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Abstract. In this paper we consider an oceanic domain in R?, in which
there exists, at initial time, a current Uy, a pressure po and a density
po. The perturbation U, p and p of the velocity, the pressure and the
density are induced by a perturbation of the mean windstress. The
equations are of Navier-Stokes type for the velocity and pressure, of
transport-diffusion type for the density. They are linearized around a
given mean circulation and modified by the physical assumptions includ-
ing the Boussinesq approximation and the Hydrostatic approximation
with vertical viscosity. The existence and uniqueness of the solution for
the variational problem are studied for the three-dimensional problem,
and for the two-dimensional cyclic problem derived by assuming a si-
nusoidal z-dependence for the perturbation of mean flow. The latter
corresponds to a modelization of tropical instability waves which are
illustrated by El Nino phenomenon.
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. We want to choose the value of the surface pressure P as the observa-
tion of the method of control. To define that quantity, we have proved
the H?-regularity of the perturbation (u, p) and then the L?-regularity
of the surface pressure P. This result is valid in a domain with corners.
It is proved by means of an extension method, with even-odd reflection,
provided the perturbation of the wind-stress is sufficiently regular and
satisfies compatibility relations. We then develop a method of control
in order to calculate the current corresponding to the observed sea level
in a fluid domain and during a time T. The variability of the surface
pressure P, deduced from altimetric measurements, constitues the ob-
servation. The control is the variability of wind-stress f, which acts as
to forcing of the perturbation. The cost function measures the distance
between the observed and computed surface pressure. We prove the
existence and uniqueness of the optimal control, which is characterized
by a set of equations including the direct problem and the adjoint prob-
lem. These results are valid for the three-dimensional problem and the
two-dimensional cyclic problem.

1. Introduction

The oceanic phenomenon that we want to modelize occurs in the tropical
Atlantic and Pacific oceans. The oceanic circulation there is characterized
by steady zonal currents and by long waves propagating westward along
the equator, driven by the variability of the wind-stress and superimposed
to the mean currents. The equatorial waves can be connected with strong
vertical velocities and then induce “upwellings” or “downwellings”. These
phenomena modify the properties of the sea water near the surface: tem-
perature, plankton etc., and are therefore of great importance for climate,
fishing activities etc. These equatorial waves have been evidenced from in
situ observations, and more recently from altimetric measurements [3], [5],
6], [7], [8], [10]. Numerical simulations have also carried out in order to an-
alyze the process of wave generation. Such numerical models are described
in' [3], [4], (1], [12].

In this paper, we are going to study the mathematical properties of the
problem related to the modelization of equatorial waves. The whole current
can be considered as the sum of two terms: the mean current which is
known for each tropical season, and a perturbation term corresponding to
the waves.

We consider an oceanic domain €2 extending on both sides of the equator
(10°S — 10°N), and of constant depth H. The curvature of the earth is
neglected. The vertical extension of @ (—H < z < 0) corresponds to a
part of the physical domain. We assume that for depths greater than H,
the variability is negligible. The perturbation of the current is made of
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zonal propagating waves. So, we can choose the zonal extension of () as
the greatest wavelength, and impose periodic conditions on the eastern and
western boundaries.

The equations of motion in an oceanic domain are derived from Navier-
Stokes system but take into account oceanographical assumptions such as
Hydrostatic approximation with vertical viscosity, i.e. (1.2) and Boussinesq
approximation, i.e. the density variations are neglected except in the terms
of gravity acceleration. Equations and boundary conditions are written in
order to fit with physical features and then differ from the classical Navier-
Stokes case.

The equations satisfied by total velocity U = (u,w) = (u,v,w), density
p and pressure p are:

oU 1

o T UV F AU —divs(na VsU) 4 Vp =G,

ap .

Fr (U.V3)p — divs(ve Vip) =0, (1.1)
divs(U) = 0.

(z,y,z) are the cartesian coordinates: x,y are measured in the horizontal

plane of the undisturbed sea-surface (x towards the east, y towards the

north) and z is vertically ascendant. F = (0,0,2wsin¢) is the Coriolis

force, w the rotation rate of earth, ¢ the latitude. G = (0,0, —g) is the
a0 0 .

%, @, &), d1V3 U= V3.U.

Turbulence is modelized by the dissipative terms. Observation of turbu-
lent flows leads distinguish between horizontal and vertical mixing: v, and
vop, (resp. vy, and vg,) denote the coefficients of horizontal (resp. vertical)
eddy viscosity and diffusivity. According to the parametrization described
in (23], [24] v1, and vy, are variable, positive and bounded functions. They
are deduced from the given mean circulation. v1; and v are constant and
positive.

We are now going to simplify equations (1.1). It is known that the dif-
ferences of the density of the sea water are significant only in the term of
buoyancy and in the equation of state. Density p appearing in the right
hand term has to satisfy the second part of equation (1.1). On the other
hand, density will be assumed to be constant and equal to a mean value
Pmoy in the equations describing the horizontal motion. This assumption is
known as Boussinesq approzrimation. The horizontal scale is much bigger
than the vertical one. Moreover the viscosity will play an important role in
the dynamics of the ocean. Therefore, we can replace the equation describ-
ing the vertical motion by the following equations called by the Hydrostatic

gravity force. V3 = (
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approximation with vertical viscosity [20]:

0 ow 1 0Op p

— — — =0. 1.2

e (1.2)
Applying these physical assumptions to (1.1), we obtain the following equa-
tions:

ou ou 0 ou

— vipAw —

En + (u.V)u+ w% +F Ayu—vAu— %(Vlva) + mepr =0,

— vipAw — (i(ulv?;:) + pioy gi) + pn/;yg =0,

P w9t 0 e L2 =0 (1.3
div(u) + %: =0,

with F Ay u=F A (u,0).

We now split up the circulation (u,w,p,p) into a given mean value
(ug, wo, po, po) and a variability (u’,w’, p’,p’) that will be computed by the
model. This expansion is justified in tropical oceans: the steady mean cir-
culation (ug,wo, po,po) is known for each tropical season; the variability
(W, w', p/,p') is made of westward propagating waves. (ug, wo, po, po) has to
satisfy steady state equations (1.3).

The equations satisfied by the variability (u/,w’,p’,p’) can be deduced
from (1.3). They can be written:

ou’ , ,ou’ , ou’ , ,0ug
5 (0. V)u' +w 5 T (up.V)u' + wo—+ (u'.V)up +w P
0 ou’ 1
+F A u — v Au — %(Vh,g) + o Vp' =0,
ow’ 1 op p’
— v AW — (v _
V12w 82(V1 0z )+ Prmoy 0z + pmoy 0,
8p’ ,0p ,0po ,
o + (u'. V)p+wa + (0. V)po + w az—i-(uOV)p
op o, oy
+ woai — vanAp’ — 6*(V2vafp) =0, (1.4)
div(u') + %Ii =0.

Nota bene: notation “’”

now be omitted.
The oceanic domain €2 can be defined as Q = |0, Lx[x|—Ly, Ly[x|—H,0[.
I' denotes its boundary: ' =TgUT's Ul'y UT'y UT's UT'y where I'y denotes

used for the perturbation of the mean flow will
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the surface (z = 0), I's the bottom (z = —H), I'; and I'y the eastern and
western boundaries, I'3 and I'y the northern and southern boundaries.

We note that the vertical extension —H < z < 0 of the domain €2 does not
correspond to the physical ocean but only to the layer where the variability
is computed. We assume that for depths greater than H the perturbation
of the mean flow is negligible. The perturbation is not computed in the
thin surface layer 0 < z < £, where z = £ is the free sea surface. To take
into account the phenomena we want to describe we set mixed boundary
conditions:

e the flow is periodic in the x—direction :
ur,=ulr,w|r=wlr, and plr,=p |r,,

e on the northern and southern boundaries we impose a sliding
condition for the flow and an homogeneous Dirichlet condition
for the perturbation of the density :

v=p=0, @zoanda—wzoonfg and 'y,
y y (1.5)
e the perturbation vanishes at z = —H :

u=0, w=0and p=0on T},
e the perturbation is driven by the perturbation of the wind—stress f
ou fi Ov __ fo dp

— =, T/ =— d - = 0 F 9

0z Vi, 0z Vi an 0z on o

with £ = (fla f2)7 u= (ua U)'
We assume that, at initial time ¢ = 0, the mean circulation is not dis-
turbed. Therefore the initial condition is:

w =0,

u(t=0)=0, p(t=0)=0. (1.6)

The equations (1.4) are not of a Cauchy-Kovalevsky type with respect to all
variables because of the continuity equation and of the Hydrostatic equation
with vertical viscosity (1.2). The method proposed by Lions-Temam-Wang
in [19], [20] is the integration of these two diagnostic equations with respect
to the vertical variable, and then we obtain another formulation of the prim-
itive equations, which is an three dimensional evolution system. Therefore
we can used Faedo-Galerkin method to solve the weak formulations. By in-
tegrating the continuity equation with respect to z and taking the boundary
conditions for w into account, we obtain

z

w(z,y, z;t) = W(u)(x,y, z;t) = —diV(/_H u(2’)dz"),

0
= div(/ u(z)dz') =0 (1.7)

—H
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By integrating the Hydrostatic equation with vertical viscosity in (1.4), we
obtain:

0 0
N | / p(+')d2' + / L(w)(+')d?’ (1.8)

Pmoy Pmoy Pmoy

where 5 oW ()
u
L(u) = —vp AW (u) — — (v1
(u) = —v1RAW (u) 8Z(Vl 5, )
and P is the pressure of the sea water on the surface of the ocean. Then by
using (1.7), (1.8) and after linearization around the steady mean solution

we obtain the following reformulation of equations (1.4):

Ju ou Jdug
ETd (up.V)u + wo5 -+ (u.V)ug + W(u)g +FAou
0 ou 1 g B
— Z/IhAll — &(Vh)@) + oy VP + Pmoy VR(/)) + V;C(u) = 0,
0 0 0
L (wV)po+ W) L+ (0. V)p+ wo't
— vapAp — 2(y @) =0 ‘
2h P 9.y ) =Y
0
div/( / u(z)d') = 0
—H

where R(p) = fzo p(2)dz" and L(u) = fzo L(u)(2)dz.

Remark 1.1. The above system is three dimensional, but the unknown
function P is only a function of x, y and time t.

The problem obtained is studied and we prove the existence and the
uniqueness of the perturbation of the mean circulation. The surface-pressure
associated with that solution is not sufficiently regular to use that as the
observation of the method of the control. We therefore prove a regularity
result for the perturbation. This result is valid in a domain 2 with corners.
The presence of corners, prevents us from applying a standard theorem of
regularity. Next we develop a control method in order to compute the vari-
ability of the circulation in an oceanic domain from satellite measurements
which are obviously surface observations. Altimetric measurements give the
distance between the satellite and the sea surface. It is now possible to ex-
tract from these data the sea level variability with a precision in order of
centimeters. The observation for the control method is the variability of the
pressure, which is the level of the undisturbed sea surface. This data can
be deduce from the variability of free sea surface, given by altimetric mea-
surements (the free sea surface is unknown, only its perturbation is given
by altimetry). In order to obtain the relationship between pressure and
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free sea surface, we have to integrate the equation of hydrostatic pressure,
with respect to z, between the undisturbed sea surface and to neglect the
variability of the atmospheric pressure at the sea surface.

The perturbation being made of zonally propagating waves, we construct
a cyclic model by assuming the following z-dependence: for each pertur-

bated real-function (vector or scalar) C, we denote by C' the complex-
function independant of x such that:

C(z,y,zt) = eimxé(y, z;t).

The wavelength A = 27/m will be fixed for each numerical run. We thus
obtain a process model focusing on “instability waves” which are charac-
terized by eddies of a time-space scale of 30 days-1000 kms propagating
westward along the equator. The model doesn’t include the reflection on
coasts which gives rise to eastward propagating waves of less importance
in the energetic balance of tropical oceans. According to physical features,
we neglect the z-dependence of (ug,wp, pp): the mean circulation is given
so that ug = ug(y, ), wo = wo(y, z), po = po(y,z). Since vy, and v9, are
depending on the given mean (ug,wp, po), V1, and v, are then supposed
to vary with respect to y and z. The periodic method reduces the initial
three-dimensional problem to a two-dimensional one.

According to these assumptions, the equations satisfied by the perturba-
tion are the following (for each fixed value of the wave number m):

ou . ou - _.Ou . -
e + (uo.Vp)u + wog + (0.Vo)ug + I/Vm(u)a—z0 +FAou—vip At
0 ou 1 - g . -
— a_ v A mP m mbm =Y
8,2(1/1 8z) + pmoyv + pmoyv R(p)+ VimLy(a) =0
) - .0 _ op _
4 (0.Vo)po + Wm(u)ﬂ + (10.Vim)p + Wo ol — Uy A
0,0, '
9z o) T

0
divm(/H u(z')dz') = 0,

where
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] 2
vm = (Zm7 663/)7 dlvmﬁ = Vmﬁ = mu —+ gz’ Am = —m2 + aay27
0
Vo — (0, @)

w~"

Nota bene: notation used for the perturbation of the mean flow
will now be omitted. The cyclic model uses complex variables: u € C?2,
p € C, P € C. The physically significant perturbation corresponding to
each complex function is given by its real part.

Problem (1.10) is posed in wx]0, T[ with w =] — Ly, Ly[x] — H,0[C R2.

Set v = voU75U~3Uv4 the boundary of w, vy denotes the surface (z = 0),
~5 the bottom (2 = —H), 3 and -4 the northern and southern boundaries.
The boundary conditions deduced from (1.5) are the following:

e v=p=0, ?:Oand({mgn(u):Oonfyg and 7y,
Y Y
e u=0, W,(u)=0 and p=0on s,
ou fi Ov fo dp (1.11)
m =Y, —/ = 7T/ = — d _— = ,
* Winlu) =0 0z v, 0z Vi e B2 0 om0

The variability of the pressure on I'y (resp. 7o), deduced from altimet-
ric data, constitues the observation. The variability of the windstress f
acts as the forcing of the perturbation and is unknown. We take f as the
control, (u(f), p(f), P(f)) are the velocity, the density and the surface pres-
sure corresponding to any control f and satisfying problem (1.9), (1.5), (1.6)
(resp. (1.10), (1.11), (1.6)). The optimal control is defined as the windstress
minimizing a given cost function which measures the distance between the
observed pressure and the surface pressure P(f). The pressure observed on
[y (resp. ) is the trace of a circulation (Wc, pre, Pre) driven by a wind
f... The solution (u(f), p(f), P(f)) induced by the optimal control f has to
approach the real circulation. The control method then makes it possible
to compute the circulation in all the domain ) by means of data on a part
of the boundary.

In order to solve the problem of optimal control, we have to consider the
adjoint equations associated to (1.9), (1.5), (1.6) (resp. (1.10), (1.11), (1.6)).
We then apply the control theory introduced by Lions [17]. More recently,
G. I. Marchuk developed the method of adjoint equations in mathemati-
cal physics and performed variational data assimilation in environmental
problems [21], [22]. The classical control problem arising in meteorology or
oceanography is the adjustment of the initial condition in order to veloc-
ity and temperature fields which agree with observation in situ obtain. Our
purpose is quite different since we control by the variability of the windstress
in order to restitute the observed surface pressure deduced from Geosat alti-
metric measurements. So, the control acts as Neumann condition on a part
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of the boundary, the surface pressure is the observed quantity and requires
the use a mixed velocity-pressure formulation. Controls and observations
are thus defined on a part of the boundary. Moreover the nature of the
equations and especially the non-local contraint the third part of (1.9) add
difficulties.

This paper is organized as follows:

Section 2 is devoted to the study of the three dimensional problem (1.9),
(1.5), (1.6), linearized around the mean circulation. We prove the existence
and uniqueness of a perturbation (u,p, P). According to the hydrostatic
approximation with vertical viscosity, this problem is not of classical Navier-
Stokes type. The horizontal velocity is given by a pronostic equation while
the vertical velocity verifies a diagnostatic equation. This type of problem
has been studied by Lions,Temam and Wang [19], [20] but in this paper
the formulation is quite different by advection terms related to the mean
circulation, and by specific boundary conditions. We prove a regularity re-
sult for perturbation (u,p, P). The shape of the oceanic domain €2, and
especially the presence of corners, prevents us from applying a standard
theorem of regularity. We assume some regularity, in space and time, on
the perturbation of the wind-stress and on the mean flow, and we impose
the compatibility conditions. The regularity result is obtained by means
of an extension method by even-odd reflection introduced in [9]. The reg-
ularity result of this type of problem, in stationnary case with constant
viscosity and diffusivity and a “cylindric-type” domain, has been studied
by Ziane in [26] by using the results obtained by Dauge in [14], [15] and
Grisvard in [16]. Our purpose is different. Firstly we study the perturba-
tion of time-dependant primitive equations in a “cubic-type” domain around
the mean flow (Up, po, po). The turbulence is modelized by the dissipative
terms. Observation of turbulent flows leads distinguish between horizontal
and vertical mixing. According to the parametrization described in [24], the
vertical viscosity and diffusivity are variables, positives and bounded func-
tions. Consequently different operators and then difficulties are appearing.
Secondly, we impose other boundary conditions (1.5). These mixed bound-
ary conditions are not too restrictive: they are applied not to the total
circulation, but only to its perturbation. Moreover the nature of these con-
ditions permits to use the extension method by even-odd reflexion to obtain
the regularity results. Next we study the problem of control. We prove the
existence and uniqueness of the solution. The optimal control is given as a
function of (u*, p*, P*), the solution of the adjoint problem associated with
the direct problem (1.9), (1.5), (1.6). We thus obtain a set of equations
characterizing the optimal control.

Section 3 is devoted to the study of the two dimensional problem (1.10),
(1.11), (1.6). The plan is the same as in Section 2: we study the properties
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of operators appearing in the weak formulation and then prove the existence
and uniqueness of a solution. As in Section 2 we give sufficient conditions
on the perturbation of the windstress f for to prove the regularity result.
Finally, we study the optimal control problem. In this section operators
are modified by the cyclic asumption: they depend on the wavenumber m
and the functions are complex valued. The main difference between the
present problem and problem studied in [6] is that the equations in [6] are
of Cauchy-Kovalevsky type with respect to all variables.

2. The three dimensional problem

2.1. Variational formulation.

In order to study problem (1.9), we introduce the following functional
spaces:

dw

Vo = {(v,w) € (H'())?| div(v) + o =

Hy = {v e (L*Q)% (v,0)n=0
on ToyUTsUTyUTs, (v, 0).n‘Fl = —(v, 0).n‘r2},

0, (v,w)n=0onTI},

Wi ={veH Q) W) =- /H div(v)d:' € H'(Q),

v=0onTI};, (v,0)n=0onTyUI3U I‘4,v}Fl = V‘FQ},
0
Vi ={vew| / div(v)dz = 0},
-H
Ho = L*(Q),
Vo={pe H'(Q)| ¢=00nT3UTsUTs,¢|. =g[.},
where, n is the unit outward vector normal to I'.

Remark 2.1.

1) The semi-norm | . |10 and the norm || . ||;.o defined on H'(Q) are
equivalent in Wy (resp. Vi) and Vao. Weset || v ||=| v 1o, || ¢ ||=
| & |10 where | v | and | ¢ | denotes the norm in L*(Q); | f |, and
(f,v)r, denote the norm and the scalar product in L?(Ty).

2) Wy (resp. Vi) is equipped with the following norm:

| u HIQ,V:H u H2 + | /Hdiv(u)dz’ 1%, Yu € Wy (resp. € V1),

and Vs is equipped with the norm || ¢ ||, V¢ € Va.
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Lemma 2.1.

(VL(u),v) =v1p(V / div(u)dz") / div(v)dz’)

+ (v1p div(u), div(v)) — (v1p70(div(u )),/ div(v)dz),

—-H
Y(u,v) € (W N H?(Q))2.

Proof.
0
(VL(u),v) = /Q v( / L(u)d=').vd.

By using Green’s formula we obtain

(VL(w),v) = — /Q ( / OL(u)dz') div(v)dQ + /F ( / OL(u)dz’)(v,O).ndF.

As v is any element in W;, we obtain:
0 0
(VL(u),v) = —/ (/ (div(v)/ L(u)dz")dz)dT.
'y J—H z
By integrating by part with respect to z, we have
(VL(u),v) = /(L(u)/ div(v)dz")dS.
Q —-H

Since
- 0 OW (u)
L(u) = —v1p AW (u) — 9 (V1v7)7

by applying Green’s formula, we obtain
(VL W), v) =vup (V( / div(u)d='), V( / div(v)d="))
—H —H
0
(v div(w), div(v)) — (vis70(div(w)), / div(v)d=')r,

-H

Remark 2.2. If v € V; we have

(VL) v) =015 (V( /

—H
+ (v1p div(u), div(v)).

z z

div(u)dz'),V(/ div(v)dz"))

—H
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We now define:
ou ov,
lvg, 92
ai2(u,v) = v (VW (u), VW (v)) + (v1, div(u), div(v)),

a1(u,v) =aji(u,v) + ajz(u,v),

dp O
02(p,6) = v (Vp, V) + (vau 02, 50,
d(u,v) = (F Ayu,v),

aj1(u,v) = v (Vu, Vv) + (

bi(u,v,w) = (u.V)v,w) + (W(u)g—:

bo(, ) = (V)0 6) + (W(w) 22 0),

ll(uav) = bl(“? anv) + bl(u0au7v))
12(11707 @) = b2(u7p0a Qb) + b2(u05 P, ¢)

W),

Lemma 2.2. Suppose that £ € L?(0,T, L*>(Ty)) and that (u, p, P) is a suf-

ficiently reqular. Then:

. 0 0
(1) _Vlh(Auav) - (%(Vlvail’:)av) = an(u,v) - (fa’YOV)a Vv e Wl;

() —van(B0.0) — (011, 0).0) = ar(p. ). 6 € Vi,

0
(i) (VP,v)= —(P,/ div(v)dz)r,, Yv € Wy,
“H
(iv) (VP,(}/) =0, Vv e, .
(v) (V(/ pdz'),v) = —(/ pdz' div(v)) = (p, /_H div(v)dz'), Vv e Wy

where yov denotes the trace of v on Ty and (f,vv)r, denotes the scalar
product in L?(I'g), which makes sense if v.€ Wy.

Proof. Results (i) and (ii) are deduced from the definition of the spaces
Wi, V1 and Vs, and from the boundary conditions satisfied by (u, p) on I'.

(iii) According to Green’s formula and boundary conditions verified by v €
Wi, we then obtain: (VP,v) = —(P,div(v)). P is only a function of x and
y we can deduce that:

0

(VP.v) = —(P, / div(v)d)r,

(iv) If v € V1, we have fEH div(v)dz’ = 0 and therefore, (VP,v) = 0.
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(v) According to Green’s formula and boundary conditions verified by v €
Wi, we then have

(V(/ZO pdz'),v) = —(/ZO pdz div(v)).

By integrating by part with respect to z gives
0 z
([ piv) = (o, [ divtvys)
z —-H
The initial problem (1.9), (1.5), (1.6) satisfied by the perturbation (u, p, P)

of the mean flow admits two weak formulations:

Find (u,p) € L*(0,T,V1) x L*(0, T, V2) such that

a z
(o) o) +hlaw) +daav)+ Lo, [ diviv)a)
Pmoy —-H

= (£,7%V)r,, ¥v € Vi,

(2.6) + ax(p. ) + a(w,p.6) =0, 6 <V 2.)
u(0) =0, p(0)=0
and
Find (u,p, P) € L*(0,T, Wy N H?) x L*(0,T, Vo N H?) x L*(0,T, L*(Ty))
such that

a z
(i) ar(a) + ) +diav)+ Lo, [ div(v)a)
ot Pmoy -H

0 0
- (rofdivten), [ |, div(v)dz)r, = pioy e [ div(v)d)r,
= (f,7V)r,, Vv e Wi,
(22)7 QZ)) + GQ(/% d)) + lQ(u,p, ¢) = O7 ng) c V27 (22)

0
(/ div(u)d?’, Q)r, = 0, VQ € L*(T),

—H
u(0) =0, p(0) =0.

O]

In the two following propositions we are dealing with some properties of
operators a1, as, d, [1 and ls.

Proposition 2.1. (i) a1 (resp. az) is a bilinear continuous and coercive
2 2
form on Wy (resp. on Vs),
(ii) d is a bilinear continuous form on W3,
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(i) [ W(a) [[re@<clual.
. g =
(iv) | (P,/ div(v)dz) [< c | p 2@l v I,
Pmoy —-H
<cl[ vzl el Y(v,p) € Wi x Va.

Proof. (i) v1, and vy, are constant coefficients, 14, and vg, are bounded
functions, therefore the continuity and the coercivity of a; and ao are easily
obtained. The constant of coercivity of a; (resp. «s9) is then given by
a1 = min(vyp, min(ry,)) (resp. ae = min(vop, min(vay))).

(ii) d(u,v) = (F Ay u,v), with F = (0,0, 2wsin(¢)), then

[d(u,v) [<2w[ul[v[<C[ual|v].
(iii) Since W (u) = — [*,, div(u)dz’, we have
0
W Bes [ (] Jdivta) | az)2as
Q J-H
Applying Hélder’s inequality, we obtain
0 0
(/ | div(u) | d2')? < H/ | div(u) |? d2’.
—H —H
Since 2 = Qx| — H, 0], this implies
0
| W () [[7200)< H/Q(/H | div(u) |* d2')d2 = HQ/Q | div(u) |? dQ,

and then || W(u) [[p2@<c[[ul.
(iv) We have

g T / g T /
p,/ div(v)dz') | < 2 / div(v)dz
Ipmoy( . (v)dz') | s o llz2e) |l . (V)dz" || 2@y

g

moy

I o2yl W(v) \\%2(9)-

By using (iii) we then obtain

g c o
\ (P,/ div(v)d) [< el pllze) [ v II -
Pmoy —H

According to Lemma 2.2, we have

J (p,/z div(v)dz') = —2 (V(/Zopdz'),v).

Pmoy —-H Pmoy
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So,
g : g 0
| (P,/ div(v)dz') |< | (V(/ pdz") 20 1| v l22(0)
Prmoy —-H Pmoy z
g
< H || Vpllzz@ |V llzos<cllol vz -

moy

O

Proposition 2.2. If the mean circulation (ug,wo, py) is given such that:

ou 0
ug, wo, po, Vug, a—zo, Vo and % € L™>(R2), then there exists a positive

constant ¢y such that

| bi(uo, w,v) [Seo | ull || vz, V(av)eWwt,

| b2(u0,p,0) < coll p Il | & 2y, V(.)€ V3,

[ br(u,uo,v) [S collull | v 2, Y(u,v)eWt,

| b2(u, p0,0) [ co [ wll I ¢ llr2(), V(u,@) € Wi x Vs,

[L(u,v) [S e [ul IV 2 Y(u,v)eWs,

[ 2(u,p,0) IS colllall + (1o l) 1| ¢ll2@), Y(u p,d) € Wi x Vi,

Proof. We have

bi(ug,u,v) = ((0oV)u,v) + (wog:,v).

2
| (1oV)u,v) [< > /Q | uo; | [ Opuy | | v | de.

ij=1
If up € L*(9), there exists a positive constant cg such that
| ((woV)u,v) [<co [ ull | vl -

Since wy € L*°(N2), we have:

ou
| (wo$,V) [<collull [l vl -

We then obtain
| b1(uo,u,v) [<co[[ull || vz -
The same proof is valid for the majoration of | ba(ug, p, @) |.

81,10

b1(u,ug,v) = ((uV)ug, v) + (W(H)W’V)'

2
| (uoV)u,v) < > /Q | i | | Opao; || vj | dO2.

ij=1
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Since Vug € L*°(Q2), we have the majoration:

| (uV)ug, v) [<co [l | vl -

Since 88110 € L>°(Q2), we have

z
8110
| (W)= v) < co | W(a) [lzz9) | v 220 -
By applying Proposition 2.1, we obtain
8110
| (W)= v) [<collull vz -

We can now conclude that
| bi(u,u0,v) [Sco [ull || v L2 -

The same proof is valid for the majoration of | ba(u, pg, @) |. Since l;(u,v) =
bl (u07 u, V)+bl (u7 o, V) and lQ(ua P (b) = b2(u07 P, ¢)+b2(u7 P0, ¢)7 by USing
the majorations of b; and by we obtain the majorations of | I;(u,v) | and
’ l2(u7P7¢) ‘ [

We are now going to prove the existence and uniqueness of a solution.

2.2. Existence and uniqueness of the solution.

Theorem 2.1. For f,ug,wo and pg given such that: £ € L?(0,T, L*(Ty)),

ou 0
ug, wo, Po, VUp, —0, Vpo and = L>(Q), there exists a unique solution
2

2
(u,p) of problem (2.1) verifying:

u e L?(0,T,V,) N C°([0,T], Hy), g‘: e L*(0,T,V;),
p e L*0,T,V5) N C°([0,T], Ha), g;) c L*(0,T,V5).

Proof. To prove the existence of a solution we use the Faedo-Galerkin
method (see [25], for example). Set (vy,...,vy,...) a total and free sequence
inV; and (¢1, ..., ¢y, ...) a total and free sequence in Vs (see [25, p. 255]). Set
(g, pr) = 22:1 9i1(t)(vi, ;) (the function g; are scalar functions defined on
[0,T]) an approximation solution of problem (2.1), verifying the following
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problem:

ou
(aftl»Vk:) + a1 (ug, vi) + l1(ug, vi)

+d(uy, vi) + J (m,/HdiV(Vk)dZ/) = (f,7%Vk)r,,

moy
0
(£7¢k) + ao(pr, di) + la(uy, pr, ) =0, VE =1, ..., 1,

ul(t = 0) = 0, pl(t = 0) =0.

The existence and uniqueness of the approached solution (uy, p;) are easily
obtained. In order to extract a converging subsequence from (uy, p;), we
have to prove that the sequence (uy, p;) is bounded in L*(0,7,H; X Ha) N
L2(0, T,V x VQ)

By applying the coercivity of a1 and ao, the result of Propositions 2.1
and 2.2 we obtain the estimations:

(2.3)

d
pn lw P20 [ w < e lw | lwll+e o] llwl +es| £l [ w,

d
o2 o lP<enl ol lwll+es ol ol (2.4)

where (¢;)i=1,... 5 are positive constants.
By applying Holder’s inequality, we deduce from (2.4) that there exists a
positive constants (;)i=1,... 3 as small as wanted such that:

d
7 w P +Qar—e1) | wl[fp< o |w |* +er | pu [ +es | £ 7,

d
o P2z —eo) [P < eo | pu " +es ||l - (2.5)

We choose (&;)i=1,... 3 in order to have 2a; — &1 —e3 > 0 and 2ap — g2 > 0.
By setting K = min(2a1 —e1 — €3, 209 —€3), and X; = (uy, p;), we so obtain

d
AR P K X < co | Xo P e | £ 7, (2.6)

where, | X P=|w |? + | o [, and || Xq [[f=]l w I + || o 1%

Applying the Gronwall lemma, we easily deduce from (2.6) that the se-
quence X; is bounded in L (0, T, H; x Hz) N L3(0,T,V; x Vs). This result
makes it possible to extract from X; a subsequence converging towards (u, p)
weakly star in L°°(0,T,H1 x Hs), weakly in L2(0,T,V; x V).

It is then easy to prove that (u,p) is the unique solution of (2.1) and
verifies the regularity:
ou Jp
ot’ ot
By Lions [18] we conclude that (u,p) € CO([0,T], H1 x Hz). O

(u, p) in L*(0,T, V1 x V), where ( ) € L*(0,T, V] x V).
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Proposition 2.3. If (u,p) is the solution of problem (2.1), then there is a
unique distribution P (up to a constant) such that (u,p, P) is solution of
problem (1.9), in the distribution sense.

Proof. Using the result proved by Lions-Temam-Wang [20, Lemma 2.2, p.
1025] and Lions-Temam-Wang [19, pp. 266-267] we have the existence of
surface pressure P such that (u, p, P) is a solution of problem (1.9), in the
distribution sense. O

Remark 2.3. (ug,wp, pg) is given and has to represent the mean circula-

tion in a tropical area. For any physically significant circulation ug, Vug, pg,

0 0
ﬂ, Vpo and % are bounded in ). Therefore the conditions imposed to
z

0z

(ugp, wo, po) are not restrictive.

2.3. A result of regularity.

The regularity of the solution (u, p, P) depends on the regularity of the
wind-stress f. We are going to give sufficient conditions about the wind-
stress f in order to define this quantity even near the corners of the open
set €.

From now on we assume the following regularity of the wind-stress:

f ¢ L2(0,T, H(Ty)), gi € L*(0,T, L*(Ty)). (2.7)

Remark 2.4. (2.7) implies that f € C°([0,T], L?(Ty)) a.e on [0, T.

f must be consistent with the initial and boundary conditions (1.5), (1.6)
imposed to the velocity u. We then have to impose the following compati-
bility conditions:

f(O) =0 on Fo,
0
fo=0 and a—fl =0 on v3Un"a, (2.8)
Y

fi =f .
by = T
Notation: f is defined on the open set I'g =]0, Ly[x] — Ly, L, [, v denotes
the boundary of I'g; v = Ui:l,... 47> where 7 and 72 are the western and
eastern boundaries, v3 and 4 the southern and northern boundaries.
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Lemma 2.3. If the wind-stress f satisfies the conditions (2.7), (2.8), then
(u, p), solution of problem (2.1), is such that:

(u, p) € CO([0,T], V1 x Va),

ou Jp

(E’ E) € L*(0,T, V1 x Vo) NC°([0,T], Hy x Ho).

Proof. Introduce the following problem:

Find (w,¥) such that:

8 z
(—W,v) + a1 (w,v) + i (w,v)+d(w,v)+ J (\I/,/ div(v)dz')
ot Pmoy —-H
of
= (aa’YOV)Foa VV S Vl)
ov 2.9
(Ea¢)+a2(\pa¢)+12(wa‘yv¢) :Oa VQSEVQa ( )
w(0) =0, ¥(0) =0.
According to Theorem 2.1, problem (2.9) admits one unique solution (w, ¥),
such that:

(w,¥) € L*(0,T, V1 x Vo) NC°([0,T], H1 x Ha),
ow ov
(Ev E) € LQ(()’T, Vi X Vy).

Set
w(t) = /0 w(s)ds and ¥ (t) = /0 U(s)ds, Vte|[0,T]

where (w, ) € CL([0,T], H1 x Ha) since (w, ¥) € C°([0,T], H1 x Ha2).
According to (2.8),
Lot
f(t) = | —=(s)ds.
0= [ Gios
Integrating equations (2.9) with respect to time gives:

(%:,v) +ai1(w,v) + 1 (w,v) + d(w,v) + prrgwy (¥, /_ZH div(v)dz’)

= (£,7%V)r,, ¥v € Vi,

(22, 6) + 0w, ) + la(w,15,6) = 0, 6 € Vi,

We have proved that (w, ) is a solution of problem (2.1). We then have
(0,p) = (W, ), (u,p) € L*(0,T, V1 x Vo) N C([0,T], H1 x Ha).
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On the other hand,

ou Op, O 00,

Therefore,

du dp 2 0

(=, =) € L0, T,V; x Vo) NC ([0,T],H1 x Hz).

ot’ ot
Since
2 du 9p 2
(u,p) € L*(0,7, V1 x V) and (E,E) € L*(0, T,V x Va),

we conclude ([18]) that (u,p) € C°([0,T], V1 x Va). O

Theorem 2.2. If the wind-stress f satisfies the regularity (2.7), and the
initial and boundary conditions (2.8), then the solution (u,p, P) of prob-
lem (2.1) is such that:

ue L2(0,T, H*(Q)), W(u) € L*(0,T, H*(Q)),
p € L*0,T,H*(Q)), P € L*0,T, L*(Ty)).

Proof. According to Section 2.2, the solution (u, p, P) of the weak problem
satisfies the equations (1.9), which can also be written:

0 ou 1

— I/lhAu - @(Vlva) + Pmoy VP + Vﬁ(u)
ou ou dug
= —(E + (up.V)u + wo 5~ + (u.V)up + W(u)% +F Aou
+ —_VR(p).
Pmoy
oy D 00O om o
vanBp = o (vaum-) = —(50 + (WV)po + W(u) 2= + (10.V)p + wo ),
0
div(/ u(z')dz") = 0.
—H
Set
ou ou Oug
D= —(a + (up.V)u + wog— + (u.V)ug + W(u)g +F Agu),
i=-p,
Pmoy
and
dp Ipo dp
v —(a + (w.V)po + W(U)E + (u0.V)p + woa)-
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P 0 0
P _ + -9 /pdz’—i—/ L(u)d?,

Pmoy Pmoy Pmoy

We define

we can then obtain that:

— vipAu — i(l/mgl;) + p:wy Vp =D,

— v AW (u) — aaz(’/lv avgiu)) + p,ioy gi = (2.10)
— vopAp — ;Z(V%gg) =Y,

div(w) + 2V _

0z

If ug, wo and pg are sufficiently regular, by the result of Lemma 2.3 we
have: (D,d,¥) € C°([0,T],L*(Q)). At each time t € [0,7T], the initial
problem (2.1) can then be written:
Given (D,d, V) € L*(Q), find (u, p,p) such that :
0 ou 1

—vipAu — @(Vh;&) + o Vp=D, in Q)
0 OW (u) 1 op ,
- A - 5. WVl — =d, Q
vinAW (u) 0z (1 0z )+ Pmoy 0% m
0 0 ,
— vonAp — &(ngaf'z) =V, inQ (2.11)
div(u) + 8Vg£u) =0, in Q

and satisfying the boundary conditions (1.5).

At each time ¢t € [0,7], we then have the regularity result: (u, W(u)) €
H?(), p € H*Q), p € H'(), except near the corners of the open set
([2]). The problem is now to prove the regularity of (u, W(u), p,p) in the
corners.

The solution (u, p,p) is periodic in the z-direction. So, the open set 2
can be extended from x = —L, to x = 2L,, and the regularity near the
western and eastern boundaries 'y, I's is automatically obtained.

The open set 2 can be defined as: |0, L,[x]0,1[x] — H,0[ by a change of
the variable y.

To prove the regularity of (u, W(u), p,p) in the corners (1) and (2), we
define (1, p, ), extension of (u, p,p) in Q =]0, L,[x] — 1,1[x] — H,0[.

Set a=u, p=p, p=p, Gy = ug, Wy = wy and py = pg, in Q. @; (resp.
u;) denotes the components of @ (resp. u) and (ug,7p) (resp. (ug,vp)) de-
notes the components of g (resp. up).
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Iy

I's
FIGURE 1. Extension of the open set (2

Let M(x,y,z) be a point in Q. M;j(x,—y,z) denotes its symmetrical
about I's. @, p, p, G, Wo and pg are defined in 2; by:

Uy (My) = ui (M), ug(My) = —u(M), W(u) (M) = W(u)(M),
to(My) = uo(M), vo(Mi1) = —vo(M),  wo(M1) = wo(M),
p(Mr) = p(M), po(M1) = po(M), p(My) = p(M)
(D, d), extension of (D, d), is defined by:
D=D,d=d in Q
Dy(My) = Dy(M), Dy(My) = —Do(M), d(M;) = d(M).

U, extension of U, is defined by:
U=U in Q,

U (M) = U(M).
f denotes the extension of the wind-stress on the surface ]0, Ly[x] — 1,1],

and is defined by:

f=f in Ty,

film1) = fi(m), fa(m1) = —fo(m),
where m(x,y) is a point in I'g, and m;(z, —y) its symmetrical about ;.
The eddy viscosity and diffusivity coefficients are defined in {21 by

Uik = Vih, Vap = Vap, Vie(M1) = viy(M), v3y(M1) = vay(M).
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If (u, p,p) is solution of problem (2.11), it is easy to prove that (a, p,p)
satisfies the equations:

. 0 ou 1 o~

— pAu — %(ulva) + pmopr =D, in Q
- 0 oW (a) 1 op -~ . =
— v A — — (V10 — =d, Q
vk AW (1) az(yl 52 )+ P 2 in

_ 0 ap = . =
— Vo= -3 = b, i O
div(@) + ama/iu) —0, in

and boundary conditions similar to conditions (1.5).

(]~)7 d, ¥) is given in LQ(Q), and we can apply the regularity result: @1 €
H%(Q), W(a) e H*(), p € H*(Q), p € H'(Q), except near the corners of
Q. This implies the regularity of (u, p, p) near the corners (1) and (2). To
obtain the regularity near the corners (3) and (4), we have to extend the
solution (u, W (u), p,p) in Qa.

This extension method also allows us to apply the estimate proved in [2],
and valid in a sufficiently regular open set. We thus obtain

[ allz2@) + [ W) g2 + | 2 [l
<CO( £ gy + I D iz + I dllz2@)) (2.12)
|2 lm2)< C || ¥ |lp2(q), a.e. on [0,T],

where C' is a positive constant, independent of time.
We deduce from (2.12) that

(u, W (u)) € L*(0,T, H*(Q)), p € L*(0,T, H*(Q)) and
P < L?(0,T, L*(Ty)).
O

Proposition 2.4. If the wind-stress £ satisfies the conditions (2.7), (2.8)
6110

and g, wy, Vug, 5, po, Vpo and % € L*(Q), then the solution
(u, p, P) of problem (2.1) satisfies the following estimates:
@) Nullzzormz@)< C | £ lu,
(i) [ e ll2ora2@)< C Il £ llu;
(i) || P llzzor2wen< C Il £ llu;
where

of

ot
of
£ 1= £ 1720201 (o)) + I 5% 172 (0.7, 22(r0)) -

U={f| £feL*0,T,H (T)), = € L*(0,T, L*(Ty))},
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Proof. According to the Theorem 2.2 we have:

ou
[ u H%Q(O,T,HQ(Q))SC(H u H%2(0,T,v1) + || o ”%Q(O,Tﬂ-ﬁ)

2 2
+ 1o llz207m) + I £ 1220781 (1))

dp
| 2 lz20,7,m200) <C(Il p HQLQ(O,T,VQ) + || E H2L2(O,T,H2)
+ [l u H%Q(O,T,Hl))’ (2.13)
ou

I P llz2o.m,2won <CUl w 122020, + | e IZ20020)
+1 e H%?(O,T,Hg) + [ £ H%2(0,T,H1(FO)))a

Setting v =u and ¢ = p in (2.1) gives:

d 2 o

— | u |? +2a;(u,u) + Iy (u,u) + 2d(u,u) + g (m/ div(u)dz’)
dt pmoy _H

= 2(f,v0u)r,,

d

= Lo [ +2a3(p, p) + Ia(u, p, p) = 0.

According to the coercivity of a; and as, the result of Proposition 2.1, and by
applying Hélder’s inequality, we deduce that there exists positive constants
(€i)i=1,... 3 as small as wanted such that:

g lu P +Q2a —c1) [ulfp<ciul® +ea | p|* +es | £ 3,
d
o p PP +QRa2—c2) [ pIP<calpl” +es |l ullfy -

We choose (g;)i=1,... 3 in order to have 2a; —e1 —e3 > 0 and 2ap —e2 > 0.
By setting K = min(2a; — &1 — €3,2as —e2) and X = (u, p), we so obtain:

d
AR PHE X < es | X * +es | £, (2.14)

where, | X [*=[u > + [ p [ and || X [[f=[l |y + [l o |I*.
The Gronwall lemma now gives

| X [ ()2 < CNE 20020y V€ [0,T]. (2.15)
We deduce from (2.14), (2.15) that

I X 220,20 7)< C N E Ni2gom, 20, (2.16)

2 2
X 122 0,201 500m) S C IHE 172 0,7, 22(00)) -
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ou Op

Setting (v, ¢) = (E, B

) = (u/,¢) in (2.1) we obtain

| v \2 +a1(u,u) + Iy (u,u’) + d(u,u’) + J (P,/ div(u')dz’)
Pmoy —H

= (f,vou')r,,
|0 [ +as(p, p) + la(u, p, p') = 0,

and after integration with respect to time

P *—tuu’ss
2A\u!@®+mwwm®%—24h(7ﬂﬂ

_At29<m/%dwmmyﬂgﬁ—2[jﬂmuﬂ@@+ﬂﬁﬁ%%u@ﬁo

Prmoy -H

—2A<f@x%u@»mw,

t t
2 [16 (s + aslo®).p(t) = =2 [ ol p)(s)ds, ¥t € 0.7).
0 0
Since
I1(u,u’) = by (u,ug,u’) + by (ug, u,v’),
l2(u7 p7p/) = bQ(U-)POvP/) + bQ(U-OaP) pl))

which yields, according to the result of Proposition 2.1,

ll(u,u’)+d(u,u’)+pg (p,/ div(u')dz') < Cr([[ul| + [ p]) [0
moy —H

and
la(u,p,p) < Collp |l +ul) | /]
Applying the coercivity of a; and as yields

t
2/|uWH@w+auwa
0
t t
SQAWN+pth®+@AHMUPm+Hmm,

t t
2A|ﬂP@Ms+wan§chmpn+|un|ﬂvw

Since £(t) = [} f'(s)ds, we have

£ 7, (1) S C I E 120m 2oy, Yt € (0,7,
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and according to (2.16) we obtain
I Bz = C I £ 1
2 ||3:2(0,T,H2)§ clf ||§1 .
We deduce from (2.13), (2.16) and (2.17) the estimates (i)—(iii). O

(2.17)

2.4. The optimal control problem.

The problem is controlled by the variability of the wind-stress f. The
observation is the surface pressure, deduced from altimetric measurements.
Controls and observations are thus defined on I'y. Thereby

U={f|feL*0,T,H (I)), % € L*(0,T, L*(I'y))}

will be the control space; B = L?(0,T, L?(Ty)) will be the observation space.

For each control f, (u(f), p(f), P(f)) is the solution of the weak problem
(2.2), and the cost function J is defined by

1 a
T() = 5 | () = Pass I +5 11 £ 1 (2.13)

Pys € B is the observation. « is a given positive constant (a # 0). The
optimal control problem then is as follows:

Find £ € U such that
f) = inf . 2.19
J(f) gneluj(g) (2.19)

Remark 2.5. P is defined regardless of any time-dependant function. We
now determine this function by setting the condition

Pdr = / P,psdl.
To To

Proposition 2.5. Problem (2.19) admits one unique solution £ € U.

Proof. For (f,g) € U?, we set

and

We have then,

1 1
T(8) = 5D 8) = SE) + 5 || Pas I3
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By using the Proposition 2.4, we prove easily that J is continuous, coercive
and strictly convex on U. Therefore, according to [13], [17] we deduce the
existence and uniqueness of the solution of problem (2.19). O

f € U is solution of problem (2.19) if and only if J'(f) = 0. In or-
der to characterize the optimal control f we introduce the adjoint problem
associated with problem (2.2).

For a wind-stress f € U, (u(f), p(f), P(f)) is the solution of (2.2). We note
(u*(f), p*(f), P*(f)) the adjoint state which is the solution of the adjoint
problem:

(P V) (£),9) + (vt () + (7 (6) Vo, v
* 8/)0 * . ! 1 * 0 . /
NGE /_ AV £ (), /_ div(v)d)r,
0

— (V10 /H div(u*(f))dz’, 0 div(v))r, — d(u*(f),v) =0,
(220 6) + as(p*(5). ) + ba(uo, 6. (1)

([ a0 =0, (2.20

! </0 div(u*(£))d', Q)r, = (P(£) - P,
oy i wviu Z, Ty = - obsaQ)Foa

V(v,$,Q) € (W1 x Vo) N H?) x L*(T),
u*(f)(T) =0,p"(£)(T) =0,

[ (Pt6) = Pasjara—o.

Proposition 2.6. The adjoint problem (2.20) admits one unique solution
such that:

(u*(£), p*(F), P*(f)) € L*(0, T, Wy x Va x L*(Tp)).

Proof. The compatibility condition fFO(P(f) — Pyps)dlg = 0 is satisfied.
So, almost everywhere in ]0, T'[, there exists u; € W, such that:

0
1 (/ diV(ul)dZ/, Q)FO - (P(f) - P0b87 Q)Fo7 VQ € L2(PO)
Pmoy H
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Set a(f) = u*(f) — u;, equations (2.20) can be written:

D ()
(- ot
* apo . / 1 * 0 . /
(2. /_ AV (P (), /_ div(v)d)r,
—d(u(f),v) = (G,v),

V) +ar(a(f), v) + h(v,a(f)) + (p* () Vo, v)

(220 5) + as(p"(5), ) + ba(uo, 6, ")
g s / _
_ - (/_H div(a(f)dz', ¢) = (¥, ¢), (2.21)

0
(- / div(@(£)d=', Q)r, = 0, ¥(v,6,Q) € Wi x Vi x LX(Ty),
H

() (T) = 0, 9" (F)(T) = 0,
[ 2t6) = Pasyarg =

Problem (2.21), being similar to problem 2.2, admits one unique solution
such that

(@(F), p*(£), P*(£)) € L2(0,T, Vs x V3 x LA(Ty)).
We can deduce that there exists

(u*(£), p*(f), P*(f)) € L*(0, T, W1 x Va x L*(T))

and verifies (2.20). The existence of a solution being proved, demonstrating
the uniqueness is fairly simple. O

Proposition 2.7. J'(f) = 0 if and only if of — A"1you*(f) =0 in U. A
is the canonical isomorphism U — U’ such that

<g7V>M,u' = (Agvv)U’ = <g7A_1V)U7 V(g,v) EU X u/_

Proof. (7'(f),g) = D(f.g) — S(g) = (P(f) — Povs, P(8))5 + a(f, g)u,
V(f,g) € U
The third part of equation (2.20) implies

! 1 0 : * /
(7€) ) = alf.g+ ([ aiv(w (©)d. Ple)s

V(f,g) e U2 (2.22)
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Since (u(g), p(g), P(g)) is the solution of problem (2.2), we have

(M) ) 4 a1 (@), v) + h(u(g).v) + du(w). v)
0

+- 9 (p(g). [ divw)a)  (run(divtae). [ diviv)ar,

Pmoy —-H

1

0
+ / div(v)dz'. P(@)r, = (& 20v)r,

Pmoy

(2ne) >,¢> ax(p(g), ) + x(u(g). plg). 6) = O,

/ div(u(g))d=', Q)r, = 0, V(v,$,Q) € Wi x Vo x L*(Ty),
g)(0) = 0,p(g)(0) = 0,
and so, setting (v, ¢, Q) = (u*(f), p*(f), P*(f)),

Ju(g)
(= v

(v1070(div(u / div(u*(£))dz")r, + d(u(g), u*(f))

u*(f)) + a1(u(g), u*(f)) + L (u(g), u*(f))

L / | div(u (0)d P(e))r,

Pmoy

+ I ((e), / H div(u* (£))dz’) +

Pmoy

= (8:70u"(f))ry,

(28] 1 (6)) + an(olg). 0 (6)) + Ia(u(). lg). " () = 0.

0
( /  div(u(g))d=', P ()r, = 0.
u(g)(0) = 0, p(g)(0) = 0.

Since (u*(f), p*(f), P*(f)) is the solution of problem (2.20), we thus obtain
after integrating by time:

T T z
| @@= [ (pte). [ vt )

Pmoy

and
T T
/ (P(f) — Pops, P(g))r,dt :/ (g, vou* (f))r,dt.
0 0

We can now conclude that J'(f) = 0 if and only if af —A = yu*(f) = 0 in U
(according to (2.22)). O
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We have proved that the optimal control f, the solution of problem (2.19),
is characterized by the following set of equations:

dulf)
7

z 0
+ 9 (), / | div()d!) = (m0(div(ul(). / div(v)d=')r,

Pmoy —-H

,v) +ai(u(f),v) + i1 (u(f), v) + d(u(f), v)

1

0
([ AN PO, = (E300)r,

du* (£)
(- ot

e, | H div(v)dz) +

V) + ar (W (£),v) + 1 (v, u" () + (p"(F) Vo, v)
1

0
(P*(f), /H div(v)dz")r,

Pmoy

0
— (V10 /_H div(u*(f))dz’, yo div(v))r, — d(u*(f),v) = 0,

(220 6) + ax(p*(£). ) + balwo, 6. ()

g 7 b
- ([ diviar () 0) =0,

Pmoy

0
p,ioy ( / | div(u (1) Q)r, = (P(D) = Pon. Q.

V(v,0,Q) € (W1 x Vo) N H?) x L*(Ty),

/F (P(£) — Pypy)dTo = 0,
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3. The two dimensional cyclic problem

3.1. Variational formulation.

In order to study problem (1.10), we introduce the following functional
spaces:

Vo ={(v,v3) € (H'(w))?| divO<v)+%f =0, (v,v3).np =0 on ~},

Hie ={v € (L2(w))?| (v,0).mp =0 on v Ur3 U~ U7},
Wie = {v € ()P W) = = [ diva(v)ds' € Hl(w),
v=0 on 7, (v,0)mg=0 on 7 J’I;z U},

Vie = {v € Wi /OH divpn (v)dz = 0},

Hae = LZ(w),

Voe ={¢p € Hi(w)| ¢ =0 on ~5 U3 U},

where, ng = (0,n1,n2), n = (n1,n2) the unit outward vector normal to ~.
Let X be a real Hilbert space, X, denotes the complex space defined by:
v € &, if v = v 4 ive, with real part vi € X and imaginary part vo € X.
The norm in X, is defined by
2 2 2
v Z=lvilz+ vz lx

where | . |1, and || . |1, denotes the semi-norm, and the norm on H}(w).
They are equivalent on Wi, Vi and V.. We set || u ||=| u |10, || ¢ ||=
| ¢ |10, | u| and | ¢ | denotes the norm in L2(Q).

Wie (resp. Vic) is equipped with the following norm:

0
v =l v I [ divn(0)ds 2, ¥ € W (resp. v € Vo),
—-H
and Vs, is equipped with the norm || ¢ ||, V¢ € Vac.

Lemma 3.1.

(vmﬁm(u)7v) = Vlh(vm(/

—-H

z z

divm(u)dz'),vm(/_H divy, (v)dz'))
0

+ (V1p divip (u), divy, (v)) — (V170 (dive, (0)), /H divy, (v)dz'),,

Y(u,v) € Wi N H?)%
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Proof. Since
0
(Vo Lon(), ¥) = (T / Ln(u)dz'),v),

by using Green’s formula we obtain

0 0
(VinLm(u),v) = —(/ Lp(w)d?, divp,(v)) + /(/ Ln(u)d2')(v,0).ngdy.
z v Jz

where v is any element in W;.. We obtain

0
(VLo (1), v) = —( / Lon()d2, divon(v)),
By integrating by part with respect to z gives
(VinLm(u),v) = (Lm(u),/ divy, (v)dz2').
—H

Since
_ 0 OWp,(u)
Lip(u) = —v1p Ay Win(u) — @(VIUT)’

by applying Green’s formula, we obtain

(Vo Lo (1), ¥) = 111, (T /

—-H

z z

divy, (u)dz’), Vm(/H div,, (v)dz"))
0

+ (v1p divip (), dive, (v)) — (10 (dive, (a)), /_H divy, (v)d2'),.

Remark 3.1. If v € V4., we have

(VoL (), %) =11 (Vi / .

+ (V1 divyy (u), divy, (v)).

z z

divy, (u)dz’), Vm(/H divy, (v)dz"))

We now define:
ou Ov
Vlv&a @)7
a12m(ua V) = Vlh(vme(u)7 Vme(V)) + (Vlv divm(u)’ diVm(V)),

a1m(u,v) = a11m(u, v) + a12m(a, v),

dp 0
@2, 8) = von(Vonp, Vi) + (1252, 92,
d(u,v) = (F Aqu,v),

allm(ua V) = Vlh(vmua vmv) + (
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bim(ug,u,v) = ((uoVy)u, v) + (wo&,v),
bon(10..) = (0¥} 0) + (w022 6),

i (1, v,w) = (0)v, w) o+ (W () 37 w),
cam (1,0, 6) = ((V0)p, 0) + (Win () 22, ),

llm(ua V) = blm(u07 u, V) + Clm(ua Uo, V)a

Lim(u,p,v) =lim(u,v) +d(u,v) +

z
(p,/ divy, (v)dz2'),
Pmoy —H

12m<u7 P (b) - me(UO, Py ¢) + CZm(“? Po, ¢)7
where Re(.) is the real part of (.).

Lemma 3.2. Suppose that f € L*(0,T, L?()) and that (u, p, P) is a suf-

ficiently regular. Then:

. 0 0
(1) _Vlh(AmuaV) - (&(Vlvail’:)uv) = alm(u’v) - (f770V)707 Vv e ch;

() 1B 0) — (5 (010 92),6) = am(p, 8), 6 € Vi,
0 0 z
() (Tl [ pde)ov) = =( [ pde' v () = (o [ (),
Vv € Wye.

0
(iv) (ViP,v) = —(P. / v (V)d2') s ¥V € Wi,
-H

YoV denotes the trace of v on 7y, and (f,vV),, denotes the scalar product
in L2(y0), which makes sense if v € Wi.

Proof. Results (i)—(ii) are deduced from the definition of the spaces Wi, Vi,
and Vs, and from the boundary conditions satisfied by (u, p) on 7.

(iii) (Vm(/zo pdz"), zm/ pdz' 1) aa(/o pdz"),v2),

0 0 3’02
= —(/ pdz imuvy) — (/ / / pd?'). (v,0).ngdy.
z z 5

Since v € Wi, we have (v,0).ng = 0 on v and therefore

0 0
(Vm(/ pdz),v) = —(/ pdz' div,(v)), Vv € Wi
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By integrating by parts with respect to z gives

—( / ' pd, divy,(v)) = (p, / " div(v)d2).

—H
(iv) According to Green’s formula and boundary conditions verified by v,
we then have: (V,,P,v) = —(P,div,,(v)).
Since P is only a function of y we can deduce that

0

(Vi P,v) = —(P, /_H divyy, (v)dz"),.

O]

We can now write the two weak formulations of problem (1.10), (1.11),
(1.6) satisfied by (u, p, P):

Find (u,p) € L*(0,T,V1c) x L*(0,T, Va.) such that :

ou
(E7V) + alm(uav) + le(u,p,v) = (ffYOV)v Vv € Vlca

(%2.6)+ asm(p 6) + ban(,p,6) = 0, ¥6 € Ve,
u(0) =0, (0) =0

(3.1)

and

Find (u,p, P) € L*(0,T,W1. N HZ) x L*(0,T, Vac N H?) x L*(0,T, L(70))
such that:

u 0
((Z—t, V) + aim(u,v) + Lip(a, p,v) — (ulvfyo(divm(u)),/ divy, (v)dz"),,

-H
1 o ,
— (P div(¥)d), = (£20),
moy —
0
(8757 ¢) + a2m(pa ¢) + l2m(u7p) (b) = 07 V(V, ¢) € ch X VQca (32)

0
—( / dive (W2, Q)ny = 0, ¥Q € L2(70),

-H
u(0) = 0, p(0) = 0.
In the two following propositions we are dealing with some properties of

operators aim, a2m, lim, Lim, l2m and d.

Proposition 3.1. (i) ai, (resp. agm) is a bilinear continuous and co-
ercive form on W3, (resp. on V3.),
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(ii) d is a bilinear continuous form on W2, and d(u,v) = —d(v,u)
(d denotes the complex conjugate of d).
There exists a positive constant c, depending on m, such that:
(iil) || Win(V) ll2@y< el v I, Vv e Wie
: g L
(iv) | p(p,/HdIVm(V)dZ') [<cllpllzw VI

moy -
<c H v HL%(UJ) ” p ||a V(V,p) € Wie X Vac.

Proof. (i) v1, and vy, are constant coefficients, 14, and g, are bounded
functions, therefore the continuity and the coercivity of ay,, and a9, are
easily obtained. The constant of coercivity of ai,, (resp. agm) aim (resp.
aom) is then given by i, = min(vyy, m?vi,, min(vy,)) (vesp. agm =
min(vyp,, m?von, min(vay))).

(ii) is easily obtained from the definition of d: d(u,v) = (F A2 u,v).

(iii) W, / divy, (v :—Zm/ vidz’ — %dz SO

0 0 0 By
|Wm(v)]§/ \divm(v)]dz’gm/ \v1|dz’+/ |—\d'
“H “H

and therefore:

0 0
| Win(¥) |22, <2 / </ oy | d)2de + 2 / </ 1922 ) gy2q,
¢ w —H w —H ay

§2m2H H v ||%%(w) +2H || v H2a
from which we deduce

[ Win(v) 2@y < el v -

(iv) |

z ) g z .
o [ divn0d) 1< g Nz | [ divas (0 Nz

Pmoy -H moy

)y I Win(v) [l 2 () -

moy

By using (iii) we then obtain

g =
| 5 (p,/Hdlvm(V)dZ') <cllpllrzw v I, Y(p,v) € Wie X Vae.
moy —

By applying lemma 3.2, we have

Lo, [ v = ([ i),

Pmoy -H Pmoy
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and therefore

z 0
g . g
oo [ divn)d) 12 9 [ p) e 1

pmoy —H pmoy

| Ve 2wy 1| v L2

moy

So there exists a positive constant ¢ such that

L [ divn@)a) < o 1 1z ¥(v.p) € Whe x Vi
moy

O

Proposition 3.2. (i) If the mean circulation (ug,wo, po) is given such

that: ug, wo, po, Voug, 82 Vopo and %PZO € L®(w), then there
exists a positive constant C such that:

(al) | bim(uo, w,v) [ C [l u ]l ||V [|L2w), ¥(u,v) € Wi,

(a2) | bam (0,0, 0) [SC Il p || | & |12 ¥(ps9) € Vi,

(b1) | cim(u,u0,v) S C [ ull | v |20, Y(u,v) € WL,

(b2) [ cam(u,p0,0) [ C |l ull [ ¢ lz2w), V(1 ¢) € Wic X Ve,

(ii) by (ug,u,v) = —biim(uo,v,u)7 Y(u,v) € W,

(iii) b2m(uo, p, @) = —bam(uo, ¢, p), ¥(p, d) € V3,

(iv) cim(u,u0,v) = —cim(u, ¥, ug) + im(u1v, o), ¥(u,v) € Vic x Wi,
V) ch( u, 0o, qb) = —sz(u, (l)apO) + im(ulqba ,00)7 V(U,V) € Vlc X V?Ca

(vi) Re(bim(ug,v,v)) =0 and Re(bap, (g, d,d)) =0, V(v,d) € Wi X Vac.

Notation: u = (u1,uz), ug = (ug, vg), U is the complex conjugate of u.

u )+ ( ou
—,V wo—5—
ay ) 0 9z’
Since ug and wy € L™ (w), then there exists a positive constant C' such that:

Proof. (i) (al) bim(ug,u,v) = im(upu,v) + (vo V).

ou
| (WoVim)u,v) + (woo—, v) IS C [ u || [ v |20

0z
The same proof is valid for (a2).
Oou Ou
(bl) Clm(ua u()av) = (UQTyOaV) + (Wm(u)T;a V)'

ow
Since Voug and RN S (w), then there exists a positive constant C' such

that:
| cim(u,u0,v) [SC | ull || v [z

according to the Proposition 3.1. The same proof is valid for (b2).

(ii) bim (o, u,v) = ((tmug + UO% + woi)u,v).
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Since ug is real, we have

bim (g, v,u) = ((—imug + anay + woaaz)v7 )
and then
— 0(u.v) 0(u.v)
b m b b b m ) b = d *
1m (1o, , v) + b1y (ug, v,u) /w(vo 3y + wo P )dw
Using Green’s formula we obtain
— 0
bim(ug,u,v) + by (ug, v,u) = — /(divo(uo) + %wo)(u.v)dw

—+ /aw((u(), wo).no)(uﬁ)d’y.

0

Since ug € Vp, then divy(ug) + 5,00 = 0, and (ug,wp).ng = 0. We have
2

then the result (ii). The same proof is valid for (iii).

(iv) According to the definition of ¢1,, we have

cm(u,ug,v) = ((ug—=— + Wm(u)g)uo,v)

oy 0z
and
_ 0.
cim(u,v,ug) = ((ugafy + Wm(u)a)v, ug).
Since ug is real, we have
O(ug.v O(ug.v
cim(u, v, v) + 1 (u, v, ug) = /(uz (gzv) + Win(u) (lglv))dw.

According to u € Vi, (u2 = 0 on v3 U7y and Wi, (u) = 0 on 9 U5 ) and
integrating by part with respect to y (resp. z), we have
8u2 an(u)

cim (1,10, v) + 1 (u,v,ug) = /(—(uo.v) R

=%, (10.¥))dw.

Since

Wp(u) = — /H(zmu1 + ag;j)dz’

we thus obtain the result (iv). The same proof is valid for (v).

Setting v = u (resp. ¢ = p) in (iii) (resp. in (iv)) we deduce the result
(vi). O
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3.2 Existence and uniqueness of the solution.

0
Theorem 3.1. For (ug,wp) andf given, (ug,wo) € Vo, ug, wp, Vouo, %,
z
0
po,Vopo,$ € L®(w) and £ € L?(0,T,L%(v)), there ewists a unique
z
solution (u, p) of problem (3.1) satisfying:
ou
ot
dp
ot

ue L*0,T, V1) N C%[0,T], H1.), — € L*(0,T,V},),

p € L*0,T,V5) NC°[0,T], Hae), = € L*(0,T,V5,).

Proof. To prove the existence of a solution we use the Faedo-Galerkin
method with the same notations as in Section 2: (vi,...,vy,...) is a total
and free sequence in Vi, and (¢1, ..., ¢, ...) is a total and free sequence in
Va.. The approached solution (uy, p;) is defined as the solution of the fol-
lowing problem:

ou
(aitl,Vk) + alm(ulavk) + le(ula Plvvk) = (f770Vk)70’
0
( A ér) + a2m(p1, dk) + lom (g, pr1, 01) =0, VE=1,..., 1. (3.3)

ot
By applying the coercivity of ai,, and agy,, the result of Propositions 3.1
and 3.2, we obtain the estimations:

d
7 lw | 200, [ w [f<e lw | |w | +e2 o] | w | +es | £y | w

d
7 | 12 4+200m | o IP<calp] wll 4es ol | ol (3.4)

where (¢;)i=1,.. 5 are positive constants. By setting X; = (u, p;), we can
deduce from (3.4) the estimation

d
AR P+K | X< ce | Xi|* +er [ £ 12, (3.5)

where K is a positive constant. Then the proof is achieved in the same way
as in the proof of Theorem 2.1. ]

Proposition 3.3. If (u,p) is the solution of problem (3.1), then there is
a unique distribution pressure P (up to a constant) such that (u,p, P) is
solution of problem (1.10), in the distribution sense.

The proof of this proposition is very similar to that of Proposition 2.2.
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3.3. A result of regularity.

From now on we assume the following regularity of the wind-stress:
of
f e L*0,T, H (7)), 5 € L*(0,T, L(v)), (3.6)
f must be consistent with the initial and boundary conditions (1.6), (1.11)
imposed to the velocity u. We then have to impose the following compati-
bility conditions:
£(0) =0 on 1,
fg(—Ly,t) = fQ(Ly,t) = O, YVt € [O,T]

O, g Phg
aiy( Lyvt) - ay (Lyvt) - 07 vt e [OvT]

(3.7)

Lemma 3.3. If the wind-stress f satisfies the conditions (3.6), (3.7), then
(u, p), solution of problem (3.1), is such that:

(u7 p) € CO([O7T]7V10 X VQC)y
ou 0
(52, %8Y € L2(0, T, Vie x Vae) N CO([0, T, Hie x Hae).

ot’ ot
Theorem 3.2. If the wind-stress f satisfies the regularity (3.6), and the

initial and boundary conditions (3.7), then the solution (u,p, P) of prob-
lem (3.1) is such that

uec L?(0,T, H?(w)), p € L*(0,T, H?(w)), P € L*(0,T, L?(vo)).

Proof. The proof of Lemma 3.2 and theorem 3.2 are very similar to that
of Lemma 2.3 and Theorem 2.2. So we omit the details. O

Proposition 3.4. If the wind-stress £ satisfies the conditions (3.6), (3.7)

0 0
and ug, po, wo, Voug, Vopo, % and % € L™ (w), then the solution (u, p, P)
z z

of problem (3.1) satisfies the following estimates:
1) allzzorm2e)< C I £ .

(i) 1 ez m20)< C | £ .,

(i) || Pllrzor200n< C I £ ke

where

Uo= (8] £ € (0.7, H) (), 5y € L0, E2(0))}

of
IE1Z=1 £ 1720 m1 000 + | a5 72(0.7,12()) -
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Proof. According to the Theorem 3.2, the estimation (2.12) and the regu-

larity of (ug,wo, po) we have:

Ju
2 2 2
| u HLQ(O,T,Hg(w))S Ol u HL2(0,T,V1C) + ot ”L2(O,T,ch)

2 2
1 20500 + 1 E 220,112 (0)):
ap
]

H p ”L2(0,T,H§(w))§ C(” p H2L2(0,T,v26) + || n H2L2(0,T,ch)

+ [lu ||%2(0,T,ch))’
Ou

| P HLQ(O,T,L.%(’Y))S Clw ||%2(0,T,v15) +1 ot HiQ(O,T,ch)

2 2
+ e HL2(0,T,H20) + [ f HL2(0,T,H01(70)))'

Setting v =u and ¢ = p in (3.1) gives

d
% ’ u ‘2 +2a1m(ua u) + le(ua Ps u) = 2(f’ ’VUU)’YO’

d
7 [ [? #2020 (p, p) + lam(w, p, p) = 0.

(3.8)

According to the coercivity of a1,, and as,,, the result of Propositions 3.1

and 3.2, and by applying Holder’s inequality, we deduce that:

d
@!X|2+K||X||124/§C9|X|2+C7|f|307

(3.9)

where X = (u, p), K is a positive constant. Applying the Gronwall lemma

now gives
| X T2 <CIE 1 aormey V€ 0,7,
We deduce from (3.9), (3.10) that

1 X 12 0,700 x2S C I E 20,2, 102 (00
I X 7207 v10xv50) S C I E 200,211 (0 -
o 09
ot’ ot
|0 |2 +arm(u,0) + Liy(u, p,u) = (£,700),,
|0/ 1 +agm(p, p') + lam(u, p, o) = 0

Setting (v, ¢) = ( )= (u/,¢) in (3.1) gives

and
| u/ ’2 —i—M(U, u,> + le(U-vP: u/) = (faf)/Ou/)’Yoa
|0 1P +a@zm(p, p') + lam(u, p, p') = 0.

(3.10)

(3.11)
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Summing these two systems we obtain:

d _
2 | u’ |2 dt (alm(u u)) + 2R€(L1m(u7 P u,)) = (fv fyou/)’)/o + (f7 ’Yﬁu/)’yoa
d
21 0 - () + 2Rellam(, . 1)) = 0.
Moreover

(£, 900)5 + (£,70u), = 25 (Re((f,v0u)y,)) — 2Re((f', 10u))-

Then after integration with respect to time we obtain

5 /0 I 2 (5)ds + anm(u(t), u(t)) = —2 /0 Re(Lim(u(s), p(s), u'(s)))ds

+ 2Re((£(t), voult / Re((£'(5), 70u(5))a0 )ds,
/ | 2 (5)ds + asm (p(t :—2/ Re(lom(u(s), pls), o (5)))ds,
vt €[0,T].

Applying the coercivity of a1, and asy, yields

2 /O 0 2 (s)ds + || u [2< 2 / | Lim(u(s), p(s), u'(s)) | ds

2] (602000 | 42 () 20u(s)h | ds,
¢ / (3.12)
1 s+ |9 122 [ lan(uls) (51, ()) | ds,
VtE [0, 7.

According to the results of the Propositions 3.1 and 3.2, which yields:
| Lim(u, p, ) [ Cr([[u [ + [ p]) 0],

(3.13)
| lom(w, p,0) |< Coll p || + [w]) o]
Since f(t) = [ f'(s)ds, we have
[£13, (t) <C|f ”%2(0,T,Lg(70))7 vt € [0,T].
According to (3.11)-(3.13) we obtain
I u’ |17 <C| £l
LH0T,H1e) u (3.14)

I o H%?(QT,HQC)S Clf Héc .
We deduce from (3.8), (3.11) and (3.14) the estimates (i)—(iii). O
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3.4. The optimal control problem.

The problem is controlled by the variability of the wind-stress f. The
observation is the pressure on 7y, deduced from altimetric measurements.
Controls and observations are thus defined on 7. Thereby

of
Ue = {f‘ fe L2(07T7 Hcl(’YO))a a € LZ(OvTv LE(PYO))}

will be the control space; B. = L?(0,T,L3(yp)) will be the observation
space. For each control f, (u(f), p(f), P(f)) is the solution of the weak
problem (3.2), and the cost function J is defined by

1 «
T(€) =5 || P(E) = P I3, +5 1 £ 2, - (3.15)

Pys € B. is the observation. « is a given positive constant (a # 0). The
optimal control problem then is as follows:

Find f € U, such that
£) — inf . (3.16)
J(f) nf J (8)

Remark 3.2.
1) The derivative of 7, at point f, in g direction is given by

(j/<f)7 g) - Re((P(f) - Pobm P(g)>B(, + a(fv g)uc)v V(f, g) € uc2

2) P € L%(vo) and P is defined regardless of any time-dependant function.
We now determine this function by setting the condition

Pdry :/ Popsdry.
Yo Y0

Proposition 3.5. Problem (3.16) admits one unique solution f € U..

The proof of this proposition is very similar to that of Proposition 2.5.

For a wind-stress f € U, (u(f), p(f), P(f)) is the solution of (3.2). We
note (a(f), p(f), P(f)) the adjoint state which is the solution of the adjoint
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problem:
(D V) g (0 (8),9) + T (v, (6)) + (5°(F)Vop0. v
* 8/)0 ? . ! 1 * 0 : !
_(p(f)az,/CHdnwxvﬁ&)4—mmw(P(f%/[Hdnmxvﬁh)%
0

— (V10 /H divm(u*(f))dz/,'yo divy, (v))y, — d(u*(f),v) =0,

(- 220 6) + aam (" (£),6) ~ (w0Fm)p (£),9) — (05 )
! " di *(£))d2’ =(P(f) - P,

([ v (5)d.Q), = (PUE) = P, Qs

V(v,$,Q) € Wi N HZ x Voc N HZ x LZ(y0),
u*(f)(T) = 0,p"(f)(T) =0,

/ (P(f) — Pobs)d’}’o = 0.
70

Proposition 3.6. The adjoint problem (3.17) admits one unique solution
such that:

(@(f), p(£), P(F)) € L*(0, T, Wic x Vo x LE(70))-

The proof of this proposition is very similar to that of Proposition 2.6.

Proposition 3.7. J'(f) = 0 if and only if of — A= you*(f) = 0 in U,.
A is the canonical isomorphism U. — U, such that

(& VIu. = (Ag, V), = (8, A" 'V, V(g,v) € Ue x U,.

7) implies

Proof. (J'(f),g) = Re(((P(f)
The third part of equation (3.1

0

(J'(£),8) = Re(a(f, g, + (/H diviy (u*(£))dz', P(g))s.), V(f.g) € Uz
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Setting (v, ¢, Q) = (u*(f), p*(f), P*(f)) in problem (3.2) gives (according to
the definition of Lj,,):

(alé)(tg) yu(£)) + am(u(g), u*(f)) + lim(u(g), u*(f))

g = % /
+ 2 (o(a), / | div(u(£)d)

0
— (tro0(divam (u(g)), / div(u (),

1

0
(P(g). / divy (0 (£))d2' )y + d(u(g), u* (£)) = (g 700" ().
Pmoy —H

(apf)’ P () + azm(p(g), p*(F)) + lam (u(g), p(g), p* (£)) = 0,

0
~( /  div (@)’ P*(E), = 0

u(g)(0) = 0, p(g)(0) = 0.

By the time integration we then obtain:

TW T *
B /0 P w(@ar /0 arn (w*(F), u(g)) dt

T i} g [T o )
" /0 i g) 0 ()0 + - /0 (v(2), /  div (" (6)d/) (1)
0

T
- / (170(divm(u(g)), / divi (0" (£))d' )1 ()t
0

T

1 T 0 . * / ES
- / (P(g), / i (0 (£))d2' ) ()t + / d(u(g), u* (£)(t)dt

Pmoy —H 0

T
- /0 (870" (£))o (£,

T A -
_/0 (3p8§f)’p(g))dt+/o dom (7 (5), pl&))dt
T
_/o lom (u(g), p(g), p* (f))(t)dt = 0,
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So,

T ou(f) T ;
B /O (P w(@ar + /O am (u*(£), u(g)) dt

T T z
+ /O T (u(g), w*(£)) (1)t + 2 /0 ( / div,, (u* (£))d2', p(g)) (1)t

Pmoy —-H

T 0
- / (V10 / Ay (0 ()42’ 70 (v (0(8)))) ()1t
0 —H
1 T 0

/ ( / div (™ (F))d2’, P(g))o (1)t
0 —H

Pmoy

T T
- / d(u*(£), u(g))(t)dt = / (rou™ (£), &)y (£)el,
0 0

T * T
—/0 (apat(f),p(g))dwr/o azm(p*(£), p(g))dt

T
- /0 Tom(u(g), p(g), p* (£)) (t)dt = 0,
T 0
_ / ( / divyn(u(g))dz’, P*(£))sg (t)dt = 0.
0

—-H

Since (u*(f), p*(f), P*(f)) is the solution of the adjoint problem (3.17). We
thus obtain

T z T
[ [ dvata@nd) @+ [ (€ Volp uig)de
0 -H 0

B q T z ) u* Z/
_ /0 ( / div,, (u*(£))d=, p(g)) (1)t

Pmoy —-H

and
T T
| P = P P&, = [ o (). ).
0
We can now conclude that J'(f) = 0 if and only if

of — A™yu*(f) =0 in U,.
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We have proved that the optimal control f, the solution of problem (3.16),
is characterized by the following set of equations:

(P03 a1 (0), ) + L (), v) + (),
g = , . o ,
+ L (o), /_  div(v)d!) = (s0(div, (u(f) /_  div(v)ds)

1 0
o ([ diva (V) P, = (E00v),
Pmoy J—H

(28) )+ asn(p(g). ) + b (), (), 6) = 0,
0
([ divu)a’. @), =0,
(0 ) (0 (5), )+ Ta (v 0 (6)) (07 (6) Vo, v)
weOpo 7. , o, o
—(p (f)az,/_Hdlvm(v)dz)—F pmoy(P (f),/_Hdlvm(v))v0
0
= (e / v (1 ()42, 7o divin (V) — d(u*(£),v) = 0,
—H
(= 200) + a5 (), ) — (0¥ (£ 6) — (1 . 0
g [ . . b
- pmoy(/_H divpn (0 (£))d, 8) = 0,
1 L. * / _ .
([ (T (E)d. Q) = (P = e Qs

V(v,$,Q) € Wie N HZ x Vac N HZ x LZ(70),
/ (P(f) — Pys)dyo = 0.
Yo

u*(£)(T") = u(f)(0) = 0, p"(£)(T) = p(£)(0) =0,
of — A 1yu*(f) =0 in U.
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