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Abstract. Singularly perturbed linear Volterra integral equations are
solved in this paper. To improve the results which has been published
earlier, formal solutions of systems of equations are determined and
rigorously proved to be asymptotic to the exact solutions.

1. Introduction

This paper considers singularly perturbed linear systems of Volterra in-
tegral equations given by

εu(t) = f(t) +
∫ t

0
A(t, s)u(s) ds, 0 ≤ t ≤ T, (1.1)

where 0 < ε � 1. The vector-valued function f(t) is continuous for 0 ≤
t ≤ T and the matrix-valued kernel A(t, s) is continuous for 0 ≤ s ≤ t ≤
T . The interest is in finding asymptotic approximations to the continuous
vector-valued solution t 7→ u(t; ε) of (1.1) as ε → 0. The results here
are not presented because they are new, but rather to explain in this simple
context how the method of additive decomposition can be applied to integral
equations. The results here are easily generalized to the case of f and A
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depending in a regular way on ε, though here it is assumed that they are
independent of ε.

The singular nature of (1.1) is easily seen. For ε > 0, (1.1) is a Volterra
equation of the second kind which has a continuous solution u(t; ε) satisfying
εu(0; ε) = f(0). For ε = 0, (1.1) reduces to a Volterra equation the first
kind

0 = f(t) +
∫ t

0
A(t, s)v(s) ds, 0 ≤ t ≤ T, (1.2)

which does not have a continuous solution unless f(0) = 0. Even in this case,
(1.2) has a continuous solution only if f(t) is continuously differentiable. So
there is a loss of regularity for v(t) compared to the solution u(t; ε) of (1.1)
for ε > 0. Indeed, if the solution of (1.2) is such that v(0) 6= limε→0 u(0; ε),
then v(t) cannot provide a uniformly valid approximation of the solution
u(t; ε) of (1.1) on [0, T ].

The behaviour of the kernel plays an important role in determining the
asymptotic character of the continuous solution u(t; ε) of (1.1) for small
values of ε. Here we impose the condition that all of the eigenvalues of
A(t, t) have negative real parts. This not only forces an initial layer, but
forces the solution u(t; ε) of (1.1) to decay exponentially in the initial-layer.
The solution u(t; ε) is slowly varying for O(ε) ≤ t ≤ T as ε→ 0, but changes
exponentially on a small interval 0 ≤ t ≤ O(ε). This small interval of rapid
change is called the inner region, initial layer or layer of rapid transition,
and the region of slow variation of u(t; ε) as the outer region. The thickness
of the initial layer approaches zero as ε→ 0.

The aim of this work is to obtain asymptotic approximations to u(t; ε)
which are uniformly valid for all 0 ≤ t ≤ T as ε → 0. The interest is
in problems whose solutions have initial layers; solutions with rapid initial
exponential growth will not be discussed here. Exponential decay in the
boundary layer of the solution u(t; ε) suggests the use of the additive de-
composition method, as was employed by Lange and Smith [9] in their study
of singularly perturbed linear Fredholm equations.

In Section 2, we introduce some notation and explain basic assump-
tions. We also explain the fundamental ideas of the additive decomposition
method, and how it regularizes the singular perturbation problem (1.1). We
derive a formal solution

∑∞
n=−1 un(t; ε)εn in this section. In Section 3 it is

shown that this is an asymptotic series and that

εUN (t; ε) = f(t) +
∫ t

0
A(t, s)UN (s; ε) ds+O(εN+1),

where

UN (t; ε) =
N+1∑
n=0

un(t; ε)εn−1.
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Then we prove that

|u(t; ε)−UN (t; ε)| = O(εN+1) (1.3)

uniformly for 0 ≤ t ≤ T as ε → 0. This result is important because the
method of additive decomposition can lead to spurious solutions (see for
example Lange [8]). The method is illustrated in Section 4 by an example
from Angell and Olmstead [1] and another example whose boundary layer
stability condition fails.

2. Mathematical preliminaries

2.1. Notation and assumptions.

The n-dimensional space Rn is given the norm |x| = max1≤i≤n |xi| for
each x in Rn, and the space Rn×n of n × n matrices with real entries is
given the norm |M| = max1≤i,j≤n |Mij | for all M in Rn×n. The spectrum
σ(M) of M is the set of eigenvalues of M. It is well–known (see, for example
Hirsch and Smale [6, Chapter 7, Theorem 1]) that, if Reλ < α ≤ α1 < 0
for all λ ∈ σ(M), there is a constant κ > 0 such that

|eMtx| ≤ κe−α1t|x|. (2.1)

The kernel A : 4T → Rn×n is defined on

4T = {(t, s) ∈ R2 : 0 ≤ s ≤ t ≤ T}. (2.2)

It is convenient to use the notation

B(t) = A(t, t). (2.3)

Partial derivatives are usually denoted by ∂1A and ∂2A instead of ∂A/∂t
and ∂A/∂s respectively. Similarly the derivative of u is usually denoted by
u′(t) rather than du/dt.

The following assumptions are used throughout. The first is a regularity
assumption on the data f and A; the second is a stability condition for the
solution within the boundary layer.

(H1) The functions f : [0, T ]→ Rn and A : 4T → Rn×n are both C∞.
(H2) There exists a number α > 0 such that

max
λ∈σ(B(t))

{Re(λ)} ≤ −α,

for all 0 ≤ t ≤ T .
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2.2. Heuristic analysis.

Here we describe how the additive decomposition technique can be ap-
plied to integral equations of the type (1.1). The method of additive decom-
position, also called the O’Malley and Hoppensteadt method, was initially
applied by O’Malley [12], [13] and Hoppensteadt [7] to investigate the be-
haviour of solutions of singularly perturbed systems of ordinary differential
equations. The book Smith [15] contains a clear account of its application to
singularly perturbed ordinary differential equations. This method was later
employed by Angell and Olmstead in [1] and [2] to get formal solutions of sin-
gularly perturbed Volterra integral equations, linear and nonlinear. Lange
and Smith in [9], in a very careful study of singularly perturbed linear Fred-
holm equations applied the method systematically to get a complete formal
solution and proved estimates of the type (1.3). The singularly perturbed
Fredholm equations investigated in [9] have the additional complication of
two boundary layers. It is also indicated there how internal layers can be
analysed. The additive decomposition has also been employed by Lange
and Smith [10] and Skinner [14]. The presentation is similar to §3 and §6
of Lange and Smith [9].

The analysis in this and the next section is formal. The forcing function
f(t) and kernel A(t, s) are assumed to be C∞. The solution u(t; ε) of (1.1)
can be represented as

u(t; ε) =
1
ε
f(t) +

1
ε

∫ t

0
Γ(t, s; ε)f(s) ds, 0 ≤ t ≤ T, (2.4)

where Γ(t, s; ε) is the resolvent kernel of A(t, s)/ε, which by definition is
the solution of

Γ(t, s; ε) =
1
ε
A(t, s) +

1
ε

∫ t

s
A(t, v)Γ(v, s; ε) dv, 0 ≤ s ≤ t ≤ T.

The matrix Γ(t, s; ε) is also C∞. Detailed accounts of the theory of linear
nonconvolution Volterra equations can be found in Miller [11, Chapter IV]
and Gripenberg, Londen and Staffans [5, Chapter 9].

To model an initial layer for u(t; ε) we introduce a new scaled time scale
τ = t/µ(ε). The idea is that if the initial layer region is described with
respect to the new time scale no rapid variation in the solution should be
exhibited. A solution u(t; ε) is sought in the form

u(t; ε) = y(t; ε) + ϕ(ε)z(t/µ(ε); ε), (2.5)

where y(t; ε) represents the outer approximation and z(τ ; ε) an initial layer
correction function. The function µ(ε) describes the width of the layer and
ϕ(ε) describes the magnitude of u(t; ε) in the layer. Therefore we require
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that1

y(t; ε) = ord(1), z(τ ; ε) = ord(1) as ε→ 0.
At any fixed t > 0, the outer approximation, y(t; ε) should give a good
approximation to u(t; ε) as ε→ 0, we impose the condition

z(τ ; ε)→ 0, as τ →∞. (2.6)

The substitution of (2.5) into (1.1) gives

εy(t; ε) + εϕ(ε)z(t/µ(ε); ε) =
∫ t

0
A(t, s)y(s; ε) ds

+ ϕ(ε)µ(ε)
∫ t/µ(ε)

0
A(t, µ(ε)σ)z(σ; ε) dσ + f(t). (2.7)

This is equivalent to

εy(µ(ε)τ ; ε) + εϕ(ε)z(τ ; ε) =
∫ µ(ε)τ

0
A(µ(ε)τ, s)y(s; ε) ds

+ ϕ(ε)µ(ε)
∫ τ

0
A(µ(ε)τ, µ(ε)σ)z(σ; ε) dσ + f(µ(ε)τ). (2.8)

The width µ(ε) and amplitude ϕ(ε) in the boundary layer can be found by
examining the dominant balance. Of course µ(ε) = o(1) as ε→ 0. We shall
only consider the leading order terms in y(t; ε) and z(τ ; ε), and therefore
write

y(t; ε) = y0(t) + o(1), z(τ ; ε) = z0(τ) + o(1) as ε→ 0.

Of course z0(τ)→ 0 as τ →∞. Also we assume that there is a real number
γ and nontrivial kernels B(τ, σ) and C(t, σ) such that

A(ετ, εσ) ∼ εγB(τ, σ)

A(t, εσ) ∼ εγC(t, σ)

uniformly as ε → 0. For simplicity we suppose that f(0) 6= 0. Equations
(2.7) and (2.8) imply that as ε→ 0

εy0(t) + εϕ(ε)z0(t/µ(ε)) ∼
∫ t

0
A(t, s)y0(s) ds

+ ϕ(ε)µ(ε)
∫ t/µ(ε)

0
A(t, µ(ε)σ)z(σ; ε) dσ + f(t), (2.9)

εy0(µ(ε)τ) + εϕ(ε)z0(τ) ∼
∫ µ(ε)τ

0
A(µ(ε)τ, s)y0(s) ds

+ ϕ(ε)µ(ε)γ+1
∫ τ

0
B(τ, σ)z0(σ) dσ + f(0). (2.10)

1Two functions θ(ε) and ψ(ε) defined in a neighbourhood (0, ε0) satisfy θ(ε) =
ord(ψ(ε)) if θ(ε) = O(ψ(ε)) but θ(ε) 6= o(ψ(ε)) as ε→ 0.
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Examining the dominant balance in the second relation, we see that

ord(εϕ(ε)) = ord(µ(ε)γ+1ϕ(ε)) = ord(1) as ε→ 0.

Hence we choose

µ(ε) = ε1/(1+γ), ϕ(ε) =
1
ε
.

It then follows by letting ε→ 0 with τ ≥ 0 fixed in (2.8), that z0 obeys the
equation

z0(τ) =
∫ τ

0
B(τ, σ)z0(σ) dσ + f(0).

To get an equation for y0 the order as ε→ 0 of the term

ϕ(ε)µ(ε)
∫ t/µ(ε)

0
A(t, µ(ε)σ)z(σ; ε) dσ (2.11)

in (2.7) must be calculated. In the standard case of exponential decay in
the boundary layer, each of the integrals∫ t/µ(ε)

0
A(t, µ(ε)σ){z(σ; ε)− z0(σ)} dσ,∫ t/µ(ε)

0
{A(t, µ(ε)σ)− µ(ε)γC(t, σ)}z0(σ) dσ,

µ(ε)γ
∫ ∞
t/µ(ε)

C(t, σ)z0(σ) dσ,

can be formally shown to vanish, and hence (2.11) has leading order∫ ∞
0

C(t, σ)z0(σ) dσ (2.12)

in this case. However finding the order of (2.11) as ε→ 0 in the case of alge-
braic decay of the solution in the boundary layer is not so straightforward.
Indeed in Section 4.2 an example is discussed for which the evaluation of
the layer limit in (2.11) requires knowledge of the asymptotic behaviour of
higher order terms in z(τ ; ε) not just the leading order term z0(τ). For the
standard case of exponentially decaying boundary layers, we find by letting
ε→ 0 with 0 < t ≤ T fixed in (2.7) that y0 obeys

0 =
∫ t

0
A(t, s)y0(s) ds+

∫ ∞
0

C(t, σ)z0(σ) dσ + f(t).

It is easy to see that if (H2) holds then

A(ετ, εσ) ∼ A(0, 0) (2.13)

A(t, εσ) ∼ A(t, 0) (2.14)
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as ε → 0, where A(0, 0) and A(t, 0) are non-zero. Then the width and
amplitude of the boundary become

µ(ε) = ε, ϕ(ε) =
1
ε
. (2.15)

In the standard case y0 and z0 then satisfy

0 =
∫ t

0
A(t, s)y0(s) ds+ A(t, 0)

∫ ∞
0

z0(σ) dσ + f(t) (2.16)

z0(τ) =
∫ τ

0
A(0, 0)z0(σ) dσ + f(0). (2.17)

A consequence of the magnitude O(ε−1) of the boundary layer is that the
term εu(t) on the right of (1.1) contributes to equation (2.17) for the inner
correction term. It also follows from (2.9) that (2.12) is the contribution to
the integral in (1.1) from narrow initial layer 0 ≤ t ≤ O(ε) is O(1) as ε→ 0
with t > 0 fixed. Also note that the integral equation (2.16) is not the
reduced equation (1.2), unless the second integral on the right side is zero.
In the special case where f(0) = 0, the boundary layer has O(1) magnitude
and the leading order term z0 obeys a different equation.

The solution of (2.17) is z0(τ) = eA(0,0)τ f(0). If (H2) holds,∫ ∞
0

z0(τ) dτ = −A(0, 0)−1f(0),

and (2.16) becomes

0 =
∫ t

0
A(t, s)y0(s) ds+ f(t)−A(t, 0)A(0, 0)−1f(0),

which has a smooth solution.

2.3. Derivation of the formal solution.

In this section we assume that (2.13), (2.14) and (2.15) hold, so that we
seek a formal solution in the form

u(t; ε) = y(t; ε) +
1
ε
z(t/ε; ε). (2.18)

The vector functions y(t; ε) and z(τ ; ε) are given asymptotically by

y(t; ε) ∼
∞∑
j=0

εjyj(t), (2.19)

z(τ ; ε) ∼
∞∑
j=0

εjzj(τ), (2.20)
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as ε→ 0. To ensure that (2.6) holds we assume that

lim
τ→∞

zj(τ) = 0, j = 0, 1, 2, . . .

Putting y−1(t) = 0, it follows from (2.7) that
∞∑
j=0

εjyj−1(t) +
∞∑
j=0

εjzj(t/ε) ∼ f(t) +
∞∑
j=0

εj
∫ t

0
A(t, s)yj(s) ds

+
∞∑
j=0

εj
∫ t/ε

0
A(t, εσ)zj(σ) dσ. (2.21)

The orders of the terms in
∞∑
j=0

εj
∫ t/ε

0
A(t, εσ)zj(σ) dσ (2.22)

in (2.21) as ε → 0 depend on the decay rate of the layer term zj(τ). We
assume that zj(τ) decays exponentially so that, for each integer j ≥ 0, there
are positive constants βj and cj such that

|zj(τ)| ≤ cje−βjτ , τ ≥ 0. (2.23)

By writing out the Taylor expansion of A(t, εσ) we find that

A(t, εσ) ∼
∞∑
i=0

εiEi(t, σ) as ε→ 0,

where

Ei(t, σ) =
1
i!
σi
[
∂i2A

]
(t, 0). (2.24)

Hence, noting that Ei(t, σ) is defined for all (t, σ) in R+ × R+, (2.22) has
the asymptotic expansion

∞∑
j=0

εj
∞∑
i=0

εi
∫ t/ε

0
Ei(t, σ)zj(σ) dσ =

∞∑
j=0

εj
∞∑
i=0

εi
∫ ∞

0
Ei(t, σ)zj(σ) dσ

−
∞∑
j=0

εj
∞∑
i=0

εi
∫ ∞
t/ε

Ei(t, σ)zj(σ) dσ

∼
∞∑
j=0

εj
j∑
i=0

∫ ∞
0

Ei(t, σ)zj−i(σ) dσ − J(t/ε, ε)

as ε→ 0, where

J(τ, ε) =
∞∑
j=0

εj
∞∑
i=0

εi
∫ ∞
τ

Ei(ετ, σ)zj(σ) dσ.



SINGULARLY PERTURBED SYSTEMS OF VOLTERRA EQUATIONS 229

We introduce the homogeneous polynomial of degree i

Fi(τ, σ) =
1
i!
[
(τ∂1 + σ∂2)iA

]
(0, 0), (2.25)

which has the property that
∞∑
i=0

εiE(ετ, σ) ∼
∞∑
i=0

εiF(τ, σ), as ε→ 0.

It follows that

J(τ, ε) ∼
∞∑
j=0

εjJj(τ) as ε→ 0,

where

Jj(τ) =
j∑
i=0

∫ ∞
τ

Fi(τ, σ)zj−i(σ) dσ.

However it follows from (2.23) that for any 0 ≤ l ≤ i

τ l
∣∣∣∣∫ ∞
τ

σi−lzj−i(σ) dσ
∣∣∣∣ ≤ τ lci−j ∫ ∞

τ
σi−le−τβi−j dσ → 0 as τ → 0,

and hence from (2.25) that

Jj(τ)→ 0 as τ → 0.

Equation (2.21) can be decomposed into functions of t and functions of t/ε
which decay to zero. The following Lemma is used to derive the coefficients
yj(t) and zj(τ) of (2.19) and (2.20).

Lemma 2.1. For each integer j ≥ 0, let pj(t) be a continuous function on
[0, T ] and qj(τ) a continuous function on [0,∞) such that qj(τ) → 0 as
τ →∞. Suppose that for every integer N ≥ 1,

N−1∑
j=0

{pj(t) + qj(t/ε)} εj = O(εN ), (2.26)

uniformly as ε→ 0. Then pj = 0 and qj = 0 for every j ≥ 0.

Proof. There is a uniformly bounded function r0, defined for all 0 ≤ t ≤
T, τ ≥ 0 and 0 < ε ≤ ε0, such that

p0(t) + q0(t/ε) = εr0(t, t/ε, ε).

By letting ε → 0 for each fixed t ∈ (0, T ], it follows that p0(t) = 0. The
continuity of p0 then implies p0 = 0 on [0, T ]. Therefore substituting t = ετ ,
we have

q0(τ) = εr0(ετ, τ, ε).
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Hence, on taking the limit as ε → 0 for each fixed τ > 0, we deduce that
q0 = 0. An obvious induction argument completes the proof.

It has been shown that (2.21) can be expressed in the form (2.26) with
pj and qj given by

pj(t) = yj−1(t)− f(t)−
∫ t

0
A(t, s)yj(s) ds−

j∑
i=0

∫ ∞
0

Ej−i(t, σ)zj(σ) dσ,

qj(τ) = zj(τ) + Jj(τ).

It is convenient to introduce

ψj(τ) =


0, j = 0,
j−1∑
i=0

∫ ∞
τ

Fj−i(τ, σ)zi(σ) dσ, j ≥ 1,
(2.27)

φj(t) =


f(t) +

∫∞
0 A0(t, 0)z0(σ) dσ, j = 0,

j∑
i=0

∫ ∞
0

Ej−i(t, σ)zi(σ) dσ, j ≥ 1.
(2.28)

It is important to note that ψj and φj−1 are determined by z0, . . . , zj−1.
Later we use the identity

φj(0) = ψj(0) +
∫ ∞

0
A(0, 0)zj(σ) dσ. (2.29)

From (2.27) and (2.28)

pj(t) = yj−1(t)−
∫ t

0
A(t, s)yj(s) ds− φj(t),

qj(τ) = zj(τ) +
∫ ∞
τ

A(0, 0)zj(σ) dσ +ψj(t).

By applying Lemma 2.1 we obtain the following equations for yj(t) and
zj(τ):

yj−1(t) =
∫ t

0
A(t, s)yj(s) ds+ φj(t), (2.30)

zj(τ) = −
∫ ∞
τ

A(0, 0)zj(σ) dσ −ψj(τ). (2.31)

The integral equations are augmented by initial conditions. Since

u(0; ε) =
f(0)
ε
∼
∞∑
j=0

εj
(

yj(0) +
1
ε
zj(0)

)
,
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we impose the conditions

zj(0) =

{
f(0), j = 0,
−yj−1(0), j ≥ 1.

(2.32)

3. Proof of asymptotic solution

3.1. Properties of the formal solution.

In this section, we first show in Proposition 3.1 that there exists solutions
yj and zj to equations (2.30) and (2.31) satisfying the initial condition
(2.32). Moreover zj(τ)→ 0 exponentially as τ →∞. Therefore

un(t; ε) = yn−1(t) + zn(t/ε),

can be defined for n ≥ 0. Then

U(t; ε) =
∞∑
n=0

un(t; ε)εn−1 (3.1)

is an asymptotic series as ε→ 0. If we define the truncated sum

UN (t; ε) =
N+1∑
n=0

un(t; ε)εn−1, (3.2)

then we can consider the residual ρN (t; ε) given by

εUN (t; ε) = f(t) +
∫ t

0
A(t, s)UN (s; ε) ds− ρN (t; ε). (3.3)

Thus UN (t; ε) satisfies the original equation (1.1) approximately with a
residual ρN (t; ε). We express ρ′N (t; ε) as the sum of a function of t and a
function of t/ε. In the same manner as in the construction of the formal
solution, functions of t/ε contribute only in the initial layer region; away
from the layer, functions of t dominate. In Proposition 3.3 various results
are given which demonstrate that ρN (t; ε) is small for 0 ≤ t ≤ T as ε→ 0.
Similar results are given in Chapter 5 of [15] for a linear overdamped initial-
value problems. The estimates in Lemma 3.3 are stronger than those of
Section 7 of Smith and Lange [10].

Proposition 3.1. Suppose that (H1) and (H2) hold, and let 0 < β < α.
Then for every integer j ≥ 0 there exist solutions yj ∈ C∞([0, T ];Rn) of
(2.30) and solutions zj(τ) ∈ C∞([0,∞);Rn) of (2.31) and (2.32). Moreover
there are positive constants cj such that

|zj(τ)| ≤ cje−βτ , τ ≥ 0. (3.4)
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Proof. We choose α1 such that β < α1 < α. Consider the hypothesis that
for some integer N ≥ 0 there are solutions yj(t) of (2.30) for all 0 ≤ j ≤
N − 1 and solutions zj(τ) (2.31) for all 0 ≤ j ≤ N satisfying

|zj(τ)| ≤ e−α1τpj(τ), τ ≥ 0, (3.5)

where pj(τ) is a polynomial of degree j with positive coefficients. Once
this hypothesis has been established for all N ≥ 0, Proposition 3.1 follows
immediately.

The solution of

z0(τ) = −
∫ ∞
τ

A(0, 0)z0(σ) dσ, z0(0) = f(0),

is z0(τ) = eA(0,0)τ f(0). Hence by (2.1),

|z0(τ)| ≤ κe−α1τ |f(0)|, τ ≥ 0.

Also y−1(t) = 0. Hence the induction hypothesis is true for N = 0.
Suppose now that it holds for some N ≥ 0. Then φN (t) is well-defined

and smooth. The equation

A(t, t)−1[y′N−1(t)− φ′N (t)]

= yN (t) +
∫ t

0
A(t, t)−1∂1A(t, s)yN (s) ds, (3.6)

which is obtained by differentiating (2.30), is a Volterra equation of the
second kind. Since the kernel and forcing function are C∞, so is the unique
solution yN (t). It follows that

yN−1(t) =
∫ t

0
A(t, s)yN (s) ds+ φN (t) + const.

However the constant is zero because (2.29) and (2.31) give −zN (0) =
φN (0), and the induction hypothesis implies that the initial condition zN (0) =
−yN−1(0) holds.

The induction hypothesis also implies thatψN+1(τ) is well-defined. More-
over a tedious calculation using (2.1) and (3.4) establishes that

|ψN+1(τ)| ≤ e−α1τPN+1(τ),

where PN+1(τ) is a polynomial of degree N . zN+1 satisfies the ordinary
differential equation

z′N+1(τ) = A(0, 0)zN+1(τ)−ψ′N+1(τ), zN+1(0) = yN (0).
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The solution of this can be found using variation of parameters and written
as

zN+1(τ) =eA(0,0)τ [yN (0)−ψN+1(0)] +ψN+1(τ)

+ A(0, 0)
∫ τ

0
eA(0,0)(τ−σ)ψN+1(σ) dσ. (3.7)

The norm of the last integral is easily bounded by∣∣∣∣A(0, 0)
∫ τ

0
eA(τ−σ)ψN+1(σ) dσ

∣∣∣∣ ≤ |A(0, 0)|
∫ τ

0
|eA(0,0)(τ−σ)ψN+1(σ)| dσ

≤ κ|A(0, 0)|
∫ τ

0
e−α1(τ−σ)PN+1(σ) dσ,

and it can be shown from (3.7) that zN+1(τ) satisfies an estimate of the
form

|zN+1(τ)| ≤ e−α1τpN+1(τ), τ ≥ 0,
where pN+1(τ) is a polynomial of degree N + 1. This proves the induction
hypothesis.

Remark 3.2. The formal series (3.1) is a uniform asymptotic series, be-
cause

|un+1(t; ε)|
|un(t; ε)|

→ |yn+1(t)|
|yn(t)|

as ε→ 0,

implying that un+1(t; ε)εn+1 = o(un(t; ε)εn) uniformly for 0 ≤ t ≤ T as
ε→ 0.

Proposition 3.3. Suppose that (H1) and (H2) hold. Then for each N ≥ 0,

|ρN (t; ε)| = O(εN+1)

uniformly for 0 ≤ t ≤ T as ε→ 0, and there are positive constants dN and
eN such that

|ρ′N (t; ε)| ≤ eNεN+1,

∫ t

0
|ρ′N (s; ε)| ds ≤ dNεN+1, (3.8)

for all 0 < ε ≤ ε0 and for all t in [0, T ], for some ε0 > 0.

Proof. Later we shall use the estimates in (3.8), and therefore only prove
these in detail. To demonstrate the other result an almost identical argu-
ment is used.

Since ρN (0; ε) = 0, differentiation of (3.3) gives

ρ′N (t; ε) =− εU′N (t; ε) + f ′(t) + A(t, t)UN (t; ε)

+
∫ t

0
∂1A(t, s)UN (s; ε) ds. (3.9)
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The substitution of (3.2) and the differentiated version of (2.30) into this
yields

ρ′N (t; ε) =− εN+1y′N (t)−
N+1∑
i=0

εi−1z′i(t/ε) +
N+1∑
i=0

εi−1A(t, t)zi(t/ε)

−
N∑
i=0

εi
i∑

k=0

∫ ∞
0

∂1Ei−k(t, σ)zk(σ) dσ

+
N∑
i=0

εi
∫ t/ε

0
∂1A(t, εσ)zi(σ) dσ. (3.10)

Using the Taylor expansion of A(t, εσ) we can derive

N∑
i=0

εi
∞∑
k=0

εk
∫ t/ε

0
∂1Ek(t, σ)zi(σ) dσ =

N∑
i=0

εi
∞∑
k=0

εk
∫ ∞

0
∂1Ek(t, σ)zi(σ) dσ

−
N∑
i=0

εi
∞∑
k=0

εk
∫ ∞
t/ε

∂1Ek(t, σ)zi(σ) dσ.

By substituting this into (3.10), we get

ρ′N (t; ε) =− εN+1y′N (t) +
N+1∑
i=0

εi−1z′i(t/ε)

+
N+1∑
i=0

εi−1
∞∑
k=0

εkFk(t/ε, t/ε)zi(t/ε)

+
∞∑

i=N+1

εi
i∑

k=0

∫ ∞
0

∂1Ei−k(t, σ)zk(σ) dσ

−
∞∑
i=0

εi
i∑

k=0

∫ ∞
t/ε

F′i−k(t/ε, σ)zk(σ) dσ, (3.11)

where

F′i(τ, σ) =
1
i!

[(τ∂1 + σ∂2)i∂1A](0, 0).
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By putting the differentiated version of (2.31) into (3.11), we obtain

ρ′N (t; ε) =− εN+1y′N (t) +
∞∑

i=N+1

εi
i∑

k=0

∫ ∞
0

∂1Ei−k(t, σ)zk(σ) dσ

+
∞∑

i=N+1

εi
i∑

k=0

Fi−k+1(t/ε, t/ε)zk(t/ε)

+
∞∑

i=N+1

εi
i∑

k=0

∫ ∞
t/ε

F′i−k(t/ε, σ)zk(σ) dσ,

where the following relation has been used

∂1Fi(τ, σ) = F′i−1(τ, σ).

To summarise it has been shown that

ρ1
N (t; ε) = ρ1

N (t; ε) + ρ2
N (t/ε; ε) +O(εN+2),

where

ρ1
N (t; ε) =εN+1

{
− yN (t)

+
N+1∑
k=0

∫ ∞
0

∂1EN+1−k(t, σ)zk(σ) dσ

}
(3.12)

ρ2
N (τ ; ε) =

∞∑
i=N+1

εi
i∑

k=0

{
Fi−k+1(τ, τ)zk(τ)

−
∫ ∞
τ

F′i−k(τ, σ)zk(σ) dσ
}
. (3.13)

By (3.12)

|ρ1
N (t; ε)| ≤ γ1

Nε
N+1,

∫ t

0
|ρ1
N (s; ε)| ds ≤ γ2

Nε
N+1, (3.14)

uniformly for all 0 ≤ t ≤ T , where γ1
N and γ2

N are positive constants. Using
(3.5) the function ρ2

N (τ ; ε) satisfies

|ρ2
N (τ ; ε)| ≤ εN+1QN (τ)e−α1τ ≤ εN+1γ3

Ne
−βτ ,

where QN is a polynomial with positive coefficients, and β < α1 < α. Hence
there is a positive γ4

N such that

1
ε

∫ t

0
|ρN2(s/ε; ε)| ds ≤ γ4

Nε
N+1,
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uniformly for 0 ≤ t ≤ T as ε → 0. The conclusions of the proposition now
follow.

3.2. Main theorem.

In this section we state and prove our main result. It says that for N ≥ 0,

|u(t; ε)−UN (t; ε)| = O(εN+1) as ε→ 0,

and hence that U(t; ε) given by (3.1) is an asymptotic solution.

Theorem 3.4. Suppose (H1) and (H2) in Section 2 are satisfied. Let
u(t; ε) be the solution of (1.1) and UN (t; ε) the partial sum given in (3.2).
Then for each integer N ≥ 0, there are positive constants CN+1 and ε0,
independent of ε, such that

|u(t; ε)−UN (t; ε)| ≤ CN+1ε
N+1, (3.15)

uniformly for 0 ≤ t ≤ T and 0 < ε ≤ ε0.

Proof. It is convenient to fix N ≥ 0 and define

rN (t; ε) = u(t; ε)−UN (t; ε).

By subtracting (3.3) from (1.1) we get

εrN (t; ε) = ρN (t; ε) +
∫ t

0
A(t, s)rN (s; ε) ds.

Differentiation yields

r′N (t; ε) =
1
ε
B(t)rN (t; ε) +

1
ε
ρ′N (t; ε) +

1
ε

∫ t

0
∂1A(t, s)rN (s; ε) ds,

rN (0; ε) = 0, (3.16)

where B(t) is given by (2.3).
The solution of the ordinary differential equation

r′N (t; ε) =
1
ε
B(t)rN (t; ε) + g(t),

can be represented using variation of parameters as

rN (t; ε) = Φ(t, 0; ε)rN (0; ε) +
∫ t

0
Φ(t, s; ε)g(s) ds (3.17)

where

Φ(t, s; ε) = R(t; ε)R(s; ε)−1, (3.18)

and R(t; ε) is the fundamental matrix solution satisfying

R′(t; ε) =
1
ε
B(t)R(t; ε).
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It is a result of Flatto and Levinson [4] that there are constants κ1 > 0 and
0 < α2 < α such that

|Φ(t, s; ε)| ≤ κ1e
−α2(t−s)/ε, (3.19)

since (H2) holds.
Application of the representation (3.17) to (3.16) yields

rN (t; ε) =
1
ε

∫ t

0
Φ(t, s; ε)ρ′N (s; ε) ds

+
1
ε

∫ t

0

(∫ t

v
Φ(t, s; ε)∂1A(s, v) ds

)
rN (v; ε) dv

(3.20)

However it follows from (3.19) that

1
ε

∣∣∣∣∫ t

v
Φ(t, s; ε)∂1A(s, v) ds

∣∣∣∣ ≤ κ1

ε

∫ t

v
e−α2(t−s)/ε|∂1A(s, v)| ds

≤ κ1

α2
max

(t,s)∈4T
|∂1A(t, s)| := κ2.

Similarly we see from (3.8) and (3.19) that

1
ε

∣∣∣∣∫ t

0
Φ(t, s; ε)ρ′N (s; ε) ds

∣∣∣∣ ≤ eNεN ∫ t

s
e−α2(t−s)/ε ds ≤ eN

α2
εN+1.

Hence (3.20) implies that

|rN (t; ε)| ≤ eN
α2
εN+1 + κ2

∫ t

0
|rN (v; ε)| dv.

By Gronwall’s inequality,

|rN (t; ε)| ≤ eN
α2
εN+1eκ2t,

and the theorem is proved.

4. Examples

4.1. Example of boundary layer stability condition.

To illustrate the method, let us consider the following example from [1]

εu(t) = f(t)−
∫ t

0
{(t− s)ω(s) + θ(s)}u(s) ds, t ≥ 0. (4.1)

where θ(t) > 0. Equation (4.1) is equivalent to “over-damped” initial value
second-order ordinary differential equation

εu′′(t) + θ(t)u′(t) + {ω(t) + θ′(t)}u(t) = f ′′(t), t > 0, (4.2)
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with initial conditions

u(0) =
1
ε
f(0), u′(0) = − 1

ε2 θ(0)f(0) +
1
ε
f ′(0).

For simplicity we take

ω(t) = 1, θ(t) = 1, f(t) = t+ t2 +
1
6
t3

because the exact solution of (4.1) can be obtained using Laplace transforms
as

u(t; ε) =t+ 1 +
1

γ1 − γ2

[(
γ2 − 1 +

1
ε

)
eγ1t

−
(
γ1 − 1 +

1
ε

)
eγ2t

]
, (4.3)

where
γ1, γ2 =

1
2ε

(−1±
√

1− 4ε).

In this example f(0) = 0 and we should use an asymptotic representation
other than (2.18). However we find that z0(τ) = 0 and our representation
agrees with the correct one. Note that in this example a(t, s) = −t+ s− 1
and the boundary layer stability condition holds. For j ≥ 0, the inner
correction solution zj(τ) is given by

zj(τ) = e−τzj(0)−
∫ τ

0
e−(τ−σ)ψ′j(σ) dσ, (4.4)

where

ψj(τ) =
j−1∑
i=0

∫ ∞
τ

Fj−i(τ, σ)zi(σ) dσ.

Since in this example

Fi(τ, σ) =


−1, i = 0,
−(τ − σ), i = 1,
0, i ≥ 2.

it follows that

ψj(τ) = −
∫ ∞
τ

(τ − σ)zj−1(σ) dσ.

Therefore we get

zj(τ) = e−τzj(0)−
∫ τ

0
e−(τ−σ)

∫ ∞
σ

zj−1(v) dv dσ,

where

z0(0) = f(0), zj(0) = yj−1(0), j ≥ 1.



SINGULARLY PERTURBED SYSTEMS OF VOLTERRA EQUATIONS 239

By (2.30) the outer solution yj(t) satisfies

yj−1(t) = −
∫ t

0
(t− s+ 1)yj(s) ds+ φj(t),

or

y′′j−1(t)− φ′′j (t) = −y′j(t)− yj(t),
Since

Ei(t, σ) =


−(1 + t), i = 0,
σ, i = 1,
0, i ≥ 2,

we find that

φj(t) =
j∑

i=j−1

∫ ∞
0

Ej−1(t, σ)zi(σ) dσ.

Therefore

φ′′j (t) =

{
2 + t, j = 0,
0, j ≥ 1,

and

yj(t) = −zj+1(0)e−t −
∫ t

0
e−(t−s)(y′′j−1(s)− φ′′j (s)) ds.

From the above equations we see that

z0(τ) = 0, z1(τ) = −e−τ , z2(τ) = −τe−τ ,

y0(t) = 1 + t, y1(t) = 0,

from which we calculate the first two partial sums of the asymptotic solution
to be

U0(t; ε) = 1 + t− e−t/ε, U1(t; ε) = 1 + t− e−t/ε − te−t/ε.

To verify that U0(t; ε) is a uniformly valid asymptotic approximation,
note that

u(t; ε)− U0(t; ε) = e−t/ε − e(1−1/ε)t +O(ε2) = −te−t/ε +O(ε2),

implying that |u(t; ε)− U0(t; ε)| ≤ C0ε. Similarly

u(t; ε)− U1(t; ε) = − t
2

2
e−t/ε + ε2(e−t − e−t/ε) +O(ε3),

so that |u(t; ε)− U1(t; ε)| ≤ C1ε
2. Therefore the terms U0(t; ε) and U1(t; ε)

found by additive decomposition method are uniformly valid asymptotic
approximations to u(t; ε) for all 0 ≤ t ≤ T as ε→ 0.
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Having established a uniformly valid asymptotic expansion using the
method of additive decomposition we developed, we now form a composite
expansion from the exact solution (4.3). The outer expansion is found by
fixing t > 0 and letting ε→ 0 in (4.3), obtaining

V (t; ε) ∼
∞∑
j=0

εjvj(t),

where

v0(t) = 1 + t, v1(t) = 0, v2(t) = e−t, . . . .

Similarly expressing (4.3) in terms of the inner variable, τ and then taking
the inner limit by fixing τ > 0 and letting ε→ 0, the inner expansion takes
the form

u(ετ ; ε) = W (τ ; ε) ∼
∞∑
j=0

εjwj(τ),

where

w0(τ) = 1− e−τ , w1(τ) = τ(1− e−τ ), w2(τ) = 1− (1 + τ2/2)e−τ , . . . .

To obtain these expansion we have used

γ1 = −1 +O(ε), γ2 = −1
ε

+ 1 +O(ε), ε→ 0,

1
γ1 − γ2

(
γ2 − 1 +

1
ε

)
= ε2 + 4ε3 +O(ε4),

1
γ1 − γ2

(
γ1 − 1 +

1
ε

)
= 1 + ε2 + 4ε3 +O(ε4),

all as ε→ 0. Using a standard procedure we can obtain a uniform approx-
imation to u(t; ε) by forming a composite expansions from the inner and
outer expansions. In fact, we find that U0(t; ε) and U1(t; ε) are first two
composite expansions.

4.2. Example of boundary layer stability condition failing. Both
Lange and Smith [9] and Angell and Olmstead [3] study the integral equation

ε2u(t) = f(t)−
∫ t

0
su(s) ds. (4.5)

To avoid fractional powers, ε2 replaces ε. The exact solution of equation is
found, after differentiating, to be

u(t; ε) =
e−t

2/(2ε2)

ε2

{
f(0) +

∫ t

0
es

2/(2ε2)f ′(s) ds
}
. (4.6)
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For this example a(t, s) = −s and a(t, t) < 0 only for t > 0. Hence the
analysis in Section 3 is no longer applicable.

Smith and Lange [9] observe that (4.5) has a number of interesting fea-
tures. Firstly expansions for the inner and outer solutions can be calculated
from (4.6). We see that

u(t; ε) ∼ V (t; ε) =
∞∑
j=0

ε2jvj(t), (4.7)

where

v0(t) = −f
′(t)
t
, v1(t) =

1
t

(
f ′(t)
t

)′
. (4.8)

Notice that the integrals ∫ t

0
svj(s) ds

do not exist for j ≥ 1. Similarly

u(ετ ; ε) ∼W (τ ; ε) =
1
ε2

∞∑
j=0

εjwj(τ), (4.9)

where

w0(t) = f(0)e−τ
2/2, w1(τ) = f ′(0)

∫ τ

0
e−(τ2−σ2)/2 dσ,

w2(τ) = f ′′(0)(1− e−τ2/2). (4.10)

From (4.7), (4.8), (4.9) and (4.10) the composite expansion can be computed
such that

u(t; ε) =
f(0)
ε2 e−t

2/(2ε2) +
f ′(0)
ε

∫ t/ε

0
e−(t2/ε2−σ2)/2 dσ

− f ′′(0)e−t
2/(2ε2) +

f ′(t)− f ′(0)
t

+O(ε) (4.11)

as ε→ 0 uniformly for 0 ≤ t ≤ T .
The analysis of Section 2.2 holds for (4.5) even though (H2) does not. In

fact it shows that the initial layer should have magnitude O(ε−2) and width
O(ε). However Smith and Lange point out that the ansatz

u(t; ε) = y0(t) +
1
ε2 z0(t/ε) + o(1)

and exponential decay for all the inner correction terms produces a false
leading order approximate solution

− f(0)
ε2 e−t

2/(2ε2) +
f ′(t)
t
, (4.12)

which is not uniformly valid for all 0 ≤ t ≤ T .
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We look for an asymptotic solution of the form

u(t; ε) =
∞∑
j=0

ε2jyj(t) +
1
ε2

∞∑
j=0

εjzj(t/ε). (4.13)

Since ε2u(0; ε) = f(0), yj(t) and zj(τ) satisfy the initial conditions

z0(0) = f(0), z1(0) = 0, z2j(0) = −yj−1(0), z2j+1(0) = 0

for j ≥ 1. Substituting (4.13) into (4.5) gives

ε2y0(t) + z0(t/ε) + εz1(t/ε) + ε2z2(t/ε) = f(t)−
∫ t

0
sy0(s) ds

− 1
ε2

∫ t

0
sz0(s/ε) ds− 1

ε1

∫ t

0
sz1(s/ε) ds

−
∫ t

0
sz2(s/ε) ds+O(ε2). (4.14)

This is equivalent to

ε2y0(ετ) + z0(τ) + εz1(τ) + ε2z2(τ) = f(ετ)−
∫ ετ

0
sy0(s) ds

−
∫ τ

0
σz0(σ) dσ − ε

∫ τ

0
σz1(σ) dσ − ε2

∫ τ

0
σz2(σ) dσ +O(ε2).

It follows that

zj(τ) = ψj(τ)−
∫ τ

0
σzj(σ) dσ. (4.15)

where

ψ0(τ) = f(0), ψ1(τ) = f ′(0)τ, ψ2(τ) =
1
2

(f ′′(0)− y0(0))τ2 − y0(0).

Therefore,

z0(τ) = f0(0)e−τ
2/2, z1(τ) = f ′(0)

∫ τ

0
e−(τ2−σ2)/2 dσ,

z2(τ) = f ′′(0)(1− e−τ
2/2)− y0(0).

In order to calculate the outer solution, we express all terms in (4.15) in
terms of the outer variable t and substitute them into (4.14), giving

ε2y0(t) = f(t)− f(0)− f ′(0)t− 1
2

(f ′′(0)− y0(0))t2 −
∫ t

0
sy0(s) ds+O(ε2).

By letting ε→ 0 an equation for y0(t) is obtained with solution

y0(t) =
f ′(t)− f ′(0)

t
− f ′′(0) + y0(0).
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Since limt→0 y0(t) = y0(0), z2(τ)→ f ′′(0)− y0(0) as τ →∞ and we choose
y0(0) = f ′′(0) so that z2(τ)→ 0 as τ →∞ as required. Also by integrating
by parts it can be shown that

z1(τ) =
f ′(0)
τ

[
1 +

∞∑
n=0

(1)(3)(5) . . . (2n− 1)
τ2n

]
as τ →∞,

so there is only algebraic decay.
The candidate leading order solution is given by

u0(t; ε) = y0(t) +
1
ε2 z0(t/ε) +

1
ε
z1(t/ε) + z2(t/ε),

which agrees with (4.11). It is not hard to directly show this is a uniformly
valid asymptotic solution. Also there is nontrivial contribution to the outer
solution from limε→0 ε

−1z1(t/ε) = f ′(0)t−1 with t > 0 fixed, which would
not be the case if z1(τ) decayed exponentially.

Our calculations suggest that the method of additive decomposition can
also be applied to problems where there is no exponential decay in the
boundary layer.
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