tfh] ’ (20)
It follows from (19) and (20) that
ift—h,t*]
ST z(m) < 2(t* = h) (L + M) (1 Ay
TElt—h,t*] s=1 (21)
From (17), (18) and (21) we obtain that
("= h) S A%(t)+ APM D> z2(m)+ MA DY ()
TRE[t* 1] TRE[t—h,t*] (22)

(1+ M)t 8 — 1
M
it (L M7 -1
M

<AZ2(t*) + A2M2(t")

+ AMz(t* — B)(1+ M)
A1) + A1) (14 M) — 1
+ 2t = WA+ M)* — AL+ M)
From (22) it follows that
2t = m)[1 = AL+ M)* + AL+ M)'] < A%(1+ M)'2(t),

i.e., the function w is bounded from above at an arbitrary chosen point
t* > T3. Therefore it is bounded for ¢ > T3.
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We divide the inequality (9) by z(t) > 0 for ¢t > T, integrate the inequal-
ity obtained from ¢ — h to t and get

Tz i ki /
+Zl +0 > 2 /pi(s)w(s)ds,
h

In [(1+ 20)w(t)] > _Liet / pisyw(s)ds.  (23)

Introduce the notation wg=liminf,_, . w(t). It is clear that 0 < wy <
oo by virtue of the boundedness of w. Moreover, it follows from (8) that
(14 M)'wy > 1. By the fact that max,>; [Inx —az] = —Ina — 1 and from
(23) we obtain

L (& in
In [(1+ M) lim inf d
(1+1\rffl)élli021{ n[(1+ M)wy] — a0y 1m1n i pi(s) 5}
t_
t
Lieki
t—h
The last inequality yields
/ (1+ M)
. ' <
hgggf pi(s)ds < LR

t—h
which contradicts condition 3 of Theorem 1.
In order to prove that (2) has no finally negative solution, it is sufficient
to note that if x(¢) is a solution of (3), then —xz(t) solves (2).
Now, assertions 1 and 2 of Theorem 1 show that the equation (1) has nei-
ther finally positive, nor finally negative solutions. Therefore, all solutions
of the equation (1) are oscillatory. O

Corollary 1. Let the following conditions hold:
1. C’onditions 1 and 2 of Theorem 1 are fulfilled.

2. hm 1nf / Zszl )ds > (1 +k-|]}/i[> ,
1o =1
where k = min{k;: i € Ny, }.
Then:
1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.
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The proof of Corollary 1 is analogous to that of Theorem 1.

Theorem 2. Let the following conditions hold:
1. Conditions H1 — H4, H7 are met.
2. by > -1, ke N.

1 Tk+h S 1
3. liiris;}p T / pi(s) exp(/ a(u)du>d5 > I 1 € Ny
Tk s—h
Then:

1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.

Proof. Let z(t) be a nonoscillatory solution of the equation (1). Without
loss of generality we may assume that z(t) > 0 for t > tg > 0. It is clear
that x(t — h;) > 0, 1 € N,, and
filw@t —h1),...,2(t —hy)) >0 for i€N,, t>to+h="T.
Then from (1) it follows that = is a nonincreasing function on the set

[To,7s) U {U;’is(n,nﬂ)}, where 7,1 < Ty < Ts.

¢
We set z(t) = z(t) exp <f a(s)ds), t > T > Tb, inserting it into (3) and
T
analogously to the proof of Theorem 1 obtain (9). Integrating (9) from 7y
to 7 + h (k > s), we arrive at the inequality
2(Tk + h) — 2(7 +0) +
T +h s m
L; / pi(s) exp(/ a(u)du> H 2% (s — hj)ds < 0. (24)
U s—h j=1

On the other hand, for each s € |1y, T, + h] there is no point of jump in the
interval [s — h;, s — h]. Therefore,

[T12(s = hp))™o > [2(s — h)] 22" = 2(s — h) (25)
j=1
since the function z is nonincreasing in the interval [s — h;,s — h],
S € [T, Tk + h].
From (24) and (25) there follow the inequality

z(1k +h) — z(m +0) + L; Tk/Jrhpi(s) exp( /S a(u)du)z(s —h)ds <0,

Tk s—h
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whence, having in mind z(7 + h) > 0, we arrive at

b 7 hPi(S) exp / au)du )ds < (1+,)2(n),
Tk s—h
L s 1
1+ by T{ pz‘(s)exp<s_/h a(u)du)dsg I

The last inequality contradicts condition 3 of Theorem 2.

Corollary 2. Let the following conditions hold:
1. Conditions H1 — H4, H7 are fulfilled.
2.by > -1, ke N.

S

‘I‘k+h
1 m
3. liirisol;p T / (l_zl Lipi(s)> exp(/ a(u)du> ds > 1.
Tk -

s—h
Then:
1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.

The proof of Corollary 2 is analogous to the proof of Theorem 2.

Corollary 3. Let the following conditions hold:
1. Conditions H1 — H4, H6, H7 are fulfilled.

Tr+h s
1+ M
2. limsup / pi(s) exp</ a(u)du)ds > * , 1€ Ny
Tk s—h
Then:

1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.

Corollary 4. Let the following conditions hold:
1. Conditions H1 — H4, H7 are fulfilled.
2. b, > -1,k eN.
Tk

3. liminf a(u)du > s >0, s = const.

k—o0
T —h
Tk +h 1
4.1 / (s)ds > ——, i € N,y
PP, [ s> e

Tk
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Then the assertions of Corollary 3 are valid.

Corollary 5. Let the following conditions hold:
1. Conditions 1, 2 and 3 of Corollary 4 are fulfilled.

Tr+h
/ (Z Lipi(s > ds > e °.

Then the assertzons of Corollary 3 hold true.

2. limsup

k—o00

Theorem 3. Let the following conditions hold:

1. Conditions H1 — H6 are fulfilled.
Tk+h

14+ M2
2. lim sup / pi(s) exp(/ a(u)du)ds > (—I—L), 1€ Ny,
k—o0 k4 \Ih i
Then:

1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.

Proof. Let z(t) be a positive solution of the inequality (3) for t > to > 0.
Then x(t — h;) > 0 and fi(x(t — h1),... ,x(t — hyp)) > 0 for t > to + h,
1€ Ny,

¢
Setting z(t) = x(t) exp (f a(s)ds), substitute it into (3) and obtain (9).
T
Let us fix k£ (k € N) in such a way that in the interval [y, 7 + h] there are
my, points of jump, i.e.,
T < Thk+1 < Tk+2 <. < Tk+my, < T + h < Th4+mp+15

where my, < [. Integrate (9) from 75 to 74 + h and deduce

k—i—mk 1
2(tk +h) — z(17 + 0) — Z bsz(Ts) + (26)
s=k+1
Tr+h s
+ L; / pi(s) exp(/ du) H s — hj)]%ids.
Tk s—h J=1

Let for each s € [ry, 7}, + h] the interval [s — hj, s — h] contain l](-k)

of jump, lj(-k) eN, lg»k) <l
Then

points

z(s—h) < z(s—h)

e =hy) = 1+~ @+ M)
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and

m - m 2(s — h)]i (s —h
jl;[l[z(s — h)]%ii > ]1;[1 [(1(+ M))(]Xijl _ (1(+ M))l‘ 27
From (26) and (27) we obtain that

Tk+h
L;

m /pi(s)exp</sa(u)du)z(S—h)ds
s—h

Tk

k+mk—1

<(U+bsm)+ Y bes(r),
s=k+1
Tr+h

m / pz-<s>exp( / a(u)du)ds (28)

Tk s—h

k—i—mk—l
<A+ Ma(m)+M D> 2(7).
s=k+1

On the other hand,
2(Tit1) < 2(m +0) = (L + b)) z(mx) < (1 4+ M)z(7x),

2(The2) € 2(Tpga +0) < ... < (1+ M)?2(7),

Then

kg —1 -1 | (1+M)[ (14 M) -1 =1
Z Z(TS)<Z(Tk)Z(1+M)Z:Z(Tk) % :
s=k+1 i=1 (29)

It follows from (28) and (29) that

T +h
L;

mz(ﬂc) / pi(s) exp(/s a(u)du)ds < 2(m) (1 + M)

Tk s—h

The last inequality contradicts condition 2 of Theorem 3. O

Corollary 6. Let the following conditions hold:
1. Conditions H1 — H6 are fulfilled.
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Tr+h n s
2. limsup / <Z Lipi(s)> exp(/ a(u)du)ds > (1+ M),
R0 Tk =1 s—h
Then:

1. The inequality (3) has no finally positive solutions.
2. The inequality (2) has no finally negative solutions.
3. All solutions of the equation (1) are oscillatory.

The proof of Corollary 6 is analogous to the proof of Theorem 3.
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