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Abstract. In this paper, we give a new minimax theorem and two
new existence theorems of solutions for generalized quasi—variational
inequalities in H-spaces. Our results improve and develop some famous
results.

1. Preliminaries

In this paper, our subject is to establish a Sion type minimax theorem
and two existence theorems of solutions for generalized quasi—variational
inequalities. Our results improve and develop some famous results. In order
to establish our main results, we first give some concepts and notations.

To begin with we explain the notion of a H-space and some related no-
tions.

Let X be a topological space and F(X) the family of all nonempty finite
subsets of X. Let I'4 be a family of nonempty contractible subsets of X
indexed by A € F(X) such that 'y C I'ys whenever A C A’. The pair
(X,{T4}) is called a H-space. Given a H-space (X,{I'4}), a nonempty

1991 Mathematics Subject Classification. 47TH04, 47TH10, 49J35, 52A99, 58E35.

Key words and phrases. Closed transfer complete, H-space, local intersection property,
H-convex set, W-lower (upper) semicontinuous function.

This Work Is Supported by the Natural Science Foundations of China and Yunnan.

ISSN 1425-6908 (© Heldermann Verlag.



60 X. Wu and Z. Zhang

subset D of X is called H-convex (resp. weak H-convex) if 'y C D (resp.
DT 4 is nonempty contractible) for each nonempty finite subset A of D.
For a nonempty subset K of X, we define the H-convex hull of K, denoted
by H —co K as

H—COK:ﬂ{DCX:DiS H-convex and D D K}

(see also, [11-13]).

In this paper, all topological spaces are assumed to be Hausdorff. Let
X be a nonempty set, we denote by 2% the family of all subsets of X. If
A C X, we shall denote by cl A the closure of A and by int A the interior
of A. If A is a nonempty subset of a topological vector space E, we shall
denote by co A the convex hull of A and by cl(co A) the closed convex hull
of A.

Let X,Y be two topological spaces, T : X — 2¥ a multivalued mapping
and f: X XY — RU{—00,400} a function.

(1) T is said to be upper semicontinuous if for each x € X and each open
set V in Y with T'(z) C V, there exists an open neighborhood U of x
in X such that T'(z) C V for each z € U,

(2) ([32]) T is said to have local intersection property if x € X such that
T(z) # 0, then there exists an open neighborhood N (z) of x such that
Nien@ T(2) # 0

(3) T is said to have open lower sections if for each 3y € Y, the set T~ 1(y) =
{re X :yeT(x)}is open in X;

(4) ([31]) f(z,y) is said to be W-lower (or, W-upper) semicontinuous
in y if for each y € Y and each r € R with {z € X :
f(x,y) >r} #0 (or, {x € X : f(z,y) < r}), there exists 2/ € X such
that y eint{z € Y : f(2/,2) > r} (or, y e int{z € Y : f(a/,2) < r}).

Obviously, if f(x,y) is lower (upper) semicontinuous in y, then f(z,y) is
W-lower (upper) semicontinuous in y. But, the converse is not true.

Example 1. Let X = Y = (0,+00). The function f : X x Y — R is

defined by
1 ife+y>1
fay =< 7Y
0 ifz4+y<l.

Example 2. Let X =Y = (0,400). The function g : X xY — R is
defined by

c+y+1 fet+y>1
9(z,y) = .
Tty ife4+y<l.
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In the above two examples, both f(z,y) and g(z,y) are W-lower semi-
continuous in y, but neither f(z,y) nor g(z,y) are lower semicontinuous in
y. Moreover, if T' has open lower sections, then T has local intersection
property.

A family {D,, : a € I'} of some subsets of a topological space X is called
closed (resp. open) transfer complete if x € X such that x ¢ D, (resp.
x € D,,) for some g € I, then there exists o/ € I such that x ¢ cl(Dy)
(resp. z € int(D,)). Obviously, if {D, : a € I'} is a family of some closed
(resp. open) subsets of X, then it is closed (resp. open) transfer complete.
But, the converse is not true.

Example 3. Let X = (0,1/4) U (1/3,1), Y = [0,2] and A = {(x,y) €
XxY :x<y<2} Forany z € X, let Alz] ={y €Y : (z,y =
(x,2]. Obviously, Alz] is not closed in Y, but the family {A[z] : =
closed transfer complete (see also, Example 2 in [31]).

A multivalued mapping T : Y — 2% is said to be transfer closed valued
if the family {T'(y) : y € Y} is closed transfer complete.

Let (X,{T'a}) be a H-space and f : X — R a function. f is called
H-quasi—convex (or, H-quasi—concave) if for each r € R, the set

{reX: flx)<r}(or,{xreX: f(x)>r})

is H-convex.
Let X,Y be two sets and A a nonempty subset of X xY. For each z € X
and each y € Y, we denote

Azl ={y e Y : (z,y) € A}, Aly]={zr € X :(z,y) € A},

which are called the sections of A.

2. Main results

Lemma 1. Let (X,{T'4}) and (Y,{I';}) are two H-spaces and K a non-
empty compact subset of X. Suppose that G, F : X —2Y, S, T:Y — 2X
are multivalued mappings such that

(i) for each z € K,G(z) # () and H — coG(z) C F(z),

(ii) G has local intersection property on K,

(iii) foreachy € Y, H —coS(y) C T(y) C K and S has nonempty values

on each nonempty compact subset of Y,
(iv) S has local intersection property.

Then there exists a point o € X and a point yg € Y such that zy € T(yp)
and yo € F(xp).
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Proof. By Theorem 2.2 of [28], there exists a continuous selection f : X —
Y of F|k such that f = go, where g : A, - Y and ¢ : K — A, are
continuous mappings, n is some positive integer and A, is the standard
n-dimensional simplex. Since A,, is compact and g : A,, — Y is continuous,
g(Ay) is a compact subset of Y. Again, by Theorem 2.2 of [28], there
exists a continuous selection h : g(A,) — K of T|ya,). Consequently,
Yohog: A, — A, is continuous and hence there exists a point ug € A,
such that Yohog(ug) = ug. Let g(ug) = yo and z¢ = h(yp). Then xg € T'(yp)
and yo = g(uo) = g o ¥Y[h(yo)] = f[h(yo)] = f(x0) € F(xo). This completes
the proof. O

Now, we shall prove the following minimax theorem and existence theo-
rems of solutions for generalized quasi—variational inequalities.

Theorem 2. Let (X,{T'4}) and (Y, {I'z}) be two H-spaces and X be com-
pact. Suppose the functions f,g: X x Y — R such that
() f(z,y) < g(z,y) for all (z,y) € X xY,
ii) for each z € X, f(z,-) is H-quasiconcave,
i) f(z,y) is W-lower semicontinuous in x,
) g(-,y) is H-quasiconvex,
)

inf sup f(x,y) < sup inf g(z,y).
zeX yEY er zeX

Proof. If

inf sup f(x,y) > sup inf g(z,y)
zeX yEY yGY zeX

then there exist real numbers «, 3 such that
inf sup f(z,y) > a>F>sup inf g(:c Y)-
zeX yey yEYJ?

For each y =Y, let

Sly) ={r e X :g(z,y) <B}, T(y) ={zreX:g(zy) <}

Then S(y) # 0 and H — coS(y) C T(y) since B>sup,cy infrex g(z,y)
and ¢(-,y) is H-quasiconvex. Consequently, for each y € Y, the set
{r € X : g(xz,y) < B} # 0, and hence there is a point 2’ € X such that
y €int{z €Y : g(2/,2) < B} by (v), i.e. there exists an open neighborhood
N(y) ofy such that 2’ € (,¢y(,) S(2). It shows that S:Y — 2X has local
Intersection property.

For each z € X, let G(z) = {y € Y : f(z,y) > a},F(z) ={y € Y :
f(z,y) > a}. Then H—coG(x) C F(x) by (ii). Since inf,ex supycy f(z,y) >
a, G(xz) # 0 for all z € X. Consequently, for each z € X, the set
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{y €Y : f(z,y) > a} # 0, and hence there exists a point y' € Y such that
z €int{z € X : f(z,v') > a} by (iii) so that there is an open neighborhood
N(z) of z such that N(z) C {z € X : f(z,9) > a}, ie. ¥ € ey G(2).
It shows that the mapping G : X — 2 has local intersection property.

By virtue of Lemma 1, there exist a point g € X and a point yg € Y such
that zo € T'(yo) and yo € F(xo). It implies g(xo,y0) < 5 and f(xo,y0) > a.
Consequently, a < by (i). It contradicts the choices of a and 3. Therefore,

Inf iggf(w7y) < sup Inf g(z,y).
This completes the proof. O

Remark 1. Since W-lower semicontinuity (respectively, W-upper semicon-
tinuity) is weaker than lower semicontinuity (respectively, upper semicon-
tinuity), our Theorem 2 not only generalizes Theorem 3.4 and Corollary
3.5 in Sion [26] to H-spaces, but also weakens upper semicontinuity and
lower semicontinuity conditions. Moreover, Theorem 2 is different from the
minimax theorems in [3], [4], [9], [L6-18] and [23].

In order to research the existence of solutions for generalized quasi—
variational inequalities, we give the following lemmas:

Lemma 3. Let (X,{l'4}) and (Y,{I"p}) be two H-spaces. Let M, N be
two subsets of X x Y such that
(i) foreach z € X, H —co{y €Y : (x,y) ¢ M} C{y €Y : (z,y) ¢ N},
(ii) the family {M[y] : y € Y'} of sections of M is closed transfer complete.
Suppose that there exist a subset Q of N and a compact subset K of X
such that
(iii) for each y € Y, the section Q[y]() K is nonempty H-convex,
(iv) the family {Q[x] : x € K} is open transfer complete.

Then there exists a point g € K such that {zo} x Y C M.

Proof. For each z € X, let G(z) = Y\M|[z], F(z) = Y\NJ[z]. Then G :
K — 2Y has local intersection property and H — coG(x) C F(x) for each
z € X by (i) and (ii). For each y € Y, let T(y) = Qly](VK. Then
T :Y — 2K is a multivalued mapping with nonempty H-convex values.
Consequently, for each y € Y, there exists a point x € Q[y] () K, and hence
y € Q[z]. By (iv) there exists a point 2’ € K such that y € int Q[z'], and
thus there is an open neighborhood N(y) of y such that N(y) C Q[z/], i.e.
2" € (N,en(y) T(2). It shows that T': Y — 2K has local intersection property.
Suppose G(x) # 0 for all z € K. By virtue of Lemma 1, there exist a point
zo € K and a point yo € Y such that g € T(yo) and yo € F(zp), i.e.
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(xo0,90) € @ C N and (xo,y0) ¢ N. This is a contradiction. Therefore,
there exists a point zg € K such that G(x¢) = (), and hence M([zo] =Y, i.e.
{zo} x Y C M. This completes the proof. O

Lemma 4. Let (X,{T'4}) and (Y,{I"p}) be two H-spaces and Y is com-
pact. If F,G : X — 2Y are two multivalued mappings such that
(i) G(z) C F(z) for each z € X,
(i) for each y € Y, X\F~!(y) is H-convex,
(iii) for each x € X, F(x) is transfer closed valued,
(iv) G has local intersection property and G(x) is nonempty

H-convex for all x € X,
then (N, cx F(z) # 0.

Proof. Let M ={(y,z) e Y x X :ye F(x)}, N={(y,z) e Y x X : y €
G(x)}. Then N C M by (i) and for each y € Y, the set

{reX:(ya)¢ My ={zeX y¢Fx)=X\F(y)
is H-convex by (ii). Since the section M[x] = F(z) for each x € X, the
family {M|z] : x € X} is closed transfer complete by (iii). By (iv) we know
that N[z] = G(z) is nonempty H-convex for each = € X and for eachy € Y
and each z € N[y] = G~1(y), there exists an open neighborhood O(z) of x
and a point y' € Y such that y' € (,co(,) G(2) and thus z € int G l(y) =
int N[y'] so that the family {N]y] : y € Y} is open transfer complete. By
virtue of Lemma 3, there exists a point yp € Y such that {yo} x X C M,
i.e. yo € (Nyex F (). This completes the proof. O

Remark 2. Lemma 4 is different from other H-KKM-type theorems (see
also, [10-13]). The following we apply it to study quasi—variational inequal-
ities.

Theorem 5. Let (X,{T'4}) and (Y, {I"5}) be two H-spaces and X is com-
pact, T : X — 2Y is an upper semicontinuous multivalued mapping with
nonempty compact weak H-convex values. If the function p: X xY x X —
R such that

(i) for each (z,y) € X xY,p(x,y,-) is lower semicontinuous and H-
quasiconvex,
(ii) for each (z,2) € X x X, ¢(z,-, z) is H-quasiconcave,
(iii) for each = € X, there exists a point y € T'(x) such that
o(r,y,x) >0,
(iv) for each z € X, ¢(z,y, z) is upper semicontinuous in (z,y),
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then there exist a point z € X and a point y € T'(Z) such that

o(z,9,7) >0
forall x € X.

Proof. First, we prove that there exists a point z € X such that
sup ¢(z,y,z) >0, Voe X.
yeT(z)
If this conclusion is false, then for each u € X, there a point z € X such
that

sup o(u,w,z) < 0.
weT (u)

Let S(u) = {v € X : supyepq) ¢(u,w,v) < 0} Then S : X — 2% s
a multivalued mapping with nonempty values. For each u € X and each

finite subset A = {vy,vo,--- ,v,} of S(u), we have
sup p(u,w,v;) <0, =12 n.
weT (u)

Hence there is a real number such that

sup @(u,w,v;) <r<0, i=1,2--- n.
weT (u)

Consequently, for each v € I'4 and each w € T'(u), by (i),
(u,w,v) < 112%)(71 QD(’UJ,U),UZ') <,
and thus,
sup plu,w,v) < 7 <0,
weT (u)
i.e. v € S(u). It shows that S(u) is H-convex. Since again T : X — 2Y is an
upper semicontinuous multivalued mapping with nonempty compact values
and (u,w,v) is upper semicontinuous in (u, w), by virtue of Proposition 21
in [1, P119] we know that sup,ep(,) »(u, w,v) is upper semicontinuous in
u. Consequently, for each v € X

S7Hw)y={ue X :veS)}
={ueX: sup o(u,w,v) <0}
weT (u)
is open. By Corollary 2.3 in [28], there exists a point © € X such that
u € S(u), i.e. sup,epm) ©(U, w,u) < 0. It contradicts (iii). Therefore, there
exists a point £ € X such that

sup ¢(Z,y,z) >0, Vre X.
yeT ()
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By (iv) and the compactness of T'(z), for each = € X, there exists a point
y(x) € T(Z) such that
p(z,y(x), ) > 0.

For each fixed <0, set G(z) = {y € T(z) : p(z,y,z) > e}, F(x) = {y €
T(%) : ¢(Z,y,x) > e},Vz € X. Then G, F : X — 27@ are two multivalued
mappings with nonempty values and G(x) C F(zx) for each z € X. Since
T(Z) is a compact weak H-convex subset of Y, (T'(z),{T(z) NI"p}) is a
compact H-space and the multivalued mappig G : X — 27 has H-convex
values by (ii). For each y € T'(z),

G ly)={reX yeG@)}={reX:o@ymr)>e}
is open in X (and hence G has local intersection property) and
X\FHy) ={z € X : p(z,y,2) <<}

is H-convex by (i). Obviously, F(z) is closed in T'(z) by (iv). By virtue
of Lemma 4, there exists a point y. € (|, cx F(z), ie. y. € T(Z) and
infrex ¢(Z,ye,z) > e. Since T'(Z) is compact, we may assume y. — § €
T(z)(e — 0). Consequently, inf,ecx ¢(Z,y,2) > 0 by (iv), i.e. ¢(zZ,y,z) >0
for all z € X. O

Remark 3. In Theorem 5, if X is a nonempty compact convex subset of a
Hausdorff locally convex topological vector space E,Y = E* (the conjugate
space of E) and ¢(z,y, z) = (y,x—z) (by Lemma B of [20], ¢ is continuous),
then Theorem 5 reduces to Theorem 6 in Browder [2].

Theorem 6. Let (X,{['4}) and (Y,{I"5}) be two H-spaces and X is com-
pact, T : X — 2Y is an upper semicontinuous multivalued mapping with
nonempty compact weak H-convex values. If functions ¢, : X xY — R
such that

(i) ¢(x,y) is lower semicontinuous and H-quasiconvex in z,
(ii) ¢(x,-) is upper semicontinuous and H-quasiconcave,
(iii) for each z € X, there exists a point y € T'(x) such that

Y(z,y) > ¢ (cis a constant),
() ¥(2.y) < p(w,y) for all (z,y) € X x Y,

then there exist a point z € X and a point § € T'(z) such that
p(z,y) = c
for all x € X.
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Proof. For each z € X, let
S(z) ={z € X : max ¢(z,y) <c},
yeT ()

H(z) ={z € X : sup ¢(z,y) <c},
y€T ()
Then S, H : X — 2% are two multivalued mappings with S(z) C H(x) for
all x € X by (iv). Since ¢(z,y) is H-quasiconvex in z, the set

S@)= () {zeX :e(zy) <c}
yeT (z)
is H-convex. Let f(z,7) = max,cp() ©(z,y). For each fixed z € X and
each r € R, let
D={zeX: f(z,x) >r}.
If {xq : @« € I} is a net in D such that z, — u, then
f(z,z0) >r, Yael,

i.e.

max z,y)>r, Yael.
yeT(za)w( y)

Consequently, for each o € I, there exists a point y, € T'(z,) such that
©(2,Ya) > r. By Proposition 1 in [21], there exists a point v € T'(u) and a
subnet {yg} of {ya}aer such that yg3 — v. By (ii) ¢(2,v) > r, and hence
maxyer() P(2,y) > 1, ie. f(z,u) > r,ie. u € D. Hence D is closed.
Consequently, f(z,x) is upper semicontinuous in z. Hence for each z € X,
S7Yz)={x € X : f(z,2) < c} is open.

If S(x) # 0 for all z € X, there exists a point @ € X such that u € H(a)
by Corollary 2.3 in [28], i.e. sup,_p(g) ¥ (@,y) < c. It contradicts (iii).
Therefore, there exists a point Z € X such that S(z) =0, i.e.

max o(z,y) > ¢, Vre X.

y=T(z)
For each e< ¢, let G(z) = {y € T(z) : p(x,y) > e}, F(z) = {y € T(z) :
o(x,y) >¢e},Yo € X. Then G, F : X — 2T are two multivalued mappings
with nonempty values and G(z) C F(z) for each z € X. Since T(Z) is a
compact weak H-convex subset of Y, (T(z),{T(Z) NI'g}) is a compact
H-space and the multivalued mappig G : X — 27 has H-convex values
by (ii). For each y € T'(z),

Gy = {reX ye @)} ={reX:ple,y) >e}
is open in X (and hence G has local intersection property) and
X\F ' y)={z € X :p(z,y) <e}

is H-convex by (i). Obviously, F(z) is closed in T'(z) by (ii). By virtue
of Lemma 4, there exists a point y. € (\,cx F'(z), i.e. y. € T(Z) and
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infzex p(z,y:) > €. Since T(Z) is compact, we may assume y. — y € T(z)
(¢ — ¢). Consequently, inf,ex p(z,y) > ¢ by (ii), i.e. ¢(z,y) > c for all
reX. U

Remark 4. Theorem 6 improves and develops Theorem 5.7.1 of [5].
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