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LOCAL EXISTENCE OF SOLUTIONS OF A
FREE BOUNDARY PROBLEM FOR
EQUATIONS OF COMPRESSIBLE VISCOUS
HEAT-CONDUCTING CAPILLARY FLUIDS
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Abstract. In the paper the motion of a viscous compressible heat con-
ducting capillary fluid in a domain bounded by a free surface is con-
sidered. We prove the local existence and uniqueness of a solution to a
problem describing such a motion in anisotropic Sobolev—Slobodetskii
spaces. This solution is such that the velocity and temperature belong
to Wi T /2(Q x (0,T)), and density to W, ™*/>T*/2() x (0,T)),
QCR? ac[3/4,1).

1. Introduction

In this paper we examine the local motion of a drop of a compressible
heat-conducting fluid.

Let €; C R3 be a bounded domain of the drop at time t. We assume
that the free boundary S; of € is governed by the surface tension. Let
v = v(x,t) (v = (v1,v2,v3)) be the velocity of the fluid, o = o(z,t) the
density, § = 0(z,t) the temperature, f = f(x,t) the external force field per
unit mass, r = r(z,t) the heat sources per unit mass, # = (z,t) the heat
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flow per unit surface, p = p(p,0) the pressure, ¢, = ¢,(p,0) the specific
heat at constant volume, p and v the constant viscosity coeflicients, 3¢ the
constant coefficient of heat conductivity, pg the external (constant) pressure,
o the constant surface tension. Then the motion of the drop is described
by the following system of equations (see [3, 4]):

olv + (v - V)v] —divT(v,p) = of in Q7 = U Qp x {t}
te(0,T)
ot +div(pv) =0 in Q7
0cy (0 + v - VO) — 32A0 + Opg divv
i 3
- 5 (Uixj + Ujﬂﬂi)2
ij=1
— (v —p)(dive)? = or in Q7 (1.1)
Tn —oHn = —pon on ST = U Sy x {t},
te(0,T)
_ Pt oT
Vo= — e on S,
Vel
o on &7,

Olt=0 = 00, V|t=0 =0, Oli=0 =00 in €,

where ¢(x,t) = 0 describes S; (at least locally), 7 is the unit outward vector
normal to the boundary, i.e.

Ve
Vel

n =

Q= Qli—0 = Qo, St = 0.

By T = T(v, p) we denote the stress tensor of the form
T(v,p) = {Tij}ij=1,23 = {=pdij + Dij(v)}ij=1,23,
where
D(v) = {Di;(v) }ij=123 = {(via; + vja,) + (v — )05 divolij—123
= uS(v) + (v — p)I div o,

S(v) = {Viz; + Vja, }ij=1,2,3 is the velocity deformation tensor and I is the
unit matrix.

Moreover, H is the double mean curvature of S; which is negative for
convex domains and can be expressed in the form

Hn = Ag,()z, x = (21,22,73),
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where Ag, (¢) is the Laplace—Beltrami operator on S;. Let S; be given locally
by = = x(s1, s2,1), (51,52) € U C R?, where U is an open set. Then

12 O [ _1j9~ O
As,(t) =g 1/285<g I/QQaBasﬁ) (1.2)

0 0
_ 172 1/2 a8 _
. (g g 8%) (a,6=1,2),

where the summation convention over repeated indices is assumed,

ox
g = det{gaﬁ}aﬂzl,% Gap = Ta " T3 ($a = 9 )7
Sa

{g®P} is the inverse matrix to {gag} and {Gas} is the matrix of algebraic
complements of {gna}.

Finally, thermodynamic considerations imply that ¢, > 0, > > 0,
v>(1/3)u>0, o > 0.

Let the domain €2 be given. Then by (1.1)5, Q; = {x € R? : 2 = x(£,1),
¢ € Q}, where x = z(&,t) is the solution of the Cauchy problem

% =v(z.1), zh=o=E6€Q = (6,8 8). (1.3)

Integrating (1.3) we obtain the following relation between the Eulerian x
and the Lagrangian & coordinates of the same fluid particle:

t
x =£+/0 (&) dt’ = Xu(&, 1),

where u(§,t) = v(Xyu(&,t),t). Moreover, by (1.1)5, Sy = {z : = = (&, t),
£e S =00}

By the continuity equation (1.1)2 and the kinematic condition (1.1)5 the
total mass is conserved, i.e.

/Q o 1) d = /Q 00lE) de = M,

where M is a given constant.
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In order to prove the existence of a local solution of problem (1.1) we
rewrite it in the Lagrangian coordinates as follows:

nug — divy, Ty (u, p) = ng in Q7 =Q % (0,7),
N +ndivyu=0 in QT
ney(n,9)9; — V209 + Opy(n, 9) div, u
3
5 (&a; - Veuj + &, - Veuy)? (1.4)
ij=1
— (v — p)(divy u)? = nk in QT
Ty(u,p)iy — cHNy = —poiiy on ST =8 % (0,7),
Ay - V) =0 on ST,
Nli=0 = 00, ult=0 =v0, V|i=0 = o in €,

where n(é.vt) = Q(Xu(gvt)7t)v ﬁ(fvt) :_Q(Xu(f,tl,t), p= p(nvﬁ)a g(§7t) =
F(Xu(€,1),1)), k(&) = r(Xu(&:1),1), 9(E,1) = 0(Xu(§,1),1), Vi = &l
Ty(u,p) = —pI + Dy(u), I = {0i}ij=123 is the unit matrix, Dy, (u) =
{Duij(u) }ij=123 = {11(Or,Ek0g, 1w + O,k 0g, i) + (v — )b divy u}, divy u =
Vit = 03,30, ui, divy To(u, p) = {0, 8k0¢, Tuij (U, p) Fi=1,2,3 (0, & are the
elements of the matrix & which is inverse to x¢ = I + f(f ug (€, s)ds) and
summation over repeated indices is assumed.

Let S; be determined (at least locally) by the equation ¢(x,t) = 0. Then

S is described by p(x(§,t),t)|i=0 = @(&) = 0. Thus, we have

-  Vep(z,t)
ny = n(Xy(&,t),t) = |Voo(z,t)] e=Xu(£,)

and Vs (©)
_ P
"0 =10 = el
The aim of this paper is to prove the local-in-time existence and unique-
ness of a solution to problem (1.1) in anisotropic Sobolev—Slobodetskii
spaces. To do this we use the problem rewritten in the Lagrangian coordi-
nates, i.e. problem (1.4). Applying the method of successive approximations

and using Lemmas 3.1, 3.2 and 2.1 we prove the local existence and unique-
ness of a solution of problem (1.4) such that (u,?,7n) € W22+O"1+a/2(QT) X
Wit QT s c(0, T Wit (Q)nwy T/ 2T2(QT) where o € [3/4,1)
and T' > 0 is sufficiently small (spaces W]f,’l/Q(QT) and W;,(Q), l € RL,
1 <p € R, are defined by (2.1) and (2.2), respectively).

The existence of solutions to problem (1.4) follows from the existence
of solutions of two parabolic equations (1.4)1 3 and the evolution equation
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(1.4)2 which can be solved by simple integration. In the parabolic equations
(1.4)1,3 the first derivative with respect to time and the second derivatives
with respect to & occur. To solve the corresponding initial-boundary value
problems connected with equations (1.4); 3 the potential technique is ap-
plied (see [2, 5]). Therefore the existence of solutions is automatically proved
in such spaces that they contain two times less derivatives with respect to
t than with respect to .

In this paper we prove the local existence in the Hilbert—Sobolev spaces
because we need such a result for the proof of the global existence which
will be done by the energy method. To simplify the proof and to decrease a
number of compatibility conditions we have decided to show the existence of
solutions with the lowest possible regularity which is admissible in view of
the nonlinearity of the problem and Le-approach. Since the most nonlinear
expressions in equation (1.4) are involved in the transformation between
the Eulerian and the Lagrangian coordinates we have to impose such a

regularity that
T
‘ / ’LLg d’i‘
0

what is satisfied if u € Lo (0, T; W3T*(Q)) for a > 1/2. Then (1.4); implies

u € W22+a’1+a/2(QT). However, to obtain ¥ € W22+a’1+a/2(QT) we have to
assume « € [3/4,1). This stronger assumption is necessary only in one step
of the proof, namely to obtain estimate (3.45). To derive other estimates we
need o € (1/2,1). Thus, for o € [3/4,1) we obtain the lowest regularity for
problem (1.4) in the Lo-approach (so in the Hilbert-Sobolev spaces). Since
the spaces W22 Faulta/ 2(QT) contain fractional derivatives they are called the
Sobolev—Slobodetskii spaces.

In [9] we proved the local existence and uniqueness of a solution (u, 9, 7) of
problem (1.4) such that (u, 9, n) € Wi (Q7) x W (QT) x C(0, T; T2/2())
(where Fg’3/ 2(Q) is the space with the norm

1572y = > 11080l Lye)
o] +2i<3

< 00,
Loo()

and T > 0 is sufficiently small).

The proof required a lot of quite involved calculations in order to obtain
the estimates for the four derivatives with respect to £ of the velocity and
the temperature. Moreover, in that case a lot of compatibility conditions
had to be satisfied.

We have to underline that anisotropic Sobolev spaces must be used to
prove the existence of solutions to (1.4) but anisotropic Sobolev—Slobodetskii
spaces were used only in order to simplify the proof.



232 E. ZADRZYNSKA AND W. M. ZAJACZKOWSKI

In this paper we use Lemma 3.1 which can be proved in the same way
as Theorem 1.2 of [6], which was applied by V. A. Solonnikov and A. Tani
(the authors of [6]) to prove the local existence and uniqueness of a solution
to a free boundary problem for a viscous compressible barotropic capillary

fluid in such spaces that u € W2+a 1+a/2(QT) WHa 1/2+a/2(QT) o€

(1/2,1).

The global motion of a viscous compressible heat conducting caplliary
fluid bounded by a free boundary was considered in [8], where the global
existence of solutions of slightly more regularity (than that from [9]) was
obtained.

In the case of incompressible motions the existence of solutions with
sharp-regularity, i.e. u € W22+a’1+a/2(QT), a € (1/2,1) is proved in [5],
and in the case of the motion of a viscous barotropic fluid in a fixed do-
main with boundary slip conditions the analogus sharp-regularity result is
obtained in [2].

Finally, papers [7] and [10] are devoted to the global motion of viscous
compressible barotropic capillary fluids bounded by a free boundary.

2. Notation and auxiliary results

In the paper we use the anisotropic Sobolev—Slobodetskii spaces
Wl Z/Q(QT) leRL,1<peR, QF =Qx(0,T), (where Q is a bounded
domain in R3) with the norm

folhygingn = | X 10205l o 2.)
|8]4+-2i<1]

(/ // 05 0iu(x, t) /385851;(30’,&]73 de da di
w\+2z 0 [z — et

T 1908 9i B oi / 1/p
t) ) P
// / |86tux 88tl(x )| de dt dt’ ‘
t’\”p L[]

In (2.1) 0F = 910200, 5 = (1, B, B3) is a multi-index, [I] is the integer
part of [.
We also use the isotropic spaces Wé(ﬂ), l € R!, 1< pec R with the norm

lulbwgioy = | 3 105l 0 22)
1BI<[]]

0Fu(z) = dou()P M
+z;m /Q 0 [z— o pream GdT]
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Similarly we can introduce the spaces Wl 12 (ST) and Wé(S), where S is

the boundary of €.
Moreover, we use the notation:

HUH UQ(QT = Q € {Qa S}a
”UHWZ(Q) Q€ {Q,5}
[ullz,@) = |U|p,9;

[ullyr) = | Q€ {Q, 5}
) _

” H (a+2,a/2+4+1

181=2

/
+sup u(, )} 00]
t<T

— [l ||2+QQT+T (el e + Y- NZul} e )

Jull & = <Huu2QT+T*Q||u||3QT>1/2, Q € {9, S);

u(z (2',1)|2 1/2
U 0T o :(/ dt// |x—x’|3+2a dz dz’ )

T lu(a, t) — u(a, t')?
aQTt_ (/dl‘/ / ’t—t/‘H_Qa

In the above notation a € (0, 1).
We have the following 1mbedd1ng (see [1, Sect. 18]):

TWL(Q) C WE(Q), ol eRLU{0}

dt dt’) 1/2.

if (n/p) —(n/q)+|o|+o0 <l andif (n/p)— (n/q) + |o| + 0 < I the following

interpolation inequality holds:

107 ullwe ) < 61_%HUHW;(Q) + e lullz, @

with £ € (0,1), 2 = (1/1)((n/p) — (n/q) + lo] + o).
Now, consider the problem

n+ndivyu=0  in QT
Nlt=0 = 0o in Q.
From (2.3)—(2.4) we obtain
t
w6t = @ (= [ o -udr).
0

The following lemma is proved in [2] (see Lemma 6.1).

Lemma 2.1. Assume that g9 € WyT*(Q), a € (1/2,1),

and
TV ully 0 < .
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where § > 0 is sufficiently small. Then

1m0, ) l14a0 < w1(a)llool1+a.0,
Melaja,0re < H£)0|h+a ap2(a,T)a,

T‘ (2
ne(t) — ne(t')] :
sup// |t Pire d€ dt
T T
<l anea@T' [ uliande(1+ [ luldia0d).

where a = T%||ully4.qr, @ >0 is a constant and ¢;(i = 1,2,3) are positive
increasing continuous functions of their arguments.

3. Local existence

In order to prove the local existence of solution of (1.1) we consider this
problem written in the Lagrangian coordinates, i.e. problem (1.4). First,
we examine the following auxiliary linear problem

nuy — divy Dy (u) = F in Q7
pIloILy, Sy (u)ny = TloGy on ST,
t
Tio - Dug (1) iy — g - Aw(t)/ wdr =Gy on ST, (3.1)
0
u\t:() = Vo in Q,

where
Dy (u) = pSw(u) + (v — p) divy, ul,
Sw(u) = {02,&k0¢, uj + Op;Ek0¢, Ui ti j=123, I'={6ij}ij=123
divy, Dy (u) = {6xj§k85kaij(u)}i:17273,

Ay (t) is given by (1.2) with x = & + fgw(ﬁ,T) dr, 0:;&k(i, k = 1,2,3) are
elements of matrix £, which is inverse to

t
%=Iﬁ4w@ﬂm o = (X (€, ), 1),

t
Xw(g?t) = §+/O w(faT)dTa H(]g =9-— ﬁO(ﬁO : g)

(ng is the unit outward vector normal to S = 99Q), Il,g = g — M (T - 9)-
Repeating the argument of [6] (see Theorem 1.2 of [6], see also [2]) we obtain
the following lemma.
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Lemma 3.1. Let S € W§/2+a, ac (1/2,1), n e CPQT), >0, 1/n c
Loo(QT) and assume that

TV | 572 < 6, (3.2)

where § is a sufficiently small constant. Let F € W;’Q/Z(QT), vy €

Wit (Q), Gy e Wy 2Ty Gy = G+ o [ GYdr with GY) €

W21/2+a’1/4+a/2(ST), Gf) € W;_I/Q’Q/Q_IM(ST) and let the following com-

patibility conditions are satisfied:
pIlpS(vo)ng|s = oG li=o
_ _ 1
no - D(vo)nols = G( le=o.

Then there exists a unique solution u € W2+a 1+a/2(QT) of problem (3.1)
and

+2,0/2+1) 1 2)
[P et <¢1<T,||n||cﬁ<m>7H )(HFH”/ + l[voll14a.0
n 00,07

a—1/2,a/2—1/4
+ Gl arast + G 1 jara.sr + |G| /221Dy,

where @1 is a positive continuous nondecreasing function of its arguments.

Analogously, we consider the problem
neo(n, )0 — V29 = K in QT
My - Vi) =0 on ST, (3.3)
Vt=0 = o in .
The following lemma holds

Lemma 3.2. Let S € WQ‘O’/%a, a € (1/2,1), n € CP(QT), v € CP(QT)
B>0,1/n€ Loo(Q), ¢, >0, ¢, € CY(R?) and assume that condition (3.2
is satisfied. Let K € W™/2(QT), 6, € Wite(Q), 9 e W,/ > tet/4te/2(gr
and let the following compatibility condition hold:

no - Vbo|s = 9]i=o-

Then there exists a unique solution ¥ € W2+a 1+OL/Q(QT) of problem (3.3)
and

a+2,a/2+1
o))/ < o (T, Il sy, llosar:

)
)

1

b
n ‘OO,QT

CU(777'7) oo,QT
2) _
K15 + 1601 a2 + 10111 240,57

where @9 is a positive continuous nondecreasing function of its arguments.
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Now, we apply the method of successive approximations. We consider
the problems

N Optm+1 — ,uVﬁmumH — UV, Vau,, - Um+t1 (3.4)
= =V, P(hm; Om) + hmgm = 11 + b in Q7
MoIT,,, Sy, (Umt1) T, =0 on ST,

t
it - Dup. (1) e, — 0730 - Aug. (1) / s (7)dr
0

— 20 (Pl Fm) — PO)a + G H(E,0)

t . 4 t
+ U/ ng - Aum (T)ng = le + / l5d7’, on ST,
0 i=3 0
Um+1]t=0 = Vo in €,
NmCo(Mms Im ) O Vm1 — %vimﬁm—kl (3.5)

= _ﬁmpﬂ (nmv ﬁm) divum Um

3
w
+ 5 Z (5331 : v£umj + fl’j : véumi)Q

ij=1
9
+ (v = ) (Ve Um)? + Dk = D 1 in 7
i=6

Tty * Ve Ot = U = lio on ST,
m+1lt=0 = 6o in €,

Timt + Nim divum Um = 0 in QT, (36)
Nmlt=0 = 0o in Q,

where £, is the inverse matrix to x¢ = I + fot ume (&, 7)dT and
t
bul€:t) = F(Xun(€.).0 = 1 (€4 [ wateryane).

7"<£ + /Ot Um (&, 7)dT, t),

5(5 + /Ot Um (&, T)dT, t),

km(&:t) = 1(Xu,, (§:1),1)

O (€, t) = 0(Xu,, (€.1), 1)

A (£) = S A (1),
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For ug we take a function which is a solution of the problem

ugs — divID(ug) = 0 in QT
HoD(uO)’flo =0 on ST,
t
ng - D(UO)ﬁo —ong - As(O) / UQ(T)dT
0
=7 - [p(00,00) — polRo + ofg - Ag(0)¢  on ST,
UO‘t:O = 1o n Q
and for 9y we take a solution of the problem
19015 — %vg’ﬂo =0 in QT,
no - Vé‘ﬁo = 190 on ST,
190|t:0 = 90 n Q,

where
t
Do(€:1) = 0(Xug (&,),1) = 0(¢ +/0 o (€, 7)dr, ).

It can be proved that ug and ¥y satisfy for ¢ < T the estimates

luo S5 < er () [0l 1400 (3.7)
+ [I70 - [p(20, o) — po]foll1 /2+4a,s
+ |70 - As(0)€l1/240,5) = Fi(t)

and

19015224 < oo ()[100]h1 a2 + [1P0ll1 /240,5] (3.8)
= Fy(t),

where ¢; and ¢y are positive continuous increasing functions. Finally, ng is
a solution of the problem

Mot + 1MoV, - uo =0 in QT,
Molt=0 = 00 in .

We obtain the following lemma.

Lemma 3.3. Let S € Wi/*™, gy € Wit (Q), v € WIte(Q), 6, €
W21+0‘(Q), a € (1/2,1), o0 > 0« > 0, where gi is a constant. Let ¢, €
C*(R?), ¢, > 0, p € C*(R?); f, r and 6 have continuous derivatives of

order one and two; f, fg., v, Tz, and 0, 0z, satisfy the Holder condition



238 E. ZADRZYNSKA AND W. M. ZAJACZKOWSKI

with the exponent & > 1/2 and let the following compatibility conditions be
satisfied:

IyD(vp)no =0 on S,
np - D(vo)no = o - (p(00,00) — po)no + ong - Ag(0)E on S,
ng - Vebo = 0(£,0) on S.
Denote
am (t) = ||Um\|glt+2’a/2+1) + ||19m”§;+2,a/2+1)_
Let A > 0 be a constant satisfying (3.26) and
Fi(t)+ Fa(t) <A fort<Tp (3.9)

(where Ty < T is so small that det{z¢} > 0 with = £ + f(f up(§, 7)dr).
Then there exists 0 < Ty < Ty such that if T < T, we have

am(t) <A fort<T (3.10)
and m=0,1,2,....

Proof. By (3.7)—(3.8) and (3.9) we have
ap(t) <A fort <.

Now, we assume that for some m > 0 there exists 0 < T, < T} such that if
T < T, then

am(t) <A fort<T. (3.11)
We shall prove that ca,1+1(t) < A for t <T. Applying Lemmas 3.1 and 3.2
to problems (3.4) and (3.5), respectively we have for t < T'

L

amt1(t) < 3 <T, H77m||c,8(§t)a HﬁchB(ﬁt)a 0 ’ Qt’ (3.12)

1 (a,/2) (a,/2)
9 ) [ ' I ;
Cv(nm,ﬂm) ’oo,Qt> |:” 1”Qt + || 2||Qt

9
/2
EY NS s 2 st + Mallt oot +1Toll o a5t
1=6
sl 2D ollisa + o).

where 3 is a positive increasing continuous function of its arguments.

We estimate only the norms ||I; HS‘T’O‘/ 2) (1 = 7,8) because the other norms
on the right-hand side of (3.12) are estimated similarly as the appropriate
norms in the proof of Theorem 5.3 of [6] and as in the proof of Lemma 6.2

of [2].
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In order to estimate Iy and Ig we write them in the qualitative form as
IT=lr+1g~ §§ufng, where ¢2 = g(I + fot ume(§,7)dT) and g is a smooth
function, I + fg Ume (&, 7)dT = {65 + fot Uimne; (&, T)AT }ij=12,3-

It suffices to estimate only the highest derivatives in the considered norm.
We have

! mé m/d 2
Do <nton) [ [ [R5 ond

|tmg — Umgr |

T .
where ay = T( [y uml30.0dm)? a > 0 is a constant, ¢; and all func-
tions 1; occuring below are positive increasing continuous functions. First
estimate Z;. We have

Um, Um,
LgT%@@/L%ﬁQﬁ///‘%éwﬂg|mWMMt

< 2 g — Ume'| ! dede’ 1/md
= Twl(am)”“mnﬂa,m q Jo |€ — &[3T2p1(B3u1/2-3/Cp1) a) £dg t

|um€|2p2 ) 1/p2
([ )

where 1/p1 +1/p2 = 1, p1 + po = 1 and peps < 1. Using the imbeddings

QW () © Wen A O) and 9gWT(Q) C Loy, () (where

|a| 1) which hold simultaneously for any p; and ps such that 3/2 —
3/2p1)+14+a+(3/2)u1 —3/(2p1) <2+ aand 3/2-3/(2p1)+1 <1+«
if > 1/2, we obtain

+ \umgﬁ] dede'dt = T, + T,

T1 < Ta(am)l[umll3 o or Sup I3 1000 (3.13)

Next, we estimate Zo. We have

|Um§ o Um{”2 1/p1
fa =il ’“/ (/ e 5d§> i

|u 5|2pQ 1/p2
- sSup s
+<T (/ /Q 1€ — §'|3“2p2>

where 1/p; + 1/pa = 1, p1 + p2 = 1 and pope < 1. Using the imbed-
ding (3‘7W21+0‘(Q)CL2p2 Q) (Where |o| = 1) and the interpolation inequal-
ity iy o/2m1-5m ) < €4 tmllovs + 7 il (where s =
[1/(2+ a)](3/2 —3/p1 + (3/2)pu1 + 1 + «)) which hold simultaneously for
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any p1 and py such that 3/2—-3/(2p1) +1+a+ (3/2)u1 —3/(2p1) < 2+«
and 3/2 —-3/(2p2) +1 <1+« if o > 1/2, we obtain

T
Iy < Ya(am) (5%_%Hum‘|g+a,QT + 651_%/0 ’um’%,ﬂdt> fgg ”um”%+a,ﬂ'
Therefore, choosing €1 = T and using that u,, = fot Um+dT + vy We have
Tp < s (am) (T mll3, o 0r (3.14)
T
+ Tl_"\UOI%,Q + Tl_%/ |umT’%7QdT> sup ||umH%+o¢,Q
0 t<T
< Po(am) T ([umlyy 0 0r + lolliia0) - Sup ¥ 10.0-
Hence, by (3.13) and (3.14) we get
202 qr e < T r(am) sup w1 a0 wml2yqor (3.15)

+luml3 00 + l0lia0),

where a1 > 0 is a constant.
Now, we estimate

! M. d 2
Z ]a/ngt<¢8 am // / [’ft ut,THTi |tme]* (3.16)

Um, — Um,
m 5|(t)_t,’1+i( il \umg\Q]dfdtdt’:Ig—i—Ll.

First, we have

T ‘f/ u SdT‘ Ky)
Ig < 77/)8 QA / / ! mt/|1+(;o ’ m’?ﬁ,Q’umd%,thdt/

< uy(om)( [ |umg\oogdt) sup el (317)
0
< T 10(am) [um |31 .07 SUP tm |40
t<T
Next, we obtain
T (T Jume(t) — ume ()5, o
Z4§7/}5(am)/0 /0 it P12 |t |3y 0t

Using the imbedding agwgm((z) C Lop,(€2) (where |o| = 1) and the inter-
polation inequality

1- _
[tme (8) = tme ()35, 0 < 1 [lum () — um ()3 0 + 1 “um (1) — um(t)]3 0
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(where 5 = 3/4 — 3/(4p1) + 1/2) which hold simultaneously for any p; and
p2 such that 1 < p1, po < o0, 1/p1 +1/p2 =1, 3/2 —3/(2p1) < 1 and
3/2—3/(2p2) < aif a > 1/2, we get

Ty < Y11(am) sup [um |l 100
t<T

)

[ [T = O o)~ )

’t _ tl|1+a

Therefore, choosing €1 = T and using that w, (t) — uy, (') = ftt, U, dT We
have

1 < rafam) s B (T”numn%m,m (3.18)

" |l il
t/ m’T 2Q /
4+ T // e dtdt)

<th13(am) T (14T %)
t<

Hence, estimates (3.16)—(3.18) yield

(202 ja.0r s < D1alam) T=O(T) sup lum |40 0l uml3 0 0r
t<T (3.19)

(14 Humugﬂlgﬂ)?

where as > 0 and ¢ is a positive increasing continuous function of 7.
Taking into account (3.15) and (3.19) we get

il + sl < wrsam, )T s0p
i<

(g1 a0r + ltmll3sa.0r + Vol 1a )2, (3.20)

where 115 is a positive increasing continuous function of its arguments.
Now, by (3.11) and Lemma 2.1 we have

||77m(t)H1+a,Q + ||19m(t)”1+a,ﬂ
< [A+ loolh+a0p1 (T A)] (3.21)

for t < T, where ¢ is tﬁhe function from Lemma 2.1. Assume that B > 0 is
a constant such that T*A < B and denote

B = A+ |ooli+a0e1(B).
Then (3.21) implies
|77m’OO7QT + |’l9m’oo7QT S CSB, (322)

where c3 > 0 is a constant from the inequality |u|so0 < callt|l14a,0-
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Using the mean value theorem we have

(n ; Om)  c (gz 6o) " (Cl) (20 + 5(1hm = 00)) (Mm — €0)
my Um ) y v/ g

+ (1)0 (6o + 5(Om — 60)) (0 — o),

Cy

where 0 < s < 1.
Hence, by (3.22) and by the interpolation inequality we have

1
Co(Mm Om) ‘oo,ﬂt

<o+ B [e“‘( sup [mlliees + ool ieas)

0<r<t

r
/ NImt dt/
0

B, [51—4 s [l + [0l 1)

/ 0, dt’

where By, By > 0 are constants depending on B. Therefore putting ¢ = ¢1/2
we get

+ce™* sup
<7<t

0,0

e~ ¥ sup

0<r<t

9

1

— <g* By & B, )¢l/2(1—x) . 9
cq,(nm,em)‘oo,m—“ T o(By+ BY 0ot (3.23)

+lloolli+a. + [1foll1+a.0]-

Next, from (3.6) it follows

t 1/2
' < looloo. exp [t”? ( / |vum-um\2dt/) ]
1 loo, g2 0 (3.24)

< |00]o0.0 exp(t 2 (t)).

In the same way we estimate ||1m o gy and [|0m | o @r-

Now, taking into account estimate (3.12), Lemma 2.1, (3.23)—(3.24) and
the estimates of [;, ¢ = 1,...,10, (i.e. estimate (3.20) and the others) we
get

am+1(t) < G(t, t%un(t), Hy) fort <T (3.25)

if T < T, and T, is sufficiently small, a > 0 is a constant. In (3.25) G is a
positive increasing continuous function of its arguments,

* 1 77
Hy=0 et looll14+a,9 + lvoll1+a,0 + [Fol[1+a.0 + [ H(E 0) 11 /24a,5 < Ho,
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and ﬁo is a constant.
Assume that the constant A is so large that

G(0,0, Hy) < A. (3.26)
Then by (3.11) and (3.25)—(3.26) if T} is so small that
G(T,, T*A, Hy) < A

we obtain a,4+1(t) < Afor t <T <T,.
This completes the proof. O

Now we prove the convergence of the sequence (7, U, %n). To do this
we consider the differences
Un+1 = Um+1 — U, Omt+1 = Vm+1 — VUm,  Hm = M — i1

The above differences satisfy the problems

nmatUm+1 - ,U/vim Um+1 - Vvumvum : Um+1
= —H,,0ty, — ,u(Vim — Vimil)um

—v(Vau, Vi, —Vau, 4 vum_f)um + Vi ?(Mms V)

- vum_lp(nmfla ﬁmfl) + Hpgm + nmfl(gm - gmfl)
7

= Z Li,
=1

HOHumDum (Um—f—l)ﬁum
= o(TLy,, Dy, _y () s,y — oy Dy, (U )P, ) = Ls + Lo,

t
ng - Dum(Um—H)ﬁum —ong - Aum (t) / Um+1(7')d7'
0

=ngp - [Dumq(um)ﬁumq — Dy, (Um)ﬁmn]
+ ﬁO N [p(nrm 0m)ﬁum - p(nm—h ’19m—1)ﬁum71]
— pono - (ﬁum - ﬁumf1) —ong - (Aum (t) - Aumq(t))f

to /0 70+ (A, (1) = A (7)) /0 " (¢t dr

+ U/O no - (Ay,, (1) — Ay, (7)) um (7)dT

13 15 t
=> L+ [ L
0

1=10 =14
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Um+1li=0 = 0,

NmCo(Mms Im ) 01Omi1 — 5V5 Opmi

= —Hpco(Mm, Im)0m

+ D109 m o (Mm—1, Vm—1) = € (N, Im)]
~#(Vy, = Vi, )0

3
U
+ 5 D [(Eau(um) - Vetm, + &, () - Veum,)”
=1
- (5:1:1 (umfl) : V§Umfl,j + fzj (umfl) : Vfumfl,i)ﬂ
+ = W(Vay - tn)* = (Vuyy  tm-1)’]
+ [’lgmflpﬁ(nmfla ﬁmfl)vum,l *Um—1
- ﬁmpﬁ (T]mv ’lgm)va : um]

23
+ Hp ey, + nm—l(km - km—l) = Z L;,
=16
ﬁum : Vum®m+1

= _(ﬁum ) vumﬁm - ﬁum . vum_ﬂ?m) + (ng - ﬁm—l)

25
= ZLZ,

i=24
Oma1li=0 =0,
O Hp+H,y, divy,, U, (3.27)
=Nm—1(divy,, Um—divy,, | Um—1),
H,,|i=o = 0.

Now, we obtain the following local existence theorem.

Theorem 3.4. Let the assumptions of Lemma 3.3 be satisfied and let o €
[3/4,1). Then there exists T > 0 such that there exists a unique solu-

tion (u,9,n) € W2To 2T x WwEHoTe/2(T) « ¢(0,T; Wit (Q)) n
W21+a’1/2+a/2(QT) of problem (1.4) and

and
Ill1+a0r +sup Inlliraq < ¢(A), (3.29)

where A > 0 is given by (3.9) and (3.26), ¢ is a positive continuous function
of A.
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Proof. Similarly as in the proof of Lemma 3.3 using Lemmas 3.1 and 3.2
we get

a+2,a/24+1 a+2,a/24+1

U1 |02 1@, |G 720 (3.30)
< oo T, 10, ! b
> @3 y 1Mm C’G(QT)’ m CB(QTV . OO’QT’ Cv(nm,ﬁm) e

a,o 2 a,o 2
(ZHL 5 4 3 e
1=16
a—1/2,a/2—1/4
+ZHL lornsr + 3 llasyyasr + 30 LG5 ).
1=24 1=14

We estimate the terms on the right-hand side of (3.30). Consider for
example Ly7. Using Lemma 3.3 we get

[L17)?, are < Y1(A) (3.31)

/ // [’”m 1|§ gl%ﬁzi( or |00 |* | Hy|*

_’_’nm—l( )_nm—l( )| ‘at0m|2‘®m’2

|€ — ¢]3+2e
P OO
s PR o
121002 |<§ 3 5@2&')\2

Om Om(&)?
H|nm—1/18:9 m|2| é) g,’3+2(a ) dtd¢de’
6
> T,
i=1

where 11 and all functions v; below are positive increasing continuous func-
tions, A is given by (3.9) and (3.26). First, we have

: [m-1(€) = nm1 (€)[?* Hn
Il <¢2( )Sup|H |ooﬂsup</ /Q ‘5 g,‘3+2p1 (311/2—3/(2p1)+) fdf

2 /p2
()"
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where 1/p; +1/p2 = 1, p1 + po = 1 and peps < 1. Using the imbeddings
Wite(Q) ¢ wern/m=3/Cr) ) and W(Q) C Loy, (Q) which hold simul-

2p1

taneously for any p; and ps such that 3/2—3/(2p1)+a+(3/2)u1—3/(2p1) <

1+aand 3/2—-3/(2p2) <aif a>1/2, we get
Ty <t3(A) sup || Hm|[1 10,0
t<T
. 2 9 2
Sup [[nm 117 4a,0l9mtllg or-
t<T

Now, since
f;lg HHmH%‘FC‘hQ < a(A,T)T™ ”Um”g—ka,QT'
(where a; > 0 is a constant) estimate (3.32) implies
T < Ps(A, D) T U |30 0

where we have also used (3.10).
Next using (3.10), we have

Ty < 96(A) 3up [0 3, 0 5P 11170 0l ImelIZ o
t<T t<T
< Pr(A)(e 7 sup [Oml[F 00 + 7 sUP O3 o).
t<T t<T

Choosing € = T we obtain

t
Ty < (AT (100 r + T~ sup| / Ordr
t< 0

)

< 7vZS(A)T17%<||@mH§+a,QT + /OT |@m'r|§,9d7—>
< Po(A)TOmll5 40 0r-
Now, we estimate
T3+ Ty < P10(A) fgilg ’Um—l’go,g\wmtui,m
- (sup [Hp|2 o + sup [0 ]2, )
t<T t<T

<91 (A, D) T ([Unli310,0r + 19ml540.0r),

20)
2,Q

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

where we have used (3.33), (3.10) and the interpolation inequality from

(3.35), and ay > 0 is a constant.
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Next, we have

_ g/)’2p1 1/p1
Zs <¢12( )SUP |77m 1|0098up <//Q ’5 5/‘34—2171 3#1/2 3/(2p1)+a) £d£>

()™

where as before 1/p; + 1/py = 1, p1 + pe = 1 and pope < 1. Using the
interpolation inequality

_ 2 — 2
HG’VTZ”‘Q/VQOC+(3/2)H1*3/(2171)(Q) <el %H(—)mHl—i-oz,Q +ce %’@m|2,9
P1

(where » = (1/1+a)(3/2 — 3/(2p1) + a + (3/2)pu1 — 3/(2p1))) and the
imbedding W$*(Q2) C Loy, (2) which hold simultaneously for any p; and po
such that 3/2—3/(2p1)+a+(3/2)u1—3/(2p1) < 1+aand 3/2—3/(2p2) < «
we get choosing € =T

Ts < P13(A, T)T||O]|3 s (3.38)

where a3 =1 — s¢.
In a similar way we obtain

Is < P1a(A, DT NUn 15 o 0 (3.39)

where a4 > 0 is a constant.
Taking into account estimates (3.31), (3.34), and (3.36)—(3.39) we have

[La7]2 or ¢ <1s(A, DTS (|Unill34 0,01 (3.40)
+ H@mHnga,QT)v

where a5 > 0 is a constant.
Now, we estimate

[L17]2/2 ar: < "EIG(A) (3.41)

m— m t,
S [

Mm—1(t) — 77771—1(751)’2

2 2
+ ’t _ tl‘l—i—a |8t7~9m| |®m‘
210609m (t) = QI () - o
+ [Mm—1] It — ¢/]iTe | Hop|
OO (t) — Op 0 ()|
+ ’nm—1|2| t ( ) t ( )| ’@m|2

‘t*tl|1+a
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2 o [Hm(t) = Hu(t)[?
+ Nm—11710¢0m| It — 75/|1-|—a
Om(t) = Om(t)]?
I 1000 = | bt dg

12
1=7
First, in the same way as Z3 and Z, we estimate
Ty +Tho < ¢h17(A) Sup |nm71|go,Q||19mt‘|i7QT (3.42)
t<

(fgp Om|%.0 + sup |Hpnl20.0)

< 13(4 )Ta2(||Um||2+a,QT +11Oml540,07)-

Next, we consider

T11 < 1h19(A )sup |m— 1|ooQ

/ T’ft' mr dTl5, wmtymdtdt
t/‘H—Oé

Hence by equation (3.27) and estlrnate (3.33) we have

T11 < og(A) T /0 | Hyt |2, ot /0 Dt |3, dt (3.43)

T
< ¢21(A)T1_Q<SUP|Hm|go,Q/ |tme| 20 ot
t<T 0
2 T 2 T 2
+ T'sup |77m—1’oo,Q/ |Um§’oo,ﬂdt/ ‘um§|oo,ﬂdt
t<T 0 0

T T
+ sup ’nm—lﬁo,ﬂ/ ’Um£|go,§zdt>/ Ot odt
¢<T 0 0
< 1/122(A)T1_a(f2¥ [z e (7 [ e
+ T'sup || 1 aallUnll ([t |15
t<¥ TIm=1ll1+a,QllYmll2 4,07 IUmll21q 07

[ Imellg o

< Po3 (A, T)T U340 7

where ag > 0 is a constant.
In the same way we obtain the estimate

Ty + Ts < oA, )T |Uni||2, 0 o1 (3.44)
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where a7 > 0 is a constant.
Finally, we estimate Z12. We get

Ty < 4has(A )SUP 112,60 (3.45)

If, TT|4Q
/ / ! e |00 |3 ot adt’

T
Tag(A)T 0 / (Ot 2 / Gont 2 ot
0
Far (AT Ol g 9t |2 or
< Pos( AT Om]12 or

which holds for o > 3/ 4.
Now, estimates (3.41)—(3.45) yield

IN

IN

[L17]o</2,QT,t
S 77/_125(‘4’ T)TaS(HUmHg_Fa,QT + H@mH%_H%QT)’ (3'46)

where ag > 0 is a constant. By (3.40) and (3.46) we have

a,a/2) n a
1471522 < o (A, T)T® (| Unllzs 07 + [Omllasar),

where ag > 0 is a constant.

In the same way we estimate the other terms on the right-hand side
of (3.30). Thus, summarizing the above considerations we get by using
Lemma 3.3

1Um+1ll240.0r + 1Omr1llaa0r < V(A DT ([Unllzia0r + 1Omll21a07);

where a > 0 is a constant, 1) is a positive increasing continuous function of its

arguments. Hence we obtain for T < T}, (where T} is sufficiently small) the

strong convergence of (U, Ym, Nm) to a solution (u,v,n) of problem (1.3).
The uniqueness follows for T}, sufficiently small from the inequality

1Ull21a07 + 1Oll21a0r < YATT(IUll21a0r + [Oll21a.0r),

where T' < T, U = u3 — ug, © = 91 — Y2 and (uy,%1), (uz,¥2) are two
solutions of problem (1.3).

Estimate (3.28) follows from Lemma 3.3 and the convergence of (t,, V),
and estimate (3.29) follows from (3.28) and Lemma 2.1.

This completes the proof of the theorem. O



250 E. ZADRZYNSKA AND W. M. ZAJACZKOWSKI

References

[1] Besov, O. V., II’in, V. P., Nikol’skii S. M., Integral representations of functions and
imbedding theorems (in Russian), Nauka, Moscow, 1975; English transl.: Washington
D.C., Scripta Series in Mathematics Halsted Press Book, Winston, 1979.

[2] Burnat, M., Zajaczkowski W. M., On local motion of a compressible barotropic viscous
Sfluid with the boundary slip condition, Topol. Methods Nonlinear Anal. 10 (1997),
195-223.

[3] Landau, L., Lifschitz, E., Hydrodynamics (in Russian), Nauka, Moscow, 1986.

[4] Serrin, J., Mathematical principles of classical fluid mechanics, in “Handbuch der
Physik”, Bd. VIII//1, Berlin, Goéttingen, Heidelberg, Springer, 1959.

[5] Solonnikov, V. A., Solvability of a problem of evolution of viscous incompressible fluid
bounded by a free boundary on finite time interval, Algebra and Analysis 3 (1991),
222-257.

[6] Solonnikov, V. A., Tani, A., Free boundary problem for a viscous compressible flow
with a surface tension, Constantin Caratheodory: An International Tribute, ed. by
Th. M. Rassias, World Scientific Publ. Co., (1991), 1270-1303.

[7] Solonnikov, V. A., Tani A., Evolution free boundary problem for equations of motion
of viscous compressible barotropic liquid, Paderborn University, preprint.

[8] Zadrzynska, E., On nonstationary motion of a fixred mass of a general viscous com-
pressible heat conducting capillary fluid bounded by a free boundary, Appl. Math. 25
(1999), 489-511.

[9] Zadrzynska, E., Zajaczkowski W. M., On local motion of a general compressible
viscous heat conducting fluid bounded by a free surface, Ann. Polon. Math. 59 (1994),
133-170.

[10] Zajaczkowski W. M., On nonstationary motion of a compressible barotropic viscous
capillary fluid bounded by a free surface, STAM J. Math. Anal. 25 (1994), 1-84.

E. ZADRZYNSKA W. M. ZAJACZKOWSKI
INSTITUTE OF MATHEMATICS INSTITUTE OF MATHEMATICS
AND OPERATIONS RESEARCH PoLISH ACADEMY OF SCIENCES
MILITARY UNIVERSITY OF TECHNOLOGY SNIADECKICH 8
S. KALISKIEGO 2 00-950 WARSZAWA, POLAND
01-486 WARSZAWA, POLAND E-MAIL: WZQIMPAN.GOV.PL
CURRENT ADDRESS: INSTITUTE OF MATHEMATICS
INSTITUTE OF MATHEMATICS AND OPERATIONS RESEARCH
PoLISH ACADEMY OF SCIENCES MILITARY UNIVERSITY OF TECHNOLOGY
SNIADECKICH 8 S. KALISKIEGO 2
00-950 WARSZAWA, POLAND 01-486 WARSZAWA, POLAND

E-MAIL: EMZAD@IMPAN.GOV.PL



