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Abstract. We consider the problem

utt + δut + εa∆u+ ϕ(
Z

Ω
|∇u|2dx)∆u ≥ f(x, t),

posed in Ω × (0,+∞). Here Ω ⊂ RN is a an open smooth bounded
domain and ϕ is like ϕ(s) = bsγ , γ > 0, a > 0 and ε = ±1. We prove,
in certain conditions on f and ϕ that there is absence of global solu-
tions. The method of proof relies on a simple analysis of the ordinary
inequality of the type

w′′ + δw′ ≥ αw + βwp.

It is also shown that a global positive solution, when it exists, must
decay at least exponentially.
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1. Introduction

Our initial interest in this paper is the nonexistence of global positive
solution to

utt + εa∆u+ ϕ

(∫
Ω
|∇u|2dx

)
∆u+ δut ≥ f(x, t),

on Ω× (0,+∞),
u = 0, in ∂Ω× (0,+∞),

(1.1)

where Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω, a > 0,
ε = ±1, f is given function and ϕ(s) is locally Lipschitz function for s ≥ 0
satisfying

ϕ(s) ≥ bsγ , (1.2)

where b and γ are positive and δ is a real parameter.
When ε = 1 Problem (1.1) is of elliptic type inequality and it is posed in

the infinite cylindrical domain Ω × R+. If ε = −1 we have, under certain
condition, a damped quasilinear hyperbolic inequality.

There is a vast literature for the quasilinear hyperbolic equations with
−ϕ instead of ϕ. The following model

utt − ϕ

(∫
(0,L)
|ux|2dx

)
uxx = 0,

describes, in one dimension, the non-linear vibrations of elastic string. The
natural generalization is given by

utt − ϕ
(∫

Ω
|∇u|2dx

)
∆u = 0,

and was studied by Pohozaev [17] in the case where ϕ is a real C1 function
defined for nonnegative real satisfying ϕ ≥ a0 > 0. The author obtained
existence and global solutions for analytic initial data. Later Lions [13]
formulated the Pohozaev result in abstract context. The work of Ono [16]
deals with

utt + ϕ(‖A1/2u‖2)Au+ δut = |u|pu, (1.3)

where A = −∆, ϕ(s) = a + bsγ , a ≥ 0, b ≥ 0, a + b > 0 and γ > 0. He
proved that for p > 2γ the local solution is not global if

E(0) < 0 (resp. E(0) ≥ 0 and
∫

Ω
u0u1 > 0),

where E(0) is the initial energy associated to (1.3).
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In [6] Callegari and Manfrin studied the Klein–Gordon equation with the
nonlocal nonlinearities

utt − a
(∫

RN
|∇u|2dx

)
∆u+ ϕ

(∫
RN
|∇u|2dx

)
u = 0, x ∈ RN , t > 0,

where a, ϕ ≥ η > 0 are C1(−θ, θ) functions. The authors proved that if
the initial data is sufficiently small, the problem has a unique global regular
solution.

We here intend to discuss conditions which assure that the perturbed
elliptic-hyperbolic problem (1.1) has no global solution. In particular we
obtain a sufficient condition, on the initial data, such that the mean w(t) =∫

Ω u(x, t)Φ1(x)dx is not global. Here Φ1 is a positive eigenfunction of −∆
in H1

0 (Ω). The key of the proof is to analysis the ordinary differential
inequality of the type

w′′ + δw′ ≥ βw + αwp,

where δ, β ∈ R, p > 1 and α > 0. First we study in Section 2 the global
nonexistence of positive solutions to the differential inequalities of the type

w′′ + g(w′) ≥ h(w).

As a consequence we prove, in Section 3, the non-global character of solu-
tions to (1.1). In the same manner we investigate the elliptic inequality.
We prove that if u is a global nonnegative solution such that δ > 0 and
δ + λ1a > 1 then the limit

lim
t→+∞

e
√
δ+λ1at

∫
ω
u(x, t)Φ1dx,

is finite. Here λ1 is the first eigenvalue associated to Φ1. This result is
obtained without assuming that u tends to 0 as t→∞.

2. Nonexistence results for differential inequalities

In this section we collect auxiliary results which will be used later. We
investigate here a more general problem of the form

w′′ + g(w′) ≥ h(w), (2.1)

with regard to w(0) and w′(0). With the help of methods of ordinary differ-
ential inequality, we prove in a certain circumstance that there is absence
of global positive solutions to (2.1). The functions g and h are assumed to
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be continuous and satisfy, throughout the paper,

h(r) > 0, for all r > r0, (2.2)

lim inf
r→+∞

h(r)
rp

> 0, p > 1, (2.3)

g(r) ≤ Kr, for all r ∈ R, (2.4)

where r0 > 0, p > 1 and K is a real constant.
In [15], [18] the authors established the nonexistence of global positive

solution to a class of differential inequalities of the type w′′+A|w′|q+B|w′| ≥
Cwp, p > q ≥ 1. Here we study a different model. First we have the
following

Proposition 2.1. There is no global solution, w ∈ C2, to (2.1) such that

w(0) > r0, w′(0) ≥ 0. (2.5)

Proof. Suppose that a global smooth solution w to (2.1), (2.5) exists. By
continuity we have h(w) > 0 on (0, t0), t0 small. It is easily seen that
w′(t) > 0 and then w(t) > r0 on (0, t0). Assume that w′(t1) = 0 for t1 > 0,
then inequality (2.1) cannot be satisfied at t = t1. This shows in particular
that w′(t) > 0 on (0,+∞).

Let us prove now that w(t) goes to infinity with t. To this end we suppose
the contrary; that is w(t) → l > r0. Hence there exists (tn) converging
to infinity such that w′(tn) tends to 0. Now multiplying (2.1) by w and
integrating the result over (0, tn) we deduce that

w(tn)w′(tn)− w(0)w′(0) +
K

2
(
w2(tn)− w2(0)

)
≥
∫ tn

0
h(w)wds,

thanks to (2.4). Therefore h(w)w ∈ L1(0,+∞), and then h(l)l = 0.
A contradiction, and then w(t) tends to infinity with t. Next the auxil-
iary function

v :=
1
2
w2,

satisfies the inequality

v′′ ≥ wh(w)−Kww′ + (w′)2.

If K ≤ 0 we have
v′′ ≥ wh(w),

and if K > 0 we deduce from the Young inequality

v′′ ≥ wh(w)− K2

4
w2.
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Now from (2.3) and the fact that w goes to infinity, we deduce

v′′ ≥ Kwp+1 = K2(p+1)/2v(p+1)/2,

for t large. A simple analysis of this inequality asserts that v is not global
since v and v′ are nonnegative functions and (p+ 1)/2 > 1. This contradicts
our assumption and finishes the proof.

Remark 2.1. Note that (as inequality (2.1) is autonomous) if there exists
t0 > 0 such that w(t0) > r0 and w′(t0) ≥ 0, the conclusion of the preceding
proposition remains true.

Corollary 2.1. Let p > 1, p > q > 0, δ, β ∈ R and α is positive real. There
is no global solution w to

w′′ + δw′ ≥ αwp − βwq, (2.6)

such that

w(0) >
(
β+

α

)1/(p−q)
, w′(0) ≥ 0, (2.7)

where β+ = max{β, 0}.

Remark 2.2. It is possible to obtain a global solution to (2.6) such that
β > 0 and

0 < w(0) <
(
β

α

)1/(p−q)
.

For example the function

w(t) =
r

(1 + est)2/(p−1) ,

where

r =
(
β

α

)1/(p−q)
, s2 =

α(p− 1)2

2(p+ 1)

(
β

α

)(p−1)/(p−q)
, q =

p+ 1
2

,

satisfies
w′′ +

2
p− 1

sw′ = αwp − βw(p+1)/2,

on R+. The following result shows that solutions to (2.1) may blow-up at a
finite point in the case where w′(0) < 0.

Put

H(r) =
∫ r

0
h(s)ds.
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Proposition 2.2. Assume, in addition, that rg(r) ≥ 0 for any r ≤ 0. Then
inequality (2.1) has no global solution w such that

w2
1

2
−H(w0) ≤ −H(r0), (2.8)

where
w0 = w(0) > r0, w1 = w′(0) < 0.

Proof. Let w be a global solution satisfying (2.8). Since w1 < 0 the function
w(t) is decreasing for small t. Assume that there exists 0 < t0 < ∞, such
that

w(t0) > r0, w′(t0) = 0.
Using the previous result we deduce that w is not global. Now assume that
w > r0 on (0,+∞), and then w′ < 0. Integrating (2.1) over (0,+∞) yields∫ ∞

0
h(w(s))ds < +∞.

Therefore h(w(∞)) = 0, and then w(∞) ≤ r0. Consequently there exists
0 < t0 ≤ +∞ such that

w(t) > r0, w′(t) < 0,

on (0, t0) and
w(t0) = r0.

Next by (2.1) the function

E =
1
2
(
w′
)2 −H(w)

is strictly decreasing. Hence E(t) > E(t0), for any t < t0. This implies in
particular that

w2
1

2
−H(w0) > E(t0) > −H(r0),

which contradicts (2.8). This finishes the proof.

Corollary 2.2. Let p > 1, p > q > 0, δ ≥ 0, 1 ≥ s > 0 and α, β are
positive reals. There is no global solution w to{

w′′ + δ|w′|s−1w′ ≥ αwp − βwq,
w(0) = w0, w′(0) = w1,

(2.9)

such that
w2

1
2
− α

p+ 1
wp+1

0 +
β

q + 1
wq+1

0

≤ p− q
(p+ 1)(q + 1)

α−(q+1)/(p−q)β(p+1)/(p−q), (2.10)
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where

w0 > r0 =
(
β

α

)1/(p−q)
, w1 < 0. (2.11)

We finish this section by simple results concerning the problem

w′′ + δw′ = αeτt|w|p−1w + βw, (2.12)

where α > 0, β ≥ 0 and τ ≥ 0.
When δ = 1 a change of variable y = et transforms this equation into

d

dy

(
y2 dz

dy

)
= αyτ |z|p−1z + βz, y ≥ 1,

which is of the type of the Emden-Fowler equations [4]. First we consider
the case τ = 0.

Theorem 2.1. Let τ = 0, p > 1, δ ∈ R and α, β be positive reals. For any
Γ 6= 0 there exists a unique global non trivial solution, wΓ, to (2.12) such
that wΓ(0) = Γ. The function wΓ does not change sign and satisfies

lim
t→+∞

w′Γ(t)
wΓ(t)

= −δ +
√
δ2 + 4β
2

. (2.13)

Moreover, if in addition δ = 0, we have

wΓ(t) = Γ

(
2
√
β(p+ 1)

Ae(p−1)
√
βt +B

)2/(p−1)

e
√
βt, (2.14)

where

A :=
√
β(p+ 1) + 2α|Γ|p−1 +

√
β(p+ 1),

B := −
√
β(p+ 1) + 2α|Γ|p−1 +

√
β(p+ 1).

Proof. Since the function −w is also a solution of (2.12) we restrict our
considerations to the case w(0) = Γ > 0. Let Γ0 be any real number and
consider {

w′′ + δw′ = α|w|p−1w + βw,

w(0) = Γ, w′(0) = Γ0.
(2.15)

This problem has a unique local solution, wΓ,Γ0 ∈ C2([0, TΓ,Γ0)). We shall
investigate whether wΓ,Γ0 is global and its properties. It follows from above
that if Γ0 ≥ 0 then wΓ,Γ0 is not global. Therefore we assume that Γ0 < 0.
Let us note that if there exists t0 ∈ [0, TΓ,Γ0) such that wΓ,Γ0(t0) > 0 and
w′Γ,Γ0

(t0) ≥ 0 then wΓ,Γ0 is not global. Hence if wΓ,Γ0 is global necessarily

wΓ,Γ0(t) > 0, w′Γ,Γ0
(t) < 0,
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for all t ≥ 0. Using this we can deduce that wΓ,Γ0 and w′Γ,Γ0
tend to 0 as t

approaches infinity. Next a linearized equation of (2.15), at the origin, is

w′′ + δw′ = βw,

and the characteristic equation has the roots (−δ +
√
δ2 + 4β)/2 and

−(δ +
√
δ2 + 4β)/2. From the above consideration we deduce that (2.15)1

has exactly one global non trivial solution wΓ such that wΓ(0) = Γ. The
function wΓ is positive and satisfies (2.13). Finally, for δ = 0, equation
(2.15)1 reads

w′′ = α|w|p−1w + βw.

Using this and the fact that w and w′ tend to 0 as t→∞, we find

w′
2 =

2α
p+ 1

|w|p+1 + βw2.

The rest of the proof is done by a simple integration (see [5, p. 360]).

Remark 2.3. For the case where β = 0, we can deduce that if δ ≥ 0, any
global positive solution satisfies the following estimate

w(t) ≤ Γ(
1 + Γ(p−1)/2 p− 1

2

√
2α
p+ 1

t

)2/(p−1) = wΓ(t),

where Γ = w(0). Note that if δ = 0, wΓ is the unique global solution to
(2.15) such that wΓ(0) = Γ.

Let us now turn to the case τ > 0 and β = 0.

Theorem 2.2. Let τ, α > 0 and δ > −τ/2. Assume that p > 1, then any
global solutions w to (2.12) is monotone and satisfies

0 < |w| (2.16)

≤ |w(t0)|(
1 +

p− 1
2

√
2α
p+ 1

|w(t0)|(p−1)/2
(
e(τ/2)t − e(τ/2)t0

))2/(p−1) ,

for all t ≥ t0, where t0 is large.

Proof. It is not difficult to observe that any global non trivial solution
does not change sign and it is strictly monotone and bounded. So we may
consider only positive global solutions. Let w be a global positive solution.
Put L = limt→∞w(t). Integrating (2.12) over (0,+∞) yields L = 0. Now
the function

E(t) =
1
2
e−τtw′

2(t)− α

p+ 1
wp+1(t)
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satisfies
E′(t) = −(

τ

2
+ δ)e−τtw′2(t) < 0.

Next, because L = 0 and lim inf w′ = 0, it follows that E(t) ≥ 0 and then

−w′ ≥
√

2α
p+ 1

e(τ/2)tw(p+1)/2.

Integrating the above inequality we conclude that (2.16) holds. This com-
pletes the proof.

For the case δ = −τ/2 we have E = const. Hence

Corollary 2.3. Assume that δ = −τ/2 and β = 0. Then Problem (2.12)
has a unique family of global solutions

w(t) =
w(0)(

1 +
p− 1

2

√
2α
p+ 1

|w(0)|(p−1)/2
(
e(τ/2)t − 1

))2/(p−1) .

Remark 2.4. Estimate (2.16) remains true if we have greater than in (2.12)
instead of equality. Note that |w| ≤ Ce−[τ/(p−1)]t for large t and the function

Ke−[τ/(p−1)]t,

satisfies (2.12) for any δ ∈ R and any β ≥ 0, where τ and K are subject to
the following conditions

τ >
p− 1

2

(
δ +

√
δ2 + 4β

)
,

and
τ2 − (p− 1)δτ − (p− 1)2β = (p− 1)2α|K|p−1.

Using the function

E0(t) =
1
2
e−τt

[
w′

2(t)− βw2(t)
]
− α

p+ 1
wp+1(t)

and Proposition 2.2, the preceding theorem is completed by

Proposition 2.3. Let τ, α > 0, β ≤ 0 and δ > −τ/2. Assume that p > 1,
then there is no global solution to (2.15) such that

(w′(0))2 < β(w(0))2 +
2α
p+ 1

|w(0)|p+1.
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3. Nonglobal results for the quasilinear hyperbolic-elliptic
inequalities

The results of Section 2 will allow us to prove the absence of global
nonnegative solutions to the following

utt + εa∆u+ ϕ

(∫
Ω
|∇u|2dx

)
∆u+ δut ≥ f(x, t),

on Ω× (0, T ),
u = 0, in ∂Ω× (0, T ),

(3.1)

where Ω is a regular open subset of RN , N ≥ 1, a > 0, ε = ±1 and f ∈
L∞(0,∞;L2(Ω)). The function ϕ : R+ → R+ is locally Lipschitz satisfying

ϕ(s) ≥ bsγ , (3.2)

where b > 0 and γ > 0.

3.1. The case ε = −1.
Let Φ1 be a positive eigenfunction of

−∆Φ1 = λ1Φ1, Φ1|∂Ω = 0,

where λ1 is the first eigenvalue. We assume that

‖Φ1‖2 = 1. (3.3)

Theorem 3.1. Let δ ∈ R and γ > 0. Assume∫
Ω
f(x, t)Φ1dx ≥ 0, (3.4)

for all t ≥ 0. Then there exists no global solution to (3.1) such that∫
Ω
u(x, 0)Φ1(x)dx > λ

−1/2
1

(a
b

)1/2γ
,

∫
Ω
ut(x, 0)Φ1(x)dx ≥ 0.

Proof. Let u be a global solution. Multiplying equation (3.1)1 by Φ1, we
get

w′′ + δw′ ≥ λ1ϕ

(∫
Ω
|∇u|2dx

)
w − aλ1w, (3.5)

whe re
w(t) =

∫
Ω
u(x, t)Φ1(x)dx and w′ :=

dw

dt
.

As w(0) > 0 one sees w(t) > 0 on (0, t0), t0 small. On the other hand we
have

ϕ

(∫
Ω
|∇u|2dx

)
≥ b

(∫
Ω
|∇u|2dx

)γ
,
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therefore

ϕ

(∫
Ω
|∇u|2dx

)
≥ bλγ1

(∫
Ω
|u|2dx

)γ
.

Next, using Hölder inequality and (3.3) to deduce that

w2(t) ≤
∫

Ω
u2dx,

and then

ϕ

(∫
Ω
|∇u|2dx

)
≥ bλγ1w

2γ .

Substituting this into (3.5) yields

w′′ + δw′ ≥ bλγ+1
1 w2γ+1 − aλ1w, (3.6)

on [0, t0[.
Finally, since γ > 0, w′(0) ≥ 0 and w(0) is larger than

(
a/(bλγ1)

)1/2γ , we
deduce from Proposition 2.1 that w is not global. A contradiction. This
ends the proof.

The following result is an immediate consequence of Corollary 2.2.

Proposition 3.1. Let γ > 0 and δ ≥ 0. Let u be a solution to (3.1).
Assume

B2 + aλ1A
2 − λγ1

γ + 1
bA2(γ+1) ≤ γ

γ + 1

(
aγ+1

b

)1/γ

, (3.7)

where

A =
∫

Ω
u(x, 0)Φ1(x)dx > λ

−1/2
1

(a
b

)1/2γ
, (3.8)

and
B =

∫
Ω
ut(x, 0)Φ1(x)dx < 0.

Then the function

w(t) =
∫

Ω
u(x, t)Φ1(x)dx

is not global.

Remark 3.1. A similar result can be obtained for the following problems

utt + δut − a∆u− ϕ
(∫

Ω
u2dx

)
u ≥ f,

and

utt − a∆u+ ϕ

(∫
Ω
u2dx

)
∆u−∆ut ≥ f.
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3.2. The case ε = 1.
Here we shall investigate the elliptic inequality

utt + δut + a∆u+ ϕ

(∫
Ω
|∇u|2dx

)
∆u ≥ f(x, t), (3.9)

posed in the half-infinite cylinder

Σ := Ω× (0,+∞),

subject to zero condition on the lateral boundary. Here Ω ⊂ RN is a smooth
bounded domain, a > 0 and δ ∈ R. We are concerned with the nonglobal
results of solutions to (3.9) and, in the case where the solutions exist, we
investigate the asymptotic behaviour as t tends to infinity. A number of
papers have appeared in the study of the asymptotic behavior of global
solutions. In [20] Véron studied the following

utt + ∆u = f(u), in Ω× (0,+∞), (3.10)

with Dirichlet condition, where f is a continuous and monotonic function
such that f(0) = 0. The author proved that for any u0 ∈ Lp(Ω), p ≥ 1, the
solution u is bounded, in particular if p = 2, u satisfies

‖u(t, .)|L∞(Ω) ≤ Ct−N/2‖u0‖L2(Ω), C = const > 0.

Later Brada [5] showed that for F (s)/s2 ∈ L2(−1, 1), where F ′ = f , then

lim
t→∞

e
√
λ1tu(t, .) = αΦ1.

Here we shall give a sufficient condition which asserts the nonexistence of
global solutions. As in Section 3.1, λ1 denotes the first eigenvalue and Φ1 is
the positive eigenfunction normalized by ‖Φ1‖2 = 1. We have the following:

Theorem 3.2. Let γ > 0, a > 0 and assume that ϕ and f satisfy (3.2),
(3.4). Then Problem (3.9) has no global solution such that∫

Ω
u(x, 0)Φ1 > 0,

and ∫
Ω
ut(x, 0)Φ1 ≥ 0.

Proof. Let u be a global solution. The function

w(t) =
∫

Ω
u(x, t)Φ1dx

is positive and satisfies

w′′ + δw′ ≥ λ1aw + bλγ+1
1 w2γ+1,
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in (0, t0), t0 small enough. Arguing as in the proof of Proposition 2.1 one
sees that if w exists, it remains positive and satisfies the inequality for all
t > 0. Now as γ > 0 we deduce from Section 2 that w is not global.

The following result will show that a solution may blow-up in the case
where ∫

Ω
ut(x, 0)Φ1 < 0.

Theorem 3.3. Let γ > 0, a ≥ 0 and δ > max (0, 1− λ1a). Assume that
ϕ and f satisfy (3.2), (3.4). Then there exists no global positive solution to
(3.9) such that ∫

Ω
(
√
δ + λ1au(x, 0) + ut(x, 0))Φ1dx ≥ 0. (3.11)

Proof. Arguing as in the proof of Theorem 3.2, the mean function satisfies

w′′ + δw′ ≥ λ1aw + bλγ+1
1 |w|p, (3.12)

where p := 2γ + 1, subject to the condition√
δ + λ1aw(0) + w′(0) ≥ 0.

The case w′(0) ≥ 0 was treated in the preceding theorem. Suppose now
that w′(0) < 0. Put

v(t) = w − ce−
√
δ+λ1at,

where the constant c satisfies

− w′(0)√
δ + λ1a

< c < w(0).

Using inequality (3.12) we infer

v′′ + δv′ ≥ λ1av + bλγ+1
1

∣∣∣v + ce−
√
δ+λ1at

∣∣∣p .
As v(0), v′(0) > 0 we deduce from the last inequality that v and v′ are
positive as soon as v exists. Therefore v satisfies

v′′ + δv′ ≥ λ1av + bλγ+1
1 vp.

Hence v is not global. This ends the proof.

The following result gives the large time behavior of any possible positive
global solution.
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Theorem 3.4. Let γ > 0, a ≥ 0 and δ > max (0, 1− λ1a). Assume that ϕ
and f satisfy (3.2), (3.4). Let u be a global positive solution to (3.9), then
there exists

0 ≤ α0 ≤
∫

Ω
u(x, 0)Φ1dx

such that
lim

t→+∞
e
√
δ+aλ1t

∫
Ω
u(x, t)Φ1dx = α0.

Proof. According to the previous result we can see that∫
Ω

(
√
δ + λ1au(x, t) + ut(x, t))Φ1dx < 0,

for all t ≥ 0. Therefore the function

W (t) = e
√
δ+aλ1t

∫
Ω
u(x, t)Φ1dx

is global, positive and decreasing and then W goes to a finite limit as t tends
to infinity.

Corollary 3.1. Assume, in addition, that a > 0, δ > max (0, 1− λ1a) then

lim
t→∞

e
√
λ1at

∫
Ω
u(x, t)Φ1dx = 0.

To complete Theorem 3.3 we have

Theorem 3.5. Let γ > 0, a ≥ 0 and δ > 0. Assume that ϕ and f satisfy
(3.2), (3.4) and

lim inf
t→∞

∫
Ω
f(x, t)Φ1(x)dx > 0.

Then there is no global positive solution to (3.9).

Proof. Assume that the problem has a global positive solution u. Repeated
argument of the proof of Theorem 2.1 enables us to see that w′ < 0, w′′ > 0
and w and w′ tend to 0 as t approaches infinity. Therefore there exists
a sequence (tn)n converging to infinity such that w′′(tn) → 0 as n → ∞.
Recall that w satisfies

w′′ + δw′ ≥ λ1aw + bλγ+1
1 w2γ+1 +

∫
Ω
f(x, t)Φ1(x)dx.

A passage to the limit implies that

0 ≥ lim
n→∞

∫
Ω
f(x, tn)Φ1(x)dx,

which is absurd.



NONEXISTENCE OF GLOBAL SOLUTIONS 117

The next result is devoted to the general case where δ ∈ R.

Theorem 3.6. Let γ > 0, a ≥ 0 and δ ∈ R. Assume that ϕ and f satisfy
(3.2), (3.4). Then there exists no global solution to (3.9) such that∫

Ω
(δ +

√
δ2 + 4λ1au(x, 0) + 2ut(x, 0))Φ1dx > 0. (3.13)

Proof. Let u be a solution to (3.9). Arguing as in the proof of Theorem

3.1, the function w(t) =
∫

Ω
u(x, t)Φ1(x)dx satisfies

w′′ + δw′ ≥ λ1aw + bλ1+γ
1 |w|p .

Let k = (−δ +
√
δ2 + 4λ1a)/2 and η =

√
δ2 + 4λ1a, while using the change

of variable w(t) = exp(kt)v(t) one obtain the following

v′′ + ηv′ ≥ bλ1+γ
1 exp((p− 1)kt) |v|p . (3.14)

Now we consider θ ∈ C∞0 ([0,+∞[), θ ≥ 0 such that θ(0) = 1, θ′(0) = 0 and∫ ∞
0

∣∣θ′′∣∣q θ1−qdt+
∫ ∞

0

∣∣θ′∣∣q θ1−qdt <∞, (3.15)

where q = p/(p− 1). If one multiplies (3.14) by θ and integrates by parts,
one gets

ηv(0) + v′(0) + bλ1+γ
1

+∞∫
0

exp((p− 1)kt) |v|p θ(t)dt

≤M
∞∫

0

|v| (
∣∣θ′′∣∣+

∣∣θ′∣∣)dt, (3.16)

where M = max {1, η}. Making use of the Young inequality, one finds, for
ε > 0,

∞∫
0

|v| (
∣∣θ′′∣∣+

∣∣θ′∣∣)dt ≤ε ∞∫
0

exp((p− 1)kt) |v|p θdt

+ Cε

∞∫
0

exp(−kt)(
∣∣θ′∣∣q +

∣∣θ′′∣∣q)θ1−qdt.

Next we take ε = bλ1+γ
1 /M , to deduce, for some positive constant C

ηv(0) + v′(0) ≤ C

+∞∫
0

exp(−kt)(
∣∣θ′∣∣q +

∣∣θ′′∣∣q)θ1−q(t)dt, (3.17)
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thanks to (3.16). Now for T > 0 fixed, choosing θ(t) = θr0(t/T ) where
θ0 ∈ C∞0 ([0,+∞[), 0 ≤ θ0 ≤ 1, θ0(t) = 1 for 0 ≤ t ≤ 1/2 and θ0(t) = 0 for
t ≥ 1, and where r ≥ 2q such that condition (3.15) holds. Using estimate
(3.17), we easily obtain

ηv(0) + v′(0) ≤CT 1−2q exp(−kT
2

)

1∫
1/2

∣∣θ′′∣∣q θ1−qdt

+ CT 1−q exp(−kT
2

)

1∫
1/2

∣∣θ′∣∣q θ1−qdt,

and then

ηv(0) + v′(0) ≤ C
{
T 1−2q exp(−kT

2
) + T 1−q exp(−kT

2
)
}
, C > 0.

We may let T →∞ in the above inequality to deduce that

ηv(0) + v′(0) ≤ 0,

which contradicts hypothesis (3.13). This ends the proof.

Remark 3.2. The results of Section 2 can also be used to obtain a family
of global and nonglobal “explicit” solutions to

utt + δut +
(∫

Ω
|∇u|2dx

)γ
∆u − βu ≥ λ|u|p−2u, in Σ, (3.18)

with Dirichlet boundary condition, where λ, β > 0 and p = 2(γ + 1) > 1.
Here we look for solutions having the form

u(x, t) = w(t)v(x). (3.19)

In fact if we substitute (3.19) into (3.18), we obtain the following inequality

v(w′′ + δw′ − βw) ≥ |w|2γw
[
−
(∫

Ω
|∇v|2dx

)γ
∆v + λ|v|2γv

]
.

Therefore it is sufficient to demand to the required functions w and v to
satisfy

w′′ + δw′ ≥ κw2γ+1 + βw, (3.20)

and

−
(∫

Ω
|∇v|2dx

)γ
∆v + λ|v|2γv = κv, v ≥ 0, (3.21)

where κ > 0.

We have
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Theorem 3.7. Let λ, κ > 0 and γ > 0 such that (N − 2)γ < 2. Let
v0 ∈ H1

0 (Ω) be a non trivial solution to (3.21). Then for any a > 0, b < 0
satisfying

b2 + δab− βa2 ≥ κa2(γ+1), (3.22)

the function
U(x, t) = ae(b/a)tv0(x),

is a non trivial solution to (3.18).

Proof. First we show that (3.21) has a non trivial solution. To this direction
we consider the problem

inf

{(∫
Ω
|∇v|2

)γ+1

dx+ λ

∫
Ω
|v|2(γ+1)dx; v ∈ H1

0 (Ω),
∫

Ω
|v|2 = 1

}
.

As (N − 2)(2γ + 1) < N + 2, there exists v0 ∈ H1
0 (Ω) which realizes the

infimum; it is nonnegative and satisfies the Euler-Lagrange equation (3.21).
Next we look for solution to (3.20) in the form w(t) = ae(b/a)t, a > 0, b < 0.
Insertion into (3.20) yields(

b2

a
+ δb− βa

)
e(b/a)t ≥ κa2γ+1e(2γ+1)(b/a)t.

This leads to the sufficient condition (3.22).

Remark 3.3. If we have equality in (3.18) instead of inequality, it is clear
that w would satisfy

w′′ + δw′ = κw2γ+1 + βw. (3.23)

Then, for δ = 0, the function

U(x, t) =



Γv0(x)(
1 + γΓγ

√
κ
γ t
)1/γ , if β = 0,

Γ

(
2
√
β(γ + 1)

Ae2γ
√
βt +B

)1/γ

e
√
βtv0(x), for β > 0,

where

A :=
√
β(γ + 1) + α|Γ|2γ +

√
β(γ + 1),

B := −
√
β(γ + 1) + α|Γ|2γ +

√
β(γ + 1),

satisfies (3.18).
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