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Abstract. A cardinal related to compositions of Sierpiński-Zygmund
functions will be considered. A combinatorial characterization of the
cardinal is given and is used to answer some questions of K. Ciesiel-
ski and T. Natkaniec. It is shown that the bounding number of the
continuum may be strictly smaller than continuum.

1. Introduction

Recall that f ∈ RR is called a Sierpiński-Zygmund function provided that
the restriction f |X is not continuous for any set X ⊆ R of cardinality c. We
will denote the family of Sierpiński-Zygmund functions by SZ. We will be in-
terested in resolving some problems in [3] about a cardinal, Cout(SZ), related
to compositions of Sierpiński-Zygmund functions. We give a combinatorial
characterization of Cout(SZ) and show that it has a close relationship to the
higher cardinal generalization of the bounding number b of ω. Of particular
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Key words and phrases. Sierpiński-Zygmund functions, cardinal functions, singular

cardinals.

ISSN 1425-6908 c© Heldermann Verlag.



244 F. JORDAN

interest to us will be the value of the generalized bounding number when a
cardinal is singular.

2. Preliminaries

In what follows we will use the following terminology and notation. Any
notation not specifically defined can be found in [2]. Functions will be
identified with their graphs. The set of all functions from a set X into a set
Y will be denoted by Y X . Given sets X,Y,W and f ∈W Y and g ∈ Y X we
denote their composition by f ◦ g.

The symbol |X| will denote the cardinality of the set X. The successor of
a cardinal κ will be denoted by κ+. We denote by [X]<κ, [X]κ, and [X]≤κ

the sets of all subsets of X of cardinality less than κ, equal to κ, and less
than or equal to κ, respectively.

The cardinality of the real numbers R will be denoted by c. Given a
cardinal number κ we let cf(κ) denote the cofinality of κ. We say a cardinal
κ is regular provided that cf(κ) = κ, otherwise we say κ is singular. For
functions f, g ∈ Y X let [f = g] denote the set {x ∈ X : f(x) = g(x)}. We
define [f < g] and [f ≤ g] in a similar way when ≤ and < are defined for Y .

We also will consider the following cardinals related to a cardinal κ.
dκ = min{|F | : F ⊆ κκ & (∀g ∈ κκ)(∃f ∈ F )(|[f = g]| = κ)}.
bκ = min{|F | : F ⊆ κκ & (∀g ∈ κκ)(∃f ∈ F )(|[f ≥ g]| = κ}.

Note that bκ ≤ dκ [5, Proposition 1.3(2)]. When κ = ω the numbers bω and
dω are equal to the bounding and eventually different numbers, respectively,
both of which have been heavily studied, e.g. [1]. Notice that bκ is a regular
cardinal [5, Proposition 1.3(1)] and that κ < bκ when κ is regular.

For a cardinal κ we let Sκ = ([κ]<κ)κ. Let X and Y be sets and define
R(X,Y ) = {f ∈ Y X : |f−1(y)| < |X| for every y ∈ Y }.

We will consider the following combinatorial cardinals which turn out to
all be equal although it is not obvious that they are:
(λ1
κ) λ1

κ is the smallest cardinality of an F ⊆ Sκ such that for any g ∈ κκ
there is an f ∈ F such that |

⋃
{f(ξ) : g(ξ) ∈ f(ξ)}| = κ,

(λ2
κ) λ2

κ is the smallest cardinality of an F ⊆ R(κ, κ), such that there is
a g ∈ κκ such that for any h ∈ κκ there is an f ∈ F such that
|[h ◦ f = g]| = κ,

(λ3
κ) λ3

κ is the smallest cardinality of an F ⊆ R(κ, κ), such that there is a
G ∈ [κκ]κ such that for any h ∈ κκ there is a g ∈ G and an f ∈ F such
that we have |[h ◦ f = g]| = κ

(λ4
κ) λ4

κ is the smallest cardinality of an F ⊆ κκ such that for every g ∈ κκ
there is an f ∈ F such that f [[g ≤ f ]] is unbounded in κ.
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3. Results

In [3, Theorem 4.9] it is shown that f ∈ R(R,R) if and only if there is
an h ∈ RR such that h ◦ f ∈ SZ.

The following cardinal is defined in [3]

Cout(SZ) = min{|F | : F ⊆ R(R,R) & (∀h ∈ RR)(∃f ∈ F )(h ◦ f /∈ SZ)}}.
The following two propositions are established in [3, Theorems 4.11 and

4.14]:

Proposition 1. If c is a regular cardinal, then c < Cout(SZ) ≤ 2c. Gener-
ally, cf(c) ≤ Cout(SZ) ≤ ccf(c).

Proposition 2. If c = κ+ for some κ, then Cout(SZ) = dc.

The two propositions above suggest the following two problems about the
cardinal Cout(SZ) which are posed in [3].

Problem 1. Is the assumption that c is regular important in Proposition 1?

Problem 2. Can Proposition 2 be proved for any value of c? What if c is
regular?

We first give a combinatorial characterization of Cout(SZ) which is a corol-
lary of the two following general theorems.

Theorem 3. If κ ≥ ω is a cardinal, then

cf(κ) ≤ λ4
κ = λ1

κ = λ2
κ = λ3

κ.

Theorem 4. If κ is singular, then cf(κ) ≤ λiκ ≤ cf(κ)+ for 1 ≤ i ≤ 4. If κ
is regular, then κ < bκ = λiκ for 1 ≤ i ≤ 4. In either case λiκ is regular for
1 ≤ i ≤ 4.

Recall the following result of W. Sierpiński and A. Zygmund [6]:

Proposition 5. f ∈ RR is in SZ if and only if |[f = h]| < c for every
continuous function h defined on a Gδ set of cardinality c.

By Proposition 5, if we let J be the collection of functions f ∈ RR such
that f |X is continuous for some Gδ-set X ⊆ R of cardinality c and zero
elsewhere, then |J | = c and:

(∗) f ∈ RR ∈ SZ if and only if |f ∩ j| < c for every j ∈ J .

We can prove the following corollary of Theorems 3 which gives a partial
answer to Problem 2.
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Corollary 6. λic = Cout(SZ) for all 1 ≤ i ≤ 4.

Proof. Let F ⊆ R(R,R) witness the definition of Cout(SZ), i.e., |F | =
Cout(SZ) and

(∀h ∈ RR)(∃f ∈ F )(h ◦ f /∈ SZ).
By (∗) we know that F has the following property,

(∀h ∈ RR)(∃f ∈ F )(∃j ∈ J)(|[h ◦ f = j]| = c).

It follows that λ3
c ≤ Cout(SZ). Letting κ = c = |R| Theorem 3 implies that

λic ≤ Cout(SZ) for all 1 ≤ i ≤ 4.
We will be done if we show that Cout(SZ) ≤ λ1

κ. Let N denote the
irrational numbers. Suppose F ⊆ ([R]<c)R and suppose |F | < Cout(SZ).
Let k : N → R3 be a continuous bijection (see Exercise 7.15 of [4]).

For each f ∈ F define the function f1 on a subset of R3 by letting

f1(〈x, y, z〉) = y

for all 〈x, y, z〉 such that x ∈ f(y) and z ∈ f(y). Notice that |f−1
1 (y)| < c

for every y ∈ R. We may extend f1 to a R(R3,R) type function f∗1 defined
on R3. Let F ∗ = {f∗1 ◦ k : f ∈ F}. Clearly, |F ∗| < Cout(SZ).

Let π1 be the projection of R3 onto the first coordinate and π3 be the
projection of R3 onto the third coordinate. Since π1 ◦ k : N → R is con-
tinuous and F ∗ ⊆ R(N ,R) has cardinality less than Cout(SZ), there is an
h : R→ R such that |[h ◦ (f∗1 ◦ k) = π1 ◦ k]| < c for every f ∈ F . Since k is
a bijection, we have |[h ◦ f∗1 = π1]| < c.

Fix an f ∈ F . We will be done if we show that |
⋃
{f(x) : h(x) ∈ f(x)}| <

c. Let y ∈
⋃
{f(x) : h(x) ∈ f(x)}. There is a x ∈ R such that y ∈ f(x) and

h(x) ∈ f(x). Now,

(h ◦ f∗1 )(〈h(x), x, y〉) = h(x) = π1(〈h(x), x, y〉).
So, y ∈ π3[[(h ◦ f∗1 ) = π1]]. Since |[(h ◦ f∗1 ) = π1]| < c, we have that
|
⋃
{f(x) : h(x) ∈ f(x)}| < c. Thus, Cout(SZ) ≤ λ1

κ.

Corollary 6 tells us that the continuous functions are as hard to avoid
as any collection of c-many functions from R into R, and that there is a
single function that is as hard to avoid as the continuous functions. From
Corollary 6 and Theorem 4 we get:

Corollary 7. If c is regular, then Cout(SZ) = bc > c. If c is singular, then
cf(c) ≤ Cout(SZ) ≤ cf(c)+. In particular, Cout(SZ) is a regular cardinal.

Corollary 7 gives an affirmative answer to Problem 1. Since dc > c [3],
Corollary 7, gives a negative answer to Problem 2 in the singular case.
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Question 1. Is it consistent that c is regular and bc < dc (see the second
part Problem 2)?

Theorem 8. It is consistent that cf(c) = Cout(SZ) < c.

Question 2. Is it consistent that c is singular and Cout(SZ) = cf(c)+?

To prove Theorem 8 we will use the following theorem.

Theorem 9. bcf(κ) < κ if and only if λ4
κ = cf(κ).

Theorem 10. bκ ≤ bcf(κ) for any cardinal κ ≥ ω. In particular, if κ is a
singular strong limit cardinal, then bκ < κ.

An immediate corollary of Theorems 8, 9 and 10 is:

Corollary 11. It is consistent that bc < c.

In light of Theorem 9 we could rephrase Question 2 to be: Is it consistent
that c is singular and c < bcf(c)?

4. Proofs of Theorems 3 and 4

We first begin with some lemmas.

Lemma 12. λ1
κ ≤ λ4

κ.

Proof. Let F ⊆ κκ and suppose |F | < λ1
κ. We will find an h ∈ κκ such

that f [{ξ : h(ξ) ≤ f(ξ)}] is bounded in κ for every f ∈ F .
For each f ∈ F define f1 ∈ Sκ so that f1(ξ) = {β : β ≤ f(ξ) + 1}. Let

F1 = {f1 : f ∈ F}. Since |F1| ≤ |F | < λ1
κ there is an h ∈ κκ such that∣∣∣⋃{f1(ξ) : h(ξ) ∈ f1(ξ)}

∣∣∣ < κ (1)

for every f1 ∈ F1. Since f1(ξ) is an initial segment of κ for every ξ ∈ κ, (1)
implies that

⋃
{f1(ξ) : h(ξ) ∈ f1(ξ)} is bounded in κ by some αf1 ∈ κ for

every f1 ∈ F1.
Fix f ∈ F . We claim that f [{ξ : h(ξ) ≤ f(ξ)}] is bounded above by αf1 ∈

κ. Let β ∈ f [{ξ : h(ξ) ≤ f(ξ)}]. Then, there is a γ such that h(γ) ≤ f(γ)
and f(γ) = β. So, β = f(γ) ∈ f1(γ) ⊆

⋃
{f1(ξ) : h(ξ) ∈ f1(ξ)} ⊆ αf1 . Thus,

f [{ξ : h(ξ) ≤ f(ξ)}] is bounded above by αf1 ∈ κ. Thus, λ1
κ ≤ λ4

κ.

Lemma 13. λ3
κ ≤ λ2

κ ≤ λ1
κ.
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Proof. It is obvious that λ3
κ ≤ λ2

κ.
It should be noted that the proof of the inequality λ2

κ ≤ λ1
κ is very similar

to the proof that Cout(SZ) ≤ λ1
c in Corollary 6. The differences between

the two proofs stem from the fact that there is no topological structure to
worry about in the proof that λ2

κ ≤ λ1
κ.

Let F ∈ [Sκ]<λ
2
κ . We will find an h ∈ κκ such that∣∣∣⋃{f(ξ) : h(ξ) ∈ f(ξ)}

∣∣∣ < κ

for every f ∈ F . Let k : κ→ κ3 be a bijection.
For each f ∈ F define the function f1 on a subset of κ3 by letting

f1(〈x, y, z〉) = y

for all 〈x, y, z〉 such that x ∈ f(y) and z ∈ f(y). Notice that |f−1
1 (y)| < κ

for every y ∈ κ. We may extend f1 to a R(κ3, κ) type function f∗1 defined
on κ3.

Let π1 be the projection of κ3 onto the first coordinate and π3 be the
projection of κ3 onto the third coordinate. Since {f∗1 ◦ k : f ∈ F} ⊆ R(κ, κ)
has cardinality less than λ2

κ, there is an h : κ→ κ such that |[h ◦ (f∗1 ◦ k) =
π1◦k]| < κ for every f ∈ F . Since k is a bijection, we have |[h◦f∗1 = π1]| < κ.

Fix an f ∈ F . We will be done if we show that |
⋃
{f(ξ) : h(ξ) ∈ f(ξ)}| <

κ. Let γ ∈
⋃
{f(ξ) : h(ξ) ∈ f(ξ)}. There is a ξ ∈ κ such that γ ∈ f(ξ) and

h(ξ) ∈ f(ξ). Now,

(h ◦ f∗1 )(〈h(ξ), ξ, γ〉) = h(ξ) = π1(〈h(ξ), ξ, γ〉).

So, γ ∈ π3[[h ◦ f∗1 = π1]]. Now |
⋃
{f(ξ) : h(ξ) ∈ f(ξ)}| < κ since |[h ◦ f∗1 =

π1]| < κ.
Thus, λ2

κ ≤ λ1
κ.

Lemma 14. λ4
κ ≤ bκ.

Proof. Take an F ⊆ κκ with |F | < λ4
κ. For each f ∈ F pick f∗ ∈ κκ so

that

f∗(ξ) = max{f(ξ), ξ}. (2)

There is a g ∈ κκ such that for every f ∈ F we have f∗[g ≤ f∗] is bounded
in κ. Since, by (2), f∗ maps unbounded sets to unbounded sets, we must
have that [g ≤ f∗] is bounded in κ. Clearly, [g ≤ f ] ⊆ [g ≤ f∗]. Thus,
|[g ≤ f ]| < κ. Therefore, λ4

κ ≤ bκ.

Lemma 15. If κ is regular, then κ < bκ = λiκ for i ∈ {1, 2, 3, 4}.
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Proof. Lemmas 12, 13 and 14 yield that:

λ3
κ ≤ λ2

κ ≤ λ1
κ ≤ λ4

κ ≤ bκ . (3)

It remains to show that bκ ≤ λ3
κ. Let F ∈ [R(κ, κ)]<bκ . Fix G ∈ [κκ]κ.

We will construct an h ∈ κκ such that |[h ◦ f = g]| < κ for every g ∈ G and
f ∈ F . Let {gα : α ∈ κ} be an enumeration of G.

For each f ∈ F let f∗(α) ∈ κ be such that
⋃
ξ≤α f

−1(ξ) ⊆ f∗(α) for each
α ∈ κ. Since |F | < bκ there is an m ∈ κκ such that for every f ∈ F we have
|[m ≤ f∗]| < κ.

Define h ∈ κκ inductively so that for every α ∈ κ we select h(α) from the
set

κ \

gβ(x) : x ∈
⋃⋃

ξ≤α
f−1(ξ) : f ∈ F & f∗(α) < m(α)

 & β ≤ α

 .

Note that such choices can be made since, for every f such that f∗(α) <
m(α) we have ⋃

ξ≤α
f−1(ξ) ⊆ f∗(α) < m(α).

So,
⋃{⋃

ξ≤α f
−1(ξ) : f ∈ F & f∗(α) < m(α)

}
⊆ m(α) < κ.

We show that h is as desired. Fix f ∈ F and gβ ∈ G. For ξ ∈ [h◦ f = gβ]
we have

h(f(ξ)) = gβ(ξ) ∈ gβ[f−1(f(ξ))].
By definition of h we must have either f(ξ) < β or f∗(f(ξ)) ≥ m(f(ξ)). It
follows that |f [[h◦f = gβ]]| < κ. By regularity and the fact that f ∈ R(κ, κ),
we have |[h ◦ f = gβ]| < κ. Thus, bκ ≤ λ3

κ.

Lemma 16. Let F ∈ [R(κ, κ)]<λ
4
κ. There is a bijection k ∈ κκ such that

for every f ∈ F and α ∈ κ ∣∣∣∣∣∣
⋃
ξ≤α

f−1(k(ξ))

∣∣∣∣∣∣ < κ.

Proof. For every f ∈ F define f∗ ∈ κκ by f∗(α) = |f−1(α)|. Let F ∗ =
{f∗ : f ∈ F}. Since |F ∗| ≤ |F | < λ4

κ, there is a g ∈ κκ such that

f∗[[g ≤ f∗]] (4)

is bounded above by some ρf ∈ κ for every f ∈ F . Notice that we may
assume g has unbounded range, since if we define m ∈ κκ by m(ξ) =
max{g(ξ), ξ}, then we will have f∗[[m ≤ f∗]] ⊆ f∗[[g ≤ f∗]] for every
f ∈ F .
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Define an injection k∗ ∈ κκ so that max{α, g(α)} ≤ k∗(α) for every α ∈ κ.
Since |k∗[κ]| = κ, there is an increasing onto function h : k∗[κ] → κ. Let
k = (k∗)−1 ◦ h−1.

We claim k is as desired. Fix an f ∈ F . Let γ ∈ κ. Consider α ≤ γ.
Since h is increasing and g has unbounded range, there is a βγ ∈ κ such
that h−1(α) ≤ h−1(γ) ≤ g(βγ). By definition of k∗, we have

g(βγ) ≥ h−1(α) = k∗((k∗)−1(h−1(α))) = k∗(k(α)) ≥ max{k(α), g(k(α))}.

So, for all α ≤ γ we have g(k(α)) ≤ g(βγ).
Let T be the set of all α ≤ γ such that f∗(k(α)) < g(k(α)) and S =

(γ+1)\T . If α ∈ S, then, by (4), f∗(k(α)) ≤ ρf . So, we have |f−1(k(α))| ≤
ρf for α ∈ S. If α ∈ T , then

|f−1(k(α))| = f∗(k(α)) < g(k(α)) ≤ g(βγ).

Thus, |
⋃
α≤γ f

−1(k(α))| is bounded above in κ by max{ρf , g(βγ), γ}.

Lemma 17. If cf(κ) < κ, then λ4
κ ≤ cf(κ)+.

Proof. Let {Γα : α ∈ cf(κ)} be a sequence of cardinals cofinal in κ. For
every ρ ∈ cf(κ)+ \ cf(κ) let kρ : ρ→ cf(κ) be a bijection. For each α ∈ cf(κ)
and ρ ∈ cf(κ)+ \ cf(κ) let fα,ρ ∈ κκ be defined by

fα,ρ(β) =

{
Γα if β /∈ ρ;
max{Γα,Γkρ(β)} if β ∈ ρ.

Let F = {fα,ρ : α ∈ cf(κ) & ρ ∈ cf(κ)+ \ cf(κ)}. Clearly, |F | = cf(κ)+.
Let h ∈ κκ be arbitrary. We will find a fα,ρ ∈ F such that fα,ρ[[h ≤ fα,ρ]]

is unbounded in κ. First notice that

cf(κ)+ =
⋃

α∈cf(κ)

{β ∈ cf(κ)+ : h(β) < Γα}.

Thus, there is an α ∈ cf(κ) such that |{β ∈ cf(κ)+ : h(β) < Γα}| = cf(κ)+.
Pick W ⊆ {β ∈ cf(κ)+ : h(β) < Γα} such that |W | = cf(κ). There is
a ρ ∈ cf(κ)+ such that W ⊆ ρ. Now for each w ∈ W we have h(w) ≤
Γα ≤ fα,ρ(w) = max{Γα,Γkρ(w)}. Since |W | = cf(κ), {Γkρ(w) : w ∈ W} is
unbounded in κ. Thus, fα,ρ[[h ≤ fα,ρ]] is unbounded in κ.

Lemma 18. λ4
κ ≤ λ3

κ.
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Proof. Notice the inequality follows from Lemma 15 in the case when κ is
regular. So, for the remainder of the proof we will assume that κ is singular.

Let F ∈ [R(κ, κ)]<λ
4
κ . By Lemma 17 we have |F | < cf(κ)+ < κ. Fix

G ∈ [κκ]κ. We construct an h ∈ κκ such that |[h ◦ f = g]| < κ for every
g ∈ G and f ∈ F . Let {gα : α ∈ κ} be an enumeration of G.

By Lemma 16 there is a bijection k ∈ κκ such that for each f ∈ F and
for every α ∈ κ we have ∣∣∣∣∣∣

⋃
ξ≤α

f−1(k(ξ))

∣∣∣∣∣∣ < κ. (5)

For each f ∈ F let f∗(α) = |
⋃
ξ≤α f

−1(k(ξ))| for each α ∈ κ. Since |F | < λ4
κ

there is an m ∈ κκ such that for every f ∈ F the set f∗[{ξ : f∗(ξ) ≥ m(ξ)}]
is bounded in κ.

Define h ∈ κκ inductively so that for every α ∈ κ we select h(k(α)) from
the set

κ \

gβ(x) : x ∈
⋃⋃

ξ≤α
f−1(k(ξ)) : f ∈ F & f∗(α) < m(α)

 & β ≤ α

 .

Note that such choices can be made since,∣∣∣∣∣∣
⋃
ξ≤α

f−1(k(ξ))

∣∣∣∣∣∣ = f∗(α) ≤ m(α)

for every f ∈ F such that f∗(α) < m(α). So,∣∣∣∣∣∣
⋃⋃

ξ≤α
f−1(k(ξ)) : f ∈ F & f∗(α) < m(α)


∣∣∣∣∣∣ ≤ max{|F |,m(α)} < κ.

We show that h is as desired. Fix f ∈ F and gβ ∈ G. For ξ ∈ [h◦ f = gβ]
pick αξ so that k(αξ) = f(ξ). We now have

h(k(αξ)) = h(f(ξ)) = gβ(ξ) ∈ gβ[f−1(k(αξ))].

By definition of h we must have αξ < β or f∗(αξ) ≥ m(αξ). Let T =
{αξ : f∗(αξ) ≥ m(αξ)}.

By our choice of m, the set f∗[T ] is bounded in κ by some cardinal θ.
Since κ =

⋃
α∈κ

⋃
ξ≤α f

−1(k(ξ)) and κ is singular, there is a π ∈ κ such that
f∗(ζ) = |

⋃
ξ≤ζ f

−1(k(ξ))| > θ for all ζ > π. Thus, T is bounded by π.
We now have that M = {αξ : ξ ∈ [h ◦ f = gβ]} is bounded in κ by

max{β, sup(T )}. Since M is bounded, we have, by (5), |f−1(k[M ])| < κ.
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Let ξ ∈ [h ◦ f = gβ]. Then there is an αξ ∈ M such that f(ξ) = k(αξ).
So,

ξ ∈ f−1(f(ξ)) = f−1(k(αξ)) ⊆ f−1(k[M ]).
Thus, [h ◦ f = gβ] ⊆ f−1(k[M ]). Since |f−1(k[M ])]| < κ, we must have
|[h ◦ f = gβ]| < κ. Thus, λ4

κ ≤ λ3
κ.

Proof of Theorem 3. It is obvious that cf(κ) ≤ λ4
κ.

Lemmas 12, 18, and 13 yield that λiκ = λ1
κ for all 1 ≤ i ≤ 4.

Proof of Theorem 4. When κ is singular Lemma 17 and Theorem 3 yield
that cf(κ) ≤ λiκ ≤ cf(κ)+ for 1 ≤ i ≤ 4.

Suppose now that κ is regular. By Lemma 15, κ < bκ = λiκ for all
1 ≤ i ≤ 4.

5. Proofs of Theorems 10 and 9

It will be useful to define some other cardinal numbers which will be
shown to be equal to the bounding number. Put

b(κ, cf(κ)) = min{|F | : F ⊆ cf(κ)κ

& (∀g ∈ cf(κ)κ)(∃f ∈ F )(|[g ≤ f ]| = κ)},

bbd(κ, cf(κ)) = min{|F | : F ⊆ cf(κ)κ

& (∀g ∈ cf(κ)κ)(∃f ∈ F )([g ≤ f ] is unbounded in κ)}.

Lemma 19. bκ = b(κ, cf(κ)) = bbd(κ, cf(κ)).

Proof. The lemma is obvious if κ is regular so we assume that κ is singu-
lar. Let P = {λα : α ∈ cf(κ)} be an increasing cofinal sequence of regular
cardinals in κ such that λ0 > cf(κ).

We first claim that bκ ≤ b(κ, cf(κ)). Let F ⊆ cf(κ)κ witness the definition
of b(κ, cf(κ)). For each f ∈ F define f∗ ∈ κκ by f∗(β) = λf(β). Let
F ∗ = {f∗ : f ∈ F} and note that |F ∗| ≤ b(κ, cf(κ)). Pick g ∈ κκ and define
g1 ∈ cf(κ)κ by g1(β) = min{α ∈ cf(κ) : g(β) ≤ λα}. There is, by definition
of b(κ, cf(κ)), an f ∈ F such that |[g1 ≤ f ]| = κ. If β ∈ [g1 ≤ f ], then
g(β) ≤ λg1(β) ≤ λf(β) = f∗(β). So, |[g ≤ f∗]| = κ. Thus, bκ ≤ b(κ, cf(κ)).

We now claim that b(κ, cf(κ)) ≤ bbd(κ, cf(κ)). Let H : κ→ P be defined
by, H(β) = min{λα : β ≤ λα}. Let S = {〈β, ζ〉 ∈ κ × κ : ζ ≤ H(β)},
note that |S| = κ. For each β ∈ κ let Sβ = {〈ξ, ζ〉 ∈ S : ξ = β}. Let
F ⊆ cf(κ)κ witness the definition of bbd(κ, cf(κ)). For each f ∈ F let
f∗ : S → cf(κ) be defined so that f∗[Sβ] = {f(β)} for every β ∈ κ. Let
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F ∗ = {f∗ : f ∈ F}, note |F ∗| ≤ |F |. Pick g ∈ cf(κ)S . For every β ∈ κ
we have that |Sβ| is regular and strictly larger than cf(κ), so there is an
ζβ ∈ cf(κ) such that |Sβ ∩ g−1(ζβ)| = |Sβ|. Define g1 ∈ cf(κ)κ so that
g1(β) = ζβ for every β ∈ κ. There is, by definition of bbd(κ, cf(κ)), an
f ∈ F such that [g1 ≤ f ] is unbounded in κ. We will be done if we show
that |[g ≤ f∗]| = κ. Let β ∈ [g1 ≤ f ]. For x ∈ Sβ ∩ g−1(ζβ) we have
g(x) = ζβ = g1(β) ≤ f(β) = f∗(x). So, Sβ ∩ g−1(ζβ) ⊆ [g ≤ f∗] for
β ∈ [g1 ≤ f ]. Since [g1 ≤ f ] is unbounded and |Sβ ∩ g−1(ζβ)| = |Sβ| ≥ β we
have |[g ≤ f∗]| = κ. Thus, b(κ, cf(κ)) ≤ bbd(κ, cf(κ)).

We show that bbd(κ, cf(κ)) ≤ bκ. Let F ⊆ κκ witness the definition of bκ.
For each f ∈ F let f∗ ∈ P κ be defined by f∗(ξ) = min{α ∈ cf(κ) : f(ξ) ≤
λα}. Let F ∗ = {f∗ : f ∈ F}. Clearly, |F ∗| ≤ |F |. It is easy to check
that |F ∗| satisfies the condition in the definition of bbd(κ, cf(κ)). Thus,
bbd(κ, cf(κ)) ≤ bκ.

Proof of Theorem 10. Let P be as in the proof of Lemma 19. By
Lemma 19, it is enough to show that bbd(κ, cf(κ)) ≤ bcf(κ). Let F ⊆ cf(κ)P

witness the definition of bcf(κ). For each f ∈ F define f∗ ∈ cf(κ)κ so that
f∗|P = f |P and arbitrarily elsewhere. Let F ∗ = {f∗ : f ∈ F}, note |F ∗| ≤
|F |. Let g ∈ cf(κ)κ. We may find an f ∈ F such that |[g|P ≤ f |P ]| = cf(κ).
It follows that [g ≤ f∗] is unbounded in κ. Thus, bbd(κ, cf(κ)) ≤ bcf(κ)
Therefore, bκ ≤ bcf(κ).

If κ is a strong singular limit cardinal, then bκ ≤ bcf(κ) ≤ 2cf(κ) < κ.

Proof of Theorem 9. By Theorem 4, both conditions in the equivalence
we are trying to prove are false when κ is regular. So, we may assume that
κ is singular. We also may assume that κ 6= bcf(κ) since bλ is regular for
any infinite cardinal λ.

Let {λα : α ∈ cf(κ)} be an increasing cofinal sequence of regular cardinals
in κ.

Suppose κ < bcf(κ). Let F ⊆ κκ and |F | = cf(κ). Let {fξ : ξ ∈ cf(κ)}
be an enumeration of F . We will find a h ∈ κκ such that f [[h ≤ f ]] is
bounded in κ for every f ∈ F . For each α ∈ κ let gα ∈ cf(κ)cf(κ) be defined
so that λgα(ξ) > fξ(α). Since κ < bcf(κ), there is a j ∈ cf(κ)cf(κ) such that
|[j ≤ gα]| < cf(κ) for every α ∈ κ. For each α ∈ κ let βα ∈ cf(κ) be such
that

βα > sup{gα(ξ) : gα(ξ) ≥ j(ξ)}. (6)

Define h ∈ κκ so that h(α) = λβα .
We show that f [[h ≤ f ]] is bounded in κ for every f ∈ F . Fix ξ ∈ cf(κ).

Suppose h(α) ≤ fξ(α). We now have λβα ≤ fξ(α) < λgα(ξ). It follows
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that βα < gα(ξ). Thus, by (6), gα(ξ) < j(ξ). So, fξ(α) < λgα(ξ) < λj(ξ).
Thus, fξ[[h ≤ fξ]] is bounded in κ by λj(ξ). Therefore, λ4

κ > cf(κ) and by
Theorem 4 we get λ4

κ = cf(κ)+.

Now suppose bcf(κ) < κ. Let Γ∗ ⊆ cf(κ)cf(κ) be such that |Γ∗| = bcf(κ)

and for every f ∈ cf(κ)cf(κ) there is a γ∗ ∈ Γ∗ such that |[f ≤ γ∗]| = cf(κ).
Let {γ∗ξ : ξ ∈ bcf(κ)} be a well ordering of Γ∗. Inductively, define Γ = {γξ ∈
cf(κ)cf(κ) : ξ ∈ bcf(κ)} so that for every ξ ∈ bcf(κ) we have |[γξ ≤ γ∗α]| < cf(κ)
and |[γξ ≤ γα]| < cf(κ) for every α < ξ. Notice that Γ has the property that(

∀M ∈ [Γ]bcf(κ)

)(
∀f ∈ cf(κ)cf(κ)

)
(∃m ∈M)

(|[f ≤ m]| = cf(κ)).
(7)

For each α ∈ cf(κ) let fα : Γ → κ be defined by fα(γ) = λγ(α). Let
F = {fα : α ∈ cf(κ)}.

Since |Γ| = bcf(κ) < κ, we may identify Γ with a subset of κ. We claim
that for every A ∈ [Γ]bcf(κ) there is an f ∈ F such that f [A] is unbounded
in κ. By way of contradiction assume that there is an A ∈ [Γ]bcf(κ) such
that fα[A] is bounded in κ for every α ∈ cf(κ). Then for every α ∈ cf(κ)
there exists a βα ∈ cf(κ) such that λγ(α) = fα(γ) < λβα for every γ ∈ A.
In particular, we have that γ(α) < βα for every γ ∈ A and every α ∈ cf(κ),
contradicting (7). So, the claim is proved.

For every f ∈ F define f∗ ∈ κκ so that f∗(β) = f(β) if β ∈ Γ and
f∗(β) = 0 if β /∈ Γ. Let F ∗ = {f∗ : f ∈ F}. Since |F ∗| = cf(κ), we will
be done if we show that for every g ∈ κκ there is an f∗ ∈ F ∗ such that
f∗[g ≤ f∗] is unbounded in κ. Let g ∈ κκ. Since |Γ| = bcf(κ) is regular
and cf(κ) < |Γ| there is an A ∈ [Γ]bcf(κ) such that g[A] is bounded in κ. By
the claim from the previous paragraph, there is an f ∈ F such that f [A]
is unbounded in κ. It follows that f [[g|Γ ≤ f ]] is unbounded in κ. Thus,
f∗[g ≤ f∗] is unbounded in κ. Therefore, λ4

κ ≤ cf(κ).
The inequality cf(κ) ≤ λ4

κ follows from Theorem 3. Thus, cf(κ) = λ4
κ.

6. Proof of Theorem 8

By Theorem 9 and Corollary 6, it is enough to find a model of ZFC such
that bcf(c) < c.

The argument we present is very standard, but we include it for those
who are not very familiar with forcing.

A summary of the argument is that we add ωω1 Cohen reals to a model
of ZFC+GCH. In the resulting universe c = ωω1 and the functions of the
ground model witness that bω1 = ω2 (this works because the forcing is ccc).
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We now give the detail version of the argument. Let M be a countable
transitive model of ZFC+GCH. Let P ∈M be the poset of partial functions
with finite domains from ωMω1

into 2 ordered by reverse inclusion. Let G
be an M generic filter in P. We claim that (bcf(c) < c)M [G]. Since P
satisfies the countable chain condition, by [2, Theorem 9.2.11], we have
ωM1 = ω

M [G]
1 . Since we have GCH in M , we have (|ωω1

1 | = ω2)M . So there
is a bijection h : ωω1

1 → ω2 in M . Since being a bijection is an absolute
property we have that h : M ∩ (ωω1

1 ) → ω2 is a bijection in M [G]. Thus,
(|M ∩ ωω1

1 | = ω2)M [G]. We claim that M ∩ ωω1
1 witnesses the definition

of bω1 in M [G]. Let g ∈ (ωω1
1 )M [G]. Since ω

M [G]
1 = ωM1 ∈ M , by [2,

Corollary 9.2.9], there is a function h in M such that h : ω1 → [ω1]≤ω and
g(x) ∈ h(x) for every x ∈ ω1. Define in M the function h∗ : ω1 → ω1 by
h∗(x) = sup(h(x)) + 1. Now h∗ ∈ M ∩ ωω1

1 and g < h∗. So the claim is
established. Thus, (bω1 = ω2)M [G]. Since GCH holds in M , it can be shown
that |(ωω1)ω| = ωω1 in M . So by [2, Corollary 9.4.9] we have (c = ωω1)M [G].
Thus, (cf(c) = ω1)M [G]. So, (bcf(c) < c)M [G]. 2
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