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Abstract. We consider the fourth order periodic problem with a func-
tional parameter. Some sufficient conditions under which solutions of
this problem continuously depend on parameters are given. Proofs of
theorems are based on variational methods.

Introduction

This paper is devoted to the continuous dependence on functional param-
eters of solutions of the fourth order periodic problem. Sufficient conditions
for the existence of solutions of this problem and their continuous depen-
dence on parameters are presented.

The question of the existence and uniqueness of solutions for the periodic
problem was considered in many monographs and papers [3], [6], [2].

The problem of the continuous dependence on parameters for scalar equa-
tions of second order, was investigated in papers [4], [5]. In the case of the
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functional parameter from L sufficient conditions for the existence of solu-
tions of the second order differential equations with Dirichlet-type boundary
conditions and their continuous dependence on parameters, are given in pa-
per [7]. The continuous dependence on functional parameters of solutions
of the fourth order periodic problem has not been investigated so far.

In our paper we consider a problem of the form

d (d Do Do Do

7 (dtfﬁ (t,u,u,u,w) - (t,u?u,u,w.)> + fu (t,u,u,u,w) =0
u(0) = u(T) =14(0) —&(T) =0 (0.1)
v(0) —v(T) =v(0) —v(T)=0

where v () = fi (-, u (), (-),i(-),w (), w is a functional parameter from
L and we look for u € H% Under some suitable assumptions, we prove
that the set Vj of weak solutions of (0.1) is not empty, for any wy, € L
and ‘Z% tends to ‘N/WO in the sense of Painlevé-Kuratowski, as wj, tends to
wp in the strong topology of L*°. In many situations it is more natural to
consider the normal form of (0.1):

u

u® = %F: (t,u, ﬁ,w) - F, (t,u,ﬁ,w) (0.2)
w(0) — u(T) = 0(0) — w(T) = @(0) — i(T) = u®(0) — u®(T) = 0.

We give sufficient conditions under which (0.2) depends continuously on
the parameter w. We are interested in cases when VF' is bounded and F' is
convex.

1. Formulation of the fourth order problem

By H2 we shall denote the space of functions u : [0,7] — R" such that
u, 4 are absolutely continuous and ii € L% ([0, T],R"), and u(0) — u(T) =
w(0) — w(T) = 0 where T > 0.

In the space H% the norm is given by formula

lull = ( / " Juto)Pt + / ot + / ' ru<t>|2dt)

It is easy to check that H% C H} where H% is the space of functions
u: [0,T] — R™ such that u is absolutely continuous and u € L ([0, T],R™),
and u(0) — u(T) = 0 where T' > 0. Moreover @ € H} and fOT u(t)dt =0, so

1/2
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we can apply the Wirtinger inequality for u

T - T2 T
/\u(t)]2dt < W/\u(t)lzdt. (1.1)
0 0

It is easy to calculate that

Lemma 1.1. In the space H% the following norms are equivalent:

1/2
L fully = <f\u !2dt+f!u I2dt+f|u \th> :

[e=]

- 1/2
2. [ullz = (f\u( |2dt+ffu |2dt> ,

OT 1/2 1/2
3. [[ulls = <f|u(t)|2dt> (f (¢ |2dt> ,

’ 1/2
4. ulls = luol + (f ji(t)[Pdt | uo = u(0),

1/2

5. |Julls = [a] + <f|u y2dt> = ;ju(s)ds .

Lemma 1.2. If the sequence uj converges weakly to ug in H2, then iy,
converges weakly to iig in L? ([0, T]),R™) and 1w — uo, ur — uo uniformly
on [0,T].

Proof. Let {u;} C H% tends weakly to ug in H% Of course {uk} C H},
so ii tends weakly to g in L? ([0, T],R™) and 1y, tends uniformly to g on
the interval [0, 7]. Moreover {uy} C H., so uy, tends uniformly to ug on the
interval [0, 7). O

Let M be a convex and bounded subset of R". Let us put
W ={we L>® (0, T],R") :w(t) € M}.
The set W will be referred to as a set of parameters.
Let f = f(t,po,p1,p2, w) be any real function defined on the set [0, 7] x
(R")3 x M, satisfying the following assumptions:
(1-a) the functions f, fp,, fp1, fpes fww are measurable with respect to t €

[0, 7] for any (po, p1,p2, w) € (R™)® x M and continuous with respect
to (po, p1,p2,w) € (R”)3 x M for a.e. t € [0,T],
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(1-b) f(t,po,p1,-, w)is convex for a.e. t € [0,T] and any (pg, p1,w) € (R”)2><
M,

(1-c) there exist some functions a(-) € C(R*,R*), b(-) € L' ([0, T],R) and
c(-) € L2([0,T],R) such that

£t po, p1,p2, w)| < all(po, p1)) (6() + Ip2f?),

| fp: (£, p0, P1, P2, w)| < a(|(po, p1)]) (b(t + |pa| ) i=0,1,
| fp2 (8,20, P1, P2, w)| < a(|(po, p1)]) (c(t) + [p2]),
| fu (t, o, P1, P2, w)| < a(|(po, p1)| (b +|p2\>
for all (pg, p1,p2,w) € (R ) x M, and for a.e. t € [0,T].

(The abbreviation “a.e.” means “almost every” in the sense of Lebesgue
measure. )
Now let us consider a functional

T
:/f@mmﬂ@ﬂwﬂﬁ»ﬁ. (1.2)
0

Using the same method as for Theorem 1.4 in [3], we can prove

Theorem 1.3. If a function f satisfies assumptions (1-a)—(1-c), then the
functional given by (1.2) is continuously differentiable on H? for allw € W
and

T =2 .
(. h) = [ 3 (d (tute) o). ), w(0) O (1) de

o =0

for all u, h € HA.

Let us consider a boundary value problem with a parameter w € W of
the form:

d (d Do Do Do

& (dtfu (t,U,U,U,W) _fu (t7U,U,U,W)> +fu (t,U,U,U,W) =0
u(0) = u(T) = u(0) —u(T) =0 (1.3)
0(0) — o(T) = 9(0) — o(T) =0t € [0,T] ac.

where v (-) = fi (,u(-),0(-),i(),w(-)) and u € HF .

For this problem, the corresponding functional is given by (1.2). It is
easy to see that, under assumptions (1-a)—(1-c), the system defined by (1.3)
is a system of Euler equations for functional (1.2).
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Definition 1.1. We say that the functional ¢, (-) defined by (1.2) is uni-
formly coercive with respect to w when

VK >0 3R Vi|z|>R YweW p,x)>K.

2. Principal lemma

Let ¢i(-) = ¢u, () k=0,1,2,... be a sequence of functionals defined by
(1.2) with w = w, i.e.

T
i (u) = / £ (tu(t), t), ii(t), wi (1)) dt
0

where {wy} is a sequence of admissible parameters. Denote by Vj, the set of
all minimizers of the functional ¢y, i.e.

Vi = {uEH%:gpk(u):min{gpk(x) mEHr_Qp}} (2.1)

Definition 2.1. We say that a sequence of sets V}, defined by (2.1) tends to
Vo in the weak topology of H2 if any sequence {z}, zx € Vi, k =1,2,...
possesses cluster points (in the sense of the weak topology of H%) in the set
Vo only.

The set of all cluster points of sequence {xy} is often referred to as the
upper limit (in the sense of Painlevé-Kuratowski) of sets Vj and denoted
by lim sup V.

In the case when sets Vj are singletons, i.e. Vi = {zx} £k =0,1,2,...,
then the convergence of the sets is identical with the convergence of points
in the weak topology of H2 (see Lemma 1.2).

Now we prove a lemma

Lemma 2.1. If the sequence {wy} C W k =1,2,... tends towyg € W in
the strong topology of L™ then the sequence ¢, (-) tends to o(-) uniformly
on the ball B (0,R) C H2 for any fived R > 0.

Proof. By the mean-value theorem and assumption (1-c) we obtain

T
|on(u) = wo(u)] S/!fw (t (£) 1 (8) i (£) , Gk ()] Jwop (£) — wo (£)] dt
0

T
< [a(® i) (6@ + 5 OF) lox () - w0 0] d
0
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where @ (t) = wo (t) + O (t) (wi (t) —wo (t)) and 0 < O(t) < 1. Since
||ul| < R, there exists a constant C' > 0 such that a (|(u(t),u(t)]) < C
and [ |it (t)|* dt < ||ul|> < R? for any u € B(0, R).

Let us put € > 0. Since wp — wqg in L®°, there exists some K, such that
for any k > K and t € [0, T] we have

jw () —wo (£)] <e.

Therefore we obtain
T T
lor(u) — o(u)] < Cs/b(t) dt + 05/ i ()2 dt < Cre + C=R® = Coe
0 0

for positive constants C7, Cy. This ends the proof. O
We shall prove

Lemma 2.2. If

1. the function f satisfies assumptions (1-a)—(1-c),
2. ¢i(+) are weakly lower semicontinuous and uniformly coercive with re-
spect to wg,

then

a) for any admissable parameter wy, the set Vi, of minimizers of functional
@, (+) is not empty,

b) there exists a ball B(0,R) C H? such that Vi, C B(0,R) for k =
0,1,2,....

Proof. Since by assumption 2, there exists at least one minimizer uj of
¢, (), thus Vi, £ =0,1,2,... is a nonempty set. Hence ¢ (uy) < ¢ (0) for
wr € W.

Let us put P = sup,, cyy ¢x(0) < 0o. So there exists R > 0 such that for
all w, € W we have

u, € Vi, C Ay = {u € Hi : p(u) < P} C B(0,R). (2.2)

Indeed suppose that the second inclusion in (2.2) does not hold. Then for
all R > 0, for instance R =k, k= 1,2,..., there exists a parameter wp € W
such that Ay & B (0, R). Thus there exists a sequence {ug}, where uy € Ay,
such that ||ug|| > R =k, k =1,2,.... Because pg() is uniformly coercive,
so for ||ug|| — o0, k — oo we have g (ug) — co. Hence uy ¢ Ay, for k > P
and we have got a contradiction. It means that Ay C B (0, R) for some
R>0and £k=0,1,2,.... ]
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3. Continuous dependence on parameters theorem for the fourth
order equation

Let {wp} C W be an arbitrary sequence, and by Vj, C H?2 denote the set
of solutions of the periodic problem

G (G (0,500, 500.00) = £ (.0, 0 0)(0))
+fu (tu(t), alt), @(t),wp(t)) =0
u(0) = u(T) = w(0) = w(T) = 0 (3.1)
v(0) = v(T) = 6(0) — H(T) =0
for a.e. t € [0,7) and k=0,1,2,...,
and denote by
Vi = {u € H} : ¢, (v) = min {p,, (z) 1z € H}}}

the set of minimizers of functional ¢, (-) for £k =0,1,2,....

Theorem 3.1. If

1. f satisfies assumptions (1-a)—(1-c),

2. for any admissable parameter wy, the set Vi, of minimizers of functional
P, (), is not emply,

3. there exist a ball B(0,R) C H2 such that Vi, C B(0,R) for k =
0,1,2,...,

4. @y, (+) is convex for any wy, € W, for k=0,1,2,...,

5. the sequence {wr} C W tends to wy € W in the strong topology of L,

then lim sup Vi is a nonempty set and lim sup Vi CVh.

Proof. Let {u;} C H? be a sequence such that uy € V for k = 1,2,....
Because Vi, C B(0,R), k =1,2,... with some R > 0, we may assume that
uy tends weakly to ug in H% Denote

my = @k (u) = inf {p(z) : @ € H7} = inf {py(z) 12 € B(0,R)}.

Since by assumption 5 and Lemma 2.1, ¢, (-) tends to ¢o(-) uniformly on
the ball B (0, R), we have

My — M. (3.2)

Suppose that ug does not belong to V. The set is not empty, therefore
there exists z € Vj such that ug # . We have

my —mo = pr(ug) — o(z) = [r(ur) — wo(ur)] (3.3)
+ [po(ur) — wo(uo)] + [wo(uo) — wo()].
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It is easy to check that ¢o(ug) — po(z) > 0. So passing with k to oo in (3.3)
we get a contradiction with (3.2). Hence limsup Vi, C V.

Moreover the functionals ¢, (-) are convex and differentiable in the sense
of Gateaux, therefore Vi = Vi, k=0,1,2,... . This ends the proof. [

Corollary 3.2. If the assumptions of Theorem 3.1 are satisfied and the
functionals ¢, (-) are strictly convex then problem (3.1) possesses a unique
solution, i.e. the set Vi, = {uy}, is singleton for k =0,1,2,... and u; tends
to ug in the weak topology of H%

Theorem 3.3. If
1. f satisfies assumptions (1-a)—(1-c),
2. there exist some constants as,ag > 0, a1 > 0 and as > a1T2/47r2,
b >0 (i=0,1,2) and a functz’on co € LY ([0,T],R) such that

f(t7p07p17p27 Z (al ’p’b bl ‘p1’> - CO’

3. Yu, (+) is convex for any wi, € W,
4. the sequence {wr} C W tends to wy € W in the strong topology of L,

then limsup Vi, is a nonempty set and limsup Vj, C V.

Proof. To prove this theorem we must show that ¢, (-) is uniformly coer-
cive with respect to wp € W, k=0,1,2,... and weakly lower semicontinu-
ous. By assumption 2 we have

F (), i), (1), wp () Za ()b li()lar [a)]* (34)
—bu [u(t)Frao fu(t)*~bo [u(t) o
for any wy, € W. Using the Wirtinger inequality (1.1), we get
2
Pu (1) 2 ainllu|* = Y b/ TJul| — &,

=0

T 2 2.\ ; 2 /42

where ||ul|| = <f0 lu(t)] dt—l—fo [i(t)] dt) , Gmin = min{ag — a; 7% /472,

ap}, ¢ = fOT co(t)dt. Because az — ayT?/47? > 0 and ag > 0, the functional
P, (+) is uniformly coercive with respect to wy.

Our next step is to prove that the functional ¢, (-) is weakly lower
semicontinuous for any ug € H% Denote

Z = {(tpo,pl,pz) € [0,7] x (R")®,|p1| < Po}

where pg = maxe(o 7] |t ()]
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By assumption 2 we have

ftz,p,w) > —(t)

for some positive and integrable function ¢ and for any (¢, po, p1,p2) € Z. So
the fact that ¢, (+) is weakly lower semicontinuous in ug € H? is obtained
from Theorem 10.8.i in [1].

By Lemma 2.2 the set Vj of minimizers of functional ¢, (-) for k =
0,1,2,... is not empty and there exist a ball B(0,R) C H2 such that
Vi € B(0,R) for k =0,1,2,.... Now we can apply Theorem 3.1 and we
obtain the assertion. O

4. The normal form of the fourth order equation

Let W = {w e L™ ([0,T],R") : w(t) € M} where M is any convex and
bounded subset of R" and let F' : [0,7] x R™ x R™ x M — R satisfy the
following assumptions:

(2-a) F(t,po,p1,w) is measurable with respect to ¢t € [0,7] for any
(po, p1,w) € R™ x R™ x M and continuously differentiable in (pg, p1)
for a.e. t € (0,77,

(2-b) there exist functions a(-) € C(R*,R*) and b(-) € L' ([0,T],R) such
that
[F(t, po, p1, w)| < a(|(po, p1)])b(2),
|F i(tvpoaplvw)| < a(|(p07p1)|)b(t), 1=0,1,
for all (po, p1,w) € R™ x R™ x M, and a.e. t € [0,T].

Let us consider the functional ®,, given by

T
By (u) = / <;|u(t)|2 +F(t,u(t),a(t),w(t))> dt. (4.1)
0

The functional (4.1) is continuously differentiable on H2 and

T
(@ (u),h) = / (Fu (t,u(t), a(t),w(t)) , h(t)) dt
0
+ / (Fﬁ (t,u(t),m),w(t)),ﬁ(t)) dt + / (u(t>,h<t)>dt.
0 0

We will use some generalization of the Du-Bois-Reymond lemma (see [2]).
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Lemma 4.1. Ifv € L?([0,T],R"), w € L' ([0, T],R") and
T T

/(U(t),h(t))dt:/(w(t),h(t))dt
0 0

for any h € H%, then there exist constants cg, c1 € R such that

t1

¢
//w )dsdty + c1t + ¢
0 0

for a.e. t €[0,T] and v(0) = v(T), v(0) = o(T).

Theorem 4.2. Let F satisfy assumptions (2-a) and (2-b). If u € H2 is a
solution of the corresponding Euler equation for functional (4.1), then i has
weak derivatives u® and v, and

WD ()= S Fy (1 u(e) i0), ()~ Fu (6u0) 0, 0(0) (42
w(0) — w(T) = 4(0) — u(T) = it(0) — i(T) = u®(0) — u®(T) =0
for a.e. t € [0,T].

Proof. By assumptions we have

(@, (u),h) =0
for all h € H2. So
T T
/ (a(t), B(t)) dt = —/ (Fu (t,u(t), u(t),w(t)) ,h(t)> dt (4.3)
0 TO |
- / (Fou (t,u(t), i(t), w(t)) , h(t)) dt.
0

Integrating by parts the second integral in (4.3) and using the boundary
conditions we obtain :
T

/ (il(t), 'h(t)) dt

0

= O/T <<jtFu (t, u(t), u(t),w(t)) — F, (t,u(t),vi(t),w(t))) ,h(t)> dt.

Applying the fundamental Lemma 4.1, we get assertion of the theorem. [
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Lemma 4.3. The functional ®,(-) given by (4.1) is weakly lower semicon-
tinuous in H2.

Proof. The following functional:
T
H2 50— /;W(t)\zdt
0
is convex and continuous so is weakly l.s.c., and the functional
T
H2 5 u— /F (t, u(t), u(t),w(t)) dt
0

is weakly continuous (see Lemma 1.2). Therefore the functional ®(-) as
the sum of weakly lower semicontinuous functionals is weakly lower semi-
continuous in H% O

For later considerations, in the space H% we will consider the norm given

by
. T
T/u(s)ds.
0

Let us denote by Vj, C H% the set of solutions of the periodic problem of
the form:

W) = S, (ult), ilt), wx(0) — B (1, u(t), i(e), (1)

for a.e. t € [0, 7],
w(0) — u(T) = u(0) — w(T) = ii(0) — i(T) = u®(0) — u®(T) =0
where wp, € W, k=0,1,2,...,

1/2

T
ul| = ] + / aoPd| . a
0

and by
Vi={ue H : @, (u) = min {®,, (v) 1 v € H%}}
— the set of minimizers of functional ®,, () for k =0,1,2,....
Under some conditions about F' we can prove the following theorems:

Theorem 4.4. If
1. F satisfies assumptions (2-a)—(2-b),
2. there exist g € L ([0,T],R") such that

|Fp, (t, 2, y,wp)| < g(t) Va,y € R™ and wy, € W,
fori=0,1and k=0,1,2,...,
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3. fOT F (t,x,0,wi(t))dt — oo uniformly with respect to wy, when
|z| — oo for k=0,1,2,...,

4. @, (-) is convex for any wy, € W with k =0,1,2,...,

5. the sequence {wr} C W tends to wy € W in the strong topology of L,

then limsup Vi, is a nonempty set and limsup Vi, C V.

Proof. We have to prove that ®,, (-) is uniformly coercive with respect to
wk, for k=10,1,2,.... Let wy € W, k=0,1,2,.... For u € H? we have

uw =1U + U where © = fOTu(s)ds and 4 = . So

T
D, (u) = / <;|u(t)|2 + F (t,u,O,wk(t))> dt
(F (¢, u(t), ut), wr(t)) = F (.7, u(t), wi(t))) dt

_l’_

+ [ (F (t,@,at),wr(t)) — F (t,3,0,wi(t))) dt.

Ot~y "T—n°

Hence we have that

(;W(t)]Q + F (t,7, O,wk(t))> dt
(Fu (t,@ + sa(t), u(t),w(t)) , alt)) dsdt

<F1:L (t, u, S%L,wk(t)> ,ﬂ(t)) dsdt.

By the Sobolev inequality and the Wirtinger inequality we obtain

T T

T
b 0 = 5 [li)Pa~ [ gl — [ owiatill
0

0 0

T
+ /F(t,u,O,wk(t))dt
0
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T T 1/2 T 1/2
1
= / iPar-cr | [laePar) - ca| [lPa
0 0
T
+/Ftu0wk t))dt
0
1,0 ) _
= Sllallze = Cllillze + [ F(8,3,0,ws(t)) dt
where C, C1, Cy are constants and k = 0,1,2,.... So if ||u|| — oo, then
®,, (u) — oo uniformly with respect to wg, for £ =0,1,2,.... By Lemma

4.3 and Lemma 2.2 the set Vi of minimizers of functional ®,, () for k =
0,1,2,... is not empty and there exists a ball B (0, R) C H2 such that V}, C

B(0,R) for k=0,1,2,... . Applying Theorem 3.1 we get the thesis.

Theorem 4.5. If
1. F satisfies assumptions (2-a)—(2-b),

O

2. F(t,-,-,wi(t)) is convex for t € [0,T] a.e., for all wy, € W with k =

0,1,2,...,
3. F(t,z,y,wk)

> alz| = B+ ¥(ly]) for all x,y € R™ and wy, € W,

k=20,1,2,... where o > 0 and B > 0 are some constants and ¢ €

L' ([0,T],R"),

4. the sequence {wy} C W tends to wy € W in the strong topology of L,

then limsup Vi, is a nonempty set and lim sup Vi € Vp.

Proof. By assumptions we conclude that the real function

gk;R”9$—>/F(t,x,o,wk(t))dt, k=012,

has a minimum at some point z,, for which
T
/Fpo (t,Zw,, 0, wi(t))dt =0, k=0,1,2,...
0

and

T
/F (t,x,0,wi(t)) dt— oo when |z| —oc0, £ =0,1,2,....
0

(4.5)
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Let us fix for a moment &k and let {u,} C H} be a minimizing sequence for
®,, (-). By the assumption of convexity we obtain

T T

By (1) > ;/]un(t)\th+/F(t,xwk,o,wk(t))dt

0 0

+ (FPO (t7TUJk7 07 U.)k(t)) 7un(t) - fwk) dt

[ (Fpy (8T, 0,0k (1)), i (8)) dt

Tt~ T

and by (4.4) we have

Wk Un = /’un 2dt+/ (t,fwk,O,Wk(t)) dt

- / (6 o 0, (6]

0
T

= [ 1B (¢, 0, (0] 1] o
0
Using assumption (2-b) and the Sobolev inequality we obtain

wk un =z /’Un th+/ (t,fwk,o,wk(t)) dt

/Fpo (£ T 0,00 (8)) | [lim o

0

T -
/a (T O)) b (£) dt] ]| oo
0

1 ..
> Sllinl 32 = C1 = Callinllz2

where C1, Cy > 0, uy = Up + Unp, un = 1.
Hence there exists a constant Dy > 0, such that

[liinll L2 < Di



CONTINUOUS DEPENDENCE ON PARAMETERS 127

and inequality (1.1) and the Sobolev inequality imply that

||71Hoo < (3 and HﬂnHoo <y

where C3, Cy > 0 are constants.
From the convexity of F' we obtain:

F (t, %un O,wk(t)> —F (t, % (un(t) — iin(t)) % (iont) — 1at)) ,wk(t))

< %F (8, (1), i (), () + %F (.~ (1), (1), (1))
for a.e. t € [0,T]. Hence
T T

1 1
D, (un) > 2/|un(t)|2dt + 2/F (t, Qun,O,wk(t)> dt
0

0

- / P (1~ (1), —in (1), w4 (0)
0

T

1
> 2/F (t, 2un,0,wk(t)) dt — Cj
0

for some C5 > 0. Thus there exists a constant Dy > 0, such that |[a,| < Ds.

Therefore @, () for £ = 0,1,2,... has a bounded minimizing sequence
and the set V}, is not empty for £k =0,1,2,....

Now we have to prove that there exists a ball B (0, R) C H? such that
Vi ¢ B(0,R) for k=0,1,2,....

First, let us notice that

T T
gk (2) = / F (¢, 2,0,0p(t)) dt > / (alz] — B+ ([0])) > aolz| - Fo
0 0

where ag > 0.
Let us denote A = a (0) fOT b(t)dtand B (0,p) = {z € R" : ap|z|— Lo < A}.
By the assumption (2-b) we have

gk(fwk)ggk(O)SA k=0,1,2,....

Let us notice that all minimizers @, are in B(0,p), k =0,1,2,.... Indeed
Ty, €{z €eR" 1 gy () <A} C{z e R" : |z| — B < A} =B (0,p).
Now let uy, = 1y, + uy be a minimizer of &, () for £ =10,1,2,.... In the

analogous way as previously we can show that ||ug|| < R . By Theorem 3.1
we get the thesis. O
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Example 4.1. Let f: [0,7] x R? x R? x R? x M — R be a function defined
by the formula

2
f(t,po,p1,p2,w) = |p2|2 +p§ —w |pl]2 + e WP
+sinp} |p1|* + [po|* + twp? (4.6)

where p; = (p},p?), i=0,1,2, and M = [—1,1]. Let us notice that

£ (t,p0,p1, P2, w) > [pal® — |p2| — 2|p1|* + |pol* — T |po] -

Consider the functional
T
pulw) = [ 1 (ta(e) 0. (), (1)
0

where f is given by (4.6). One can show that ¢, is strictly convex for
any w € W = {we L*([0,T],R") : w(t) € M}. Let {wx} C W be any
sequence strongly converging to wy € W. Consider a periodic problem with
parameters wg, k=0,1,2,...

d (d : : :
o (dtzul + 2wttt — 20" sinu1> +2u! 4 ‘u‘Q cosu' =0 (4.7)

dt
w(0)—u(T) =u(0)—u(T) =ii(0) —i(T) =u® (0) —u® (T) =0.

d(d : : :2
7 < (21124— 1) +2wku2 — 24" sin ! —wpe WK > +2u?+twy =0

From Theorem 3.3 and Corollary 3.2 it follows that for each wy, k =
0,1,2,..., problem (4.7) possesses a uniquely defined solution u, € HZ
and that the sequence {uz} tends to ug in the weak topology of Hz.

Example 4.2. Let W = {w € L* ([0,T],R) : 0 < w(t) < 1} and let {wy} C

W, k = 1,2,... be any sequence strongly converging to wg. For k =
0,1,2,... consider the scalar problem
(4) d . N .
ut =~ (wgsin (u — @) — wg cosw + e (t))

— Wy sgn u + wy, sin (u — u) , (4.8)
w(0)—u(T) =u(0)—u(T) =ii(0) —i(T) =u®(0) —u® (T) =0
where function e € L' ([0, T],R"). In this case, F is of the form
)"

2 .
F(t,po,p1,w) =w (P(Z) +p} +wcos (po — p1) —wsinpy + e (t) p1
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and hence
T T
/F(t,x,O,w) dt = (|x| +cosa:)/w(t) dt — oo
0 0

if |x| — oo. It is easy to show that
|Ey, (6, y,wi)| < g(t) Ve,yeR"andwp, € W, i=0,1, k=0,1,2,...
where ¢ (t) = max (2,2 + e (t)) for t € [0,T]. Moreover the functional

T
<I>w(u):/<;|ii(t)]2+F(t,u(t),&(t),w(t))> dt
0

is strictly convex, so from Theorem 4.4 and Corollary 3.2 it follows that for
each wg, k=0,1,2,..., problem (4.7) possesses a uniquely defined solution
up € H%, and that the sequence {ut} tends to ug in the weak topology of
2.
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