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Abstract. The notion of even-outer-semicontinuity for set-valued maps
is introduced and compared with related ones from [4] and [11]. The
coincidence of these notions provides a new characterization of com-
pactness and of local compactness. The following result is proved: Let
X be a topological space, Y a uniform space, {F, : 0 € £} be a net of
set-valued maps from X to Y and F be a set valued map from X to Y.
Then any two of the following conditions imply the third: (1) the net
{F, : 0 € ¥} is evenly-outer semicontinuous; (2) the net {F, : o € X} is
graph convergent to F; (3) the net {F,, : ¢ € X} is pointwise convergent
to F. This theorem generalizes some results from [4] and [11].

Graph convergence (that is Painlevé-Kuratowski convergence of graphs)
of set-valued maps was studied in many books and papers (see for exam-
ple [1, 2, 4, 9, 11]). In this topic we can include also graph convergence
of single-valued maps [5, 12, 13|, epiconvergence of lower semicontinuous
functions [4, 6, 7] as well as Painlevé-Kuratowski convergence of graphs
of partial maps [8] . In the books of Attouch [1], Aubin-Frankowska [2]
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and Rockafellar-Wets [14] can be found many applications of this conver-
gence to variational and optimization problems, differential equations and
approximation theory. Graph convergence of preference relations is used
also in mathematical economics [3]. However graph convergence of maps,
even when they are single valued, is not always easy to verify. In our paper
we study the relationship between graph convergence and pointwise one in-
troducing the notion of even-outer-semicontinuity which allows us to pass
from one convergence to the other. Other notions of joint continuity (see
for example [4, 9, 11]) are compared with ours. The relationship between
the notions of continuous convergence and graph convergence is analysed
too.

1. Preliminaries

If Y is a topological space and y € Y, U, ( or U if there is no possibility
of confusion) will denote a general nbd (neighborhood) of y and U(y) the
set of all open nbds of y. K(Y) and 2¥ will denote the sets of all compact
and all closed subsets of Y respectively.

Let us recall [5] that a net {A, : 0 € ¥} of subsets of Y is said to be:

e KT -convergent to a subset A of Y if Ls A, C A, where Ls A, =
{y € Y: each nbd of y intersect A, for all o in some cofinal subset
of ¥};

e K~ -convergent to A if A C Li Ay, where Li A, = {y € Y: each nbd
of y intersect A, in some residual subset of ¥};

e topologically convergent (or Painlevé-Kuratowski convergent) to A, (and
we will write Lt A, = A) if Li A, =Ls A, = A.

If Y is completely regular, v is a compatible uniformity on Y and A is

closed, it is easy to prove that:

e s A, C A if and only if for every y € Y and every V in « there is a
nbd U, of y and o¢ € X such that for every o > o9

A, NU, C V[A];

e A C Li A, if and only if for every y € Y and every V in « there is a
nbd Uy of y and o¢ € ¥ such that for every o > o9

ANU, C V[A,].

If X is a topological space, C'(X,2Y) will be the family of all continuous
set-valued maps from X to Y with closed values and, if F' is a set-valued
map from X to Y, Gr F' will denote the graph of F that is

Gr F={(r,y) e X xY:ye F(x)}
If F and F, are set-valued maps from X to Y, we will say that:
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o the net {Fy, : 0 € X} is pointwise convergent at x € X to F if F(x) =
Lt F,(x); is pointwise convergent in X if this holds for every x € X,
e the net {F,, : 0 € ¥} is graph-convergent to F if Gr F = Lt Gr F,.

For any undefined terms see [6, 10].

It can be proved that if X is a discrete topological space, graph con-
vergence coincides with pointwise one (see [11] for sequences of set-valued
maps), while in general neither graph nor pointwise convergence implies the
other. We can even characterize discreteness by this coincidence, as the
following theorems show.

First we recall that C([0,1],2Y) is non-trivial if there exists a continuous
set-valued function satisfying the condition F'(0) # F(1).

The following example shows that there is such a topological space Y for
which C([0,1],2Y) is non-trivial but C([0,1],Y) is trivial.

Example 1.1. If X = [0,1] is equipped with the natural topology, ¥ =
{0,1,2} is equipped with the topology 7, having as open sets {0} and
{1,2}, then C([0,1],Y) is trivial while C([0,1],2Y) is non-trivial, since F
defined by

({01} i zelo,1)
= {0,1,2} if z=1

is continuous and non trivial.
Now we can prove:

Proposition 1.2. Let X be a Tychonoff non discrete space and Y be such
that C(]0,1],2Y) is not trivial. There is a net {F, : ¢ € ¥} in C(X,2")
pointwise convergent to F' € C(X,2Y) which fails to be graph convergent to
F.

Proof. Let x¢ be a non-isolated point in X and for every open nbd U of
xo choose a point x;; € U\{zo}. There is a continuous function hy from
X to [0, 1] satisfying the conditions h;(x;;) = 1 and hy(x) = 0 for every
xz € (X\U)U{xo}. There is a continuous set-valued map H from [0, 1] to
2Y" such that H(1)\H(0) # §. For every open nbd U of zy the set-valued
map Fy = H o hy is continuous and the net {Fyy : U € U(xp)} is pointwise
convergent to F' where F(z) = H(0) at every z. Indeed if x # z9 and U
is an open nbd of zy such that x ¢ U, for every nbd U’ > U it results
Fyi(x) = H(0). If o = zo, then Fy(xg) = H(0) for every nbd U. However
Lt Gr Fy # Gr F, since (xo,y) € Li Gr Fy if y € H(1)\H(0). O
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Proposition 1.3. Let X be a Tychonoff non discrete space and Y be a
normal space such that C([0,1],2Y) is not trivial. There is a net {F, :
o € X} in O(X,2Y) graph convergent to F € C(X,2Y) which fails to be
pointwise convergent to F'.

Proof. There is h € C([0,1],2Y) such that h(1)\h(0) # 0. It is easy to
prove that the set-valued map, from [0,1] to Y, H(z) = (J,<, h(s) is con-
tinuous. Let x¢ be a non-isolated point in X. For every open nbd U of xq,
let fy be a continuous function from X to [0,1] such that fy(zg) = 0
and fy(X\U) = 1. If we put Fy = H o fy, {Fuy : U € U(xo)} is
a net of continuous set-valued maps which graph converges to F', where

F(z) = H(1) for every z € X, but does not pointwise converges to F' since
Lt FU({L‘()) = h(O) O

2. Continuity and equicontinuity

In this part, for nets of set-valued maps, we introduce the notion of even-
outer-semicontinuity and even-inner-semicontinuity and compare them with
others known in the literature.

It is well known that for closed-valued maps between topological spaces
there are various notions of continuity connected with the convergence or
topology supported by 2. If the values belong to a uniform space (Y,7),
when 2" is equipped with Kt or K~ convergence we obtain the following
definitions:

Remark 2.1. A set-valued map F from X to Y, closed-valued in z, is
outer-semicontinuous at x if for every V in v and for every y € Y there is
a nbd U, of z, a nbd U, of y such that, for every z € U, it results:

F(z)N U, C V[F(z)).

Remark 2.2. A set-valued map F from X to Y, closed-valued in z, is lower
or inner-semicontinuous at x if for every V in v and for every y € Y there
is a nbd U, of z, a nbd U, of Y such that, for every z € U, it results

F(x)n U, C V[F(2)].

In the literature there are many definitions of joint continuity for single-
valued or set-valued maps [9, 10, 14]. For nets of set-valued maps with
values in a uniform space we give the following definitions which absorb
the classical definitions of equicontinuity and even-continuity for a family of
functions due to Kelley [10].
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Definition 2.3. A net {F, : 0 € X} is evenly-outer-semicontinuous at x if
for every V in 7 and for every y € Y there is a nbd U, of x, a nbd U, of y
and a og € X such that, for every ¢ > o¢ and for every z € U, it results:

Fo(2) N U, C V[F,(z)].

Definition 2.4. A net {F;, : 0 € ¥} is evenly-inner-semicontinuous at x if
for every V in v and for every y € Y there is a nbd U, of x, a nbd U, of y
and a oy € X such that, for every ¢ > o¢ and for every z € U, it results:

F,(x)NU, C V[F,(2)]. (%)

Definition 2.5. A net {F, : 0 € X} is evenly-semicontinuous at x if it is
evenly-outer and evenly-inner-semicontinuous at x.

If the above definitions are verified for every z € X we will say that
the net is evenly-inner-semicontinuous or evenly-outer-semicontinuous or
evenly-semicontinuous (in X ).

Remark 2.6. Notice that if we require that the condition (x) is satisfied
for every o € 3, our Definition 2.4 restricted on a net {f, : 0 € £} of single-
valued functions is equivalent to the classical notion of even continuity at z
[10].

Let {f, : 0 € ¥} be evenly continuous at . If V€ v and y € Y there is
V1 € v symmetric, open and such that Vi o V3 C V. By even continuity of
{fs : 0 € L}, starting from z, y and V1[y], we can find a nbd U, of z and a
nbd Uy of y such that f;(U,) C Vily] whenever f,(z) € U, and whenever
o € Y. We can prove that for every z € U, and o € X it results:

{fo(@)} nUy N[y C V[fs(2)].
Indeed, if {f,(x)} N U, N Vi[y] is non empty, f,(x) belongs to Uy and f,(2)
belongs to Vi[y] for every z € U,. So we obtain (f,(z), fo(z)) € V since

(fo(@),y) € Vi and (fo(2), ) € Vi,

To prove the opposite, let {f, : 0 € ¥} be evenly-outer-semicontinuous
at x with respect to all 0. If y € Y and U, is a nbd of y, there is V in v
with V[y] C U, and V; in v such that V; o V; C V. By assumption there is
a nbd U, of x and a nbd UZ’/ of y such that for every z € U, it results

{fo(@)} nVily N U, C Vilfo(2)]-
Now, if for a o f, () € Vi[y] N U, it results fo(x) € Vi[fs(2)], therefore
(fo(z),y) belongs to Vi and f,(2) € V]y] C U, for every z € Us,.
In the literature we can find notions stronger than even-continuity. Due
to Kowalczyk [11], there are the following notions concerning a family F of
set-valued maps with values in a uniform space (Y, 7).
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Definition 2.7. F is upper equicontinuous at x € X if for every V €

(*%) there exists a nbd U, of x such that whenever F' € F and z € U, then
F(z) C V[F(x)].

Definition 2.8. F is lower equicontinuous at x € X if for every V €

there exists a nbd U, of x such that whenever F' € F and z € U, then
F(x) C V[F(2)].

Definition 2.9. F is equicontinuous at x € X if it is lower and upper
equicontinuous at x.

All definitions given in 2.7, 2.8 and 2.9 applied to a family F of single-
valued functions coincide with the classical notion of equicontinuity. It is
easy to prove that if a net of set-valued maps is upper-equicontinuous then
it is also even-outer-semicontinuous. We will say that a net {F, : ¢ €
Y} is asymptotically upper equicontinuous if the condition (k) is satisfied
for all o sufficiently large. This notion can be found for example in [9]
under the name quasi equi-semicontinuity. If Y is compact then this notion
coincides with the notion of even-outer-semicontinuity. In general, however
this notion turns out to be too constringent for applications purposes [4].

We have the following characterization of compact spaces.

Theorem 2.10. If X is a non discrete topological space and Y is a Ty-
chonoff space, the following conditions are equivalent:
a) Y is compact;
b) every net of set-valued maps from X to Y is asymptotically upper
equicontinuous iff it is evenly-outer-semicontinuous.

Proof. If Y is compact, it is easy to verify that both of the definitions
coincide. Let us prove the converse. Suppose Y is not compact, then there
is a net {y, : 0 € X} of points of Y having no cluster point and a point zg
in X which is not isolated, therefore in every nbd U of xy we can choose a
point z;; € U\{zo}. Without loss of generality we can suppose that there
is a point y € Y different from all y,. Consider the set U(xo) x X with
the natural order (that is (U,o0) > (U’,¢’) iff U C U’ and o > ¢’). The net
{Fwe) : (U,o) € U(zo) x X)} defined by

(i ety
F(U’U)(x)_{ Wy} if 2=,

is not upper equicontinuous at xg with respect to any compatible uniformity
~von Y. Indeed, if V € v there is 0¢ in X such that y, ¢ V[y] for all o > oy;
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thus Fiy o) (zv) € V[Fu,0)(20)] for every nbd U of z¢ and every o > o9. We
can prove that this net is evenly-outer-semicontinuous. Indeed, if V' € ~,
z € Y and U, is a nbd of z which does not contain y, for all ¢ > o¢, we
have

U. N Fye)(®) C V[Fue) (7o)
for all z € X and for all o > oy. ]

Due to [4] are the following definitions concerning set-valued maps from
a topological space X to a metric space Y. If 7 is an index space, H a filter
on Z and {F; : i € I} a collection of set-valued maps it states:

Definition 2.11. {F; : i € I} is equi-outer-semicontinuous at xq if for
every compact set B C Y and every € > 0 there exists a nbd V of g and
H € 'H such that for every x € V and every i € H

Fi(x) N B C eF;(xo) -

Definition 2.12. {F; : i € I} is equi-inner-semicontinuous at xq if for
every compact set B C Y and every € > 0 there exists a nbd V of g and
H € 'H such that for every x € V and every i € H

Fi(zo) N B C eFj(x) .

Definition 2.13. {F; : i € I} is equi-semicontinuous at zg if it is both
equi-upper and equi-inner semicontinuous at xg.

Obviously if the above conditions are verified for every z € X, {F; :
i € I} will be said equi-outer or equi-inner or equi-semicontinuous. Of
course we can naturally extend the above Definitions 2.11, 2.12, 2.13 for
any net with values in uniform spaces. It is easy to verify that if a net of
set-valued maps is evenly-outer (inner)-semicontinuous then it is also equi-
outer (inner)-semicontinuous and if Y is locally compact then these notions
coincide. We can even characterize local compactness by this coincidence
as the following theorem states.

Theorem 2.14. If X is a non discrete topological space and Y is a Ty-
chonoff space, the following conditions are equivalent:

a) Y is locally compact;
b) every net of set-valued maps from X toY is equi-outer-semicontinuous
iff it is evenly-outer-semicontinuous.
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Proof. If Y is locally compact, it is easy to verify that condition b) is
verified. Now, suppose Y is not locally compact. There is y € Y which has
no compact nbd. Thus, for every open nbd U of y and every K € K(Y),
there is Yuk € U\K. Let x € X be a non-isolated point and z € Y be a
point different from y. For every open nbd W of x choose zy;,, € W\{x}.

If we consider £ = U(z) x U(y) x K(Y) with the natural direction (i.e.
W, U,K) < WU ,K') it W c W, U c U, K C K') and for every
(W, U, K) we put

{z} if t#xy

F t) =
(WU,K)() {{Z»?JU,K} it t=ay,

we can prove that the net {Fiyw k) : (W,U,K) € L} is equi-outer-semi-
continuous at every point with respect to any compatible uniformity ~y. It
is sufficient to verify this only at the point z. Let V € v and K € K(Y).
Then for every v € X and (W,U,C) > (X,Y, K) we have

Fwu,e) () VK CVI[Fwuye) ()] -
However {Fiy,y, k) : (W,U, K) € L} is not evenly-outer-semicontinuous at
z. Let G € v be such that G[z] N G[y] = ) and G is open and symmetric.

Now for every nbd W of z, every nbd U of y and every (C,D,K) € L we
have

Fowvne,unpnapy), k) (@wne) 0 U = {2 yunpnep,xt NU € Glz] .
]

If X and Y are first countable topological spaces then a sequence of
set-valued maps is equi-outer-semicontinuous iff it is evenly-outer semicon-
tinuous.

Theorem 2.15. Let X andY be first countable topological spaces and (Y, )
be a uniform space. A sequence {F, : n € 71} of set-valued maps from X
to Y, is equi-outer-semicontinuous iff it is evenly-outer-semicontinuous.

Proof. Of course it is sufficient to prove that if {F, : n € Z*} is equi-
outer-semicontinuous at x then it is also even-outer-semicontinuous at x.
Suppose that this is not true. This means that there is V € y and y € Y
such that for every nbd W of z, U of y and for every m € Z™ there exists

n(W,U, m) > m and a point Ly (W,0m) in W such that

o owvvm) @nw,omy) VU € VIF, wum)(@)] -

Let {W,} and {U,} be a countable base of nbds of x and y respectively.
Thus for every n € ZT there is m, > n, z, and y, such that x, € W,,
Yn € Fo, (xn) N U\V [Fp,, (z,,)]. Of course {z,, : n € Z*} converges to x
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and {y, : n € ZT} converges to y. Consider the compact set B = {y, :
n € Zt}U{y}. By assumption there must exist a nbd W’ of z and ng € Z*
with

Fo(r)NB C V[F,(x)]
for every n > ng and for every r € W’, but this is a contradiction since, if
n > ng is such that W,, € W’, we have

Yn € Fp, (x) N B\V[Fpp,, (2)] .

3. Pointwise and graph convergence

In this part we prove the main result of our paper. We show that even-
outer-semicontinuity allows us to pass from the pointwise convergence to
the graph convergence and vice versa. We also prove that if a net is simul-
taneously pointwise and graph convergent then it has to be evenly-outer-
semicontinuous.

Theorem 3.1. Let X be a topological space and (Y,7) be a uniform space.
Suppose that {F, : o € X} is evenly-outer-semicontinuous and pointwise
convergent to F'. Then it is also graph convergent to F'.

Proof. Of course Gr F' C Li Gr F,,. To prove that Ls Gr F, C Gr F, we
will show that if (z,y) € Ls Gr F;, then y € Ls F,(x). If Uy, is a nbd of
y and o an element of ¥, we will find n > o such that F,(z) N U, # 0.
There is Vi (open and symmetric) in v satisfying Vi[y] C U, and Va (open
and symmetric) in 7 satisfying Vo o Vo C V;. Since {F, : 0 € X} is evenly-
outer-semicontinuous there is a nbd U, of z, a nbd Uzl/ of y and g9 € X
with

Fy(2)N UZ'J C WolF,(z)] (O)
for every z € U, and every ¢ > ogg. Without loss of generality we can
suppose that U, C Va[y]. Since U, x Uy is a nbd of (z,y) € Ls Gr F, there
isn > o, n > o0g with

Gr Fy (U x UL) # 0.
If we choose (2, yy) € Gr 5, N (Uy x Uy), from (O) we obtain
Yn € Fy(zy) NU, C Va[Fy(2)] .

Thus there is v, € Fy(x) with (y,,v,) € Va2, and, being (y,,y) € Vb, it
results that

(vn,y) € Vao Vo C V1,
ie. Vify]n Fy(x) # 0. O
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Theorem 3.2. Let X be a topological space and (Y,v) be a uniform one.
Suppose that {F, : 0 € X} is evenly-outer-semicontinuous and graph con-
vergent to F'. Then it is also pointwise convergent to F'.

Proof. Of course Ls F;(z) C F(x). Now let y € F(z) and let U, be a nbd
of y. We will show that there is o¢ € X for which
Fo(z)NUy #0

for every o > o0¢. There are V; and V5 (both open and symmetric) in 7
satisfying Vily] C Uy, and Voo Vo C Vi. Since {F, : 0 € X} is evenly-
outer-semicontinuous, there is a nbd U, of x, a nbd UZ”, of y and g € X
with
Fy(2)N U?: C Vo [Fy(x)]

for every z € U, and every o > og. Without loss of generality we can
suppose that U; C Va[y]. Since U, x U,, is a nbd of (x,y) € Li Gr F,, there
is 01 € ¥ such that for every o > o

Cr F, 0 (Up x UL #0.
For o > 09 and o > o1, choose
(2o,Yo) € Gr Fyo N (Uyp x Uy) .
We obtain that (y,,y) € V2 and
o € Frlao) U, C Vo Fr(a)] .

We can conclude that there is v, € F,(x) satisfying (y,,v,) € Va2 that is
vy € Vily] C Uy, O

Theorem 3.3. Let X be a topological space and (Y,7) be a uniform one.
Suppose that {F, : 0 € X} graph and pointwise converges to F. Then it is
evenly-outer-semicontinuous.

Proof. Suppose this is not true for a point € X. There is V in v and
y € Y such that for every nbd U of z, every nbd O of y and every o € ¥,
there is n(U, O,0) € ¥, n(U,0,0) > 0 and 10,5 € U for which

Fyw,0.0)(@nw,00) NO € VIE w,00)(7)] -
This allows us to choose a net

Yn(U,0,0) € Fn(U,O,a) (xn(U,O,U)) no \V[Fn(U,O,U) (1:)] (A)
converging to y. It is easy to verify that

L={nU0,0): Ucl(x),0ecl(y),ocec}
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is a cofinal family in >, thus
{Fn(U7O,J) U el(x), O€l(y), oce X}

is a subnet of {F, : 0 € X}.

We will show that (v,y) € Ls Gr Fy,0,). Let G € U(z), H € U(y)
and n(U,0,0) € L. By the assumption we can find n(G, H,n(U,0,0)) >
n(U, O, o) and the related points satisfying the conditions:

(G, Hn(U,0.0) € G
and
YUn(G,Ha(U,0.0)) € H N FyG,mn0,00) (En6,0a0,00)) -
Since (z,y) € Ls Fyp,0,0) C Ls Fy, we have y € F(x). Thereis V; € 7 such
that V} is open, symmetric and V; o V) C V. Being F(x) = Li F,(x), there
is 09 € ¥ with F(z) N Vi [y] # 0 for every o > og. Then for n(X, V1 [y], 00)
we have

F”](X,Vl[y],co) (l‘) nw [y] ?é 0
and

Yn(XVilyloo) € Enxvilyloo) (Tn(x,vilyo0) MWVLY] C© (Vo Vi) [Fy(x vify)o0) (7)]
which is in contradiction with (A). O

For nets of single-valued functions we obtain the following result ([5, 12,
13)):

Corollary 3.4. Let X be a topological space and Y be a uniform one. Let
f be a single-valued function from X toY and {f, : 0 € ¥} be a net of
single-valued functions from X to Y. Consider the following conditions:

a) {fs : 0 € X} converges pointwise to f;
b) {fs : 0 € X} graph converges to f;
c) {fo: 0 € B} is evenly-outer-semicontinuous.

Then any two of these conditions imply the other.

The following example shows that even if we consider a sequence of contin-
uous single-valued functions the condition ¢) in the above corollary cannot
be replaced by

c’) {fs : 0 € £} is evenly-continuous.
Let X = {0} U{1/n;n € Z"} with the usual topology and, for every n,

put
0 if z#1/n
fnlz) = { n if x=1/n.
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Then {f,} is a sequence of continuous functions pointwise and graph
convergent to f, where f(z) = 0 at every x € X. Of course {f,} is not
evenly continuous.

Let us observe also that for sequences of continuous single-valued func-
tions the notions of even continuity and even-outer-semicontinuity are in-
dependent. It is easy to prove that the sequence ([13])

0 if 1/n<z<1

n—an? if 0<z<1/n

fa(z) =

is evenly continuous but not evenly-outer-semicontinuous.

4. Continuous convergence

Definition 4.1. Let X and Y be topological spaces. A net {F, : 0 € X}
of set-valued maps from X to Y converges continuously to a set-valued map
F if for every x € X and every net {z, : « € A} convergent to z, the net
{Fs(zq) : (0,a) € ¥ x A} Painlevé-Kuratowski converges to F'(x).

Obviuosly continuous convergence implies pointwise and graph conver-
gence (and therefore even-outer-semicontinuity).

The following proposition shows that this convergence implies as well
even-inner-semicontinuity.

Proposition 4.2. If a net {F, : 0 € ¥} continuously converges to F', then
{F, : 0 € ¥} is evenly-semicontinuous.

Proof. It is sufficient to prove that the net {F, : o0 € X} is evenly-inner-
semicontinuous. If it is not true at a point x € X, then there exists V in
v and y € Y such that for every nbd U of z, every nbd O of y and every
o € ¥ there is n(U,0,0) € X, n(U,0,0) > 0, x(y,0,,) € U for which

Fyuv00)(@) N0 € V[E,w0.0)(Two0.e) -

This allows us to choose a net
Yn,0.0) € Fy,0,0)(@) NO\VI[Fy0,0,0)(@y1,0,0))]
converging to y. It is easy to verify that
L={nU0,0):Ucl(zx),0Oclly),ocec}

is a cofinal family in ¥, thus

{FW(U7OJ) U el(x), Oel(y), o €X}
is a subnet of {F, : 0 € X}.
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Since (z,y) € Ls Fjy,0,,) We obtain y € F(z). Let V4 be a symmetric
open element from v with V3 o V4 C V. The net

{x(U,0,0') : (U,0,0') € U(l’) X U(y) X E}
converges to x (considering the natural direction on U(x) x U(y) x ) thus
{Fa(x(U,O,a)) 10 € E, (U, O, U) € U(IE) X U(y) X E}

Painlevé-Kuratowski converges to F'(z) by assumption. Thus we can find
oo € X and (U,0,0) € U(xz) x U(y) x X; such that for every o > oy and
every (U',0',0") > (U,0,0)

Fo(zwroem) N VAlY] # 0.

Let ¢/ € ¥ be such that ¢/ > o and ¢’ > o¢. If we put ' = n(U,0N
Vi [y], '), it results that ' € £ and

Yy €V1 ly] c Vio Vl[Fn'(fU(U,Omvl [y],a’))] - V[Fn’ (x(U,om/l [y},a'))]
and this is a contradiction.
Since the continuous convergence at x implies that {F, : ¢ € ¥} is
evenly-outer-semicontinuous at x, the net has to be evenly-semicontinuous.

O

Proposition 4.3. Ifanet{F, : o € ¥} graph converges to F' and is enenly-
semicontinuous then {F, : 0 € ¥} converges continuosly to F.

Proof. Let {z, : @ € A} be a net in X convergent to z. It is sufficient to
prove that F'(z) C Li Fy(zs). Let y € F(z) and O be a nbd of y (we will
find og € ¥ and ag € A such that for every ¢ > o¢ and a > «q it results
Fy(2a) 1O #0).

Let U € v be such that U [y] C O, let further V; be an open symmetric
element from v with V; o V3 C U. Since {F, : ¢ € X} is evenly-inner-
semicontinuous at x, there exist a nbd W of y satisfying W C Vj [y], a nbd
I of z, an index o7 € X such that

Fo(x) "W C V1 [Fy(2)] (<)

for every z € I and every o > o7.
Since F'(z) = Li Fy(x), there is o2 € ¥ such that for every o > o9

E,()NnW £0.

There is ag € A such that x, € I for every a > ag. Let oy € ¥ be such
that o9 > o1 and o¢ > 02. We claim that for every a > ag and o > oy

Fr(za)NO #0 .

Indeed if o > ap and o > 0 take y, € Fiy(x) N W, by using condition (<)
it results y, € Vi [Fo(zqa)]. Let zoq € Fo(zq) With (Ys,26.4) € V1. Since
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Yo € Vily] we have (z54,y) € Vi o Vi that is 2z, C Uly] C O. Thus
Zg.a € Fo(2q) NO. O
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