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Abstract. In this paper, nonlocal in time problem for abstract evolu-
tion equation of second order is studied and theorem on existence and
uniqueness of its solution is proved. Some applications of this theorem
for hyperbolic partial differential equations and systems are considered
and it is proved, that well-posedness of the mentioned problems de-
pends on algebraic properties of ratios between the dimensions of the
spatial boundary and the times appearing in the nonlocal in time initial
conditions.

1. Introduction

Nonlocal in time problems are non-classical initial boundary value prob-
lems, where instead of classical initial conditions we have a combination of
the initial value of the solution and values of the solution for later times.
These problems are generalizations of periodical problem, which is a par-
ticular case of problem of controllability by the initial conditions, where
we seek for such initial conditions that state of the dynamical system at a
certain moment of time coincides with its initial state.
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Nonlocal in time problems were formulated and studied in [4] for para-
bolic equations. Later in [5-7] problems of this type were investigated for
some equations of mathematical physics. In the present paper we study
nonlocal in time problem for abstract evolution equation of second order
and generalize results obtained before for hyperbolic equations in [6, 7]. We
investigate dependence of well-posedness of nonlocal in time problems on
algebraic properties of expressions, which contain given moments of time
and dimensions of the spatial boundary.

The outline of the paper is the following. In Section 2 the variational
formulation of nonlocal in time problem for abstract evolution equation of
second order is given and theorem on existence and uniqueness of its solution
is proved. In Section 3 we consider some applications of the general theorem
formulated in Section 2 for hyperbolic partial differential equations and
systems. We show that for some nonlocal in time problems for hyperbolic
equations in case of a parallelepiped as spatial domain, the existence and
uniqueness of a solution depend on algebraic properties of ratios of the
moments of time and lengths of the sides of the parallelepiped.

2. An abstract nonlocal in time problem

Let V C H be separable Hilbert spaces such that the injection V — H
is continuous and V' is dense in H. Denote with (.,.) scalar product in H.
Assume that H is identified with its dual space by scalar product in H, then
it is possible to construct continuous and dense injection of H in V' (V' is
a dual space of V') (]2]). Therefore we obtain

Ve—H<—V

with continuous and dense injections. Let £(X;Y") denotes the space of lin-
ear continuous operators from X to Y (X, Y are Banach spaces). LP(0,7T; X)
denotes the space of measurable functions g : (0,7) — X equipped with the
norm

T 1/p
9l o) = ( / ||g<t>|r§<dt) < to0, for p< oo,

9]l 2»(0,7:x) = supess[[g(t)[|x < +oo, for p = +o0.
te[0,7)

CY([0,T); X) is the space of continuous functions of ¢ € [0,7] with values
in X. In the case of X = R, C°([0,T]; X) denotes the space C°([0,T]) of
continuous real-valued functions on [0, 7]. From the definition of Bochner’s
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integral it follows that function g € LP(0,T; X) can be identified with dis-
tribution in (0,7") with values in X ([9]), and denote with
d
g ==L eD((0,1):X) = £(D(0,7): X)

the derivative of g in the sense of distributions (©(0, ") stands for the space
of infinitely differentiable functions with compact support in (0,T)).

Furthermore, let A € £(V;V’) be a linear continuous operator such that
the bilinear form a(p, ) = (Ap,¥)v v ({.,.)v+v denotes duality between
V and V') is symmetric and coercive, i.e.

a(p, V) = a(¥, ), Vo, eV,

) 1)
a(p,p) > allelly, a=const >0, VeeV,

and the set of eigenvectors of the operator A is complete in V.
The variational formulation of the nonlocal in time problem for abstract
evolution equation of second order

d*u
W—FAU’:]C’ tE(O,T),

is as follows: find a function u € C°([0,T];V), v’ € C°([0,T]; H), which
satisfies equation

%(u'(.),v) +a(u(.),v) = (f(.),v), Vovey, (2.2)

in the sense of distributions in (0,7") and the following nonlocal initial con-
ditions
u(0) = Bu + uy,
u'(0) = Cu’ + uy,
where ug € V, u; € H, f € L?(0,T; H),
B € &(C°(0,TV);V), C € (C(0,T); H); H).

For the formulated problem we have the following

(2.3)

Theorem 2.1. Suppose that there exist linear continuous functionals b, c :
CY([0,T]) — R such that

B(h(t)vn) = b(h(t))vn,  C(h(t)vn) = e(h(t))vn, ¥ he C((0,T)),

for all n € N, where {v,}nen s an orthonormal (in H) system of eigen-
vectors of the operator A with eigenvalues {\2},en. If there ewists a real
positive number ¢ > 0 for which the inequality

|(1 — b(cos(Ant))) (1 — c(cos(Ant))) + b(sin(A,t))e(sin(A,t))|
> q, (2.4)
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holds for all n € N, then nonlocal problem (2.2), (2.3) has a unique solu-
tion. Moreover, the mapping {f,up,u1} — {u,du/dt} is continuous from

L2(0,T; H) xV x H to C°([0,T); V) x C°([0, T); H).

Proof. Let us seek a solution of the formulated problem by the generalized
Fourier series

u(t) = tn(t)vn. (2.5)
n=1

Inserting (2.5) into equation (2.2) and after some formal transformations,
we obtain

i (1) :;n /0 () sin(n(t — 7))dr
+ Ay, cos(Ant) + By sin(Apt), (2.6)

where f(t) = > 07 fa()on, fu(t) = (f(t),vyn). Coeficients A,,, B, can be
calculated from the conditions (2.3), i.e.

Ap(1 = b(cos(Ant))) — Bpb(sin(A,t)))

— gy, + )\1nb (/0 Ju(T)sin( A, (t — T))dT> ;
Apc(sin(Apt)) + Br(1 — ¢(cos(Ant)))

=t Lo ([ meostant - rar),

(2.7)

where ug, = (uo, vpn), U1n = (u1,vy). From (2.7), taking (2.4) into account,
we can uniquely determine A,,, B, for which the following estimate is valid:

max(|Aul, |Bal) < Crluon] + Ca |5
1 T 1/2
e ([ smar) e+ e 29)

where ||b]|, ||c|| are norms of the functionals b, ¢ respectively.
Let us consider series (2.5), where uy,(t) is replaced by expression (2.6),
and prove that it is a solution of the formulated nonlocal in time problem.
First, we show that series (2.5) converges uniformly with respect to ¢ in
the space V. Denote with

Fu(t) = )\ln/o fn(T)sin(Ap(t —7))dr = %)L\it)




NONLOCAL IN TIME PROBLEMS 249

and prove, that the series o0 ; v2(¢) converges uniformly with respect to
t, and its sum is less than TfOT | £11%,dt. Indeed,

t t T
2 sin?( A\ (t — 7))dr 2(Hydr < 2(r T,
mt)s/o Ot = 7))d /Ofn( )d <T/0 F2(r)d

, the series Y °°  72(t) is dominated by the converging number series
Tzn " fo f2(7)dr, the sum of which is equal to THfHL2 (0T )"
By the coerciveness of the bilinear form a(.,.), we obtain

N
OSCL(UO—Z@L; U Zﬁn >—auo,UO)
_QZﬂna<uo, )—1-252 (vn vn>

n

U(),U() Zﬂ%, (29)

where 3, = (1/A\;)a(ug,v,). From the latter inequality it follows that
Y1 B < aluo, uo).

Taking into account estimate (2.8), >°00 ; u?, = |Ju1||% and ug, = (uo, vn)
= (1/22)a(ug, vy), we obtain that the series > o0 | (Ayuy(¢))? is dominated
by the converging number series C4 Yoy (fo fA(r)dr + i, + 52) and the
following estimate holds

o0

>~ Owtin()? < Ca (11320, + sy + o)

n=1

Let us denote upg = >0 un(t)vn. Since the system {v;}sen is orthogo-
nal in H, we get that it is orthogonal with respect to the form af(.,.), i.e.,
a(vs,ve) = N2 (vs,vy9) = 0, s # s', 5,5 € N. Consequently, for each ¢ > 0
there is a natural number N(g) € N such that

q
(tupg, tpg) = Y _(Antn(t))? <&, forp>N(e), ¢ > p.

n=p
From conditions (2.1) we obtain

q

1 €
2 2
[upglli < anZ;(A”“”(t)) <z, forp=2N(e) a2p,
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that implies the uniform (with respect to t) convergence of series (2.5).
Therefore u € C°([0,T]; V) and the following estimate is valid

[} < Cs (117132051 + lualy + ol ) - (2.10)

Similarly it can be checked that the series obtained by differentiation of
series (2.5) converges uniformly with respect to ¢ in the space H and conse-
quently u' € C°([0,T]; H). From the construction of u(t) it is obvious that
u(t) satisfies initial conditions (2.3). Therefore, it suffices to prove that u(t)
satisfies equation (2.2).

Indeed, as f € L?(0,T; H), u,(t) has second derivative for almost all
t € (0,T), which is equal to —A2u,(t) + f,(t) and is square integrable in
(0,T"). Hence, for any function ¢ € ®(0,7) and v € V we have

T T
—/ U (7) (U, 0) @ (T)dT =/ (fa(T) = Asun(7)) (n, v)g(7)dr
0 0

and

T N T N
/ !/ 2
- /0 S (eI ()i + /O > (7)o )
N

T
_ /0 S ) (0 ) (7). (2.11)

n=1

Letting N tend to oo in (2.11), we obtain

T T T
- / (1), 0) ! ()dr + / a(u(r), v)p(r)dr = / ((r), v)p(r)dr

and, therefore, u(t) satisfies equation (2.2) in the sense of distributions in
(0,7).

So u(t) is a solution of nonlocal problem (2.2), (2.3) and, according to
the inequalities (2.8), (2.9), (2.10), we have

HUH%:O([O,T];V) <Cs (Hf”%,?((],T;H) +lua || + ||U0H%/) )

‘du2

dt
that implies continuity of the mapping { f, uo,u1} — {u,du/dt} if problem
(2.2), (2.3) has a unique solution.

Let us prove that the formulated nonlocal problem has at most one so-
lution. Indeed, suppose that there exist two solutions wu(¢) and v(t) of the
problem. Then their difference w(t) = u(t)—w(t) is a solution of the homoge-
neous nonlocal in time problem, i.e., for f = 0, ug = 0, u; = 0. Furthermore,

< Co (11220750 + Il + luoll})

Co([0,T];H)
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w(t) is the solution of classical evolution problem for the equation (2.2) with
initial conditions w(0) and w’(0), which has a unique solution and
w(t) = Z(ﬁn cos(Ant) + By sin(Ant))vp.

n=1

Since w(t) satisfies homogeneous conditions (2.3), then (A,, By) is a solu-
tion of homogeneous system (2.7). According to the conditions (2.4), the de-
terminant of the system is different from zero and, therefore, ﬁn = En =0,
vYn € N and w(t) = 0. Thus, u(t) = v(t) and solution is unique. O

Remark 2.1. From the proof of the uniqueness of solution for nonlocal in
time problem (2.2), (2.3) it follows, that if in the formulation of Theorem
2.1 we have ¢ = 0, then problem (2.2), (2.3) has at most one solution.

3. Nonlocal in time problems for hyperbolic equations and
systems

In the present section we consider some applications of the Theorem 2.1
for the nonlocal in time problems for hyperbolic equations and systems.

Let 2 C R™ be a bounded domain with Lipschitz boundary. Denote with
H?(Q) = W25(Q) the Sobolev space of order s € N, H§(2) = W02’5(Q) is the
closure of the set ©(2) of infinitely differentiable functions with compact
support in €2, in the space H*(€). Assume that a;;, p (4,7 = 1,n) are
functions defined in €2 such that

aij, p € L>(Q), p(x) >0, a;j(r) = aji(x), i,j = 1,n,
3a>0’§:%ﬂ@&§2a@?+u«+ﬁL V&L, ... &) €RY,
almost everywhere in . Let V = H}(Q), H = L*(Q2),

Au=— Y ;ii (aij(x)(j;) +p(@)u, (3.1)

ij=1
and as the initial conditions (2.3) take

k k T;
w(z,0) =3 atu(e, T) + 3 / Pl (rYulz, 7)dr + uo (),
i=1 T

1,j=1

k k T;
ug(x,0) = Za?ut(:z,Ti) + Z / p?j(T)ut(LL’,T)dT +up (),
i=1 i

ij=1

(3.2)
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where xz € Q, pilj, p?j are measurable bounded real-valued functions, ozil, a?

are real constants, T; € (0,7 (i,j = 1,k). Note that under these conditions

the bilinear form
=Y [aped

i,7=1
defined by the operator A, fulfills conditions (2.1) and the set of eigenfunc-
tions of the operator A is complete in HJ (). Hence, from Theorem 2.1 it
immediately follows validity of the similar theorem in the case of nonlocal
in time problem for multidimensional hyperbolic equation
82
ot

/Q poibdz, Yo,y € H(9),

+Au=f, inQ=Qx(0,7). (3.3)

Theorem 3.1. If there exists a real constant ¢ > 0 such that

2
H I—Za cos(A,T3) Z/ pi;(T) cos(A,T)dT
r=1

3,7=1

—I—H Za sin(A,1;) Z/ pij (T) sin( A, 7)dr

hj=1
> q, (3.4)
for allm € N, ug € H}(Q), u1 € L*(Q), f € L*(Q), then nonlocal in time

problem (3.2), (3.3) with homogeneous boundary conditions has a unique

solution u € C°([0,T); H} (Q)), v’ € C°([0,T); L*(2)).

Corollary 3.1. Ifin nonlocal conditions (3.2) pilj = p?j = 0 and coefficients
al a (i,j = 1, k) satisfy the inequality
k
> (afl+1af]) < 1, (3.5)
i=1
then the nonlocal problem has a unique solution.

Proof. According to Theorem 3.1, it suffices to check validity of condition
(3.4). From (3.5) we obtain
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k k
(1 “Ya coswm) (1 - a? cos(Anm)

=1 =1

k k
+ (Z o) sin()\nTi)) (Z o? sin(/\nTi))
i=1 i=1
k k
>1- 3 jol - Y Ja?] > 0
i=1 i=1

and, instead of ¢, we can take any positive real number less than
k 1 2
1= (lag [+ [egf]) [

Now, we consider some particular cases of the nonlocal in time problem
for hyperbolic equation and show an essential difference between classical
and nonlocal problems.

Let Q = (0,1), A = —9%/022, f
following form:

0 and conditions (3.2) are of the

k
u(z,0) = Zaiu(x,Ti) + up(z),
= zeq, (3.6)

k
u(z,0) = Zaiut(a:,Ti) + (),
i=1
where a; # 0 is a real constant, T; € (0,7 (i = 1,k).

Therefore we obtain nonlocal in time problem for the string oscillation
equation, which, according to Theorem 3.1, has a unique solution if Zle i
< 1. In the case of Zle || = 1, from inequality (3.4) and Remark 2.1, we
obtain that if among the points {T;}¥_; at least one is such that the ratio
T;/l is irrational, then the nonlocal problem has at most one solution. It
must be pointed out that if £k = 1, then condition of irrationality of the ratio
T/l is a necessary and sufficient condition for the uniqueness of solution of
the nonlocal problem. Moreover, for the special case of T7/l, we have the
theorem of the existence of a solution.

Theorem 3.2. Suppose that T/l is an  irrational  algebraic
number of degree v > 1. If ug € H" (), uy € H™1(Q), g, Aug, ... ,
Al=D/2y0 aq, o A1y, e HZ(9), then nonlocal in time problem (3.3),
(3.6) with homogeneous boundary conditions has a unique solution for any
a1 € R ([y] denotes the integer part of the real number y).
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Proof. According to Liouville’s Theorem ([3]), since T/l is an algebraic
irrational number of degree r > 1, there exists ¢ > 0 such that

T p c
T — % = E, v n,pc N,
and, hence,
T1 C

From the proof of Theorem 2.1
l
Uon, (1 — 1 COS (ﬂTl)) + ulal sin <@T1>
l ™ l
(1+a?) — 20 cos (WTnT1>

{
Yin (1 — (1 COS (@Tl)) — UppQr1 Sin (@Tl)
Bn — ™ l l

An =

)

Y

(1+a?) — 2aq cos (Z—nﬂ)

where

l l
Uy = \/?/0 uo(x) sin(?x) dzr, ui, = \/?/0 u(z) sin (Wl—nx> dzx.

Hence, if |a1| # 1, then the nonlocal problem has a unique solution.
Now consider the case when |a;| = 1. We have:

for ay =1,
UQn, ulnl 7TnT1 ulnl UQn, TI'HTl
Ay, =24 I B, = S ;
T +2mCOt< 2 ) " o 2 COt( TA
for ay = —1,
UQn, ulnl TI'TLTl ulnl UOn TI'TLTl
A, = ———1t B, = —t .
"T T T 2m an( 2 ) "o 2 an( 2

Denote with m(x) = min{(2/7m)z,2 — (2/m)z}, 0 < = < 7. It is easily
checked that for all n € N,

(T mnTi _ LTl - mnTy _ LTl
S YRR A el TR Y "\ T )

s nT1 . s nT1 nT1 nT1 nT1
cos( 51 >'—‘cos< 51 —W[zl})‘>1+2[2l]— o

whence

Therefore,

u
max{|A,|, |Bu|} < C (u0n| L ;J) 1
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Since A(sin(A,z)) = A2sin(\,z), Ay = ™/, n € N and ug, Aug,...,
Alr=072ly € HE(Q), we obtain:
if r is even (r = 2rg), then

21 [ 2
Uon, = \/;)\2 uo(z)A(sin(A\pz))de = f / (Aup)(x) sin(Apz)dx
n J0

21 [t . o
=...= 7)\72{“0 /0 (A"ug)(x) sin(A\pz)de = KZ),
if ris odd (r = + 1), then

2
\/;)\27"0 Arouo)( ) sin(Apz)dz

2 d r d 1 . UOn
Ve [ ) (s ) = o

where anl ﬂ()n) < CQH“OHHT(Q)?

o< [ (& (- 5 P

- [ () o S

whence Y2, (tig,)? < C3||UOHH’“(Q)' Thus,

(7O A—
Uon = 71_7"77;“7 Z(&bny < EH“OH%—H(Q);
n=1
and similarly
U lr—l 0 R N
i = — 1, D (n)* < el q)-
n=1

From the latter estimates for ug,, w1, we deduce, that the series

u(x,t) Z \/7 Ay cos + B, sin (Wlnt)) sin (?az) (3.7)

converges uniformly (with respect to t) in the space H'(Q) and the series
obtained by differentiation of (3.7) converges uniformly in L?(Q2). Thus
u € CO[0,T); H}(2)) and ' € CO([0,T]; L*(12)). O

Note, that similar results in the case of Dirichlet problem for hyperbolic
equations are obtained in [1, 8]. More precisely, a solution of the Dirichlet
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boundary value problem for the string oscillation equation is uniquely deter-
mined if and only if the ratio £ = T'/1 of the sides of the rectangle [0, ] x [0, T']
is irrational; the solution exists for all boundary values, which are differen-
tiable sufficiently many times, if £ cannot “too rapidly” be approximated
by rationals.

Similarly we may consider two-dimensional and multidimensional non-
local in time problem (3.3), (3.6) with homogeneous boundary conditions.
Particularly, let Q = (0,11) x ... x (0,15), A= —>";_, 8?/0x?, f = 0. Before
formulation of the analogue to Theorem 3.2 let us introduce the following
definition.

Definition 3.1. Let Dy = {dp,ny..n.; n1,N2,...,05s € Ng = NU{0}} be an
infinite set of non-negative real numbers. We say that the rate of approx-
imation of the real number d on the set D, is less than r, r € N, if there
exists a constant ¢ > 0 such that for all ny,ns,...,ngs € Ny,

p

dnlng...ns

C
d - Z dr 9 \V/p € N7 dn1n2...ns S Ds-

ning...ng

In the case of multidimensional nonlocal in time problem, if we have
Zle |cov;|] < 1, then problem (3.3), (3.6) has a unique solution. In the case

of Zle |a;| = 1, the nonlocal in time problem has at most one solution if
there exists T; for which the equation

)Gy G -G) o

is unsolvable in integers. Let us consider the case of [y =lp = ... =1, =1
and k = 1. According to the equation (3.8), the uniqueness of a solution of
the nonlocal in time problem depends on algebraic properties of 71 /l. More
precisely, the following theorem is valid.

Theorem 3.3. If T1/l is such, that ni,...,ns,pl/T1 are not the genera-
lized Pythagorean numbers, i.e., don’t satisfy equation (3.8) for any integers
N1, ..., Ns, p and the rate of approxzimation of T1 /1 on the set Dy = {dn,. n, =

n?+...4+n2; ny,...,ns € No} is less than v > 1, ug € H"(Q), u1 €
H™1(Q), Abvu, € HYQ), 0 < ky < [(r—1+47)/2] —v, v = 0,1, then
nonlocal problem (3.3), (3.6) with homogeneous boundary conditions has a
unique solution for any a1 € R.

Proof. We only sketch the proof, because it is similar to the proof of The-
orem 3.2. Note, that if |a| # 1, then the formulated theorem follows from
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Theorem 3.1. Let us consider the case of |oy| = 1. As in the proof of
Theorem 2.1 solution of the nonlocal problem we seek by Fourier series

W@, T t) = > o0 Y (Anyn, €05(Any o, )

ni=1 ns=1
+Bn1...n5 Sin()\nl...nst)) Uni..ns (371’ cee 7375); (39)

where

Unyoome (1,00 xs) = (?) v sin (WTmm) ...sin (WTnSmS) ,

ny,...,ns € N.
/N3 + ... +n2

)\nl..‘ns -

Coefficients Ay, n., Bn,..n, determined from initial conditions (3.6), are of
the following form:

1 -1 A T
Any.m, = e + s (al L cot +a1 tan> (”1”51) )

2 Dpome 2 2 2
Ulny..ns UOny...ns ay + 1 o] — 1 )\nl...nsTl
B = — —_— .
ni..ns D, 5 ( 5 cot + 9 tan 5

Taking into account property of 77 /1, we obtain
max{’Anl...nS ’7 ’Bnl...ns ’}

Ulny..n, r—1
< C| uopy..ns| + —= Lot n4...4+n2
ny+...+n?
and from the latter estimate, as in the proof of Theorem 3.2, we deduce,

that the function u(z1,... ,zs,t) defined by series (3.9) is a solution of the
nonlocal in time problem (3.3), (3.6). O

It must be pointed out that Theorem 2.1 allows to investigate nonlocal
in time problem for hyperbolic system. Let €2 C R™ be a bounded domain
with regular boundary, V = §7(Q) = [HF(Q)]Y, H = £2(Q) = [L2(Q))V
and let A be an elliptic operator of order 2m:

“ k - k
A= Z:(—l)k > ax“aax (A}i"'.';’; (:c)a> , (3.10)

633]‘1 e 8xjk

k=0 'k
where in the inner sum each index i1, ... , ik, j1,- .. , jx independently range
over the set {1,...,n}. u is N-component vector-function, A%""* () —

square matrix of order N, which does not change for any transposition of
upper or lower indices and turns into transpose of the matrix if all upper
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indices are transposed with all lower indices. Furthermore, assume that the
elements of the matrices belong to L*°(2) and for almost all x € Q,

(3 Al @)ty i) ) = @D [tirecin s @ >0,

In (3.11) ¢;,. 4, is N-component vector, which does not change for any trans-
position of indices iy, ... ,i, (k = 1,m), ((.,.)), ||.|| denote the scalar product
and norm in the N-dimensional Euclidean space, respectively.

Let us consider now nonlocal in time problem for hyperbolic system

9%u

with nonlocal initial conditions of the form (3.2) and homogeneous boundary
conditions

ou oy
U—%——W—O, OHF—aQX[O,T],

where v is the unit outward normal to 092. In this case bilinear form af(.,.)
defined by the operator A is of the following form

m L ok kv
o 1.0k
a(uv 1)) - / z Z ((Ajl“'jk (x) 8xj1 .. .al’jk 7 3331'1 ce axlk>> e

gy

Taking into account conditions (3.11) it is not difficult to check that
bilinear form a(.,.) is symmetric and coercive on V' x V. Moreover, it is
well known, that $7() is dense in £2(€2) and the set of eigenfunctions of
the operator A is complete in V.

So, applying Theorem 2.1, we obtain the following statement.

Theorem 3.4. If ug € HT(Q), u1 € £2(Q), f € £2(Q) and condition (3.4)
18 fulfilled, then the formulated monlocal in time problem for the hyperbolic
system has a unique solution u € C°([0,T); HT(Q)), v’ € C°([0,T]; £2(Q)).

Acknowledgement. The author is very grateful to Prof. David Gordeziani
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