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DIFFERENTIAL INEQUALITIES FOR
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Abstract. We consider a motion of a viscous compressible heat con-
ducting fluid of a fixed mass bounded by a free surface. For a local
solution of equations describing such a motion we derive some energy-

type inequalities which are necessary to prove the global existence of
solutions.

1. Introduction

In this paper we obtain some energy-type inequalities for equations de-
scribing motions of a viscous compressible heat-conducting fluid bounded
by a free surface. We consider the case when the free surface is not governed
by the surface tension. Then the motion of a fluid in a bounded domain
Q2 C R? (which depends on time t € R}F) is described by the following
system with the boundary and initial conditions (see [3], [4]):

o[vi + (v V)v] = divT(v,p) = of in Q7
o1+ div (ov) =0 in Q7T
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0¢y (0 +v - VO) + Oppdiv o — A0

3
a 2 )2 AT
2 .Zl(vmj + Vjz;)” — (v — p)(dive)® = or in Q7
1,]=
= —pon on ST, (1.1)
U'ﬁ:_&p;’ on ST,
0 ~
% = (0o — 0) on ST,
Q‘t:o = 00, U|t:0 = g, e‘t:O =0 in Q,

where Q7 = Useo,r) S x {t}, Qo = @ is an initial domain, ST =
Ute(oﬂ Sy x {t}, Sp = O, ¢(x,t) = 0 describes Si, 7 is the unit outward
vector normal to the boundary, i.e. 7 = V¢/|Vp|. Moreover, v = v(x,t)
is the velocity of the fluid, o = o(x,t) the density, § = 0(z,t) the temper-
ature, f = f(x,t) the external force field per unit mass, r = r(z,t) the
heat sources per unit mass, 6, > 0 the external temperature; s, > 0 the
coefficient of outer heat conductivity, p = p(p, 8) the pressure, ¢, = ¢, (g, )
the specific heat at constant volume, p and v the viscosity coefficients, ¢
the coefficient of heat conductivity and py the external (constant) pressure.
From the thermodynamic considerations we have

1
v > g,u>(), x>0, cy > 0. (1.2)

Finally, T = T(v, p) denotes the stress tensor of the form
T(v,p) = {Tij}ij=1,2.2 = {Dij(v) — Pij}ij=12.3;
where
D(v) = {Dij(v)}ij=122 = {2u8i;(v) + (v — p)di;divv}ij=123

and S(v) = (1/2){viz; + Vjz, }i=1,2,3 is the velocity deformation tensor.
Assume that the domain € is given. Then by (1.1)5, % = {z € R®: 2 =
z(§,t), &€ € Q}, where x = z(&,t) is a solution of the Cauchy problem

% =v(n,1), |, =€ ¢=(6,88) (1.3)

Integrating (1.3) we obtain

t
r=E+ /u(ﬁ,t')dt' = X, (&,1), (1.4)
0
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where u(§,t) = v(Xy(§,t),t) and z = X, (&, t) describes the relation between
the Eulerian x and the Lagrangian £ coordinates. Moreover, by (1.1)5 Sy =
{z: z=2x(&1t), £ € S =00}

By the continuity equation and the kinematic condition (1.1)5 the total
mass is conserved, i.e.

[ ete.ds = [ aners =t (1.5)
o Q
Moreover, taking f = 0 we get that the momentum is conserved and we
assume the second equality

/Qv-(a+bXm)dx:/govg'(a—i—bxf)d{:O, (1.6)
Q4 Q

where a and b are arbitrary constant vectors (see for example [11]).
Now, assume that p, > 0, pg > 0 for p,0 € R}F and consider the equation

p(Qevea) = Do- (17)

Definition 1.1. Let f = r = § = 0. By an equilibrium state we mean
a solution (v,0, g, Q) of problem (1.1) such that v = 0, 8§ = 0., 0 = o,
Q = Q, for t > 0, where . = 0,, o, satisfies (1.7) and |Q.| = M/0
(19| = volQ2e).
Let
We consider a motion near the constant state. Let
Po =P — Po, Oy =0 — 0., Qo = 0 — Qe, (19)

where 0. and g, are introduced in Definition 1.1. Then problem (1.1) takes
the form

olve + (v-V)v] —divT(v,ps) =0 in Q, t €10,7T],
0ot +div (ov) =0 in Q, tel0,7),
0¢y(0,0)(05t + v - VOs) + Opg (0, 6)divo
3
— »xAb, — g Z (Viz; + Viz,)? — (v — p)(dive)? =0 in Q, t € [0,T),
ij=1

T(Uapo)ﬁ =0 on S;, t € [O,T],
00,

on = —540, on S;, te [O,T],

00|, = 000 = 00 — Ce, V|, = V0, (1.10)
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‘90’1&:0 =0,0=0p— 0, in Q.

The aim of our considerations is to prove the global existence of solutions
to problem (1.1) with conditions (1.2), (1.5)—(1.8) which remain close to the
equilibrium solution (see Definition 1.1).

Let us introduce the quantities

p(t) = [vf30.0, + 1051500, + |Pal3 0.0, (1.11)
®(t) =[5 10, + 10513 1.0, + 0o 130, + lotlza, + lpouli qf

where the notation is introduced at the end of this section.
Let us introduce the spaces

N(t) = {(v; po,05): p(t) < o0},

M(t) ={(v, ps,0s): Oiltllgtgo(t’) + /Cb(t')dt’ < oo}
- 0

Theorem 1 (the global existence, see the proof in [9]). Assume (1.2),
(1.5)(1.8), ¢y € C*(R?), p € C3(R?), p, > 0, pp > 0 for p,0 positive. Let
[ > 0 be a constant such that oo —1 > 0, 6. — 1 > 0 and o1 < 0y < 02,
01 < Oy < 0o, where p1 = 0 — 1, 020 = 0¢ +1, 01 = 6. —1, 05 = 0, + [.
Moreover, let compatibility conditions ont =0, and S be satisfied.

Assume that (v, pg,0y))i=0 € NM(0), S € H®?.  There exists a > 0
sufficiently small such that if p(0) < « then there exists a global solution to
problem (1.1) close to the equilibrium solution such that (v, pg,0,) € IM(t)
and o(t) < ca for any t € Ry, where ¢ > 0 is a constant.

To prove the theorem we prolong a local solution step by step up to
infinity. To make such a prolongation possible we need some inequalities
for the local solution guaranteeing that the norms determined for the local
solution do not increase with time. For this purpose we need two kinds of
estimates. In Section 2 we prove some energy type inequalities which are
necessary to show differential inequality (1.19) which plays a crucial role in
the prolongation of the local solutions.

The inequality tells that ¢(0) < « with « sufficiently small implies that
o(t) < ca for any t € Ry

Local existence of solutions to problem (1.1) is proved by the method of
successive approximations using the Lagrangian coordinates (see [8]).

The methods used in Sections 2 and 3 are totally different. In Section
2 we utilize neither Lagrangian coordinates nor local considerations. The
estimates follow from energy-type considerations performed in the Eulerian
coordinates on the whole domain €2;. The main tool is the integration by
parts formula connected with such boundary conditions that the appeared
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boundary integrals vanish. The inequality (2.3) (see Lemma 2.1) follows
from multiplying equations (1.10) by v, 04, 05, respectively, and integrating
the results over €. Inequality (2.17) (see Lemma 2.2) follows from the
method which implies Lo estimate for the pressure for the Navier-Stokes
equations. Inequalities (2.28) (see Lemma 2.3) and (2.50) (see Lemma 2.5)
follow from differentiating equations (1.10) once and twice with respect to
time, multiplying by corresponding derivatives of v, 0., 6, with respect to
time and integrating the results over €);. Finally after an appropriate adding
we obtain (3.74).

From [8] it follows that the local existence of solutions to problem (1.10)
can be proved in the space M(T). Moreover, it follows also that M(T")
is the largest possible space in which the existence of solutions to (1.10)
by the energy method and in Sobolev spaces with integer derivatives can
be proved. The inequality (1.19) is appropriate for prolongation of local
solution step by step. By the energy method and global estimates (without
any partition of unity, see Section 2) we show (3.72). Next applying the local
considerations we get (3.74) (see Section 3). To show (3.74) we need (1.10)
in the Lagrangian coordinates (see (3.4)) and introduce a partition of unity
to formulate problem (3.4) in an interior (see (3.10)) and in a boundary (see
(3.11)) subdomains. Working with local formulations (3.10) and (3.11) we
obtain by the energy method inequality (3.74).

The energy method is the main tool in the proofs of Lemmas 3.1-3.3. In
Lemma 3.1 we find an estimate for the second space derivatives of v, g5, 0
(see (3.12)), in Lemma 3.2 — for second space and one time derivatives
(see (3.37)) and in Lemma 3.3 for the third space derivatives (see (3.57)).
Combining (3.12), (3.37) and (3.57) we obtain (3.74).

We have to underline that in the proofs of Lemmas 3.1-3.3 we obtain
the final estimates by summing up estimates of all neighbourhoods of the
chosen partition of unity. Moreover in a boundary neighbourhood the flat-
tening technique is used, so we differentiate only along the tangential direc-
tions and the normal derivatives are calculated from equations. In the case
of compressible fluids there is a special procedure to calculate the normal
derivatives (see (3.16), (3.26)—(3.29)).

Finally the main result of this paper, inequality (1.19), follows from (3.72)
and (3.74) by appropriate adding.

Using the Taylor formula we can write p, as follows:

po = p(0,0) — p(0e,0e) = Po(0e;0e) 05 + Po(0e, be)b5 + D,
= P10c +p290 +p/a7 (112)

where

| < c(0e, be) (|00 + leollbo] + 16%). (1.13)



136 E. ZADRZYNSKA and W. M. ZAJACZKOWSKI

Now, let 01, 02, 61,02 be positive constants such that
01 < o(x,t) < o9, 0 < O(z,t) <Oy forxzey, tel0,T). (1.14)

In Lemmas 2.1-2.5 by ¢ we denote small constants, by ¢; (i = 1,...,8) or
¢ we denote positive constants depending on g1, 2,61, 62, ||S|| 52, on the
parameters which guarantee the existence of the inverse transformation to
x = x(&,t) and also on the constants of the imbeddings theorems and the
Korn inequalities. By ¢ (i = 1,...,4) or ¢y we denote positive constants
less or equal to one depending on the same quantities as ¢; (i = 1,...,8)
and c. We do not distinguish different ’s, ¢{s and ’s.

Since all the below estimates are derived for the local solution obtained
in [8] all the quantities o1, 02, 01,62, || fot vdt’||§79t are estimated by the data
functions. Moreover, the existence of the inverse transformation to x =
z(€,t) is guaranteed by the estimates for the local solution (see [8]).

Moreover, the norm in the Sobolev space H¥(Q), k > 1, Q@ C R? we
denote by || - ||x,0-

In [8] the existence and the uniqueness of a local solution to problem (1.1)
has been proved. This solution is such that u,v € Argq, n € Brg, where
u, ¥, n denote v, 0, p written in the Lagrangian coordinates & and

Bro={f€C(0,T; H*(Q): fi € C([0,T}; H'()) (1.15)
N Ly(0,T; H*()), fir € C([0,T]; La(€2)) N La(0,T; H' (2))},
Arg =Bron{f: f € Ly0,T; H*(Q))}. (1.16)

In [7] we proved the existence of a global in time solution (v,6,p) to
problem (1.1) such that supg<;<; ¢1('t) + f(f ®;(')dt’ < co, where t € RL,

p1(t) = |U|§,0,Qt + ’90|§,0,Qt + ’Qa@,o,(ztv Py(t) = ’"U|421,1,Q,, +‘90|z21,1,9t —HQU@,O,Qt
and

’9’12,143,@ = Z H8§9||l2—i,9t (1.17)
i<l—k
for g € {v,05,05}, k, 1 €e NU{0}, 0 < k <. By || ||x,0, we denote the norm
in the Sobolev space H*();) (k € NU {0}).

In order to obtain the global existence theorem we assumed in [7] that
¢1(0) was sufficiently small, and internal energy e(p,#) per unit mass had
the form:

e(0,0) = ago™ + h(o,0),
where ag > 0, a > 0, h(p,0) > h, > 0 for g € |04, 0], 0 € [04,0%], ap, a, hs
are constants and
0+ = min minp(x,t), " = max maxg(z,t),
te[0,T] Q. te[0, 7] Q,

0. = min minf(z,t), 0° = max max6(x,t),
te[0,T] Q. te[0, 7] O,
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T > 01is the time of the local existence. Moreover we used in [7] the following
differential inequality derived in [6]:

1 | oy < p

5 TP < (1) (p1+ P1) + 17, (1.18)

where p(¢1) = p(¢1)91, _
201 < 91 < ¢3¢,

c1,c2,c3 > 0 are constants depending on gy, 0%, 04,0%, p is an increasing
positive continuous function and ¥ = Hng’Qt + Hpoug,m- The term ¢ ¥ in
(1.18) complicates the proof of the global existence because an additional
estimate for ¥ must be obtained.

In the present paper the term ¢;¥ does not occur in inequality (1.19)
which makes the proof of the global existence much more simple.

Global existence of solutions for compressible viscous fluid for either
barotropic or heat conducting was considered in [10] or [7], respectively.

The case of a free boundary problem for equations of viscous compressible
either barotropic or heat conducting capillary fluids where considered in
[11] and [5] where the global existence theorems were obtained. Finally we
formulate the main result of this paper

Theorem 2. Let p € C*(RL x RL), ¢, € C*(RL x RL) and assume (1.2),
(1.5)<(1.8), (1.14), (2.16). Then for the local solution (v,0,0) of problem
(1.1) such that u,¥, € Argq and n, € Brgq (where Arq and Brgo are
given by (1.15) and (1.16), respectively; u,v,n denote v,0, o written in the
Lagrangian coordinates £) the following differential inequality holds

_ t
do + co® < c[p(1 + ¢?) + H /vdt'
0

|® (1.19)

2
de 3,

fort < T, where

Po 0Cy
o(t) = [BO(w(t) + ovjy + ?Qggtt + =262,

0
+ Bl¢1 (t7 Q) + B2¢2(t7 Q) + B3¢3<t7 Q) )
o(t) =[vl3 0.0, +10s[30,0, + l0ol3,0,0,5 (1.20)
O(t) =|vf3 1,0, + 105310, + losll5.0, + lleotl3 0,
+ lleoulli s (1.21)

T is the time of the local existence, ¥ and ¢; (i = 1,2,3) are the functions
given by (2.47), (3.13), (3.38), (3.58), respectively; the norms |g|;k.q, for
g € {v,05,05} are defined by (1.17); co < 1 and c are positive constants
depending on o1, 02,601,062, 1, v, 3¢, ¢y, p, ||S|| s/2 and the constants from the
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imbedding theorems and the Korn inequalities (being also nondecreasing con-
tinuous functions of || fOT fudt’H%?Qt); B; (0 = 1,2,3) are positive constants
depending on the same quantities as co and ¢; 04,05,ps are given by (2.3).

2. Energy-type estimates for a local solution

First, we prove

Lemma 2.1. Let p € CY(RL x RY), ¢, € CY(RL x RL) and assume (1.2),
(1.8), (1.14). Moreover, let

ve HXQ), o0, € HY(Q), 6, € HY(Q), 6y € La() (2.1)
and
/QQUO “(a+bx§)dE =0, (2.2)
Q

where a and b are arbitrary constant vectors. Let (v,0,,05) be a solution of

(1.10). Then

1d P1 p2p3 -
s g<v2+2@3+e§ da + a1(o o, + 110013 0, + 11013 5,)

Q¢ P4
Q¢
< aXi(l+X1) + e Xill003 g, (2.3)
where p1 and pe are defined in (1.12), ps and py are defined by (2.9) and
X1 = |lvll30, + llos i o, + 10517 q,- (2.4)

Proof. Multiplying (1.10); by v, integrating over ; and using boundary
condition (1.10)4 yield

% /Q[at’UQ + (v - V)v?]dz + %Egt (v)+ (v —p) /(div v)3dz
Q4 Q¢

- /padivvdaz =0, (2.5)
Q¢
where
Eq, (U) = /(vm]. + iji)Qd:L‘
Q
and the summation convention over the repeated indices is assumed.
Using that v > (1/3)p and assuming Cy = min{(3/4) (v — (1/3)u), n/2}

we obtain

LB, (v) + (v = w)ldivollf g, > C1Bg, (v) (2.6)
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(see [6]).
Moreover, in view of assumptions (2.1)—(2.2) and (1.4) Lemma 5.2 of [10]
yields

ol o, < e(Ba, (v) + llea | . 0115 0,)- (2.7)

Using in (2.5) relation (1.12), estimates (1.12), (2.6)—(2.7) and equation of
continuity (1.10)3 we get

1d
BT QU2dZE+CQ||U||%7Qt —pl/ggdivvdx—pg/&,divvdx
Q4 Qy Q
< clllosllg 2 lvl13 .0, + loslig, + 16110,) (2.8)
> 110,04 0,9 Qo 1,9, all1,0:)- -
Now, let

p3 = Cv(@ey 98)7 ba = 96p0(967 ee)- (2'9)
By the mean value theorem we have

vl 0o +cv2007 (210)

CU(Q, 9) - C’U(Qev 0e) =c
= b105 + b2b,, (2.11)

0pa(0,6) — Ocpo(0e, Oe

where ¢, = Cvg(Qe + 5(9 - Qe)a e + 5(9 - 9@)), Cy2 = Cvﬂ(@e + 5(@ - Qe)a
Oc + 5(0 — 0c)), b1 = (Opp)o(0e + 5(0 — 0c), 0c + s(0 — 0c)), ba = (Opp)o(0e +
s(0— 0e),0e +s(0—0)),0<s<1.

Then equation (1.10)3 can be rewritten in the form

~— —

Qp3(9(7t +ov- vea) - %AHU +P4diVU = _(CUIQU + CUQQU)(HUt +v- vaa)

3
1
—(b100 + b2 )divv + 5# Z (Uixj + Ujfri)Q + (v — p)(div U)Q' (2.12)
1,j=1

Multiplying (2.12) by 6,, integrating over ), using equation of continuity
(1.10)2 and boundary condition (1.10)5 we get

d .
= — [ ob*dx + %||9M||(2)7Qt + %%a||90\|(2)75t +p4/90dlvvdx
Qt Qt
< (1621150, + v21l5.02,)
= ox 07Qt x O,Qt
+ @)ool 01851 0, + 161110, (10l13.0, +1) + 16s11F o, llvallf ,]
+e(lleolln0: 160 11,00 + 18611% o) 160ll0.0. - (2.13)

Next, we write (1.10)2 in the form

05t + V- Voo + 0edive = —p,divv. (2.14)
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Multiplying (2.14) by 0o, integrating over €2 and using equation (1.10)2 we
obtain
1d

2dt

002dx + QE/ggdivvdx < 5vaHaQt + c(e)||os] Lll,Qt' (2.15)
Qt Qt

Now, multiplying (2.15) by p1/0? and (2.13) by p2/ps, adding the both
estimates to (2.8) and assuming that ¢ is sufficiently small we obtain (2.3).
This completes the proof of the lemma. ]

Now, we obtain estimates for Lo — norms of g, and 8,. The following
lemma holds.

Lemma 2.2. Let p € C’Z(R}r X RL), f=r=60=0 and
po(0.0) > ao >0, py(o,0) > a1 >0
for o € (01,02), VU € (01,02), (2.16)

where 01, 02,061,062 are constants from (1.13) and ag,a; are constants. Let
(0,00, 05) be a solution of (1.10). Then

lowlld., + 10515 0, < calen)(lveldq, + llvalld o, + 1002

+llvlig, + llesllia, + 1911 0,) +e1(lleoalli o, + lvee

(2),Qt + ||0‘7 H%,St

6.00)- (2.17)

Proof. Introduce a function ¢; as a solution of the problem

div ¢y = p —pa, in
¢1=0 on S, (2.18)

where pg, = (1/|€%]) th pdz.
In view of Lemma 2.2 of [2] there exists a solution of problem (2.18) such

that ¢, € Wa(Q:) and

IP1ll < cllp = poullog,-

Now, multiplying (1.10); by ¢1, integrating over €; and using the above
inequality we obtain

_ 4
lp = e, 3.0, < clllvelld o, + lvalld o, + 011 0,)-
Estimating ||po, — pollo,, in the same way as in [10] and using that

Ipsllo.c. < cllp = paulld o, + 152, = poll§ o)

we get

Hpa”%,Qt < 5(||Q0x||(2),§2t + |05 (2),Qt + ||Ux:c||(2),ﬂt)
+c@)(vellg 0, + 1011 0, + 10]17.0,)- (2.19)
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Next, let us write equation (1.10); in the form
olvy + (v- V)] = divD(v) + poVos + peVls =0 (2.20)

and introduce a function ¢o as a solution of the problem

div (ZSQ =0—- éﬂt in Qt7

$2=0 on S;. (2.21)
Then there exists ¢o € Wi () satisfying (2.21) and
[62]l1,0. < clle — oo llo.q.- (2.22)
Multiplying (2.20) by ¢2 and integrating over €; we get
Opa;
[ 250 bxtz == [ ot (090 b = [ D) 5
Q o Q¢ !
- /pf)V@a - podu. (2.23)
Q4

Next, integrating by parts in the term on the left-hand side of (2.23) we
have

/pQVQ(, - podx = —/pgg(,div ¢podz — [ 05Vp, - ¢odz. (2.24)
Q Q Q
Now, in view of (2.16) and (2.21)—(2.24) in obtain

lo = 20,18, 0, <c(llveld o, + llvallf o, + 100215 0,)
+elloallia, + 1102111 0, + 01l 0,)- (2.25)
Now, rewrite the boundary condition (1.1)4 we the form
Po(00, — €¢) = - D(v)7 — po(e — 20,) — Pobs-
Hence we obtain

|| ~
5.0 < C@(HQ — 00,135, + 116o

loa, — 0 3.5, + ID()IIE.s,)

6.0,) +c(e)(lle — 2.l o, + lvl5 )

< e(llooe g0, + e
+ 055 s,
Therefore by (2.25) we get
looll3 o, < ellleoalda, + lvealld g,)
+e@)(loelig, + 1013 o, + 1821130, + 164113,5,

+lloallt o + 10110, + lvlig,). (2.26)
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Finally, the relation
P = Po0o + Pobs,

(where the values of p, and py are taken in a point (ge + s(0 — 0¢), e +
s(@ —6.)), and s € (0,1)), implies

165113 0, < c(llpollg o, + lloalld o) (2.27)

where we have also used assumption (2.16).
Taking into account (2.19), (2.26) and (2.27) we obtain the assertion of
the lemma. O

Now, we obtain an estimate for time-derivatives. The following lemma
holds.

Lemma 2.3. Let p € C'(RL x RY), ¢, € CY(RL x RY) and assume (1.2),
(1.8), (1.14). Let (v,04, 05) be a solution of (1.10). Then

1d 2, b1 o DP2P3 o _ 2 2
hllad Prpz  P2P3ge g 9
s | ¢ (84 Bt + P62, ) ot (i + 16l )
Q4
< ca([[ozllg 0, + 1002115.0,) + e5[X5 (1 + X2) + Xa|fosl5 0, ], (2.28)
where p1 and pe are defined in (1.12), ps and py are defined by (2.9) and
Xo = M%,LQt + |Qo|%,1,9t + |9o|%,1,9t>

9210, = llglzq, +lloelia, g€ {v.00,00}). (2.29)

Proof. Differentiating (1.10); with respect to t we get
o[vie + (v - V)vy] = div T(vy, pot)

= —0ot[ve + (v V)v] = o(v¢ - V)o. (2.30)
Multiplying (2.30) by v, integrating over €; and using (2.6) we have
1
B / 0[O + (v - V)vi]dz + 1 Eq, (ve) — /pgtdiv vedx (2.31)
Qt Qt

< ellvellf o, +c©llleatllt o, - (loeli g, + 01 o llol30,) + ol o, llvl3 g,
+lleall3 . 10113 o, 1ol o, + (10l3.0, + ool 0, + 19513 0 1013 0,]
By Lemma 5.3 of [10] we have
lvellf o, < elEqy (ve) + X3(1 + X2)). (2.32)
Using equation of continuity (1.10)2 and estimate (2.32) in (2.31) yield

1d
2 dt

ovidr + co||vt||iQt - /potdivvtdx < eX3(1 4 Xy). (2.33)
Qt Qt
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Now, we examine the last term on the Lh.s. of (2.33). We have

Pot =Po0Oot + pobot = P10ot + P2bor + (p,g(Qa 9) - pQ(Q€7 06))@0‘t
+ (pG(Qa 9) - p@(@eu 06))00't = P10t + P290t + pga
where

P51 < elloo] +105])(|0ot] + 100])-
Hence

— /pgtdiv ndr = — p; / 0otdiv vgdx — po / 0, div v dax
Qt Qt Qt

- /pgdiv vdz, (2.34)
Q¢

where

| [hdivads] < clulio, + e B + Bia) 23
Q
Taking into account (2.33), (2.34) and (2.35) we have
1d 9 9 . .
Sqp | v dz + collvellf o, — P1 / 0otdiv vpde —pg/@atdlv vedx
Oy O Q4
< eX3(1+ Xo). (2.36)
Differentiating (2.14) with respect to t gives
Oott + U - Voot + 0edivoy = —vp - Vo, — 05tdiveo — oodiv vy, (2.37)

Multiplying (2.37) by 0o0st, integrating over €; and using equation of conti-
nuity (1.10)2 imply

1d ,
-— [ 003 dz + 0} / 0ordiv vyda (2.38)
2dt

Qt Qt
<e(florllF g, + lvzli§ o) + c@)lleotlf o, (loollF a, + oot 0,)-

Differentiating (1.10)3 with respect to ¢ yields
0¢y(Optt + v - Vyy) — 32A01 + Oppdiv vy
= —[(0¢v) 000t + (0¢v) 905t (05t + v - VOs) — [(0Dg) 000t + (0D6) 605¢]div vy
— p(Vig; + Vjz;) Wite; + Vjte;) — 2(v — p)divedive, = Ny. (2.39)
Repeating considerations leading to (2.12) we have
0P3(Ostt +v - VOsi) — 3¢A054 + padiv vy
= —(cv100 + €0205)(Ootr + v - VO51) — (106 + b2bs)div vy + Ny



144 E. ZADRZYNSKA and W. M. ZAJACZKOWSKI
=N, + Ny, (2.40)

where c¢,1, ¢y2 and by, by are given by (2.10) and (2.11), respectively. Mul-
tiplying (2.40) by 6,¢, integrating over €2; and using equation of continuity
(1.1)g imply

p3 d :
B [ et bl + salOril s, + 1 [ Omndiv e
Qt Qt
= /Nlﬂgtdx+/N200td:n, (2.41)
Oy Qy
where
| [ Mibmda| < ellvialBa, + [6m]R )
Q¢
+ @) 100t (ol 0, + oot g, + 1)
+ Botli 0, + Nootl 011 16 3.0,
< (vl o, + 1Botli ) + () X3(1 + Xo) (2.42)
and

| [ Nobmda| < elluilf g, + () lerl

Q

T 106 12 0) (Mot + N0, 10
ol11,9 ottl0,04 2,04 oxt

T c(lloolZ 00 + 165 12 00 oelZ

< ell0oil g, + c()(XE + XallBoull3 ) (2.43)

0.00)

Next, multiplying (1.10); by 0, integrating over §2; and using boundary
condition (1.10)5 we get

165tll3.0, < ellbotzlifa, + cllvzlfa, + 1oallia,) + cXT, (2.44)
where X is given by (2.4). Using (2.42)—(2.43) and (2.44) in (2.41) yields
d :
%o’a Qegtdx + %H‘gotH%,Qt + pa / 0,¢div veda
Qt Qt

< ellvallg o, + c(llvzllg o, + 1002115.0,)
+ [ X3 (14 X2) + X2l 00ul§.0,)- (2.45)
Now, multiplying (2.45) by pa2/ps and (2.38) by p1/0?, and next adding the

both mentioned estimates to (2.36) we obtain (2.28).
This concludes the proof. ]
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Lemmas 2.1 and 2.3 yield

Lemma 2.4. Let the assumptions of Lemmas 2.1 and 2.3 be satisfied. Then

1d _
5@ +as(llvli g, + llvellf g, + 100zl 0, + 105135, + 10021 g,

2dt

+lloatlld o) < es[X3(1 + X2) + X203 ] (2.46)

where

Y(t) = /Q [dWQ +u7 + %(dwi + 02,)
O c
+%(d16§ + egt)] da, (2.47)

dy is a constant so large that di¢1/2 > ¢4 (€1 is the constant from (2.3) and
¢y is the constant from (2.28)); p1,p2 are defined in (1.12); ps, ps are given
by (2.9), Xy is determined by (2.29).

Proof. First multiply estimate (2.3) by a constant d; so large that dy¢;/2 >
¢4. Adding the obtained inequality to (2.28) we get

1d dic1 _
L8t + Dol g+ W) + 2l

< c1di X7 + c2di X1 |004]15
+ o5 [ X3 (1 + Xo) + Xo|0oul[ 0,)- (2.48)
Next, from equation (1.10)2 we obtain
lootllg 0, < cllvllig, + cX3. (2.49)

Adding (2.49) to (2.48) and using that X1 < Xy and [|0,(§ o, < ¢Xo we
get (2.46) with ¢3 < min{d;c;/4,1}.
This completes the proof. O

%,Qt + ||90tH%,Qt)

Next, we prove

Lemma 2.5. Let p € C*(R} x RY), ¢, € C?*(R}. x R}) and assume (1.2),
(1.8), (1.14). Let (v,0,,05) be a solution of (1.10). Then

1d 0 oc
20&/ (QUtQt + Egggtt + ev‘ﬁtt) dx
Q

+aa([[vullf o, + 100l 0, + lloow 5 ,) (2.50)
< cr(llvllf o, + lvelliq, + 100t o, + cs X1 Xa(1 + X7)),
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where
X1 = o300, + 1051500, + 1051500, (2.51)
Xo = o310, + 1051310, + llosl30, + lootl3a, + oot o,
ke = > 10iglh-ic. g€ {v.00, 00} (2.52)
i<l k

Proof. Differentiating (1.10); twice with respect to ¢t we get

olver + (v - V)vy| — div T(ve, Dott)
= —0ott|vr + (v - V)] = 200t [vie + (v - Vv + (v - V)vy]

—0[2(v¢ - V)vi + (vgg - V). (2.53)
Multiplying (2.53) by vy and integrating over €, we obtain
1d n .
Sq ovida + EEQt (ve) + (v — p)|div vee||§
Qy
- /pattdiv vpdr — /T(Umpatt)n'vttdl“
Oy St
< ellvall o, + c@)llooulls o, (lvdlig, + Iv120,)

+lloatllf o, (lveell3 o, + el o, 013 0,)
+llvellig + 03,0, lloall3 o, + 121130, 10l o). (2.54)

Using boundary condition (1.10)4 we have

/T(Utt,patt)ﬁ cvgdr = —2/T(Ut,2?at)ﬁt - vds — /T(U,pa)ﬁtt - vds,

St St St
where pot = pp0ot + Polsi. Hence we have
‘ /T(Utt,patt)ﬁ : 'Uttds‘ (2.55)
St

< ellvallf o, + c@lvlE.a, (ol o, + loatllf o, + 10217 o, + 1013 0,

+ 0l 0, llealT o, + 19113 0, 105117 ) + llvellf o, (losl1F o, + 10117 0,)].

Moreover

Pott = pggggt + 2p,99@0t00t + p@@egt + PoOott + pGoattv

SO

—/pgttdiV’Uttd$ = —/pgggttdivvttdac—/pg@gttdivvttdx—l—J, (256)
Q4 Q Q
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where
191 < ellouli o, + el o, + 160l 0, (257
In view of (2.55)—(2.57) and (2.6) from (2.54) it follows the estimate

;i/gvtztdx—l—clEQt (vge) — /pgggttdivvttdx — /pg@attdiv vpdz

Q4 Q¢ Q
< elloylfq, + X1 Xa(1+ X7). (2.58)

By Lemma 5.4 of [10] we have
[vitll? 0, < clEo, (vi) + X1 Xa(1 + X7)]. (2.59)
From (2.58)—(2.59) it follows the estimate

1d 9 9 . .
o ovpdr + Co”vttul,ﬂt — /pgggttdlv vpdz — /pg@ottdlv vpdz

Q¢ Q Q

6.0 + 100215 0, + X1 X2(1+ X)), (2.60)

where we used that ¢ in (2.58) is sufficiently small.
Next, dividing (1.10)3 by 6, differentiating twice with respect to ¢, mul-
tiplying by 6,4 and integrating over €; we get

< clllvelli g, + lloot

1d C » .
5@ Q@gttdiﬂ + 0—2||00m||379t + /peQUttdIV vgedx

Qt Qt
1 _ _
- %/ Vbt Wouds < <lfoull g, +cXa Ko(1 + X7). (2.61)
St

Using boundary condition (1.10)5 we have

1 1 1
/ EVHUtt - lgpds = — / EVGU - NyOgpds — 2/ —~V0Oyi - NiOyeeds
St St

0
St

1
— / 59(2,”(13. (2.62)
St

Hence

| [ Ve #bads| < el + clENutlE ol
St

+ 1013 0, (lell3 .0, + 1vl2.0,) + 1006 0, (2.63)

From equation (2.39) we get the following estimate for ||9mtt||g,gt

16521150, < €ll0ottall§ 0
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+e(e)lllvelli o, + 105217 0, + X1 X2(1 + X)), (2.64)

Taking into account (2.60)—(2.64) we obtain
1d & .
Zdt/ (QUtQt+ %Q%tt) deWLCO(HUttH%,Qt + ||90tt||%,9t) - /ngattleUttdl“
Qt Qt
< c(flor

T+ 105tl1% 0, + loatlld o, + X1 X2(1+ X7)]. (2.65)

Now, using continuity equation (1.10)s (twice differentiated with respect
to t) yields

; 2
- / PoQotrdivvgdr = / (Lgatt 0ottt + L2271 diyy ¢ P20t g,
o 0 o

Qt Qt
2
_|_ Mvtt . VQO_ + Mvt . v@at + ]%v . v@att)dx
1d [p
Q4
where
1] < e(llveell? 0, + l2otell5 ) (2.67)

+c(e)lllestlld (1001130, + ootz o, + 105130, + 101130, 1015 0,)

+ ol oot o, + looullf o, 105130, 101130, + llvellf 0,]-

In order to find an estimate for ||oy« H%,Qt we use continuity equation (1.10);
which we differentiate with respect to t, i.e. the following equation

Oott + 06tdiv v + odiv vy + Vgt - v + Voo - v¢ = 0. (2.68)
Equation (2.68) gives
looullb0, < clllvelli, + lewtl?allvlzg, + lvdiallesl3a,).  (2:69)
Estimates (2.65)—(2.67), (2.69) and (2.49) give inequality (2.50).
This completes the proof of the lemma. O

3. Differential inequality

In Section 2 we derived some energy-type inequalities for a local solution
(u,9,7n) to problem (1.1) such that v, € Arq, i € Brgq, where u,9,n
denote v, 8, o written in the Lagrangian coordinates ¢ and Brg, Arq are
defined by (1.15) and (1.16). The existence and uniqueness of such a solution
is proved in [8].
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Now, we derive the remaining energy-type inequalities which together
with inequalities proved in Section 2 are used to obtain differential inequality
(1.19). For this purpose we need local considerations.

To do this we consider the motion near the equilibrium state. Let

bPs =P — Do, 0y =0 — 0, Qo = O — Qe; (3.1)

where 6. and g, are introduced in Definition 1.1.
Moreover, assume

f=r=0=0 (3.2)
and
01 < o(z,t) < 02, 61 < O(x,t) <Oy forxzeQtel0T], (3.3)

where 0 < 91 < 02, 0 < 01 < 05 are constants.
Using the Lagrangian coordinates and (3.1)—(3.2) we write (1.1) in the
form

it — Va, Tuij(u,p0) = 0 (i = 1,2,3) in QT = Q% (0,7),
Not +ndiv,u =0 in Q7
7701)(7% ﬁ)ﬁot - %v?ﬂgo + 19]919(777 19)le ul
3
~3 (§o; - Veuj+&s; - Veui)? —(v—p)(div,u)*=0 in QT (3.4)
ij=1
Tu(u, po)ity, =0 on ST =8 % (0,T),
Ty - Vo = =320, on ST,
u‘tzo = o, 770"75:0 = 000, ﬂa‘tzo = 90’0 in Q7

where 1(&,t) = o(Xu(&,1),t), u(&,t) = v(Xu(&, t),t), V(E t) = 0(Xu(£,1),1)
(X, is given by (1.4)), ne = 11— 0e, V6 = U —0c, 060 = 00— 0c, 050 = 0o — O,
Tu(u, po) = {Tuij (U, po) }ij=12,3 = {—Po0ij + 11(0r; &0, 15 + O €10g, ui) +
(U—u)dijdiv uu}mzlg,g, divyu = Vy-u = axiﬁkagkui, Vy = (gk’xiaﬁk)i=1,2,3v
Vu; = &ka;0¢,, 02,8k are the elements of the matrix & which is inverse to

Te = I+ fg U£(§,t/)dt/, I = {(51"7‘}1',]‘:17273 is the unit matrix,

_ _ thp(l', t)

Ry = A(Xu(€, 1), 1) = —2 )
“ (Xul(&, ), %) |Vao(x, t)] la=X,(¢,0)
(St is determined at least locally by the equation ¢(x,t) = 0) and the
summation over repeated indices is assumed.

Using the Taylor formula we can write p, as follows:
Po = p(ﬁa 19) - p(Q67 96) = pr](Qe» ‘96)"70 + pﬂ(Qea 06)190 + p;
= P17 + P29 + P, (3.5)
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where

| < (e, be) (1101 + [ns|[0a] + [05]). (3.6)

Now, introduce a partition of unity ({Q;},{¢}), @ < UU; Qi such that
Qi for ¢ € M is an interior subdomain and Qi for i € N is a boundary
subdomain. Let © be one of the Qgs and ((§) = ¢;(€) be the corresponding
function. If Q) is an interior subdomain then let & be a set such that @ C Q
and ¢(&) = 1 for £ € @. Otherwise we assume that QNS # @, @NS # @,
©C Q. Takeany S e onS c S, S =5NQ and introduce local coordinates
{y} associated with {£} by

e = (& — B1), oz =ni(B), k=123, (3.7)

where {ay} is a constant orthogonal matrix such that S is determined by
the equation y3 = F(y1,y2), F € H*? and

QDQ:{Z/ |y2| <d7 Z:1727 F(y/)<y3<F(y/)+d7
y' = (y1,92)}- (3.8)

Next, we introduce functions ', n’, ¥, n., 9. by

u;(y) = aijuj(f)‘gzg(y) (Z =12, 3)7
ﬁ'(y) = 77(5)|£:£(y)7 19/(y) = 19(5)‘5;5@)7
Ué(y) = 770(5)'525(1/)7 79:7(y) = ﬂa(ﬁ)‘gzg(y)a

where £ = £(y) is the inverse transformation to (3.7).
Let us introduce new variables given by

=y (i=1,2), z=y3—Fy), yeQnq,

which will be denoted by z = ®(y) (where F' € H® is an extension of F).
Let

Q=d(QNQ) ={z: |z|<d, i=1,2, 0< 23 <d} and
S =o(89). (3.9)
Next define

i(z) = u,(y)‘y:q;.fl(z)v M(z) = W’(y)’y:q)fl(z),
é(z) = QSll(y)‘y:@—l(z)a ﬁa(z) - ﬁ(z) — Oe, 790(3) = é(z) — 0.
Set @k = glxk Zi,gkvzi

where

x=z~1(z)’
x(§) = @(4(€))

and y = ¥(&) is described by (3.7). We also introduce the following notation:

a(€) = uw(€)C(), 7€) = n(€)<E), I(E) = DE(E); Mr(€) = no(£)C(E),
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(&) = 95(€)C(), for £ € O, AN S = @ and A(z) = w(2){(2), i(z) =
(2)C(2), 9(2) = D(2)C(2), Tla(2) = oz )C( ), Jo(2) = Do (2)((2) for z €
Q-@(QOQ),QOS;&Q, where ((z) = ¢( }fzx_l(z)'

Using the above notation we rewrite problem (3.4) in the following form

in an interior subdomain:

NUit — VUjTuij(a’ﬁa) = vuj Bu” (u, Q) — Tuij (u, pa)vujC

=ky, i=1,2,3,

Mot + NV -0 =nu-Vy( = ky

new(n, 9)0or = 2Vl + py(n,0) Vi - (3.10)

=)

3
- %[ Z (gkmiagkuj + szjagkui)Q + (v —p)(Vy- u)2 ¢

ij=1
+ Ipg(n, 9)u - Vol — 5(Va(Ps + 2Vu( - Vo) = ks,

where ﬁcf = ng and Bu(uv C) = {ij (ua C)}i,j=1,2,3 = {M(uivuj<+ujvui<)+
(v — w)diju - VuClij=123
In boundary subdomains we have

0itis — V;T5(@, o) = =V By (@, C) — Ty (4, po) V¢

=ky, 1=1,2,3,
ﬁgt+w =i V¢ = ks,
0, 0) 0ot — 3V + Ipy (17, 9)V -

>
o
S

A

~

3
- %[ > (it + Vi) + (V—u)(Vﬂ)Q]C (3.11)

where V = (@j)j:Lg’g, T and B indicate that operator V,, is replaced by
V.

In the below Lemmas 3.1-3.3 by £ we denote small constants, by C;
(i =1,...,8) or ¢ we denote positive constants depending on g1, 92,01, 02,
| fo vdt'[[3.q,, [IS]|fs/2, on the parameters which guarantee the existence of
the inverse transformation to x = z(£,t) and also on the constants of the
imbeddings theorems and the Korn inequalities. By C; (i = 1,2,3) or ¢
we denote positive constants less or equal to one depending on the same
quantities as C; (i = 1,...,8) and ¢. We do not distinguish different &’s,
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cys and ¢’s. Moreover, by 7 and n we denote z1, z2, i.e. 7= (21,22) and z3,
respectively.

The existence of the inverse transformation to z = x(&,t) is quaranteed
by the estimates for the local solution (see [8]).

First, we prove.

Lemma 3.1. Let p € C'(R} x RY), ¢, € C'(RL x R}) and assume (1.2),
(3.2), (3.3). Let (v,0,0) be a solution of (1.1). Then

5 501 (6,9) + Crllol g, + ool o, + 16030,
< CullolF a, + ol o, + 185113 0, + 160113 0, (3.12)

t
Hleale, + lerl) + CoXa(Xa+ | [

(14X
3,Qt) ( + 1)’

where

1(t,Q) Z/(T]UE—F?]UE-FT};vﬁ >Ad§

16/\/1

Co ~ o . NC, ~
B / D, (nu g W;)w Poige 4 g2, + 1052 ]y
zeN i) n ¥

/nugAd& (3.13)

Q
Xl - ”U‘%,O,Qt + ’00‘%70,915 + ’QU‘%,O,QN (314)

A and J are the Jacobians of transformations v = x(§) and x = z(z),
. 3 - 3 ~
respectively; k‘? = D= 1k12§’ k € {a,u}, gg => ggi, g € {No, Y5},
h? = Z?:l h%, h € {fig, 05}, U2 = Z?:l Z?:l &?Tj ; D1, Dy are constants

depending on the same quantitees as C1,Cy and Cs.

Proof. First we consider the following elliptic problem
MV?LU +vVyVau — panvuna = Nus + PoyVuls in €,
div ,u = div ,u in €, (3.15)
Ty (u, po)iy =0 on S.

Since the complementary condition to (3.15)3 is satisfied we can apply to
problem (3.15) the Agmon-Douglis-Nirenberg theory (see [1]). Thus, we get

(Inuellg o + 190eli3 o + l1divoullf o + HﬁaﬁuH%/Q,S)
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2 2 o2 2 t |2
< cllulBa+ Walt o+ Idivalte + 1930 [uat] ). (10)
0

where we have used that ||div ,u — diquiQ < 5HUH§Q (e > 0 is sufficiently
small).

In view of (3.16) we see that in order to obtain inequality (3.12) it remains
to get appropriate estimates for ||div uH%Q and for

S0 (1,) + el
To do this first consider boundary subdomains Qi, 1 € N. Differentiate
(3.11)1 with respect to 7, multiply the result by u,J and integrate over O
(which is one of €;’s). Next, divide (3.11)3 by 9, differentiate the result
with respect to 7, multiply by JorJ and integrate over Q. Using the Korn
inequality and equation (3.11)y we obtain

1d . Ney = 5 ~
sp [ (022 12002, ) gz b ol + 192l )
Q

n - Vﬁ T UTJdZS

@o\*—‘

(@ o)) Tz = [ 5
s

S
—/}507@-ﬂTsz+/pU@Q§UT@-ﬂTJdZ§
O S
< ff(||77m|\2 5t ||ﬂr||2 5t \|19crrz||2 o)t C[||ﬁ||ig + ||190||i§2 + Hﬁng,g

+ X1() (X ( +H/

where

1+Xﬂﬂm, (3.17)

X1(Q) =a]? 4+ [0y \QOQH% (3.18)

QOQ QOQ

Using boundary conditions (3.11)4—(3.11)5 we have
— [ g e ddzg = [ (Biy(a,On) st Tdzg
s s

— ¢ [ 012 (B )03 irT )5
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t

< el o + el o+ Ta@)] [ ade (3.19)
0
and
1, =4 ~ 1, ~a.n ~ 1~
— [ 22 V) perddzg = — | (- VE0y) 2 Upr Jdzg + 50 | =02, Td2
J 9 J D J 9
S S S
=I+%a/ {ﬁgTsz,
J 9
S
A an 1~
I=¢ / AY2(n - V(D,)0M? <1§1907-J> dzg (3.20)
g
f 2
< elar g+ el o+ Ta(@)] [ act ][] ).
0

where to use derivative 8i/ % we have to apply the Fourier transformation
and ¢ > 0 is a constant. Next,

—/ﬁwvaTsz =— /pf,ﬁMVaTsz (3.21)
Q

pyUorV - irJdz + I,

|
SO

where

1 < el  + e |2 + 1912, (3.22)
and
. - 1d [ps.
/pﬁnm-V~uTsz: Sd ?77 i ~Jdz + I, (3.23)
Q Q

where

112 < ellor 2 g e[ 1l 6+ X (6 +H/ O e

Taking into account (3.17), (3.19)—(3.24) and assuming that e is suffi-
ciently small we obtain

1d o D ~ - B
st | (1 T ) et I g Ve 1 )

Q
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< ellfos 2 A+c[uarr? A+ 19012 o+l 12

+ X1 () (X1 (Q)+ H /
Now, applying the operator (i + 1)V, to (3.11)2, dividing the result by
7, adding to (3.11); and multiplying the both sides of the result by p; gives

w + v . 2
( )pnvzmat + PV 20 = Diiio V=G

1+X1(Q))] . (3.25)

— PPV 200 + Dipg06 V2, C — Pobilie Vi€
- papﬁ'gavzig + pakai + ,upﬁ(@%i —V,V ) (3.26)

~ ~ N + v o
e (Vi — V)T B g, a0

. +v T
_pﬁnuit—(u )pf,VZmUV-u, 1=1,2,3.

A~

Multiplying the normal component of (3.26) by 7,,,J and integrating over
Q) we obtain

1d Pi -
st | T+ collionlly o < el g + <l

O
o eflarl? o+ a2 o + el g + 12 + 19612 + (1(S)
t

o/

0

)X:(€) (3.27)

3,
where d is from formulas (3.8) and (3.9).
Now, we write (3.11); in the form
Ailit — pAG; — vV, V -6 = Vipy + ki — ko, (3.28)

where ko; = (uA; +vV., V- @) — (uV2i; +vV;V - @). Multiplying the third
component of (3.28) by us,,J and integrating over Q yields

2dt
Q

e[l 2 + 1812 ¢ + 012 6 + IiolZg + Iionll2
t

H10al g + (@) + | [ a

0

1d e 5 -
[z + clltanml g < (e + c)lamllZ

)X1 (Q)] . (3.29)
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In order to estimate Uy, rewrite equation (3.11)3 in the form
Newlor — 2DV, = 52(V20y — ADy) — Opy(, )V - @ + ke, (3.30)

Multiplying equation (3.30) by JgpnJ, dividing by ¥ and integrating over ()
we have

1 d ﬁcv 92 12 R )

sat ) 50 nJdz + collDonnlly o < cdlPonnll} o + clllall} ¢ + 1o2r 7 g
0

+ HéUHiQ + ||1§at|‘i§2 ‘|‘ H /udt’ Q)] (3.31)

For an interior subdomain Q (which is one of Q}s, i € M) the following
estimate is obtained in the same way as (3.25)
1d

P B ~
C¥ T, (77“5 + ;”nf—g + 779 ) Ad€ + +00(HUH;Q + H’ﬁaﬁéuag
Q

0
< e(llfioellf g + Ilecllf o + Hﬁaggllg )+ C[Hullig + 11017

14+ X1(Q))], (3.32)

+ o125 + X (4 +H/

where ) is one of the interior subdomains €, i € M and
X1<Q) ‘u’20Q+ ’790’2094‘ ‘770— 2,0,0° (3.33)
Finally, we have

d
G [made < i + Jul} o) (331
Q

N | =

where we have used (3.4)s.

Now, assume that ¢ is sufficiently small and multiply estimate (3.27) by
a sufficiently large constant D;. Adding the result to inequality (3.29) we
obtain

1d Dh . - - -
st | (D120 0, ) J0s + ol + s 2g)

Q
< edinn]2 ¢ + c[uazw o 112 o 4 ]2 g+ 1012+ 19012

| fr

X Q)} (3.35)
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Next, multiply inequality (3.25) by a sufficiently large constant D.
Adding the obtained result to (3.35) and (3.31) we get

1d s yos f]C = Poi
C¥T [DQ <77u2 + 7;777(2,—7 év ?5%7) + Dy 77n 72, 4 N3, | Jdz
Q

+ CO(HﬂTHiQ + HQ%ZZHS,Q + HﬁonHaQ + ||ﬂ3nn||g,g)
< elli=l2 g + cdllnnl2 g + e[ N2l

10117 g + 17 lIf ¢ + 1el} o + 1902l

+ X1 () (X Q+H/

Finally, summing up (3.36) over all i € N,adding the result to (3.34),
(3.32) (for all i € M) and (3.16) multiplied by a sufficiently small constant
£1, and then returning to variables z we obtain estimate (3.12).

This completes the proof. O

)1+ Xl(Q))] . (3.36)

Next, we have

Lemma 3.2. Let p € C*(RL x RY), ¢, € C*(RL x RL) and assume (1.2),
(3.2), (3.3). Let (v,0,p) be a solution of (1.1). Then

ia@am+@mmapw%mﬁ+wmﬂkg

<C(||vllf o, +lvellF o, +llveelIF 0, + 10513 .0, +116 + 10512117 0,
+lloot 15,0, + 0o I5.0,)
O X (1 + X2) +C5X2H/ . (3.37)
t
where
t Q Z / <?7Ut§ + T]gt& + 77191) 190155) Adg
16/\/1
D Cy
+ Z/ D4 <77ut7' 17773'157 77 793’157')
ZEN N 19
A2 NCy 59 2
+D3 b nUnt + U3 + 19 ﬁant Jdz + nuthdgv (338)

Q

Xo= M%,Lgt +HQOH%,Q["HQJtH%,Qt+”Qott||%,ﬂtv (3.39)
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D3, Dy are constants depending on the same quantities as Co,C3,Cy, Cs;
X1 is given by (3.14).

Proof. Differentiating problem (3.15) with respect to ¢ we get the following
elliptic problem

pV v + vV, Vot — ponVallot

= NotUt + Nt + Povnot Vuls + Pov9Vot Vuls

+ Poo (V) 190 + PooVulot + PonyhotVunlo

+ Do Vot Vulle + Pon(Vu) ihe — V(VuVau) - u — M(Vi),tu =K; inQQ,

div yup = div ,uy in €,
Tou(ut, pot) ity = — (1 Ty) (U, po) = Ko on S.
By the Agmon-Douglis-Nirenberg theory (see [1]) we have the estimate
(3.40)

< C(HKlH%,Q + HK2H%/2,5 + ||p019190tﬁuH%/2,S + ||diVUt”%,Q)a
where

HKIHOQ + HK2H 1/2,s T ||pm919crtnu||1/25 (H770H1 a+ 1Y ”1 Q

+ |9

3,9)’

@)+ eXi(@)(a(0) + | /
0

X1(Q) = W%,O,Q + |770|%,0,Q + |190|%,0,Q,
Xo(Q) = [ul3 1.0 + 195310+ IMoll5.0 + In0tll5.0 + lneull o-

In view of (3.40) it remains to obtain estimates for ||divu||? o and for

2dt¢2(t Q) + 02||90txz||0 Kors

Consider first boundary subdomains €;, i € N. Differentiate (3.11); with
respect to t and 7, multiply the result by 4., J and integrate over Q (which
is one of s). Next, divide (3.11)3 by d, differentiate the result by ¢ and
7, multiply by oirJ and integrate over Q. Using the Korn inequality and
equation (3.11)y we get

1d L 7 - 3
i (nu%T P02, ) 9 + e + [ire )

1 ~A A ~
/ D, T'LLtTJdZS / 5("& . Vﬁa),tTﬁo'tTJdZS‘
s s
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/pcrt’rV utTJdZ+/ JﬁﬂotTv utTsz
Q
= 5(||ﬂt'r||i(2 + ||ﬁotr||§7§2 + Hﬂotm’”g’@)
ellial? g + a2 + o 12 + 196112 ¢ + uﬁatuiﬂ -

t

@ f e

0

(3.41)

where X1 (€2) is defined by (3.18) and
Ko@) = 02, o+ 02, o + Il2 g + liotl2 g + el (3:42)
Using boundary conditions (3.11)4—(3.11)5 we obtain
— [0 et dg = = [ (Bl Oy ariar Tzg
S s
= ¢ [ 012 ((Buy(a. On) )0 ar ) (3.43)

< el |2 o + [l 5 + Xo( (K2 (D) + | /

and

0
1, aan -
= - / 5(n'vgﬁg),tmm]cizg+%a / ﬁﬁgtTde
g

5
1-
=1+, EﬁitTst, (3.44)
3
. 1=
r=c [ ¥Ehn).) -0 (éw) dzg
3
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Moreover, we have

- /ﬁatv’@ g Jdz = — /p'f]ﬁatrﬁ U Jdz

9 9
— / P§00trV - e Jdz + 11, (3.45)
)
where
| < ellarlZg + e[l l2g + 19012 + X2@)]  (3.46)
and
B /pO'AﬁUtT@ : ﬂtTJdZ = li paﬁﬁ2t Jdz + Iy (347)
K 2dt | @ 07 '
0 0
where

IIo] < ellioir 2.6 + e N2 + ]l

X X1+ X2(Q) + )‘Q(Q)H /ﬂdt’

zg] . (3.48)

Summarizing inequalities (3.41), (3.43)-(3.48) and assuming that ¢ is
sufficiently small we get
1d . Di Ney =
Sdi <77U?r + # Totr + ?v 193n> Jdz
Q
 colllir? g+ Fatr 2. + 1atr 2 o)

< €Hﬁat7\|§@ + C[HﬁtHiQ + HUHSQ + Hﬁa”i@ + Hf}otHiQ + Hﬁo—H;Q

t

+ X1 (@) Ka(Q)(1+ THO) + Xa(©) /ﬂdt’
0

zg] . (3.49)

Next, differentiate the third component of (3.26) with respect to ¢, mul-
tiply the result by 7,¢,J and integrate over 2. We obtain
1d [pj.o
o 1s — TNotn
2dt n
Q

Jdz + CO”ﬁUthaQ

< ellipnl2 g + ellimne 2, + € [Iotl2, + 1012

1ot + 112 6 + 11212 6 + l1el2
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2 g + =2
t

0 f e

0

X1()X2(Q)(1 + X1(Q)) + X2(Q

, (3.50)

where d is from formulas (3.8) and (3.9).
Now, differentiating the third component of (3.28) with respect to ¢ we
obtain the equation

Nuse — pAU3 — V2,V - Uy = —fgplize + @325“ + ka3t — ko3t (3.51)

Multiplying (3.51) by @s,nJ and integrating over Q gives
1d [ .. -
2dt 77u3ntJdZ+COHU3nntH (5+Cd)‘|unntH

00 =
O

e[t g+ Wioenl2 g + [Botll2 g + el o + il + Ners 2

t
0

Now, we estimate Ugpnne. To do this differentiate (3.30) with respect to t,

multiply by Yonne/, divide by ¥ and integrate over ). We get

1d
2dt

Q

< (e el Fomell2 g + [ [Batrel2 g + 9ol + 192 + 19012

t
(@) + Xa(0) / adt’

0

X1(9)(

X5(Q) + X7(Q)) + X5(Q)

! zg} . (3.52)

”;“ 92,7dz + col[Jann 12

X1(Q)X,

Q)1+ X,

2

. 3.53
3,@] ( )
For an interior subdomain the following estimate holds

1d NCy ~ 2 3 2
2dt/ (77 Uie + 7 Uatg + 9 ﬂatﬁ) Adg + CO(HutHQ’Q + Hﬁat&”og)
Q

ellaneelly g + 1Doteelly o + I7otelly o) + ¢ [HUtH +ulls

¥ H%Hm 10012 + 1900l o + X2 (6)

Xo(@)(1+ X3O) + Xo(O) / ; (3.54)

3,.(2} ’
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where X;(Q) is defined by (3.33) and
Ra) = I, g + 1002, + [0l + il + o2 (355)

Finally, we obtain
1d
2dt

Q

Taking into account estimates (3.40), (3.49), (3.50), (3.52)—(3.54), (3.56)
and repeating the argument from the last part of the proof of Lemma 3.1
we get (3.37).

This completes the proof. O

(3.56)

Finally, we prove

Lemma 3.3. Let p € C*(RL x RY), ¢, € C*(RL x RL) and assume (1.2),
(3.2), (3.3). Let (v,0,0) be a solution of (1.1). Then

§£¢3(t Q) + Ca(llvl3 , + llosll3 0, + 10ozszll5 c,)

< Co([lvl3., + vell3 0, + 1051130, + 10513 0, + llesllf o)

t
HOX (4 XD + 0| |

3.57
50 (3.57)
where
ncy
=D / <"7“£s+ g + 19055) Adg
i€M~ il
3 / (ﬁazT + gz 4 2 ﬂzTT)
ze./\/ 19
n i 19
+ / nuge Adg; (3.58)
Q

D; (i = 5,6,7) are constants depending on the same quantities as C3 and
C; (i =6,7,8), dgg = Zﬂk 1dl2§ Er d € {i,u}, ggg = ij 19@@7 g €

{ﬁdaécf}} hZT = Z]k 1h72'77-k7 h € {7707150}7 ﬂ?m' = Zz 1Z]k 1uz7-]7-k; Xl
and Xo are given by (3.14) and (3.39), respectively.
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Proof. First we consider problem (3.15). By the Agmon-Douglis-Nirenberg
theory (see [1]) we have
[ullf. + 1701130 < C[HWH%,@ + {19130 + lldivul3 o

t

o+ 10al3a] [ udt
0

zﬂ} (3.59)

)

+ o3 6l ue

Thus, to obtain (3.57) we have to estimate Hdiqu%Q and

1d ~ 9
5@@53(@ Q) + C3Heacc:mH0,Qt‘

To do this consider first boundary subdomains Q;, i € N. Differentiate
(3.11); twice with respect to 7, multiply the result by @,,J and integrate
over 2. Next, divide (3.11)3 by 9, differentiate the result twice with respect
to 7, multiply by ¥,--J and integrate over {2 (which is one of §2/s). Using
the Korn inequality, continuity equation (3.11)2 and boundary conditions
(3.11)4—(3.11)5 we get
1d . Pi NCy =
5& (77713'7' + #77377 + 191) 19?77'7') Jdz

5
T colllirel? g+ Waresl2 g + 2l Forell2 o)

< e(liorel2 g+ rr 2 g + [1F0mrell2 ) + e[l12 6 + 19012 + 10112
t

+X1(Q)X2(Q)(1+X12(Q))+X2(Q)H/ﬁdt/ ig]

(3.60)
0
where X1 () and X5(Q) are given by (3.18) and (3.42) respectively.

_ In the same way we obtain the following estimate in an interior subdomain
Q (which is one of €2)s)

1 d ~2 pﬁ ~2 T]c’l) a2 ~112 ~ 2
2dt/ (”“€€ 7 Toge + =5 Voge | AdE F collfilly g + (1905 )

Q

< e(llfogelly o + Ileeellf ¢ + 1oecelly &) + C[HUH;@ + 9156 + lInollf g
t
+ X)X (Q)(1 + X2(Q) + XZ(Q)H /udt’
0

where X;(Q) and X(Q) are given by (3.33) and (3.55), respectively.

i ] (3.61)

)
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Now, differentiate the third component of (3.26) with respect to 7, mul-
tiply the result by 7j,n-J and integrate over 2. We get

1d D o

th 7 —MonrJdz + COHﬁO’nTHoﬂ = 6””0’717’“09

tedlal g + e[l + 18002 + 1Dol2 + 10l g + lsrr2
t

Xa(@) + X2Q) + Xa(0) / ad’
0

zﬂ] (3.62)

where d is from formulas (3.8) and (3.9).
In the same way we obtain

Ld [py 72
5& T onn
Q

C[Hﬁ”;g Hlellf ¢ + 106113 ¢ + 101 ¢ + l@enrllog

Jdz + colllonnlly ¢ < elliionnlly ¢ + cdllal; ¢

t

| f e

0

X1(Q)(X

2() + XF(Q)) + Xof Q (3.63)

Next, differentiating the third component of (3.28) with respect to 7,
multiplying by #sn,-J and integrating over €2 yields

1d o _

3ai | Per I+ colisml
Q

< elltsmn 2. + edll2 g + e[l + a2

Hldrrllf ¢ + Mionr I} ¢ + 195117 ¢ + 196113 4

F X)X @)+ | / adt! zﬂ)} (3.64)
0

To estimate Jynn, differentiate (3.30) with respect to 7, multiply the
result by Yopnnrd, divide by 9 and integrate over 2. We obtain

1d 776”192

2 dt 0 onT
Q

< elDonrtllZ o + cdllFozzall} ¢ + | 1ozrr 2 o + 19113 ¢ + 190t

= ontt 0,9 ozzz 0,0 oZTT 0, o 2,0 ot 2,0

Jdz + COH@UWLTH&Q
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+ X (Q)(X Q+H/

Differentiating (3.30) with respect to n, multiplying the result by gnnn/,
dividing by ¥ and integrating over €2 yields

(3.65)

1d 77011192

2 dt g o
Q

< el + cllFzee 2 g + c[IFerrlZ + 1902 + [l

t
F RGO+ [
0

In order to estimate ||(div ﬂ)nan o rewrite equation (3.11) in the form

Jdz + Co”@annnHaQ

(3.66)

(v + )V diva = —p(Ad; — V., diva) + 7
— ki + (uAa; + vV, diva — pV23a; — vV;V - @) (3.67)
+ p5iie Vi€ + peVo Vil + (o Vitlo + épggﬁﬂgm 1=1,2,3,

where ps, ps are defined by p, = p(@m ‘96) - p(Qea 06) = p5flo +p6'l§a‘
Differentiating the third component of (3.67) with respect to n gives

(@i @) a2 ¢, < cdllinnnl2 g + a2 + 2,

+ el o + 19615 A+||ﬁ<m|| A+Hﬁg||ig

+ X(O) (X Q+H/

To obtain an estimate for ||uTH2 consider the following elliptic problem

(3.68)

M@Qﬂ +vVV -G — paﬁ@ﬁ =nu

+ (95 — Poi) e VE + (965 — D, )V W

+p,5CV, + V- B(a,C) + A(a »)-VC in €, (3.69)
V-a=V-a in O,

T( o=k on S,
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Differentiating (3.69) with respect to 7 and next using the Agmon-Douglis-
Nirenberg theory [1] we get

a3 o + Iorl1f g < efllarrlf g + IIﬂsnnTIIQ» +lal3 o + 1l
3 112 A2 /
+\|z9g\|m+ HngHerX1 )+ Xo(Q adt 3{2 (3.70)
Finally, we have
1d
s | midAde < cllulB o + lluelf o) + eXa().  (37)
Q

Now, applying to inequalities (3.59)—(3.66), (3.68), (3.70) and (3.71) the
same argument as in the last part of the proof of Lemma 3.1 yields (3.57).
This concludes the proof. O

Lemmas 3.1-3.3 and Lemmas 2.4, 2.5 imply Theorem 2 which is the main
result of the paper.

Proof of Theorem 2. Multiplying inequality (2.46) by a sufficiently large
constant and adding to (2.50) yields

mm( ) + Co(llvllf o, + llvellf o, + lveellf 0, + 100113 0,

+ 1105113 5, + 1002l 0, + 105217 0, + lootlld o, + llewel o)

¢
L _ _ _ 2
< CroX1Xo(1+ X2) + O Xa(1 + Xl)H /vdt’ o (3.72)
ot
where
p 0Cy
Ga(t) = (L) + / <Qvt2t + f@?ytt + 9 937&1&) dx. (3.73)

Q¢

Using in (3.12) estimate (2.17) and then adding appropriately (3.12),
(3.37) and (3.57) we obtain

jt(Bl@f)l(t Q) + Baga(t,§2) + Bsgs(t,€2))

+ClIvl3a, + lulg, + lool3e,

<c|lvlig,

o, 10513 0, + 100213 0,

+ Hé’oHigt + 100211 g,

)

+ ol g,

+ 1654213 0, + lloo 3

+lloatllf o,
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t
_ _ _ _ 2
+cX1X2(1—|—X12)+cX1(1+X1)H/vdt’ o (3.74)
0 ;N ot
Adding appropriately (3.72) multiplied by a sufficiently large constant
and (3.74) we obtain (1.19). This concludes the proof. O
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