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Abstract. In the paper we present two continuous selection theorems
in hyperconvex metric spaces and apply these to study fixed point and
coincidence point problems as well as variational inequality problems in
hyperconvex metric spaces.

1. Introduction and preliminaries

In 1956, Aronszajn and Panitchpakdi [1] first gave the notion of hypercon-
vex metric space, and then, Sine [16] and Soardi [17] proved independently
that the fixed point property for nonexpansive mappings holds in bounded
hyperconvex metric spaces. Since then, hyperconvex metric spaces has been
widely studied and many interesting fixed point theorems for nonexpansive
mappings has been established (for example, see [3, 5, 6, 7, 10, 11, 15] and
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others). The corresponding linear theory is well developed and associated
with the names of Gleason, Goodner, Kelley and Nachbin. We refer readers
to the reference [13] for more details. However, the nonlinear theory is still
being developed. Recently, Khamsi, Kirk and Yafez [9] studied selection
problems for multivalued mappings with bounded externally hyperconvex
values.

In the present paper, our purpose is to study continuous selection prob-
lems for multivalued mappings with sub-admissible values. As applications
of our new continuous selection theorems, we give the existence result for
some fixed point and concidence point problems as well as for a generalized
quasi-variational inequality problem and Fan’s minimax inequality problem
in hyperconvex metric spaces.

To begin with we explain the notion of a hyperconvex metric space and
some related concepts. Hyperconvex metric spaces were introduced by
Aronszajn and Panitchpakdi [1].

Definition 1.1. A metric space (M, d) is called hyperconvex if for any col-
lection of points {z,: a € I'} of M and any collection of non-negative reals
{ra: a € I} such that

d(za,23) <ro+1g
for all a, 8 € I, then

ﬂ B(za,7a) # 0,

ael
where B(x,r) = {y € M: d(z,y) <r}, B(z,r) ={y € M: d(z,y) <r}.

Definition 1.2. Let (M,d) be a metric space and A C M a nonempty
subset. Set

co(A) = ﬂ {B: Bis a closed ball such that A C B}

and

A+r= U B(a,r),vr > 0.

acA

If A is an intersection of some closed balls, we will say A is an admissi-
ble subset of M. A is called sub-admissible if for each finite subset D of
A, co(D) ¢ A. A function f: X — R is said to be metric quasi-convex
(or metric quasi-concave) if for each r € R, the set {z € X: f(z) < r}
(respectively, {x € X: f(z) > r}) is sub-admissible.

Let X be a topological space. We denote by 2% the family of all subsets
of X. If A C X we shall denote by cl(A) the closure of A.

Definition 1.3. Let X,Y be two topological spaces and T: X — 2Y be a
multivalued mapping. Then
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(1) T is said to be transfer closed valued if for any (z,y) € X x Y with
y & T'(x), there exists a point u € X such that y ¢ cl[T'(u)];

(2) T is said to be upper (respectively, lower) semicontinuous if for each
x € X and each open set V C Y with T'(x) C V (respectively, T'(x) N
V' # (), there exists an open neighborhood U of z such that T'(z) C V
(respectively, T'(z) NV # () for each z € U;

(3) T is said to have the local intersection property if for each z € X
with T'(z) # () there exists an open neighborhood N (z) of x such that

nzeN(:r) T(Z) 7é 0.

Definition 1.4. Let (M, d) be a metric space and X C M. A multivalued
mapping G: X — 2M ig called a metric KKM-mapping if

co({m1,- -, xn}) C | JG(22)
=1
for any x1, -+ ,x, € X.

A topological space is said to be acyclic if all of its reduced Cech homology
groups over the rationals vanish. In particular, any contractible space is
acyclic, and thus any convex or star-shaped set is acyclic.

2. Continuous selection theorems

Theorem 2.1. Let X be a paracompact topological space, (M,d) a hyper-
convexr metric space and Y a nonempty sub-admissible subset of M. Let
T: X — 2V be a multivalued mapping such that

(i) for each x € X, T(z) is a nonempty sub-admissible subset of M ;
(ii) T has the local intersection property.

Then T has a continuous selection; that is, there exists a continuous map-
ping f: X — M such that f(x) € T(x) for all x € X.

Proof. Since (M,d) is a hyperconvex metric space, by the conclusion 1 of
Proposition 1 in [8] there exists an index set I and an isometric embed-
ding from M into [*°(I). We will identify M with the isometric embed-
ding image set in [°°([). Since hyperconvexity is preserved by isometry, by
the conclusion 4 of Proposition 1 in [8] there exists a nonexpansive retract
r: () — M.

By (i) and (ii) we know that for each x € X, there exists an open neigh-
borhood N(z) of z such that the set (1, v,y T'(2) # 0. Since X is paracom-
pact, there exists a locally finite open refinement R = {U,: a € D} of the
family {N(x): z € X}. Hence for each a € D, there exists a point z, € X
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such that Uy C N(zq). Note that (,¢, T'(2) D N,en(za) T'(2) # 0, there
exists a point yo € (\,cp, T(2). Let {fa: @ € D} be a continuous parti-
tion of unity corresponding to the covering R of X. We can thus define a
mapping g: X — [*°(I) by

9(x) = fa(®)ya, Yz € X.

aeD

Since R is a locally finite open covering of X and {f,: a € D} is a continu-
ous partition of unity corresponding to R, it follows that g is a well-defined
continuous mapping. Now let f = rog. Then f: X — M is continuous.
For each x € X, let o(z,R)={U € R: 2 € U}. Then o(x,R) is finite,
and hence o(z,R) = {Ua,,Uny, -+ ,Uq, } for some {ai, a2, -+ ,an} C D.
Therefore for each x € X we have

f(z) =rlg(z)]
=r [Z fak (x)yozk

k=1

€ T‘(COHV{yaU o 7y04n}) C CO({yala e 7yan})a

where conv{ya,, " ,Ya,, } is the convex hull of the {yn,, -, Ya, } in 1*°(I).
Since {Yays** » Yo, } € T'(x) and T'(z) is a nonempty sub-admissible subset
of M, it follows that f(z) € T'(x). Therefore, f is a continuous selection of
T. This completes the proof. O

From the proof of Theorem 2.1 it is clear that when X is compact, we
have the following result.

Theorem 2.2. Let X be a compact topological space, (M, d) a hyperconvex
metric space, and Y a nonempty sub-admissible subset of M. Let T: X —
2Y be a multivalued mapping such that

(i) for each x € X, T(x) is a nonempty sub-admissible subset of M ;

(ii) T has the local intersection property.
Then T has a continuous selection f =rog, wherer: [*°(I) — M is a non-
expansive retract, I is some index set such that M is isometrically embedded
in1°(I) and g: X — 1°°(1) is continuous such that g(X) is contained in a
polytope P = conv{yi, -+ ,yn} of (1), {y1, - ,yn} C Y.

3. Fixed point and coincidence point theorems

As the first application of our continuous selection theorems we have the
following fixed point theorem.
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Theorem 3.1. Let (Y,d) be a hyperconver metric space and X be a non-
empty compact admissible subset of Y. Suppose T: X — 2Y is a multivalued
mapping such that

(i) for each v € X, T'(x) is a nonempty sub-admissible subset of Y ;
(ii) T has the local intersection property;
(iii) for each x € X with x ¢ T(x) and each z € T(z), there exists a € (0,1)
such that
X N B(z,ad(x,2)) N B(z, (1 — a)d(z,2)) # 0.

Then T has a fixed point, that is, there exists a point T € X such that
zeT(z) .

Proof. By Theorem 2.1 there exists a continuous mapping f: X — Y such
that f(z) € T(x) for all z € X. For each x € X, we define

Gz)={y € X:d(y, f(y)) <d(z, f(y))}.

Then G: X — 2Y is a multivalued mapping with nonempty closed values.

We claim that G is a metric K KM mapping. Otherwise, there exists a

finite subset A C X and a point y € co(A) such that y ¢ (J,c 4 G(z). Since

X is a sub-admissible subset of Y, it follows that co(A) C X, and hence
d(z, f(y)) < dy. f(y), Vz€ A

Let € > 0 be such that

d(z, f(y)) < d(y, f(y)) —e, Vaz € A.
Then A C XN B(f(y),d(y, f(y)) —€). Hence co(4) C X N B(f(y),

d(y, f(y)) — €). Consequently, d(y, f(y)) < d(y, f(y)) —e. This is a con-
tradiction.

By the compactness of X and Theorem 4 in [8], there exists a point
Yo € NyexG (), that is,

d(yo, f(yo)) = mlg)f( d(z, f(yo))-

We claim that yg € T'(yo). Otherwise, since f(yo) € T(yo), by (iii) there
exists a € (0,1) such that

X N B(yo, ad(yo, f(0))) N B(f(yo), (1 — )d(yo, f(v0))) # 0.
Hence there exists a point z € X such that d(yo,z) < ad(yo, f(y0)) and

d(f(yo),2) < (1 —a)d(yo, f(yo)). Consequently, d(f(yo),z) = (1 — a)d(yo,
f(yo)). Otherwise,

d(yo, f(y0)) = ad(yo, f(yo)) + (1 — a)d(yo, f(yo)) > d(yo,2) + d(f(y0), 2),

and hence
d(yo, f(y0)) < d(yo, 2) +d(f(y0),2) < d(yo, f(¥0))-
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This is a contradiction. Hence
d(f(yo), 2) = (1=)d(yo, f(y0)) = (1-a) inf d(x, f(yo)) < (1 — @)d(z, f(0))-

We get a contradiction. This shows that yo € T'(yp) and the proof is com-
pleted. O

Corollary 3.2. Let (Y, d) be a hyperconvex metric space and X be a nonempty
compact admissible subset of Y. Suppose that T: X — 2% be a multivalued
mapping such that

(i) for each v € X, T'(z) is a nonempty sub-admissible subset in Y;

(ii) T has the local intersection property.

Then T has a fized point.

Proof. For each x € X with x ¢ T'(x) and each y € T(z), co({z,y})
X since X is a nonempty sub-admissible subset of Y. Let co({z,y})
ﬂjGJE(mj,rj) and take any a € (0,1). Since d(z,y) = ad(z,y) +
(1 - a)d(z,y), d(z,z;) < r; < rj+oad(zr,y) and d(y,z;) < rj < 15+
(1—a)d(z,y), by hyperconvexity of Y, co({x,y})NB(z, ad(x,y))NB(y, (1—
a)d(z,y)) # 0, and hence XNB(z, ad(x,y))NB(y, (1 — a)d(x,y)) # 0. This
shows that condition (iii) in Theorem 3.1 is satisfied. Hence the conclusion
follows from Theorem 3.1. O

C

Remark . Corollary 3.2 contains Theorem 3.1 in [12] as a special case.

Theorem 3.3. Let X be a compact topological space, (M, d) a hyperconvex
metric space and Y a nonempty sub-admissible subset of M. LetT: X — 2V
be a multivalued mapping with the local intersection property, let
F:Y — 2% be an upper semicontinuous multivalued mapping with closed
acyclic values and let T'(x) be a nonempty sub-admissible subset of M for
each x € X. Then there exist a point xg € X and a point yg € Y such that
zo € F(yo) and yo € T'(zo).

Proof. By Theorem 2.2, T has a continuous selection f = r o g, where
r:[°°(I) — M is a nonexpansive retract, I is some index set such that
M is isometrically embedded in I*°(I), g: X — [°°(]) is continuous and,
moreover, g(X) is contained in a polytope P = conv{yi,--- ,yn} of [*°(I),
for some subset {y1, -+ ,yn} C Y.

Let S = For|p. Then S: P — X is an upper semicontinuous multivalued
mapping with compact acyclic values. By virtue of Lemma 2.1 in [14] there
exists a point zg € P such that zy € ¢g[S(20)]. Hence there exists a point
xo € S(20) such that zp = g(xo). Let yo = r(z0). Then yo = r[g(xo)] =
f(zo) € T(xp) and zp € F(yo). This completes the proof. O
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4. Generalized quasi-variational inequalities

As an application of our coincidence point theorems we have the following
existence result for a generalized quasi-variational inequality problem.

Theorem 4.1. Let M be a nonempty sub-admissible subset of a hypercon-
vex metric space (Z,d), letY be a Hausdorff topological space and let X C M
be a nonempty compact admissible subset of M. Let T: X — 2Y be an upper
semicontinuous multivalued mapping with nonempty compact values. If an
upper semicontinuous function ¢: X x Y x M — R 1is such that

(i) for each (z,y) € X XY, ¢(z,y, 2) is metric quasi-convez in z;
(ii) for each (x,z) € X x M, the set

lyeT(x): ¢(z,y,2) > 0}

s acyclic;
(iii) for each x € X, there exists a point y € T(x) such that ¢(x,y,x) > 0;
(iv) for each x € X and each z € M with supycp(y) ¢(2,y,2) < 0, there
exists a € (0,1) such that

X N B(z,ad(z,2)) N B(z, (1 — a)d(x, 2)) # 0,
then there exists T € X and y € T(z) such that

¢(z,9,2) 2 0
for all z € M.

Proof. We first prove that there exists a point £ € X such that

sup ¢(Z,y,2) >0
yeT(z)
for all z € M.
If the conclusion is false, then for each © € X there exists a point v € M
such that
sup ¢(z,y,v) <O0.
yeT'(x)
Let S(z) = {2z € M: supyeq@) #(z,y,2) < 0}. Then S: X — 2M s a
multivalued mapping with nonempty values and S has no fixed point by
(iii). For each x € X, we claim that S(x) is a sub-admissible subset of M.
Indeed, for each finite subset A of S(z), there exists a real number r < 0
such that

sup é(z,y,a) <r, Vae A.
yeT ()
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Hence for each z € co(A) and each y € T'(z) we have ¢(z,y,2) < r by (i).
Consequently,
sup ¢(z,y,2) <r <0,
y€eT (z)

that is, z € S(x). This shows that S(x) is a sub-admissible subset of M.

Moreover, since T: X — 2Y is an upper semicontinuous multivalued
mapping with nonempty compact values and the function ¢: X XY xM — R
is upper semicontinuous it follows by Proposition 21 in [2, p.119] that the
function supyer(s) ¢(x,y, z) is upper semicontinuous in z, and hence S has
the local intersection property. Further, since condition (iv) implies that S
satisfies condition (iii) of Theorem 3.1, so by Theorem 3.1, the mapping S
has a fixed point. This is a contradiction since S has no fixed points. Thus
there exists a point & € X such that

yeT(2)
for all z € M.
For each z € M, let

F(z) ={y € T(2): ¢(2,y,2) = 0}.

By the compactness of T'(Z), the upper semicontinuity of ¢ and condition
(ii) we know that F: M — 27(®) is an upper semicontinuous multivalued
mapping with nonempty closed acyclic values. If the conclusion of Theorem
4.1 is false, the multivalued mapping G: T'(z) — 2™ defined by

Gly)={z€ M: ¢(z,y,z) <0}

has nonempty sub-admissible values and the local intersection property by
(i) and the upper semicontinuity of ¢. Consequently, by Theorem 3.3 there
exist a point zp € M and a point yo € T'(Z) such that yo € F(zp) and 29 €
G(yo), that is, ¢(Z, yo, 20) > 0 and &(Z, yo, 2z0) < 0. This is a contradiction.
Therefore the conclusion of Theorem 4.1 is true. O

If X = M in Theorem 4.1, then condition (iv) is satisfied, automatically.
Hence we have the following result.

Corollary 4.2. Let (M,d) be a hyperconvex metric space, let Y be a Haus-
dorff topological space and let X be a nonempty compact admissible sub-
set of M. Let T: X — 2Y be an upper semicontinuous multivalued map-
ping with nonempty compact values. If an upper semicontinuous function
¢: X XY x X — R is such that

(i) for each (z,y) € X XY, ¢(z,y, 2) is metric quasi-convez in z;
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(ii) for each (x,z) € X x X, the set
{y € T(x): o(x,y,2) = 0}

s acyclic;
(iii) for each x € X, there exists a point y € T(x) such that ¢(x,y,x) >0,
then there exists a point & € X and a point y € T'(x) such that

¢(%,9,2) 2 0
forall z € X.

Theorem 4.3. Let M be a nonempty sub-admissible subset of a hypercon-

vex metric space (Z,d), let Y be a nonempty sub-admissible subset of a

hyperconvex metric space and let X C M be a nonempty compact admissi-

ble subset of M. Let T: X — 2Y be a multivalued mapping with the local

intersection property and nonempty sub-admissible values. If a function

¢: X XY x M — R is such that

(i) for each (z,y) € X XY, ¢(x,y, z) is metric quasi-convex in z;

(ii) for each z € M, ¢(x,y, z) is upper semicontinuous in (x,y);

(iii) for each x € X and each y € T(x), ¢(z,y,z) > 0;

(iv) for each x € X and each z € M with inf e, ¢(x,y,2) < 0, there
exists a € (0,1) such that

X N B(x,ad(z,2)) N B(z, (1 —a)d(x, 2)) # 0,
then there exists a point & € X and a point y € T'(x) such that

¢(2,9,2) = 0
for all z € M.

Proof. By Theorem 2.1 there exists a continuous mapping f: X — Y such
that f(x) € T'(x) for all z € X.

If the conclusion is false, then for each x € X there exists a point v € M
such that

¢(z, f(x),v) <0.
Let S(x) = {z € M: ¢(x, f(z),2) < 0}. Then S: X — 2™ is a multivalued
mapping with nonempty sub-admissible values by (i). By (ii) we know that
S has the local intersection property. Since again condition (iv) implies that
S satisfies condition (iii) of Theorem 3.1, by Theorem 3.1 S has a fixed point
x* € X, that is, ¢(z*, f(2*),2*) < 0. This contradicts (iii). Therefore, the
conclusion of Theorem 4.1 is true. O
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5. Ky Fan’s minimax inequality

To facilitate the study of a Ky Fan type minimax inequality, we will use
the following definition.

Definition 5.1. Let X and Y be two topological spaces and let f: X XY —
R be a function. We call f(z,y) transfer lower semicontinuous in y, if for
each r € R and each (z,y) € X xY with f(z,y) > r there exists a point
2’ € X and an open neighborhood N (y) of y such that f(z',z) > r for all
z € N(y).

Lemma 5.1. Let (Y,d) be a hyperconver metric space, X be a nonempty
compact admissible subset of Y and T: X — 2 be a multivalued mapping.
Suppose that the following conditions are satisfied:

(i) for each y € X, X\T~Y(y) is a sub-admissible subset of Y ;
(ii) for eachx € X, x € T'(z);
(iii) T s transfer closed valued.

Then X N (N,ex T(x)) # 0.

Proof. For each y € X, let G(y) = X\T '(y). Then G: X — 2% is a
multivalued mapping with sub-admissible values. For each y € X with
G(y) # 0, there exists a point x € G(y), that is, y ¢ T(z). By (iii)
there exists a point xy € X and an open neighborhood N(y) of y such that
N(y)NT(xg) = (. Consequently, for each z € X N N(y), we have xg € G(z).
This shows that G has the local intersection property. Moreover, by (ii) we
know that G does not have any fixed points. Hence by Corollary 3.2 there
exists a point # € X such that G(z) = 0, that is, T~1(z) = X. Hence
T € (Nyex I'(z). This completes the proof. O

Theorem 5.2. Let (Y, d) be a hyperconvex metric space, X be a nonempty
compact admissible subset of Y and f: X XY — R be a function. Suppose
that the following conditions are satisfied:

(i) for each y €Y, f(x,y) is metric quasi-concave in x;
(ii) f(x,y) is transfer lower semicontinuous in y.

Then there exists a point yo € X such that

sup f(z,y0) = minsup f(z,y) < sup f(z, 2).
zEX yeX zeX z€X

Proof. For each z € X, let

T(z)={y€Y: f(z,y) < sg}}‘;f(zvz)}'
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Then T: X — 2Y with 2 € T(z) for all z € X. By (i) and (ii) we know that
all conditions of Lemma 5.1 are satisfied. Hence by Lemma 5.1 there exists
a point yo € X such that yo € (),cx T(z), that is, f(x,y0) < sup,cx f(z, 2)
for all x € X. Consequently,

sup f(z,yo) = minsup f(z,y) < sup f(2, 2).
zeX yeX zeX 2€X

This completes the proof. O
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