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Abstract. We consider the probI%m
e 4 Sug +calu+ o |Vul’dr)Au > f(z,t),
Q

posed in Q x (0,40c). Here Q C R is a an open smooth bounded
domain and ¢ is like ¢(s) = bs”, v > 0, a > 0 and ¢ = +1. We prove,
in certain conditions on f and ¢ that there is absence of global solu-
tions. The method of proof relies on a simple analysis of the ordinary
inequality of the type

w” + 6w’ > aw + Buw®.

It is also shown that a global positive solution, when it exists, must
decay at least exponentially.
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1. Introduction

Our initial interest in this paper is the nonexistence of global positive
solution to

Uy + ealdu + ¢ </ ]Vu|2dw) Au+ dup > f(x,t),
Q

on Q x (0, 400),
u=0, in 90 x (0, +00),

(1.1)

where Q C RY is a bounded domain with smooth boundary 9%, a > 0,
e = %1, f is given function and ¢(s) is locally Lipschitz function for s > 0
satisfying

o(s) > bs7, (1.2)

where b and ~ are positive and ¢ is a real parameter.

When € = 1 Problem (1.1) is of elliptic type inequality and it is posed in
the infinite cylindrical domain Q x Ry. If ¢ = —1 we have, under certain
condition, a damped quasilinear hyperbolic inequality.

There is a vast literature for the quasilinear hyperbolic equations with
— instead of ¢. The following model

Uy — ¢ / |ug|?dz | Uze = 0,
(0,L)

describes, in one dimension, the non-linear vibrations of elastic string. The
natural generalization is given by

Ut — @ (/ |Vu|2dx> Au =0,
Q

and was studied by Pohozaev [17] in the case where ¢ is a real C'* function
defined for nonnegative real satisfying ¢ > ag > 0. The author obtained
existence and global solutions for analytic initial data. Later Lions [13]
formulated the Pohozaev result in abstract context. The work of Ono [16]
deals with

wy + (|| AV 20| 2) Au 4 duy = |ulPu, (1.3)

where A = —A, p(s) =a+bs’,a>0,b>0,a+b>0andy>0. He
proved that for p > 2v the local solution is not global if

E(0) <0 (resp. E(0) >0 and/ upu; > 0),
Q

where E(0) is the initial energy associated to (1.3).
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In [6] Callegari and Manfrin studied the Klein-Gordon equation with the
nonlocal nonlinearities

Ut — @ (/ Vu|2dx> Au+ @ </ |Vu]2dx> u=0, zeRVt>0,
RN RN

where a,¢ > 1 > 0 are C'(—6,0) functions. The authors proved that if
the initial data is sufficiently small, the problem has a unique global regular
solution.

We here intend to discuss conditions which assure that the perturbed
elliptic-hyperbolic problem (1.1) has no global solution. In particular we
obtain a sufficient condition, on the initial data, such that the mean w(t) =
Jou(z, t)®1(x)dz is not global. Here ®; is a positive eigenfunction of —A
in H}(Q). The key of the proof is to analysis the ordinary differential
inequality of the type

w” + dw' > Bw + aw?,

where 6,0 € R, p > 1 and a > 0. First we study in Section 2 the global
nonexistence of positive solutions to the differential inequalities of the type

w” 4 g(w') > h(w).

As a consequence we prove, in Section 3, the non-global character of solu-
tions to (1.1). In the same manner we investigate the elliptic inequality.
We prove that if u is a global nonnegative solution such that 6 > 0 and
6 + Aa > 1 then the limit

lim ev5+’\1“t/u(3:,t)®1dx,

t——+00 w

is finite. Here A; is the first eigenvalue associated to ®;. This result is
obtained without assuming that u tends to 0 as t — oo.

2. Nonexistence results for differential inequalities
In this section we collect auxiliary results which will be used later. We
investigate here a more general problem of the form
w” + g(w') > h(w), (2.1)

with regard to w(0) and w'(0). With the help of methods of ordinary differ-
ential inequality, we prove in a certain circumstance that there is absence
of global positive solutions to (2.1). The functions g and h are assumed to
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be continuous and satisfy, throughout the paper,

h(r) >0, for all r > ro, (2.2)
. h(r)

lim inf —2 1 2.
lim inf —7= >0, p>1, (2.3)

g(r) < Kr, forallreR, (2.4)

where 79 > 0, p > 1 and K is a real constant.

In [15], [18] the authors established the nonexistence of global positive
solution to a class of differential inequalities of the type w”+ A|w'|7+ B|w'| >
CwP, p > g > 1. Here we study a different model. First we have the
following

Proposition 2.1. There is no global solution, w € C2, to (2.1) such that
w(0) >re, w'(0) > 0. (2.5)

Proof. Suppose that a global smooth solution w to (2.1), (2.5) exists. By
continuity we have h(w) > 0 on (0,tp), to small. It is easily seen that
w'(t) > 0 and then w(t) > o on (0,%p). Assume that w'(t;) = 0 for ¢t; > 0,
then inequality (2.1) cannot be satisfied at ¢ = ¢;. This shows in particular
that w'(t) > 0 on (0, +00).

Let us prove now that w(t) goes to infinity with ¢. To this end we suppose
the contrary; that is w(t) — [ > rog. Hence there exists (¢,) converging
to infinity such that w'(t,) tends to 0. Now multiplying (2.1) by w and
integrating the result over (0,t,) we deduce that

ln

w(ty)w'(t,) — w(0)w'(0) + % (w?(t,) — w?(0)) > /0 h(w)wds,

thanks to (2.4). Therefore h(w)w € L'(0,4+00), and then h(I)l = 0.
A contradiction, and then w(t) tends to infinity with ¢. Next the auxil-
iary function

satisfies the inequality
v > wh(w) — Kww' + (w')?.

If K <0 we have
V" > wh(w),

and if K > 0 we deduce from the Young inequality

v" > wh(w) — TwQ.
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Now from (2.3) and the fact that w goes to infinity, we deduce
o > KuwbPt!l = F2(p+1)/2v(p+1)/27

for t large. A simple analysis of this inequality asserts that v is not global
since v and v’ are nonnegative functions and (p + 1)/2 > 1. This contradicts
our assumption and finishes the proof. O

Remark 2.1. Note that (as inequality (2.1) is autonomous) if there exists
to > 0 such that w(ty) > ro and w'(ty) > 0, the conclusion of the preceding
proposition remains true.

Corollary 2.1. Letp>1,p>q >0, 6,0 € R and « is positive real. There
18 no global solution w to

w” + dw' > aw? — Pwl, (2.6)
such that
1/(p—q)
w(0) > (i*) w(0) >0, (2.7)

where B4 = max{[,0}.

Remark 2.2. Tt is possible to obtain a global solution to (2.6) such that

6 >0 and
3 1/(p—q)
0 <w(0) < <> .

(07

For example the function
r

w(t) = (1 + est)2/-1)

where
- é 1/(p—q) o a(p — 1)2 é (»-1)/(p—q) . p+1
a ’ 2(p+1) \« ’ 2
satisfies

w’ + st/ = au? — fwPD/2,

on Ry. The following result shows that solutions to (2.1) may blow-up at a
finite point in the case where w'(0) < 0.

Put
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Proposition 2.2. Assume, in addition, that rg(r) > 0 for anyr < 0. Then
inequality (2.1) has no global solution w such that

wi

YL H{wy) <~ H(r). 23
where

wo = w(0) > 719, w; =w'(0) <O0.

Proof. Let w be a global solution satisfying (2.8). Since w; < 0 the function
w(t) is decreasing for small ¢. Assume that there exists 0 < ¢y < oo, such
that

w(t()) > 10, w/(to) =0.
Using the previous result we deduce that w is not global. Now assume that
w > ro on (0,+00), and then w’ < 0. Integrating (2.1) over (0, +00) yields

/OO h(w(s))ds < +o0.
0

Therefore h(w(oo)) = 0, and then w(oco) < rg. Consequently there exists
0 < tg < +00 such that

w(t) >re, w'(t) <0,
on (0, %) and
w(to) =T0-
Next by (2.1) the function
1
E=z (w)? = H(w)
is strictly decreasing. Hence E(t) > E(to), for any t < to. This implies in

particular that
2

w
71 — H('w[)) > E(to) > —H(To),
which contradicts (2.8). This finishes the proof. O

Corollary 2.2. Letp > 1, p > q >0,9 >0,1>s >0 and o, are
positive reals. There is no global solution w to

w” + 8w’ [*~ 1w’ > awP — Bul, (2.9)
w(0) =wo,  w'(0)=wi, |
such that
2
wy o ptl i a+1
5 P 1w0 + P 1w0
P=4 \~@+))/-0) go+1)/(p-a) (2.10)

SRSV CESY)
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where

3 1/(p—a)
wo > 10 = <a> ,  wp <O0. (2.11)

We finish this section by simple results concerning the problem
w” + duw' = e wlP " w + fw, (2.12)

where a > 0, 6 >0 and 7 > 0.
When 6 = 1 a change of variable y = e’ transforms this equation into

d d
(P ) = a4 By >,
dy dy

which is of the type of the Emden-Fowler equations [4]. First we consider
the case 7 = 0.

Theorem 2.1. Let 7=0,p> 1,0 € R and o, 8 be positive reals. For any
' # 0 there exists a unique global non trivial solution, wr, to (2.12) such
that wr(0) = I'. The function wr does not change sign and satisfies

o w’r(t)i_5+\/52+4ﬁ' (2.13)

t——+00 Wr (t) 2

Moreover, if in addition 6 = 0, we have

2/(p-1)
wp(t)zr< 2y +1) ) VPt (2.14)

Aelr—1)VBt 1 B

where

A:=/B(p+1)+2aTP~1 +/B(p+1),
B:=—\/B(p+1)+ 2T~ +/B(p+1).

Proof. Since the function —w is also a solution of (2.12) we restrict our
considerations to the case w(0) =TI > 0. Let Iy be any real number and
consider

{w”+5w’ = ajw|P~lw + Bw, (2.15)

w(0) =T, w'(0)=T,.

This problem has a unique local solution, wr r, € C?([0, Tt r,)). We shall
investigate whether wr r, is global and its properties. It follows from above
that if I'g > 0 then wr r, is not global. Therefore we assume that I'y < 0.
Let us note that if there exists ¢y € [0, r,) such that wr r,(tg) > 0 and
wfIO (to) > 0 then wr r, is not global. Hence if wr , is global necessarily

W,y (t) > 0, ’wf’po (t) <0,
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for all ¢ > 0. Using this we can deduce that wr r, and wy, T'o tend to 0 as ¢
approaches infinity. Next a linearized equation of (2.15), at the origin, is

w” + dw' = Bw,

and the characteristic equation has the roots (—d+ /02 +43)/2 and

—(0 + /0% +43)/2. From the above consideration we deduce that (2.15);
has exactly one global non trivial solution wr such that wr(0) = I'. The
function wr is positive and satisfies (2.13). Finally, for 6 = 0, equation
(2.15); reads

w” = alw|P~lw + Bw.
Using this and the fact that w and w’ tend to 0 as t — oo, we find
2 20 p+1 2
= —w + pw”.
=+

The rest of the proof is done by a simple integration (see [5, p. 360]). O

Remark 2.3. For the case where = 0, we can deduce that if § > 0, any
global positive solution satisfies the following estimate

r

2/(p-1)
<1+p<p—1>/2p—1 /20‘t>
2 p+1

where T' = w(0). Note that if § = 0, wr is the unique global solution to
(2.15) such that wp(0) =T.

w(t) <

wr (t),

Let us now turn to the case 7 > 0 and 3 = 0.

Theorem 2.2. Let 7, > 0 and § > —7/2. Assume that p > 1, then any
global solutions w to (2.12) is monotone and satisfies

0 < |w (2.16)
jw(to)]
2/(p-1)’
p—1 [ 2a (=1)/2 (((7/2)t _ (/)0
(1+ 7\ gl (e e )
for all t > ty, where tg is large.

<

Proof. It is not difficult to observe that any global non trivial solution
does not change sign and it is strictly monotone and bounded. So we may
consider only positive global solutions. Let w be a global positive solution.
Put L = limy_,o w(t). Integrating (2.12) over (0,+o00) yields L = 0. Now

the function )
B(t) = e ™ (1) - ]%wpﬂ(t)
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satisfies
E(t) = —<% +8)e (1) < 0.

Next, because L = 0 and liminf w’ = 0, it follows that E(¢) > 0 and then

I B N O T )Y
“Vp+1

Integrating the above inequality we conclude that (2.16) holds. This com-
pletes the proof. O

For the case § = —7/2 we have E = const. Hence

Corollary 2.3. Assume that 6 = —7/2 and 3 = 0. Then Problem (2.12)
has a unique family of global solutions

w(0)

2/(p—-1)"
p—1 20 (p=1)/2 [ (7/2)t
<1 + 5 1 |w(0)] (e 1)

w(t) =

Remark 2.4. Estimate (2.16) remains true if we have greater than in (2.12)
instead of equality. Note that |w| < Ce~[7/(P=DI for large ¢ and the function

Ke~lr/-Dlt

satisfies (2.12) for any 0 € R and any § > 0, where 7 and K are subject to
the following conditions

> P2 (54 V@ D),
and
2 —(p—1)0r— (p—1)?B = (p—1)’a|K|"".

Using the function
1
iefft |:w12(t) B ﬁw2(t) o ]%wp+l(t)

and Proposition 2.2, the preceding theorem is completed by

Eo(t) =

Proposition 2.3. Let 7, > 0, § <0 and 6 > —7/2. Assume that p > 1,
then there is no global solution to (2.15) such that

(W(0))2 < Bw(0))? + —2 fw(0)P+.

p+1
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3. Nonglobal results for the quasilinear hyperbolic-elliptic
inequalities

The results of Section 2 will allow us to prove the absence of global
nonnegative solutions to the following

ugt + caldu + ¢ </ \Vu|2dﬂs> Au+ dug > f(z,t),
Q

on Q x (0,7),
u =0, in 0Q x (0,7),

(3.1)

where € is a regular open subset of RV, N > 1, a4 >0, e = £1 and f €
L>(0,00; L?(2)). The function ¢ : RT — R* is locally Lipschitz satisfying

¢(s) > bs7, (3.2)
where b > 0 and v > 0.

3.1. The case ¢ = —1.
Let @1 be a positive eigenfunction of

_Aq)l = )\1@17 (I)l‘@g = 07
where \p is the first eigenvalue. We assume that
[@1]2 = 1. (3.3)

Theorem 3.1. Let § € R and v > 0. Assume
/ f(z, t)®1dx > 0, (3.4)
Q

for allt > 0. Then there exists no global solution to (3.1) such that

/Qu(:c,o)qn( )dz > A7 (b)lm, /Qut(x,o)cbl(x)dx > 0.

Proof. Let u be a global solution. Multiplying equation (3.1); by ®1, we
get

w” + 5w > A (/ |Vu2dx> w — a\w, (3.5)
Q

whe re

d
w(t) = / u(x,t)®y(z)dr and W' := )
Q dt

As w(0) > 0 one sees w(t) > 0 on (0,tp), top small. On the other hand we

" </ |Vl dx) >b(/ |Vu2dx> :
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(/ |Vu]2dx> > bA] (/ |ul da:)

Next, using Holder inequality and (3.3) to deduce that

w?(t) </u2d;1:,
Q

© (/Q |Vu|2dx> > bAJw?.

Substituting this into (3.5) yields
w” 4 6w’ > b Tt — axw, (3.6)

therefore

and then

on [0, o]

Finally, since v > 0, w'(0) > 0 and w(0) is larger than (a/(b)ﬂ))l/?y we
deduce from Proposition 2.1 that w is not global. A contradiction. This
ends the proof. 0

The following result is an immediate consequence of Corollary 2.2.

Proposition 3.1. Let v > 0 and 6 > 0. Let u be a solution to (3.1).
Assume

1N\ 1/
B? 4 ana? — M b0 < T (“ ) : (3.7)
vy+1 T y4+1 b
where
-1/2 1/2v
A= / (z,0)®1 (z)dz > A} () , (3.8)
b
and

B = / u(z,0)Pq(z)dz < 0.
Q
Then the function
w(t) = / u(x,t)®y(x)dx
Q

s not global.

Remark 3.1. A similar result can be obtained for the following problems

Ut + Sup — alAu — </ u2dx)u> 1
Q
and

Uy — aAu + @ </ u2d:13> Au— Aug > f.
Q
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3.2. The case ¢ = 1.
Here we shall investigate the elliptic inequality

g + Our + aAu + ¢ (/ |Vu|2d:1c> Au > f(x,t), (3.9)
Q

posed in the half-infinite cylinder
¥ =0 x(0,400),

subject to zero condition on the lateral boundary. Here Q ¢ RY is a smooth
bounded domain, a > 0 and § € R. We are concerned with the nonglobal
results of solutions to (3.9) and, in the case where the solutions exist, we
investigate the asymptotic behaviour as t tends to infinity. A number of
papers have appeared in the study of the asymptotic behavior of global
solutions. In [20] Véron studied the following

uy + Au = f(u), in Q x (0,400), (3.10)

with Dirichlet condition, where f is a continuous and monotonic function
such that f(0) = 0. The author proved that for any ug € LP(Q2), p > 1, the
solution u is bounded, in particular if p = 2, u satisfies

Jult, )| re@) < Ct_N/QHUOHLQ(Q)a C = const > 0.
Later Brada [5] showed that for F(s)/s?> € L?(—1,1), where F' = f, then
lim emtu(t, ) = ad.
t—o0

Here we shall give a sufficient condition which asserts the nonexistence of
global solutions. As in Section 3.1, A1 denotes the first eigenvalue and &4 is
the positive eigenfunction normalized by ||®;||2 = 1. We have the following:

Theorem 3.2. Let v > 0, a > 0 and assume that ¢ and f satisfy (3.2),
(3.4). Then Problem (3.9) has no global solution such that

/ u(z,0)®; > 0,
Q
and

/ ut(x,0)®1 > 0.
Q

Proof. Let u be a global solution. The function

w(t) = / u(x, t)Prdx
Q
is positive and satisfies

w” + 6w’ > Aaw + b)\frlw%“,
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in (0,%0), to small enough. Arguing as in the proof of Proposition 2.1 one
sees that if w exists, it remains positive and satisfies the inequality for all
t > 0. Now as v > 0 we deduce from Section 2 that w is not global. O

The following result will show that a solution may blow-up in the case
where

/ ug(x,0)®1 < 0.
Q

Theorem 3.3. Let v > 0, a > 0 and 6 > max (0,1 — A\a). Assume that
© and f satisfy (3.2), (3.4). Then there exists no global positive solution to
(3.9) such that

/(\/5 + Aau(z,0) + u(z,0))Prdx > 0. (3.11)
Q

Proof. Arguing as in the proof of Theorem 3.2, the mean function satisfies
w” 4 6w’ > Maw + AT w|P, (3.12)

where p := 2y + 1, subject to the condition

V6 + Aaw(0) +w'(0) > 0.

The case w'(0) > 0 was treated in the preceding theorem. Suppose now
that w'(0) < 0. Put

v(t) = w — ce”VoTMat,
where the constant ¢ satisfies

__wO < ¢ < w(0).

Vo + Aa

Using inequality (3.12) we infer
s |P
v+ 60 > Nav + b)\frl v+ ce”VotAat| T

As v(0),v'(0) > 0 we deduce from the last inequality that v and v are
positive as soon as v exists. Therefore v satisfies

v+ 50 > Nav + b/\frlv”.
Hence v is not global. This ends the proof. O

The following result gives the large time behavior of any possible positive
global solution.
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Theorem 3.4. Let v >0, a >0 and 6 > max (0,1 — Aja). Assume that ¢
and f satisfy (3.2), (3.4). Let u be a global positive solution to (3.9), then
there exists

0<ap < / u(x,0)Pdx
Q

such that

lim e 6+a>\1t/u(l’,t)q)1d$:ao.
t——+o00 O

Proof. According to the previous result we can see that

/Q(\/é + AMau(z, t) + u(x, t))Prdr < 0,

for all ¢t > 0. Therefore the function

W(t) = eV‘H'“)‘lt/ u(z, t)Prdx
Q

is global, positive and decreasing and then W goes to a finite limit as ¢ tends
to infinity. O

Corollary 3.1. Assume, in addition, that a > 0, 6 > max (0,1 — \ja) then

lim e"’\lat/ u(x,t)®rdz = 0.
Q

t—oo
To complete Theorem 3.3 we have

Theorem 3.5. Let v >0, a > 0 and § > 0. Assume that ¢ and f satisfy
(3.2), (3.4) and
ligninf/ f(z,t)®@1(x)dx > 0.
— 00 Q

Then there is no global positive solution to (3.9).

Proof. Assume that the problem has a global positive solution u. Repeated
argument of the proof of Theorem 2.1 enables us to see that w’ < 0, w” > 0
and w and w’ tend to 0 as t approaches infinity. Therefore there exists
a sequence (t,), converging to infinity such that w”(t,) — 0 as n — oo.
Recall that w satisfies

w” 4+ dw' > Aaw + b)\1’+1w27+1 —|—/ f(z,t)®q(z)dx.
Q
A passage to the limit implies that
0> lim [ f(,tn)®1(x)de,
n—oo Q

which is absurd. O
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The next result is devoted to the general case where § € R.

Theorem 3.6. Let v >0, a >0 and § € R. Assume that ¢ and f satisfy
(3.2), (3.4). Then there exists no global solution to (3.9) such that

/(5 + V62 + 4 au(z,0) + 2ui(x, 0))Prdz > 0. (3.13)
Q

Proof. Let u be a solution to (3.9). Arguing as in the proof of Theorem
3.1, the function w(t) = / u(x,t)®q(x)dx satisfies
Q

w” 4 0w’ > Maw + AT Jw|P .

Let k = (=0 + V0% + 4)\1a)/2 and n = /0% 4+ 4)\1a, while using the change
of variable w(t) = exp(kt)v(t) one obtain the following

o ' > b exp((p — 1)kt) o] (3.14)
Now we consider 0 € C§°(]0, +o0[), # > 0 such that #(0) = 1, #'(0) = 0 and
/ 0|7 01 dt +/ 0| 01 dt < oo, (3.15)

0 0

where ¢ = p/(p — 1). If one multiplies (3.14) by 0 and integrates by parts,
one gets
+00

n0(0) + 0/(0) + BALHY / exp((p — 1)kt) [v]? 0(t)dt
0

< M/yu|(\9”\ + |6'])dt, (3.16)
0

where M = max {1,7}. Making use of the Young inequality, one finds, for
e >0,

[e.e]

/\vy (6] + |6'])dt Sa/exp((p— 1)kt) [v]? Ot
0 0

e / exp(—kt)(|0'|7 + 0”0~ 4dt.
0

Next we take ¢ = b)\ﬁ'y /M, to deduce, for some positive constant C
—+00
nv(0) +v'(0) < C / exp(—kt)(|0'|* + [0"]")0'~9(t)dt, (3.17)
0
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thanks to (3.16). Now for T' > 0 fixed, choosing 6(t) = 6j(t/T) where
0o € C5°([0,+00]), 0 < 0y <1, Op(t) =1 for 0 <t <1/2 and y(t) = 0 for
t > 1, and where r > 2¢ such that condition (3.15) holds. Using estimate
(3.17), we easily obtain

1

nv(0) 4+ v'(0) <OT % exp(—%r) / 0”|" 0"~ 9at

1/2

1
kT
+COT1 exp(—?) / 0’| 0"~ dt,
1/2
and then

nv(0) +'(0) < C {leq exp(—kTT) + Tt exp(—k;f)} , C>0.

We may let T' — oo in the above inequality to deduce that
1v(0) +'(0) <0,
which contradicts hypothesis (3.13). This ends the proof. O

Remark 3.2. The results of Section 2 can also be used to obtain a family
of global and nonglobal “explicit” solutions to

g
U + oug + </ ]Vu|2d:v> Au — Bu > Mu[P7%u, in X, (3.18)
)

with Dirichlet boundary condition, where A, > 0 and p = 2(y+ 1) > 1.
Here we look for solutions having the form

u(z, t) = w(t)v(x). (3.19)
In fact if we substitute (3.19) into (3.18), we obtain the following inequality
v
v(w” + dw' — pw) > |w|Pw [— (/ |Vv|2dzn> Av + )\|v|2vv] :
Q

Therefore it is sufficient to demand to the required functions w and v to
satisfy

w” + dw' > kw4 Buw, (3.20)

and
g
- (/ |Vv\2dw> Av + N2 = kv, v >0, (3.21)
Q
where £ > 0.

We have
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Theorem 3.7. Let A,k > 0 and v > 0 such that (N — 2)y < 2. Let
vg € HY () be a non trivial solution to (3.21). Then for any a > 0, b < 0
satisfying

b2 + Sab — Ba® > ka0, (3.22)

the function
Uz, t) = ae®ug(x),

is a non trivial solution to (3.18).

Proof. First we show that (3.21) has a non trivial solution. To this direction
we consider the problem

v+1
inf { (/ |VU|2> dr + )\/ w20+ de: v e HE (), / lv|? = 1} .
Q Q Q

As (N —2)(2y+ 1) < N + 2, there exists vg € H}(Q2) which realizes the
infimum; it is nonnegative and satisfies the Euler-Lagrange equation (3.21).
Next we look for solution to (3.20) in the form w(t) = ae®®*, ¢ > 0, b < 0.
Insertion into (3.20) yields

2
(b b ﬁa> /)t 5 a2+ (1) (bfa)t
a

This leads to the sufficient condition (3.22). O

Remark 3.3. If we have equality in (3.18) instead of inequality, it is clear
that w would satisfy

w” + duw' = kw4 pu. (3.23)
Then, for § = 0, the function
T'vo(z)

Uz, t) = <1 " ’m\/?t)m’

1/~
r <W> e\/ﬁtvo(x), for 8 > 0,

it 3=0,

Ae2WBt + B

where

A= /By + 1) + o[l + VB(y + 1),
B:=—/B(y+1) +al» +/B(y+1),
satisfies (3.18).
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