JOURNAL OF APPLIED ANALYSIS
Vol. 5, No. 2 (1999), pp. 187-196

UNIFORM PROPERTIES AND
HYPERSPACES OF METRIZABLE SPACES

C. COSTANTINI and P. VITOLO

Received May 18, 1998 and, in revised form, October 9, 1998

Abstract. Two equivalent metrics can be compared, with respect to
their uniform properties, in several different ways. We present some of
them, and then use one of these conditions to characterize which metrics
on a space induce the same lower Hausdorff topology on the hyperspace.
Finally, we focus our attention to complete metrics.

0. Introduction

Throughout the paper, we will always denote by X a metrizable topolog-
ical space, by M(X) the set of all metrics which induce the topology of X,
and by C(X) the collection of all closed subsets of X, including the empty
set.

The symbol N will denote the set of natural numbers, not including 0.
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Given d € M(X) the d-distance of the point z € X from the set A € C(X)
is defined, as usual, by
inf d(z,a) if A# 0;
d(z,A) = { €4
+ 00 if A=90.

If A, B € C(X) the d-excess of A over B is

supd(a,B) if A # ()
ed(A7 B) — J acA
0 if A=40.

If A and B are nonempty subsets of X we define the d-gap between A and
B as D4(A, B) = inf,c4d(a, B); moreover we adopt the convention that
Dy(A,0) = Dg(0,A) = +o00 and Dy(0,0) = 0.

The lower Hausdorff topology on C(X) relative to d, denoted by H, is
generated by all sets of the form

87(Cre) = {F € C(X) | e4(C, F) < &}

when C runs through C(X) and ¢ is a positive real number. The topology H
is first-countable, and a sequence (A ),en of closed subsets of X converges
to some A € C(X) with respect to H; if and only if lim,, . eq(A4, Ap) = 0.

Similarly the upper Hausdorff topology on C(X) relative to d, denoted by
H:{, is generated by all sets of the form

SH(Ce) = {F € C(X) | ea(F.C) < &}

when C' runs through C(X) and ¢ is a positive real number. The Hausdorff
(metric) topology is defined by Hy = H(‘; VH,.

It is known that two equivalent metrics d and p on X give rise to the
same Hausdorff and upper Hausdorff topology on C(X) if and only if they
are uniformly equivalent (see for instance [1, Th. 3.3.2] or [2, Prop. 0.7]).
Surprisingly enough, this is no longer true for lower Hausdorff topology
(see Example 1.2 below); a weaker condition is needed, rather than uniform
equivalence. The aim of this paper is to identify this condition.

In the sequel we shall use the following result.

Lemma 0.1 (Efremovic). Let (zp)nen and (Yn)nen be two sequences on
a metric space (X,d); suppose that a positive number e exists such that
d(xn,yn) > € for every n € N. Then there is a strictly increasing sequence
(nk)ken of positive integers such that d(xy, ,yn,) > €/4 for all h,k € N.

Proof. See [1, Lemma 3.3.1], or [5, Lemma 12.7] where a more general
statement is proved. ]
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1. Uniform properties of metrizable spaces

Let X be a metrizable space and d, p € M(X); we consider the following
properties:

(U0) The uniformity induced by d is coarser than the one induced by p.

(Ul) If D4(A, B) > 0, where A, B € C(X) and at least one of them is not
d-totally bounded, then D,(A, B) > 0.

(U2) If Dy(A,B) > 0, where A,B € C(X) and at least one of them is
d-uniformly discrete, then D,(A, B) > 0.

(U3) Every d-uniformly discrete set is also p-uniformly discrete.

(U4) Every p-totally bounded set is also d-totally bounded.

Proposition 1.1. Each one of the statements listed above implies the sub-
sequent one.

Proof.

(U0) = (Ul) Let Dg(A,B) = ¢ > 0. By assumption the identity map
from (X, p) to (X, d) is uniformly continuous, thus there exists ¢ > 0
such that d(x,y) < ¢ whenever p(x,y) < 0. For every a € A and
every b € B, since d(a,b) > €, we must have p(a,b) > ¢, and therefore
D,(A,B) > 6 > 0.

(Ul) = (U2) Let A and B be closed subsets of X such that D4(A, B) > 0,
where A is d-uniformly discrete. If A is finite then clearly
D,(A,B) > 0; otherwise A is not d-totally bounded and hence, by
(U1), we have D,(A, B) > 0 again.

(U2) = (U3) Suppose there is a set S which is not p-uniformly discrete
but is d-uniformly discrete, with d(s’,s”) > ¢ > 0 for every distinct
points §'; s” € S. First observe that S remains not p-uniformly discrete
when taking away any finite number of points (indeed, if F' is a finite
subset of S and inf{p(z,y) | x,y € S\ F, © # y} = J > 0, then
inf{p(z,y) | z,y € S, v # y} = min({0} U {p(z,y) | v,y € F, = #
ytUip(z, S\ F) |z € F}) > 0).

Now let Fy = (); inductively choose two distinct points a,, b, in
S\ F,—1 such that p(an,b,) < 1/n and define F,, = F,,_1 U {an,b,}.
The sets A = {a, | n € N} and B = {b,, | n € N} are both d-uniformly
discrete — hence closed — and D4(A,B) > ¢; but D,(A,B) = 0,
contradicting (U2).

(U3) = (U4) This follows from the obvious fact that a set S is totally
bounded if and only if every uniformly discrete subset of S is finite.

O]
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There are examples showing that the previously proved implications are
not reversible.

Example 1.2. Let X be the open interval |—m, 7r[ of the real line; for each
s,t € X put d(s,t) = |s—t| and p(s,t) = |e* —e™|: then d and p are
equivalent metrics which give rise to different totally bounded uniformities
on X. Hence the implication (U1) = (U0) does not hold.

Example 1.3. Let X = AUEUN, where A = {—1/n | n € N} and
E = {1/n | n € N}. For every z,y € X define p(z,y) = |z —y| and
d(x,y) = |f(x) = f(y)|, where

f(x)—{x’ ifz>0

x—1, ifz<O.

Both d and p induce the discrete topology on X.

Given any d-uniformly discrete set S C X and any set T C X disjoint
from S, since S\ N must be finite, we necessarily have D,(S,T) > 0; on the
other hand the set B = F'UN is not d-totally bounded and D4(A, B) = 1,
but D,(A, B) = 0. This shows that (U2) does not imply (U1), in general.

Example 1.4. Let X = AUN, where A = {—1/n | n € N}. For every
2, € X define d(z,y) = |z — y| and p(z,y) = |f(z) — f(y)], where f(n) = n
and f(—1/n) =n—1/n for each n € N: as in the previous example, both d
and p induce the discrete topology on X.

Every d-uniformly discrete subset of X contains at most finitely many
elements of A, and therefore it is also p-uniformly discrete; on the other
hand, D4(A,N) = ¥, while D,(A,N) = F. This shows that (U3) does not
imply (U2), in general.

Example 1.5. Consider the set X = {s, | n € N} where, for each n € N,
Sn = Y py 1/k; for every m,n € N let d(sp, $5,) = |m — n| and p(sp, sp) =
|Sm — sn|. The totally bounded subsets of X are the same for both metrics
(namely the finite ones); on the other hand X is uniformly discrete with
respect to d, but not with respect to p. Hence (U4) does not imply (U3).

Proposition 1.6. Condition (U4) above is equivalent to the following:
(U4") Every d-complete subspace is also p-complete.

Proof.
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(U4) = (U4’) Let Y be a d-complete subspace; if (yn)nen is a p-Cauchy
sequence, the set {y, | n € N} is p-totally bounded, hence d-totally
bounded. Therefore a suitable subsequence (yn,)ren is d-Cauchy,
hence convergent; but then the whole sequence is convergent. It follows
that Y is p-complete.

(U4’) = (U4) Consider any p-totally bounded set Z; if Z is not d-totally
bounded then it must contain a d-uniformly discrete sequence (2, )nen-
Since this sequence has no d-Cauchy subsequence, the set {z, | n €
N} is a d-complete subspace, hence p-complete; but then it must be
compact, and we get a contradiction.

O]

2. Hyperspaces of metrizable spaces

In this section we give necessary and sufficent conditions under which the
inequality H; < H holds.

First, we need some preliminaries.

Lemma 2.1. Condition (U2) above is equivalent to the following:

(U2') Given two sequences (Tn)nen and (Yn)nen in X — at least one of which
is d-uniformly discrete — if lim, oo p(Tn,yn) = 0 then
limy, 00 d(zn, yn) = 0.

Proof.
(U2) = (U2) Suppose that (U2') is false: there are two sequences (Z,, )nen
and (Yn)nen, one of which — say the former — is d-uniformly dis-

crete, such that lim, . p(zn,yn) = 0 while for some € > 0 we have
d(xn, yn) > € frequently; we may assume, up to extract a subsequence,
that d(zy,yn) > € for each n € N. Efremovi¢’s lemma implies that, up
to further extract a subsequence, we have d(zp,,yn) > €/4 for every
m,n € N. Now let A = {z,, | n € N} and B = {y, | n € N}: then A is
d-uniformly discrete, D,(A, B) = 0, and D4(A, B) > €/4 > 0. Hence
condition (U2) is not satisfied.

(U2) = (U2) If (U2) were false, there should exist two closed sets A, B C
X, where A is d-uniformly discrete, such that Dy(A4,B) = ¢ > 0
but D,(A,B) = 0. Hence for each n € N we may find z, € A and
Yn € B with p(x, yn) < 1/n, which implies that lim,,—cc p(2n, yn) = 0,
while d(x,,,yn) > € for each n € N. It remains to prove that the set
{zy | n € N} is infinite, so that the sequence (x,,)nen has a d-uniformly
discrete subsequence, which shows that (U2') does not hold. Suppose
on the contrary that there is some a € A with z,, = a for infinitely
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many n’s: it follows that p(a, B) = 0, i.e. a € B; since Dy(A, B) > 0,
we have a contradiction.

O]

Recall that a sequence (A;,)nen converges to A in C(X) with respect to
V7, the lower Vietoris topology, if and only if for each open set G C X such
that G N A # 0 we have G N A, # 0 eventually.

Lemma 2.2. Let (X,d) be a metric space, and A € C(X). Every sequence
in C(X) which is Hj -convergent to A is V™ -convergent, too, and if A is
d-totally bounded then the converse also holds.

Proof. The fact that H-convergence implies V™ -convergence is very well
known (see for example [3]). For the remaining part of the statement, we
refer to [2, Prop. 0.2] or [4, Lemma 4]. O

The following is our basic result: we are going to see that the inequality
H, < H, is equivalent to one of the conditions listed in the previous section.

Theorem 2.3. Let X be a metrizable space and d, p € M(X). The topology
H; on C(X) is coarser than H, if and only if condition (U2) holds.

Proof. In view of the previous lemma, we may prove that condition H,; <
H is equivalent to (U2').

Suppose (U2') is false: so we can find a sequence (zy,)nen which is uni-
formly discrete — i.e. there exists r > 0 with d(z,, z,,) > r whenever m and
n are distinct — and a sequence (yp)nen such that lim, o p(zn, yn) = 0
while for some € > 0 we have d(x,,y,) > € frequently; we may assume,
up to extract a subsequence, that d(z,,y,) > € for each n € N. Let
A ={z, | n €N} and for each k € N, let Ay = {zy, | n # k} U {yx}: it is
apparent that egs(A, Ax) > min{e,r} for every k € N, hence (Ag)ren does
not H -converge to A; on the other hand e,(4, Ax) = p(xk, Ax) < p(@k, yi)
and therefore (Ay)ken is H, -convergent to A, thus showing that H; £ H,.

Conversely, suppose that H; £ H_: then there exists (An)nen in C(X)
which converges to some A C X with respect to H,, but not with respect
to H, so for a suitable € > 0 we have e4(4, A,) > ¢ frequently and we may
assume, up to extract a subsequence, that in fact eg(A, A,) > ¢ for every
n € N.

For each n € N, take z,, € A such that d(x,, A,) > . The set T = {z,, |
n € N} is not d-totally bounded, otherwise the sequence (A, )nen, which
V™ -converges to T, by Lemma 2.2 should also converge with respect to H,
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and this is impossible. Thus, up to further extract a subsequence, we may
assume that (z,)nen is d-uniformly discrete.

Since limy, oo p(2n, Ap) = 0, for every n € N we can find y, € A, in
such a way that lim,, . p(Zn, yn) = 0, too. On the other hand, d(z,,y,) >
d(zy, Ayn) > €, hence condition (U2') is not satisfied. O

For our second characterization of the inequality H; < H; we need to
introduce some terminology.

Definition 2.4. Let X be a metrizable space and d € M(X). We say that
a family &€ of subsets of X is d-wide if

— the union of infinitely many members of £ is not d-totally bounded;
— énf‘g diamg F > 0.
€

Theorem 2.5. Let X be a metrizable space and d,p € M(X). The follow-
g are equivalent:

(i) H; <H, on C(X);

(ii) every d-wide family of d-totally bounded subsets of X is also p-wide;
(iii) every d-wide family of compact subsets of X is also p-wide;

(iv) every countable d-wide family of finite subsets of X is also p-wide.

Proof. Assume (i) and suppose that £ is a d-wide family of d-totally bo-
unded subsets of X which is not p-wide: in view of Theorem 2.3 and
Proposition 1.1 (namely the implication (U2) = (U4)) we may assume
that infpece diam, E = 0. So, let (E,)nen be a sequence of pairwise dis-
tinct members of £ with lim,, . diam, E,, = 0; as ' = Uzozl FE,, is not
d-totally bounded, there exists € > 0 and an infinite subset H of E such
that d(a,b) > ¢ whenever a and b are distinct elements of H. Since the
members of £ are d-totally bounded, none of them can contain infinitely
many points of H: therefore H meets E, for infinitely many n’s and —
up to extract a subsequence — we may suppose that H N E,, # () for ev-
ery n € N. Thus for each positive integer n we may take z, € H N E,
assuming, with no loss of generality, that z,, # x, whenever m # n, so
that the sequence (xy)nen is d-uniformly discrete; if for every n € N we
take y, € E, such that d(z,,y,) > (1/2)diamg E,,, then d(x,,y,) > 0/2,
where 0 = infgeg diamy E > 0. On the other hand lim, o p(@n,yn) <
lim;, .o diam, E,, = 0, which shows that (U2') does not hold. By Theo-
rem 2.3, we have a contradiction; hence (i) = (ii).

In view of Theorem 2.3, to complete the proof it suffices to show that (iv)
implies (U2'). So, suppose (U2') is false: we have two sequences (Zp)neN
and (Yn)nen, one of which — say the former — is d-uniformly discrete, such



194 C. Costantini and P. Vitolo

that lim,, o p(Zn, yn) = 0, but for a suitable § > 0 we have d(xn,y,) > 6
frequently, and there is no restriction in assuming that in fact d(x,,y,) >
for each n € N. Letting F,, = {xy,yn} for every n € N defines a countable
family F of finite sets. The union of any infinte subfamily of F cannot
be d-totally bounded (because it contains infinitely many members of the
sequence (zy)nen) and inf, ey diamg F,, > § > 0, so that F is d-wide. But
F is not p-wide, as lim,, o diam, F}, = 0. ]

3. Complete metrics

In this section we will consider the case when X is completely metrizable,
and one of the metrics under consideration is complete.

Theorem 3.1. Let X be a completely metrizable space and d,p € M(X).
If d is complete then (U0) < (Ul) & (U2) < (U3).

Proof. We prove the implication (U3) = (U0), and the result will follow
from Proposition 1.1. Suppose (U0) is false; the identity map from (X, p)
to (X,d) is not uniformly continuous, hence there exist ¢ > 0 and two
sequences (Tn)nen, (Yn)nen such that p(zn,yn) < 1/n and d(zn,yn) > €
for every n € N. By Efremovié’s lemma we may assume, up to extract a
subsequence, that

—

VYneN p(xn,yn) < — (3.1)

oS

Vm,n € N d(xm,yn) > —. (3.2)

To complete the proof it suffices to show that there is a strictly increas-
ing sequence (ng)gen of positive integers such that both the subsequences
(n, )ken and (Yn, )wen are d-uniformly discrete, for in this case the set
{xn, | k € N} U{~x, | T € N} is d-uniformly discrete (because of (3.2))
but not p-uniformly discrete (because of (3.1)).

First, suppose that (x,)nen is d-totally bounded: up to extract a subse-
quence, we may assume that it is d-Cauchy; since d is complete, (z,)nen
converges to some z € X and, by (3.1), (yn)nen also converges to z, but this
contradicts (3.2). Thus, there exists a subsequence (zm, )ren Of (Zn)nen
which is d-uniformly discrete. Then (ym, )nen cannot be d-totally bounded
(otherwise we get a contradiction by arguing in a similar way as we did above
in case (zp)nen is d-totally bounded); again, there exists a subsequence
(ymhk)kGN of (Ym,, )Jhen which is d-uniformly discrete. Putting ny = my, for
every k € N gives the required strictly increasing sequence of integers. [
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Corollary 3.2. Let (X,d) be a complete metric space, and p be a complete
metric on X which is equivalent to d. The topologies Hy and H coincide
on C(X) if and only if d and p are uniformly equivalent.

Proof. It follows immediately from the previous result and Theorem 2.3.
O]

Note that, even in case both d and p are complete, conditions (U3)
and (U4) remain different, as shown in Example 1.5 above.

Remark 3.3. We have dealt with metric spaces only. But it is well-known
that the Hausdorff topology may be defined on the hyperspace of a uniform
space as well.

It turns out, as observed by one of the referees, that Theorem 2.3 admits
a suitable reformulation for this more general situation. On the contrary,
Corollary 3.2 does not extend to complete uniform spaces.
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