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Abstract. We consider a motion of a viscous compressible heat con-
ducting fluid of a fixed mass bounded by a free surface. For a local
solution of equations describing such a motion we derive some energy-
type inequalities which are necessary to prove the global existence of
solutions.

1. Introduction

In this paper we obtain some energy-type inequalities for equations de-
scribing motions of a viscous compressible heat-conducting fluid bounded
by a free surface. We consider the case when the free surface is not governed
by the surface tension. Then the motion of a fluid in a bounded domain
Ωt ⊂ R3 (which depends on time t ∈ R1

+) is described by the following
system with the boundary and initial conditions (see [3], [4]):

%[vt + (v · ∇)v]− divT(v, p) = %f in Ω̃T ,

%t + div (%v) = 0 in Ω̃T ,
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132 E. ZADRZYŃSKA and W. M. ZAJA̧CZKOWSKI

%cv(θt + v · ∇θ) + θpθdiv v − {∆θ

− µ

2

3∑
i,j=1

(vixj + vjxi)
2 − (ν − µ)(div v)2 = %r in Ω̃T ,

Tn̄ = −p0n̄ on S̃T , (1.1)

v · n̄ = − ϕt
|∇ϕ|

on S̃T ,

∂θ

∂n
= {a(θa − θ) on S̃T ,

%
∣∣
t=0 = %0, v

∣∣
t=0 = v0, θ

∣∣
t=0 = θ0 in Ω,

where Ω̃T =
⋃
t∈(0,T ) Ωt × {t}, Ω0 = Ω is an initial domain, S̃T =⋃

t∈(0,T ) St × {t}, St = ∂Ωt, ϕ(x, t) = 0 describes St, n̄ is the unit outward
vector normal to the boundary, i.e. n̄ = ∇ϕ/|∇ϕ|. Moreover, v = v(x, t)
is the velocity of the fluid, % = %(x, t) the density, θ = θ(x, t) the temper-
ature, f = f(x, t) the external force field per unit mass, r = r(x, t) the
heat sources per unit mass, θa > 0 the external temperature; {a > 0 the
coefficient of outer heat conductivity, p = p(%, θ) the pressure, cv = cv(%, θ)
the specific heat at constant volume, µ and ν the viscosity coefficients, {
the coefficient of heat conductivity and p0 the external (constant) pressure.
From the thermodynamic considerations we have

ν >
1
3
µ > 0, { > 0, cv > 0. (1.2)

Finally, T = T(v, p) denotes the stress tensor of the form

T(v, p) = {Tij}ij=1,2,2 = {Dij(v)− pδij}i,j=1,2,3,

where

D(v) = {Dij(v)}i,j=1,2,2 = {2µSij(v) + (ν − µ)δijdiv v}i,j=1,2,3

and S(v) = (1/2){vixj + vjxi}i=1,2,3 is the velocity deformation tensor.
Assume that the domain Ω is given. Then by (1.1)5, Ωt = {x ∈ R3 : x =

x(ξ, t), ξ ∈ Ω}, where x = x(ξ, t) is a solution of the Cauchy problem

∂x

∂t
= v(x, t), x

∣∣
t=0 = ξ ∈ Ω, ξ = (ξ1, ξ2, ξ3). (1.3)

Integrating (1.3) we obtain

x = ξ +

t∫
0

u(ξ, t′)dt′ ≡ Xu(ξ, t), (1.4)
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where u(ξ, t) = v(Xu(ξ, t), t) and x = Xu(ξ, t) describes the relation between
the Eulerian x and the Lagrangian ξ coordinates. Moreover, by (1.1)5 St =
{x : x = x(ξ, t), ξ ∈ S = ∂Ω}.

By the continuity equation and the kinematic condition (1.1)5 the total
mass is conserved, i.e.∫

Ωt

%(x, t)dx =
∫
Ω

%0(ξ)dξ = M. (1.5)

Moreover, taking f = 0 we get that the momentum is conserved and we
assume the second equality∫

Ωt

%v · (a+ b× x)dx =
∫
Ω

%0v0 · (a+ b× ξ)dξ = 0, (1.6)

where a and b are arbitrary constant vectors (see for example [11]).
Now, assume that p% > 0, pθ > 0 for %, θ ∈ R1

+ and consider the equation

p(%e, θa) = p0. (1.7)

Definition 1.1. Let f = r = θ̄ = 0. By an equilibrium state we mean
a solution (v, θ, %,Ωt) of problem (1.1) such that v = 0, θ = θe, % = %e,
Ωt = Ωe, for t ≥ 0, where θe = θa, %e satisfies (1.7) and |Ωe| = M/%e
(|Ωe| = volΩe).

Let

f = r = 0. (1.8)

We consider a motion near the constant state. Let

pσ = p− p0, θσ = θ − θe, %σ = %− %e, (1.9)

where θe and %e are introduced in Definition 1.1. Then problem (1.1) takes
the form

%[vt + (v · ∇)v]− divT(v, pσ) = 0 in Ωt, t ∈ [0, T ],

%σt + div (%v) = 0 in Ωt, t ∈ [0, T ],

%cv(%, θ)(θσt + v · ∇θσ) + θpθ(%, θ)div v

− {∆θσ −
µ

2

3∑
i,j=1

(vixj + vjxi)
2 − (ν − µ)(div v)2 = 0 in Ωt, t ∈ [0, T ],

T(v, pσ)n̄ = 0 on St, t ∈ [0, T ],
∂θσ
∂n

= −{aθσ on St, t ∈ [0, T ],

%σ
∣∣
t=0 = %σ0 ≡ %0 − %e, v

∣∣
t=0 = v0, (1.10)
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θσ
∣∣
t=0 = θσ0 ≡ θ0 − θe in Ω.

The aim of our considerations is to prove the global existence of solutions
to problem (1.1) with conditions (1.2), (1.5)–(1.8) which remain close to the
equilibrium solution (see Definition 1.1).

Let us introduce the quantities

ϕ(t) = |v|22,0,Ωt + |θσ|22,0,Ωt + |ρσ|22,0,Ωt , (1.11)

Φ(t) = |v|23,1,Ωt + |θσ|23,1,Ωt + ‖ρσ‖22,Ωt + ‖ρσt‖22,Ωt + ‖ρσtt‖21,Ωt ,
where the notation is introduced at the end of this section.

Let us introduce the spaces

N(t) = {(v, ρσ, θσ) : ϕ(t) <∞},

M(t) = {(v, ρσ, θσ) : sup
0≤t′≤t

ϕ(t′) +

t∫
0

Φ(t′)dt′ <∞}.

Theorem 1 (the global existence, see the proof in [9]). Assume (1.2),
(1.5)–(1.8), cv ∈ C2(R2), p ∈ C3(R2), pρ > 0, pθ > 0 for ρ, θ positive. Let
l > 0 be a constant such that %e − l > 0, θe − l > 0 and %1 < %0 < %2,
θ1 < θ0 < θ2, where %1 = %e − l, %2 = %e + l, θ1 = θe − l, θ2 = θe + l.
Moreover, let compatibility conditions on t = 0, and S be satisfied.
Assume that (v, ρσ, θσ)|t=0 ∈ N(0), S ∈ H5/2. There exists α > 0
sufficiently small such that if ϕ(0) ≤ α then there exists a global solution to
problem (1.1) close to the equilibrium solution such that (v, ρσ, θσ) ∈ M(t)
and ϕ(t) ≤ cα for any t ∈ R+, where c > 0 is a constant.

To prove the theorem we prolong a local solution step by step up to
infinity. To make such a prolongation possible we need some inequalities
for the local solution guaranteeing that the norms determined for the local
solution do not increase with time. For this purpose we need two kinds of
estimates. In Section 2 we prove some energy type inequalities which are
necessary to show differential inequality (1.19) which plays a crucial role in
the prolongation of the local solutions.

The inequality tells that ϕ(0) ≤ α with α sufficiently small implies that
ϕ(t) ≤ cα for any t ∈ R+

Local existence of solutions to problem (1.1) is proved by the method of
successive approximations using the Lagrangian coordinates (see [8]).

The methods used in Sections 2 and 3 are totally different. In Section
2 we utilize neither Lagrangian coordinates nor local considerations. The
estimates follow from energy-type considerations performed in the Eulerian
coordinates on the whole domain Ωt. The main tool is the integration by
parts formula connected with such boundary conditions that the appeared
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boundary integrals vanish. The inequality (2.3) (see Lemma 2.1) follows
from multiplying equations (1.10) by v, %σ, θσ, respectively, and integrating
the results over Ωt. Inequality (2.17) (see Lemma 2.2) follows from the
method which implies L2 estimate for the pressure for the Navier-Stokes
equations. Inequalities (2.28) (see Lemma 2.3) and (2.50) (see Lemma 2.5)
follow from differentiating equations (1.10) once and twice with respect to
time, multiplying by corresponding derivatives of v, %σ, θσ with respect to
time and integrating the results over Ωt. Finally after an appropriate adding
we obtain (3.74).

From [8] it follows that the local existence of solutions to problem (1.10)
can be proved in the space M(T ). Moreover, it follows also that M(T )
is the largest possible space in which the existence of solutions to (1.10)
by the energy method and in Sobolev spaces with integer derivatives can
be proved. The inequality (1.19) is appropriate for prolongation of local
solution step by step. By the energy method and global estimates (without
any partition of unity, see Section 2) we show (3.72). Next applying the local
considerations we get (3.74) (see Section 3). To show (3.74) we need (1.10)
in the Lagrangian coordinates (see (3.4)) and introduce a partition of unity
to formulate problem (3.4) in an interior (see (3.10)) and in a boundary (see
(3.11)) subdomains. Working with local formulations (3.10) and (3.11) we
obtain by the energy method inequality (3.74).

The energy method is the main tool in the proofs of Lemmas 3.1–3.3. In
Lemma 3.1 we find an estimate for the second space derivatives of v, %σ, θσ
(see (3.12)), in Lemma 3.2 — for second space and one time derivatives
(see (3.37)) and in Lemma 3.3 for the third space derivatives (see (3.57)).
Combining (3.12), (3.37) and (3.57) we obtain (3.74).

We have to underline that in the proofs of Lemmas 3.1–3.3 we obtain
the final estimates by summing up estimates of all neighbourhoods of the
chosen partition of unity. Moreover in a boundary neighbourhood the flat-
tening technique is used, so we differentiate only along the tangential direc-
tions and the normal derivatives are calculated from equations. In the case
of compressible fluids there is a special procedure to calculate the normal
derivatives (see (3.16), (3.26)–(3.29)).

Finally the main result of this paper, inequality (1.19), follows from (3.72)
and (3.74) by appropriate adding.

Using the Taylor formula we can write pσ as follows:

pσ = p(%, θ)− p(%e, θe) = p%(%e, θe)%σ + pθ(%e, θe)θσ + p′σ

≡ p1%σ + p2θσ + p′σ, (1.12)

where

|p′σ| ≤ c(%e, θe)(|%σ|2 + |%σ||θσ|+ |θσ|2). (1.13)



136 E. ZADRZYŃSKA and W. M. ZAJA̧CZKOWSKI

Now, let %1, %2, θ1, θ2 be positive constants such that

%1 < %(x, t) < %2, θ1 < θ(x, t) < θ2 for x ∈ Ω̄t, t ∈ [0, T ]. (1.14)

In Lemmas 2.1–2.5 by ε we denote small constants, by ci (i = 1, . . . , 8) or
c we denote positive constants depending on %1, %2, θ1, θ2, ‖S‖H5/2 , on the
parameters which guarantee the existence of the inverse transformation to
x = x(ξ, t) and also on the constants of the imbeddings theorems and the
Korn inequalities. By c̄i (i = 1, . . . , 4) or c0 we denote positive constants
less or equal to one depending on the same quantities as ci (i = 1, . . . , 8)
and c. We do not distinguish different ε′s, c′0s and c′s.

Since all the below estimates are derived for the local solution obtained
in [8] all the quantities %1, %2, θ1, θ2, ‖

∫ t
0 vdt′‖23,Ωt are estimated by the data

functions. Moreover, the existence of the inverse transformation to x =
x(ξ, t) is guaranteed by the estimates for the local solution (see [8]).

Moreover, the norm in the Sobolev space Hk(Q), k ≥ 1, Q ⊂ R3 we
denote by ‖ · ‖k,Q.

In [8] the existence and the uniqueness of a local solution to problem (1.1)
has been proved. This solution is such that u, ϑ ∈ AT,Ω, η ∈ BT,Ω, where
u, ϑ, η denote v, θ, % written in the Lagrangian coordinates ξ and

BT,Ω = {f ∈ C([0, T ];H2(Ω)) : ft ∈ C([0, T ];H1(Ω)) (1.15)

∩ L2(0, T ;H2(Ω)), ftt ∈ C([0, T ];L2(Ω)) ∩ L2(0, T ;H1(Ω))},
AT,Ω = BT,Ω ∩ {f : f ∈ L2(0, T ;H3(Ω))}. (1.16)

In [7] we proved the existence of a global in time solution (v, θ, %) to
problem (1.1) such that sup0≤t′≤t φ1(′t) +

∫ t
0 Φ1(t′)dt′ < ∞, where t ∈ R1

+,
φ1(t) = |v|23,0,Ωt + |θσ|

2
3,0,Ωt + |%σ|

2
3,0,Ωt , Φ1(t) = |v|24,1,Ωt + |θσ|

2
4,1,Ωt + |%σ|

2
3,0,Ωt

and

|g|2l,k,Ωt =
∑
i≤l−k

‖∂itg‖2l−i,Ωt (1.17)

for g ∈ {v, θσ, %σ}, k, l ∈ N∪{0}, 0 ≤ k ≤ l. By ‖ · ‖k,Ωt we denote the norm
in the Sobolev space Hk(Ωt) (k ∈ N ∪ {0}).

In order to obtain the global existence theorem we assumed in [7] that
φ1(0) was sufficiently small, and internal energy e(%, θ) per unit mass had
the form:

e(%, θ) = a0%
α + h(%, θ),

where a0 > 0, α > 0, h(%, θ) ≥ h∗ > 0 for % ∈ [%∗, %∗], θ ∈ [θ∗, θ∗], a0, α, h∗
are constants and

%∗ = min
t∈[0,T ]

min
Ω̃t

%(x, t), %∗ = max
t∈[0,T ]

max
Ω̃t

%(x, t),

θ∗ = min
t∈[0,T ]

min
Ω̃t

θ(x, t), θ∗ = max
t∈[0,T ]

max
Ω̃t

θ(x, t),
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T > 0 is the time of the local existence. Moreover we used in [7] the following
differential inequality derived in [6]:

dφ̄1

dt
+ c0Φ1 ≤ P (φ1)(φ1 + Φ1) + c1Ψ, (1.18)

where ρ(φ1) = p(φ1)φ1,
c2φ1 ≤ φ̄1 ≤ c3φ1,

c1, c2, c3 > 0 are constants depending on %∗, %
∗, θ∗, θ∗, p is an increasing

positive continuous function and Ψ = ‖v‖20,Ωt + ‖pσ‖20,Ωt . The term c1Ψ in
(1.18) complicates the proof of the global existence because an additional
estimate for Ψ must be obtained.

In the present paper the term c1Ψ does not occur in inequality (1.19)
which makes the proof of the global existence much more simple.

Global existence of solutions for compressible viscous fluid for either
barotropic or heat conducting was considered in [10] or [7], respectively.

The case of a free boundary problem for equations of viscous compressible
either barotropic or heat conducting capillary fluids where considered in
[11] and [5] where the global existence theorems were obtained. Finally we
formulate the main result of this paper

Theorem 2. Let p ∈ C2(R1
+ × R1

+), cv ∈ C2(R1
+ × R1

+) and assume (1.2),
(1.5)–(1.8), (1.14), (2.16). Then for the local solution (v, θ, %) of problem
(1.1) such that u, ϑσ ∈ AT,Ω and ησ ∈ BT,Ω (where AT,Ω and BT,Ω are
given by (1.15) and (1.16), respectively; u, ϑ, η denote v, θ, % written in the
Lagrangian coordinates ξ) the following differential inequality holds

dφ̄
dt

+ c0Φ ≤ c[φ(1 + φ2) +
∥∥∥ t∫

0

vdt′
∥∥∥2

3,Ωt
]Φ (1.19)

for t ≤ T , where

φ̄(t) =
[
B0(ψ(t) + %v2

tt +
pσ%
%
%2
σtt +

%cv
θ
θ2
σtt)

+B1φ1(t,Ω) +B2φ2(t,Ω) +B3φ3(t,Ω)
]
,

φ(t) =|v|22,0,Ωt + |θσ|22,0,Ωt + |%σ|22,0,Ωt , (1.20)

Φ(t) =|v|23,1,Ωt + |θσ|23,1,Ωt + ‖%σ‖22,Ωt + ‖%σt‖22,Ωt
+ ‖%σtt‖21,Ωt , (1.21)

T is the time of the local existence, ψ and φi (i = 1, 2, 3) are the functions
given by (2.47), (3.13), (3.38), (3.58), respectively; the norms |g|l,k,Ωt for
g ∈ {v, θσ, %σ} are defined by (1.17); c0 < 1 and c are positive constants
depending on %1, %2, θ1, θ2, µ, ν,{, cv, p, ‖S‖H5/2 and the constants from the
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imbedding theorems and the Korn inequalities (being also nondecreasing con-
tinuous functions of ‖

∫ T
0 vdt′‖23,Ωt); Bi (0 = 1, 2, 3) are positive constants

depending on the same quantities as c0 and c; %σ, θσ, pσ are given by (2.3).

2. Energy-type estimates for a local solution

First, we prove

Lemma 2.1. Let p ∈ C1(R1
+ × R1

+), cv ∈ C1(R1
+ × R1

+) and assume (1.2),
(1.8), (1.14). Moreover, let

v ∈ H2(Ωt), %σ ∈ H1(Ωt), θσ ∈ H1(Ωt), θσt ∈ L2(Ωt) (2.1)

and ∫
Ω

%0v0 · (a+ b× ξ)dξ = 0, (2.2)

where a and b are arbitrary constant vectors. Let (v, θσ, %σ) be a solution of
(1.10). Then

1
2

d
dt

∫
Ωt

%

(
v2 +

p1

%2
e

%2
σ +

p2p3

p4
θ2
σ

)
dx+ c̄1(‖v‖21,Ωt + ‖θσx‖20,Ωt + ‖θσ‖20,St)

≤ c1X
2
1 (1 +X1) + c2X1‖θσt‖20,Ωt , (2.3)

where p1 and p2 are defined in (1.12), p3 and p4 are defined by (2.9) and

X1 = ‖v‖22,Ωt + ‖%σ‖21,Ωt + ‖θσ‖21,Ωt . (2.4)

Proof. Multiplying (1.10)1 by v, integrating over Ωt and using boundary
condition (1.10)4 yield

1
2

∫
Ωt

%[∂tv2 + (v · ∇)v2]dx+
µ

2
EΩt(v) + (ν − µ)

∫
Ωt

(div v)2dx

−
∫
Ωt

pσdiv vdx = 0, (2.5)

where
EΩt(v) =

∫
Ωt

(vixj + vjxi)
2dx

and the summation convention over the repeated indices is assumed.
Using that ν > (1/3)µ and assuming C1 = min {(3/4) (ν − (1/3)µ) , µ/2}

we obtain
µ

2
EΩt(v) + (ν − µ)‖div v‖20,Ωt ≥ C1EΩt(v) (2.6)
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(see [6]).
Moreover, in view of assumptions (2.1)–(2.2) and (1.4) Lemma 5.2 of [10]

yields

‖v‖21,Ωt ≤ c(EΩt(v) + ‖%σ‖20,Ωt‖v‖
2
0,Ωt). (2.7)

Using in (2.5) relation (1.12), estimates (1.12), (2.6)–(2.7) and equation of
continuity (1.10)3 we get

1
2

d
dt

∫
Ωt

%v2dx+ c0‖v‖21,Ωt − p1

∫
Ωt

%σdiv vdx− p2

∫
Ωt

θσdiv vdx

≤ c(‖%σ‖20,Ωt‖v‖
2
0,Ωt + ‖%σ‖41,Ωt + ‖θσ‖41,Ωt). (2.8)

Now, let

p3 = cv(%e, θe), p4 = θepθ(%e, θe). (2.9)

By the mean value theorem we have

cv(%, θ)− cv(%e, θe) = cv1%σ + cv2θσ, (2.10)

θpθ(%, θ)− θepθ(%e, θe) = b1%σ + b2θσ, (2.11)

where cv1 = cv%(%e + s(% − %e), θe + s(θ − θe)), cv2 = cvϑ(%e + s(% − %e),
θe + s(θ − θe)), b1 = (θpθ)%(%e + s(%− %e), θe + s(θ − θe)), b2 = (θpθ)θ(%e +
s(%− %e), θe + s(θ − θe)), 0 < s < 1.

Then equation (1.10)3 can be rewritten in the form

%p3(θσt + v · ∇θσ)− {∆θσ + p4div v = −(cv1%σ + cv2θσ)(θσt + v · ∇θσ)

−(b1%σ + b2θσ)div v +
1
2
µ

3∑
i,j=1

(vixj + vjxi)
2 + (ν − µ)(div v)2. (2.12)

Multiplying (2.12) by θσ, integrating over Ωt, using equation of continuity
(1.10)2 and boundary condition (1.10)5 we get

p3

2
d
dt

∫
Ωt

%θ2
σdx+ {‖θσx‖20,Ωt + {{a‖θσ‖20,St + p4

∫
Ωt

θσdiv vdx

≤ ε(‖θσx‖20,Ωt + ‖vx‖20,Ωt)
+ c(ε)[‖%σ‖21,Ωt‖θσ‖

2
1,Ωt + ‖θσ‖41,Ωt)(‖v‖

2
2,Ωt + 1) + ‖θσ‖21,Ωt‖vx‖

2
1,Ωt ]

+ c(‖%σ‖1,Ωt‖θσ‖1,Ωt + ‖θσ‖21,Ωt)‖θσt‖0,Ωt . (2.13)

Next, we write (1.10)2 in the form

%σt + v · ∇%σ + %ediv v = −%σdiv v. (2.14)
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Multiplying (2.14) by %%σ, integrating over Ω and using equation (1.10)2 we
obtain

1
2

d
dt

∫
Ωt

%%2
σdx + %2

e

∫
Ωt

%σdiv vdx ≤ ε‖vx‖20,Ωt + c(ε)‖%σ‖41,Ωt . (2.15)

Now, multiplying (2.15) by p1/%
2
e and (2.13) by p2/p4, adding the both

estimates to (2.8) and assuming that ε is sufficiently small we obtain (2.3).
This completes the proof of the lemma.

Now, we obtain estimates for L2 — norms of %σ and θσ. The following
lemma holds.

Lemma 2.2. Let p ∈ C2(R1
+ × R1

+), f = r = θ̄ = 0 and

p%(%, θ) ≥ a0 > 0, pθ(%, θ) ≥ a1 > 0

for % ∈ (%1, %2), ϑ ∈ (θ1, θ2), (2.16)

where %1, %2, θ1, θ2 are constants from (1.13) and a0, a1 are constants. Let
(v, θσ, %σ) be a solution of (1.10). Then

‖%σ‖20,Ωt + ‖θσ‖20,Ωt ≤ c3(ε1)(‖vt‖20,Ωt + ‖vx‖20,Ωt + ‖θσx‖20,Ωt + ‖θσ‖20,St
+ ‖v‖41,Ωt + ‖%σ‖41,Ωt + ‖θσ‖41,Ωt) + ε1(‖%σx‖20,Ωt + ‖vxx‖20,Ωt). (2.17)

Proof. Introduce a function φ1 as a solution of the problem

div φ1 = p− p̄Ωt in Ωt,

φ1 = 0 on St, (2.18)

where p̄Ωt = (1/|Ωt|)
∫

Ωt pdx.
In view of Lemma 2.2 of [2] there exists a solution of problem (2.18) such

that φ1 ∈W 1
2 (Ωt) and

‖φ1‖1,Ωt ≤ c‖p− p̄Ωt‖0,Ωt .
Now, multiplying (1.10)1 by φ1, integrating over Ωt and using the above
inequality we obtain

‖p− p̄Ωt‖20,Ωt ≤ c(‖vt‖
2
0,Ωt + ‖vx‖20,Ωt + ‖v‖41,Ωt).

Estimating ‖p̄Ωt − p0‖0,Ωt in the same way as in [10] and using that

‖pσ‖0,Ωt ≤ c(‖p− p̄Ωt‖20,Ωt + ‖p̄Ωt − p0‖20,Ωt)
we get

‖pσ‖20,Ωt ≤ ε(‖%σx‖
2
0,Ωt + ‖θσx‖20,Ωt + ‖vxx‖20,Ωt)

+ c(ε)(‖vt‖20,Ωt + ‖v‖21,Ωt + ‖v‖41,Ωt). (2.19)
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Next, let us write equation (1.10)1 in the form

%[vt + (v · ∇)v]− divD(v) + p%∇%σ + pθ∇θσ = 0 (2.20)

and introduce a function φ2 as a solution of the problem

div φ2 = %− %̄Ωt in Ωt,

φ2 = 0 on St. (2.21)

Then there exists φ2 ∈W 1
2 (Ωt) satisfying (2.21) and

‖φ2‖1,Ωt ≤ c‖%− %̄Ωt‖0,Ωt . (2.22)

Multiplying (2.20) by φ2 and integrating over Ωt we get∫
Ωt

p%∇%σ · φ2dx =−
∫
Ωt

%[vt + (v · ∇)v] · φ2dx−
∫
Ωt

Dij(v)
∂φ2i

∂xj
dx

−
∫
Ωt

pθ∇θσ · φ2dx. (2.23)

Next, integrating by parts in the term on the left-hand side of (2.23) we
have∫

Ωt

p%∇%σ · φ2dx = −
∫
Ωt

p%%σdiv φ2dx −
∫
Ωt

%σ∇p% · φ2dx. (2.24)

Now, in view of (2.16) and (2.21)–(2.24) in obtain

‖%− %̄Ωt‖20,Ωt ≤c(‖vt‖
2
0,Ωt + ‖vx‖20,Ωt + ‖θσx‖20,Ωt)

+ c(‖%σ‖41,Ωt + ‖θσ‖41,Ωt + ‖v‖41,Ωt). (2.25)

Now, rewrite the boundary condition (1.1)4 we the form

p%(%̄Ωt − %e) = n̄ · D(v)n̄− p%(%− %̄Ωt)− pθθσ.

Hence we obtain

‖%̄Ωt − %e‖20,Ωt ≤ c
|Ωt|
|St|

(‖%− %̄Ωt‖20,St + ‖θσ‖20,St + ‖D(v)‖20,St)

≤ ε(‖%σx‖20,Ωt + ‖vxx‖20,Ωt) + c(ε)(‖%− %̄Ωt‖20,Ωt + ‖v‖20,Ωt)
+ c‖θσ‖20,St .

Therefore by (2.25) we get

‖%σ‖20,Ωt ≤ ε(‖%σx‖
2
0,Ωt + ‖vxx‖20,Ωt)

+ c(ε)(‖vt‖20,Ωt + ‖v‖21,Ωt + ‖θσx‖20,Ωt + ‖θσ‖20,St
+ ‖%σ‖41,Ωt + ‖θσ‖41,Ωt + ‖v‖41,Ωt). (2.26)
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Finally, the relation
pσ = p%%σ + pθθσ,

(where the values of p% and pθ are taken in a point (%e + s(% − %e), θe +
s(θ − θe)), and s ∈ (0, 1)), implies

‖θσ‖20,Ωt ≤ c(‖pσ‖
2
0,Ωt + ‖%σ‖20,Ωt), (2.27)

where we have also used assumption (2.16).
Taking into account (2.19), (2.26) and (2.27) we obtain the assertion of

the lemma.

Now, we obtain an estimate for time-derivatives. The following lemma
holds.

Lemma 2.3. Let p ∈ C1(R1
+ × R1

+), cv ∈ C1(R1
+ × R1

+) and assume (1.2),
(1.8), (1.14). Let (v, θσ, %σ) be a solution of (1.10). Then

1
2

d
dt

∫
Ωt

%

(
v2
t +

p1

%2
e

%2
σt +

p2p3

p4
θ2
σt

)
dx+ c̄2(‖vt‖21,Ωt + ‖θσt‖21,Ωt)

≤ c4(‖vx‖20,Ωt + ‖θσx‖20,Ωt) + c5[X2
2 (1 +X2) +X2‖θσtt‖20,Ωt ], (2.28)

where p1 and p2 are defined in (1.12), p3 and p4 are defined by (2.9) and

X2 = |v|22,1,Ωt + |%σ|22,1,Ωt + |θσ|22,1,Ωt ,
|g|2,1,Ωt ≡ ‖g‖22,Ωt + ‖gt‖21,Ωt , g ∈ {v, θσ, %σ}. (2.29)

Proof. Differentiating (1.10)1 with respect to t we get

%[vtt + (v · ∇)vt]− divT(vt, pσt)

= −%σt[vt + (v · ∇)v]− %(vt · ∇)v. (2.30)

Multiplying (2.30) by vt, integrating over Ωt and using (2.6) we have
1
2

∫
Ωt

%[∂tv2
t + (v · ∇)v2

t ]dx+ c1EΩt(vt)−
∫
Ωt

pσtdiv vtdx (2.31)

≤ ε‖vt‖21,Ωt + c(ε)[‖%σt‖21,Ωt · (‖vt‖
2
1,Ωt + ‖v‖21,Ωt‖v‖

2
2,Ωt) + ‖vt‖21,Ωt‖v‖

2
2,Ωt

+ ‖%σ‖22,Ωt‖v‖
2
1,Ωt‖vt‖

2
1,Ωt + (‖v‖22,Ωt + ‖%σ‖21,Ωt + ‖θσ‖21,Ωt)‖v‖

2
2,Ωt ]

By Lemma 5.3 of [10] we have

‖vt‖21,Ωt ≤ c[EΩt(vt) +X2
2 (1 +X2)]. (2.32)

Using equation of continuity (1.10)2 and estimate (2.32) in (2.31) yield
1
2

d
dt

∫
Ωt

%v2
t dx + c0‖vt‖21,Ωt −

∫
Ωt

pσtdiv vtdx ≤ cX2
2 (1 + X2). (2.33)
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Now, we examine the last term on the l.h.s. of (2.33). We have

pσt =p%%σt + pθθσt = p1%σt + p2θσt + (p%(%, θ)− p%(%e, θe))%σt
+ (pθ(%, θ)− pθ(%e, θe))θσt ≡ p1%σt + p2θσt + p′′σ,

where
|p′′σ| ≤ c(|%σ|+ |θσ|)(|%σt|+ |θσt|).

Hence

−
∫
Ωt

pσtdiv vtdx =− p1

∫
Ωt

%σtdiv vtdx− p2

∫
Ωt

θσtdiv vtdx

−
∫
Ωt

p′′σdiv vtdx, (2.34)

where∣∣∣ ∫
Ωt

p′′σdiv vtdx
∣∣∣ ≤ ε‖vt‖21,Ωt + c(ε)(|%σ|22,1,Ωt + |θσ|22,1,Ωt)

2. (2.35)

Taking into account (2.33), (2.34) and (2.35) we have

1
2

d
dt

∫
Ωt

%v2
t dx+ c0‖vt‖21,Ωt − p1

∫
Ωt

%σtdiv vtdx− p2

∫
Ωt

θσtdiv vtdx

≤ cX2
2 (1 +X2). (2.36)

Differentiating (2.14) with respect to t gives

%σtt + v · ∇%σt + %ediv vt = −vt · ∇%σ − %σtdiv v − %σdiv vt. (2.37)

Multiplying (2.37) by %%σt, integrating over Ωt and using equation of conti-
nuity (1.10)2 imply

1
2

d
dt

∫
Ωt

%%2
σtdx+ %2

e

∫
Ωt

%σtdiv vtdx (2.38)

≤ ε(‖vt‖21,Ωt + ‖vx‖20,Ωt) + c(ε)‖%σt‖21,Ωt(‖%σ‖
2
1,Ωt + ‖%σt‖21,Ωt).

Differentiating (1.10)3 with respect to t yields

%cv(θσtt + v · ∇θσt)− {∆θσt + θpθdiv vt
= −[(%cv),%%σt + (%cv),θθσt](θσt + v · ∇θσ)− [(θpθ),%%σt + (θpθ),θθσt]div vt
− µ(vixj + vjxi)(vitxj + vjtxi)− 2(ν − µ)div vdiv vt ≡ N1. (2.39)

Repeating considerations leading to (2.12) we have

%p3(θσtt + v · ∇θσt)− {∆θσt + p4div vt
= −(cv1%σ + cv2θσ)(θσtt + v · ∇θσt)− (b1%σ + b2θσ)div vt +N1
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≡ N2 +N1, (2.40)

where cv1, cv2 and b1, b2 are given by (2.10) and (2.11), respectively. Mul-
tiplying (2.40) by θσt, integrating over Ωt and using equation of continuity
(1.1)2 imply

p3

2
d
dt

∫
Ωt

%θ2
σtdx+ {‖θσxt‖20,Ωt + {{a‖θσt‖20,St + p4

∫
Ωt

θσtdiv vtdx

=
∫
Ωt

N1θσtdx+
∫
Ωt

N2θσtdx, (2.41)

where ∣∣∣ ∫
Ωt

N1θσtdx
∣∣∣ ≤ ε(‖vtx‖20,Ωt + ‖θσt‖21,Ωt)

+ c(ε)[‖θσt‖21,Ωt(‖θσt‖
2
1,Ωt + ‖%σt‖21,Ωt + ‖v‖22,Ωt)

+ ‖θσt‖41,Ωt + ‖%σt‖21,Ωt‖v‖
2
1,Ωt‖θσ‖

2
2,Ωt ]

≤ ε(‖vtx‖20,Ωt + ‖θσt‖21,Ωt) + c(ε)X2
2 (1 +X2) (2.42)

and ∣∣∣ ∫
Ωt

N2θσtdx
∣∣∣ ≤ ε‖θσt‖21,Ωt + c(ε)(‖%σ‖21,Ωt

+ ‖θσ‖21,Ωt)(‖θσtt‖
2
0,Ωt + ‖v‖22,Ωt‖θσxt‖

2
0,Ωt)

+ c(‖%σ‖21,Ωt + ‖θσ‖21,Ωt)‖vt‖
2
1,Ωt

≤ ε‖θσt‖21,Ωt + c(ε)(X2
2 +X2‖θσtt‖20,Ωt). (2.43)

Next, multiplying (1.10)1 by θσt, integrating over Ωt and using boundary
condition (1.10)5 we get

‖θσt‖20,Ωt ≤ ε‖θσtx‖20,Ωt + c(‖vx‖20,Ωt + ‖θσx‖20,Ωt) + cX2
1 , (2.44)

where X1 is given by (2.4). Using (2.42)–(2.43) and (2.44) in (2.41) yields

p3

2
d
dt

∫
Ωt

%θ2
σtdx+ {‖θσt‖21,Ωt + p4

∫
Ωt

θσtdiv vtdx

≤ ε‖vtx‖20,Ωt + c(‖vx‖20,Ωt + ‖θσx‖20,Ωt)
+ c[X2

2 (1 +X2) +X2‖θσtt‖20,Ωt ]. (2.45)

Now, multiplying (2.45) by p2/p4 and (2.38) by p1/%
2
e, and next adding the

both mentioned estimates to (2.36) we obtain (2.28).
This concludes the proof.
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Lemmas 2.1 and 2.3 yield

Lemma 2.4. Let the assumptions of Lemmas 2.1 and 2.3 be satisfied. Then
1
2

d
dt
ψ(t) + c̄3(‖v‖21,Ωt + ‖vt‖21,Ωt + ‖θσx‖20,Ωt + ‖θσ‖20,St + ‖θσt‖21,Ωt

+ ‖%σt‖20,Ωt) ≤ c6[X2
2 (1 +X2) +X2‖θσtt‖20,Ωt ], (2.46)

where

ψ(t) =
∫
Ωt

%

[
d1v

2 + v2
t +

p1

%2
e

(d1%
2
σ + %2

σt)

+
p2p3

p4
(d1θ

2
σ + θ2

σt)
]

dx, (2.47)

d1 is a constant so large that d1c̄1/2 ≥ c4 (c̄1 is the constant from (2.3) and
c4 is the constant from (2.28)); p1, p2 are defined in (1.12); p3, p4 are given
by (2.9), X2 is determined by (2.29).

Proof. First multiply estimate (2.3) by a constant d1 so large that d1c̄1/2 >
c4. Adding the obtained inequality to (2.28) we get

1
2

d
dt
ψ(t) +

d1c̄1

2
(‖v‖21,Ωt + ‖θσx‖20,Ωt) + c̄2(‖vt‖21,Ωt + ‖θσt‖21,Ωt)

≤ c1d1X
2
1 + c2d1X1‖θσt‖20,Ωt

+ c5[X2
2 (1 +X2) +X2‖θσtt‖20,Ωt ]. (2.48)

Next, from equation (1.10)2 we obtain

‖%σt‖20,Ωt ≤ c‖v‖
2
1,Ωt + cX2

2 . (2.49)

Adding (2.49) to (2.48) and using that X1 ≤ X2 and ‖θσt‖20,Ωt ≤ cX2 we
get (2.46) with c̄3 ≤ min {d1c̄1/4, 1}.

This completes the proof.

Next, we prove

Lemma 2.5. Let p ∈ C2(R1
+ × R1

+), cv ∈ C2(R1
+ × R1

+) and assume (1.2),
(1.8), (1.14). Let (v, θσ, %σ) be a solution of (1.10). Then

1
2

d
dt

∫
Ωt

(
%v2
tt +

%%
%
%2
σtt +

%cv
θ
θ2
σtt

)
dx

+ c̄4(‖vtt‖21,Ωt + ‖θσtt‖21,Ωt + ‖%σtt‖20,Ωt) (2.50)

≤ c7(‖v‖21,Ωt + ‖vt‖21,Ωt + ‖θσt‖21,Ωt + c8X̄1X̄2(1 + X̄2
1 )),
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where

X̄1 = |v|22,0,Ωt + |θσ|22,0,Ωt + |%σ|22,0,Ωt , (2.51)

X̄2 = |v|23,1,Ωt + |θσ|23,1,Ωt + ‖%σ‖22,Ωt + ‖%σt‖22,Ωt + ‖%σtt‖21,Ωt ,

|g|l,k,Ωt ≡
∑
i≤l−k

‖∂itg‖l−i,Ωt , g ∈ {v, θσ, %σ}. (2.52)

Proof. Differentiating (1.10)1 twice with respect to t we get

%[vttt + (v · ∇)vtt]− divT(vtt, pσtt)

= −%σtt[vt + (v · ∇)v]− 2%σt[vtt + (vt · ∇)v + (v · ∇)vt]

− %[2(vt · ∇)vt + (vtt · ∇)v]. (2.53)

Multiplying (2.53) by vtt and integrating over Ωt we obtain
1
2

d
dt

∫
Ωt

%v2
ttdx+

µ

2
EΩt(vt) + (ν − µ)‖div vtt‖20,Ωt

−
∫
Ωt

pσttdiv vttdx−
∫
St

T(vtt, pσtt)n̄ · vttdx

≤ ε‖vtt‖21,Ωt + c(ε)[‖%σtt‖20,Ωt(‖vt‖
2
1,Ωt + ‖v‖42,Ωt)

+ ‖%σt‖21,Ωt(‖vtt‖
2
1,Ωt + ‖vt‖21,Ωt‖v‖

2
2,Ωt)

+ ‖vt‖41,Ω + ‖v‖22,Ωt‖%σ‖
2
2,Ωt + ‖v‖22,Ωt‖vtt‖

2
1,Ωt ]. (2.54)

Using boundary condition (1.10)4 we have∫
St

T(vtt, pσtt)n̄ · vttdx = −2
∫
St

T(vt, pσt)n̄t · vttds−
∫
St

T(v, pσ)n̄tt · vttds,

where pσt = p%%σt + pθθσt. Hence we have∣∣∣ ∫
St

T(vtt, pσtt)n̄ · vttds
∣∣∣ (2.55)

≤ ε‖vtt‖21,Ωt + c(ε)[‖v‖22,Ωt(‖vt‖
2
2,Ωt + ‖%σt‖21,Ωt + ‖θσt‖21,Ωt + ‖v‖22,Ωt

+ ‖v‖22,Ωt‖%σ‖
2
1,Ωt + ‖v‖22,Ωt‖θσ‖

2
1,Ωt) + ‖vt‖21,Ωt(‖%σ‖

2
1,Ωt + ‖θσ‖21,Ωt)].

Moreover

pσtt = p%%%
2
σt + 2p%θ%σtθσt + pθθθ

2
σt + p%%σtt + pθθσtt,

so

−
∫
Ωt

pσttdiv vttdx = −
∫
Ωt

p%%σttdiv vttdx−
∫
Ωt

pθθσttdiv vttdx+J, (2.56)
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where

|J | ≤ ε‖vtt‖21,Ωt + c(ε)(‖%σt‖41,Ωt + ‖θσt‖41,Ωt). (2.57)

In view of (2.55)–(2.57) and (2.6) from (2.54) it follows the estimate

1
2

d
dt

∫
Ωt

%v2
ttdx+ c1EΩt(vtt)−

∫
Ωt

p%%σttdiv vttdx−
∫
Ωt

pθθσttdiv vttdx

≤ ε‖vtt‖21,Ωt + cX̄1X̄2(1 + X̄2
1 ). (2.58)

By Lemma 5.4 of [10] we have

‖vtt‖21,Ωt ≤ c[EΩt(vtt) + X̄1X̄2(1 + X̄2
1 )]. (2.59)

From (2.58)–(2.59) it follows the estimate

1
2

d
dt

∫
Ωt

%v2
ttdx+ c0‖vtt‖21,Ωt −

∫
Ωt

p%%σttdiv vttdx−
∫
Ωt

pθθσttdiv vttdx

≤ c[‖vt‖21,Ωt + ‖%σt‖20,Ωt + ‖θσt‖20,Ωt + X̄1X̄2(1 + X̄2
1 )], (2.60)

where we used that ε in (2.58) is sufficiently small.
Next, dividing (1.10)3 by θ, differentiating twice with respect to t, mul-

tiplying by θσtt and integrating over Ωt we get
1
2

d
dt

∫
Ωt

%cv
θ
θ2
σttdx+

{
θ2
‖θσttx‖20,Ωt +

∫
Ωt

pθθσttdiv vttdx

− {
∫
St

1
θ
∇θσtt · n̄θσttds ≤ ε‖θσtt‖21,Ωt + cX̄1X̄2(1 + X̄2

1 ). (2.61)

Using boundary condition (1.10)5 we have∫
St

1
θ
∇θσtt · n̄θσttds =−

∫
St

1
θ
∇θσ · n̄ttθσttds− 2

∫
St

1
θ
∇θσt · n̄tθσttds

− {a
∫
St

1
θ
θ2
σttds. (2.62)

Hence ∣∣∣ ∫
St

∇θσtt · n̄θσttds
∣∣∣ ≤ ε‖θσtt‖21,Ωt + c(ε)[‖θσt‖22,Ωt‖v‖

2
2,Ωt

+ ‖θσ‖22,Ωt(‖vt‖
2
2,Ωt + ‖v‖42,Ωt) + ‖θσtt‖20,Ωt ]. (2.63)

From equation (2.39) we get the following estimate for ‖θσtt‖20,Ωt
‖θσtt‖20,Ωt ≤ ε‖θσttx‖

2
0,Ωt
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+ c(ε)[‖vt‖21,Ωt + ‖θσt‖21,Ωt + X̄1X̄2(1 + X̄2
1 )]. (2.64)

Taking into account (2.60)–(2.64) we obtain

1
2

d
dt

∫
Ωt

(
%v2
tt +

%cv
θ
θ2
σtt

)
dx+ c0(‖vtt‖21,Ωt + ‖θσtt‖21,Ωt)−

∫
Ωt

p%%σttdiv vttdx

≤ c(‖vt‖21,Ωt + ‖θσt‖21,Ωt + ‖%σt‖20,Ωt + X̄1X̄2(1 + X̄2
1 )]. (2.65)

Now, using continuity equation (1.10)2 (twice differentiated with respect
to t) yields

−
∫
Ωt

p%%σttdiv vttdx =
∫
Ωt

(p%%σtt
%

%σttt +
p%%

2
σtt

%
div v +

2p%%σt%σtt
%

div vt

+
p%%σtt
%

vtt · ∇%σ +
2p%%σtt
%

vt · ∇%σt +
p%%σtt
%

v · ∇%σtt
)

dx

=
1
2

d
dt

∫
Ωt

p%
%
%2
σttdx+ I, (2.66)

where

|I| ≤ ε(‖vtt‖21,Ωt + ‖%σtt‖20,Ωt) (2.67)

+ c(ε)[‖%σtt‖20,Ωt(‖%σ‖
2
2,Ωt + ‖%σt‖22,Ωt + ‖θσt‖22,Ωt + ‖v‖22,Ωt‖θσ‖

2
3,Ωt)

+ ‖vt‖22,Ωt‖%σt‖
2
1,Ωt + ‖%σtt‖21,Ωt‖%σ‖

2
2,Ωt‖v‖

2
2,Ωt + ‖vt‖21,Ωt ].

In order to find an estimate for ‖%σtt‖20,Ωt we use continuity equation (1.10)1
which we differentiate with respect to t, i.e. the following equation

%σtt + %σtdiv v + %div vt +∇%σt · v +∇%σ · vt = 0. (2.68)

Equation (2.68) gives

‖%σtt‖20,Ωt ≤ c(‖vt‖21,Ωt + ‖%σt‖21,Ωt‖v‖
2
2,Ωt + ‖vt‖21,Ωt‖%σ‖

2
2,Ωt). (2.69)

Estimates (2.65)–(2.67), (2.69) and (2.49) give inequality (2.50).
This completes the proof of the lemma.

3. Differential inequality

In Section 2 we derived some energy-type inequalities for a local solution
(u, ϑ, η) to problem (1.1) such that u, ϑ ∈ AT,Ω, µ ∈ BT,Ω, where u, ϑ, η
denote v, θ, % written in the Lagrangian coordinates ξ and BT,Ω, AT,Ω are
defined by (1.15) and (1.16). The existence and uniqueness of such a solution
is proved in [8].
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Now, we derive the remaining energy-type inequalities which together
with inequalities proved in Section 2 are used to obtain differential inequality
(1.19). For this purpose we need local considerations.

To do this we consider the motion near the equilibrium state. Let

pσ = p− p0, θσ = θ − θe, %σ = %− %e, (3.1)

where θe and %e are introduced in Definition 1.1.
Moreover, assume

f = r = θ̄ = 0 (3.2)

and

%1 < %(x, t) < %2, θ1 < θ(x, t) < θ2 for x ∈ Ω̄t t ∈ [0, T ], (3.3)

where 0 < %1 < %2, 0 < θ1 < θ2 are constants.
Using the Lagrangian coordinates and (3.1)–(3.2) we write (1.1) in the

form

ηuit −∇ujTuij(u, pσ) = 0 (i = 1, 2, 3) in ΩT ≡ Ω× (0, T ),

ησt + ηdiv uu = 0 in ΩT ,

ηcv(η, ϑ)ϑσt − {∇2
uϑσ + ϑpϑ(η, ϑ)div uu

−µ
2

3∑
i,j=1

(ξxi · ∇ξuj+ξxj · ∇ξui)2−(ν−µ)(div uu)2 =0 in ΩT , (3.4)

Tu(u, pσ)n̄u = 0 on ST ≡ S × (0, T ),

n̄u · ∇uϑσ = −{aϑσ on ST ,

u
∣∣
t=0 = v0, ησ

∣∣
t=0 = %σ0, ϑσ

∣∣
t=0 = θσ0 in Ω,

where η(ξ, t) = %(Xu(ξ, t), t), u(ξ, t) = v(Xu(ξ, t), t), ϑ(ξ, t) = θ(Xu(ξ, t), t)
(Xu is given by (1.4)), ησ = η−%e, ϑσ = ϑ−θe, %σ0 = %0−%e, θσ0 = θ0−θe,
Tu(u, pσ) = {Tuij(u, pσ)}i,j=1,2,3 = {−pσδij + µ(∂xiξk∂ξkuj + ∂xjξk∂ξkui) +
(ν−µ)δijdiv uu}i,j=1,2,3, div uu = ∇u ·u = ∂xiξk∂ξkui, ∇u = (ξkxi∂ξk)i=1,2,3,
∇uj = ξkxj∂ξk , ∂xiξk are the elements of the matrix ξx which is inverse to
xξ = I +

∫ t
0 uξ(ξ, t

′)dt′, I = {δij}i,j=1,2,3 is the unit matrix,

n̄u = n̄(Xu(ξ, t), t) =
∇xϕ(x, t)
|∇xϕ(x, t)|

∣∣∣
x=Xu(ξ,t)

(St is determined at least locally by the equation ϕ(x, t) = 0) and the
summation over repeated indices is assumed.

Using the Taylor formula we can write pσ as follows:

pσ = p(η, ϑ)− p(%e, θe) = pη(%e, θe)ησ + pϑ(%e, θe)ϑσ + p′σ

≡ p1ησ + p2ϑσ + p′σ, (3.5)
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where

|p′σ| ≤ c(%e, θe)(|ησ|2 + |ησ||ϑσ|+ |ϑσ|2). (3.6)

Now, introduce a partition of unity ({Ω̃i}, {ζi}), Ω ⊂
⋃
i Ω̃i such that

Ω̃i for i ∈ M is an interior subdomain and Ω̃i for i ∈ N is a boundary
subdomain. Let Ω̃ be one of the Ω̃′is and ζ(ξ) = ζi(ξ) be the corresponding
function. If Ω̃ is an interior subdomain then let ω̃ be a set such that ¯̃ω ⊂ Ω̃
and ζ(ξ) = 1 for ξ ∈ ω̃. Otherwise we assume that Ω̃ ∩ S 6= ?, ω̃ ∩ S 6= ?,
ω̃ ⊂ Ω̃. Take any β ∈ ω̃∩S ⊂ S̃, S̃ = S ∩ Ω̃ and introduce local coordinates
{y} associated with {ξ} by

yk = αkl(ξl − βl), α3k = nk(β), k = 1, 2, 3, (3.7)

where {αkl} is a constant orthogonal matrix such that S̃ is determined by
the equation y3 = F (y1, y2), F ∈ H5/2 and

Ω̃ ∩ Ω = {y : |yi| < d, i = 1, 2, F (y′) < y3 < F (y′) + d,

y′ = (y1, y2)}. (3.8)

Next, we introduce functions u′, η′, ϑ′, η′σ, ϑ
′
σ by

u′i(y) = αijuj(ξ)
∣∣
ξ=ξ(y) (i = 1, 2, 3),

η′(y) = η(ξ)
∣∣
ξ=ξ(y), ϑ′(y) = ϑ(ξ)

∣∣
ξ=ξ(y),

η′σ(y) = ησ(ξ)
∣∣
ξ=ξ(y), ϑ′σ(y) = ϑσ(ξ)

∣∣
ξ=ξ(y),

where ξ = ξ(y) is the inverse transformation to (3.7).
Let us introduce new variables given by

zi = yi (i = 1, 2), z3 = y3 − F̃ (y), y ∈ Ω̃ ∩ Ω,

which will be denoted by z = Φ(y) (where F̃ ∈ H3 is an extension of F ).
Let

Ω̂ = Φ(Ω̃ ∩ Ω) = {z : |zi| < d, i = 1, 2, 0 < z3 < d} and

Ŝ = Φ(S̃). (3.9)

Next define

û(z) = u′(y)
∣∣
y=Φ−1(z), η̂(z) = η′(y)

∣∣
y=Φ−1(z),

ϑ̂(z) = ϑ′(y)
∣∣
y=Φ−1(z), η̂σ(z) = η̂(z)− %e, ϑ̂σ(z) = ϑ̂(z)− θe.

Set ∇̂k = ξlxkzi,ξk∇zi
∣∣
χ=x−1(z), where

χ(ξ) = Φ(ψ(ξ))

and y = ψ(ξ) is described by (3.7). We also introduce the following notation:
ũ(ξ) = u(ξ)ζ(ξ), η̃(ξ) = η(ξ)ζ(ξ), ϑ̃(ξ) = ϑ(ξ)ζ(ξ), η̃σ(ξ) = ησ(ξ)ζ(ξ),
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ϑ̃σ(ξ) = ϑσ(ξ)ζ(ξ), for ξ ∈ Ω̃, Ω̃ ∩ S = ? and ũ(z) = û(z)ζ̂(z), η̃(z) =
η̂(z)ζ̂(z), ϑ̃(z) = ϑ̂(z)ζ̂(z), η̃σ(z) = η̂σ(z)ζ̂(z), ϑ̃σ(z) = ϑ̂σ(z)ζ̂(z) for z ∈
Ω̂ = Φ(Ω̃ ∩ Ω), ¯̃Ω ∩ S 6= ?, where ζ̂(z) = ζ(ξ)

∣∣
ξ=χ−1(z).

Using the above notation we rewrite problem (3.4) in the following form
in an interior subdomain:

ηũit −∇ujTuij(ũ, p̃σ) = −∇ujBuij (u, ζ)− Tuij(u, pσ)∇ujζ
≡ k1i, i = 1, 2, 3,
η̃σt + η∇u · ũ = ηu · ∇uζ ≡ k2

ηcv(η, ϑ)ϑ̃σt − {∇2
uϑ̃σ + ϑpϑ(η, ϑ)∇u · ũ (3.10)

=
µ

2

[ 3∑
i,j=1

(ξkxi∂ξkuj + ξkxj∂ξkui)
2 + (ν − µ)(∇u · u)2

]
ζ

+ ϑpϑ(η, ϑ)u · ∇uζ − {(∇2
uζϑσ + 2∇uζ · ∇uϑσ) ≡ k3,

where p̃σ = pσζ and Bu(u, ζ) = {Buij(u, ζ)}i,j=1,2,3 = {µ(ui∇ujζ+uj∇uiζ)+
(ν − µ)δiju · ∇uζ}i,j=1,2,3.

In boundary subdomains we have

η̂ũit − ∇̂j T̂ij(ũ, p̃σ) = −∇̂jB̂ij(û, ζ̂)− T̂ij(û, pσ)∇̂j ζ̂
≡ k4i, i = 1, 2, 3,

η̃σt + η̂∇̂ · ũ = η̂û · ∇̂ζ̂ ≡ k5,

η̂cv(η̂, ϑ̂)ϑ̃σt − {∇̂2ϑ̂σ + ϑ̂pϑ̂(η̂, ϑ̂)∇̂ · ũ

=
µ

2

[ 3∑
i,j=1

(∇̂iûj + ∇̂j ûi)2 + (ν − µ)(∇̂ · û)2
]
ζ̂ (3.11)

+ ϑ̂pϑ̂(η̂, ϑ̂)û · ∇̂ζ̂ − {(∇̂2ζ̂ϑ̂σ + 2∇̂ζ̂ · ∇̂ϑ̂σ) ≡ k6

T̂ij(ũ, p̃σ)n̂j = B̂ij(n̂, ζ̂)n̂j ≡ k7i, i = 1, 2, 3

n̂ · ∇̂ϑ̃σ = n̂ · ∇̂ζ̂ϑ̃σ − {aϑ̃σ ≡ k8 − {aϑ̃σ,
where ∇̂ = (∇̂j)j=1,2,3, T̂ and B̂ indicate that operator ∇u is replaced by
∇̂.

In the below Lemmas 3.1–3.3 by ε we denote small constants, by Ci
(i = 1, . . . , 8) or c we denote positive constants depending on %1, %2, θ1, θ2,
‖
∫ t

0 vdt′‖23,Ωt , ‖S‖H5/2 , on the parameters which guarantee the existence of
the inverse transformation to x = x(ξ, t) and also on the constants of the
imbeddings theorems and the Korn inequalities. By C̄i (i = 1, 2, 3) or c0
we denote positive constants less or equal to one depending on the same
quantities as Ci (i = 1, . . . , 8) and c. We do not distinguish different ε′s,
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c′0s and c′s. Moreover, by τ and n we denote z1, z2, i.e. τ = (z1, z2) and z3,
respectively.

The existence of the inverse transformation to x = x(ξ, t) is quaranteed
by the estimates for the local solution (see [8]).

First, we prove.

Lemma 3.1. Let p ∈ C1(R1
+ × R1

+), cv ∈ C1(R1
+ × R1

+) and assume (1.2),
(3.2), (3.3). Let (v, θ, %) be a solution of (1.1). Then

1
2

d
dt
φ1(t,Ω) + C̄1(‖v‖22,Ωt + ‖%σ‖21,Ωt + ‖θσ‖22,Ωt)

≤ C1(‖v‖21,Ωt + ‖vt‖21,Ωt + ‖θσ‖21,Ωt + ‖θσt‖21,Ωt (3.12)

+ ‖%σt‖20,Ωt + ‖%σ‖20,Ωt) + C2X̄1(X̄1 +
∥∥∥ t∫

0

vdt′
∥∥∥2

3,Ωt
) · (1 + X̄1),

where

φ1(t,Ω) =
∑
i∈M

∫
Ω̃i

(
ηũ2

ξ +
pη
η
η̃2
σξ +

ηcv
ϑ
ϑ̃2
σξ

)
Adξ

+
∑
i∈N

∫
Ω̂i

[
D2

(
η̂ũ2

τ+
pη̂
η̂
η̃2
στ+

η̂cv

ϑ̂
ϑ̃2
στ

)
+D1

pση̂
η̂
η̃2
σn + η̂ũ2

3n +
η̂cv

ϑ̂
ϑ̃2
σn

]
Jdz

+
∫
Ω

ηu2
ξAdξ, (3.13)

X̄1 = |v|22,0,Ωt + |θσ|22,0,Ωt + |%σ|22,0,Ωt , (3.14)

A and J are the Jacobians of transformations x = x(ξ) and x = x(z),
respectively; k2

ξ =
∑3

i,j=1 k
2
iξj

, k ∈ {ũ, u}, g2
ξ =

∑3
i=1 g

2
ξi

, g ∈ {η̃σ, ϑ̃σ},
h2
τ =

∑2
i=1 h

2
τi, h ∈ {η̃σ, ϑ̃σ}, ũ

2
τ =

∑3
i=1
∑2

j=1 ũ
2
iτj

; D1, D2 are constants
depending on the same quantitees as C̄1, C1 and C2.

Proof. First we consider the following elliptic problem

µ∇2
uu+ ν∇u∇·u− pση∇uησ = ηut + pσϑ∇uϑσ in Ω,

div uu = div uu in Ω, (3.15)

Tu(u, pσ)n̄u = 0 on S.

Since the complementary condition to (3.15)3 is satisfied we can apply to
problem (3.15) the Agmon-Douglis-Nirenberg theory (see [1]). Thus, we get

‖u‖22,Ω + ‖ησ‖21,Ω ≤ c(‖ηut‖20,Ω + ‖ϑσξ‖20,Ω + ‖div uu‖21,Ω + ‖ϑσn̄u‖21/2,S)
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≤ c
(
‖ut‖20,Ω + ‖ϑσ‖21,Ω + ‖div u‖21,Ω + ‖ϑσ‖21,Ω

∥∥∥ t∫
0

udt′
∥∥∥2

3,Ω

)
, (3.16)

where we have used that ‖div uu− div u‖21,Ω ≤ ε‖u‖22,Ω (ε > 0 is sufficiently
small).

In view of (3.16) we see that in order to obtain inequality (3.12) it remains
to get appropriate estimates for ‖div u‖21,Ω and for

1
2

d
dt
φ1(t,Ω) + C̄1‖θσxx‖20,Ωt .

To do this first consider boundary subdomains Ω̂i, i ∈ N . Differentiate
(3.11)1 with respect to τ , multiply the result by ũτJ and integrate over Ω̂
(which is one of Ω̂i

′s). Next, divide (3.11)3 by ϑ̂, differentiate the result
with respect to τ , multiply by ϑ̃στJ and integrate over Ω̂. Using the Korn
inequality and equation (3.11)2 we obtain

1
2

d
dt

∫
Ω̂

(
η̂ũ2

τ +
η̂cv

ϑ̂
ϑ̃2
στ

)
Jdz + c0(‖ũτ‖21,Ω̂ + ‖ϑ̃2

στz‖20,Ω̂)

−
∫
Ŝ

(T̂(ũ, p̃σ)n̂),τ ũτJdzŜ − {
∫
Ŝ

1

ϑ̂
(n̂ · ∇̂ϑ̂σ),τ ϑ̂στJdzŜ

−
∫
Ω̂

p̃στ ∇̂ · ũτJdz +
∫
Ŝ

pσϑ̂ϑ̂στ ∇̂ · ũτJdzŜ

≤ ε(‖η̂στ‖20,Ω̂ + ‖ũτ‖21,Ω̂ + ‖ϑ̃στz‖20,Ω̂) + c[‖û‖21,Ω̂ + ‖ϑ̂σ‖21,Ω̂ + ‖η̂σ‖20,Ω̂

+ X̄1(Ω̂)(X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)(1 + X̄1(Ω̂))], (3.17)

where

X̄1(Ω̂) = |û|22,0,Ω̂ + |ϑ̂σ|22,0,Ω̂ + |η̂σ|22,0,Ω̂. (3.18)

Using boundary conditions (3.11)4–(3.11)5 we have

−
∫
Ŝ

(T̂(ũ, p̃σ)n̂),τ ũτJdzŜ = −
∫
Ŝ

(B̂ij(û, ζ̂)n̂j),τ ũiτJdzŜ

= c̄

∫
Ŝ

∂1/2
τ (B̂ij(û, ζ̂)n̂j)∂1/2

τ (ũiτJ)dzŜ
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≤ ε‖ũτ‖21,Ω̂ + c(‖û‖21,Ω̂ + X̄1(Ω̂)
∥∥∥ t∫

0

ûdt′
∥∥∥2

2,Ω̂
) (3.19)

and

−
∫
Ŝ

1

ϑ̂
(n̂ · ∇̂ϑ̂σ),τ ϑ̃στJdzŜ = −

∫
Ŝ

1

ϑ̂
(n̂ · ∇̂ζ̂ϑ̂σ),τ ϑ̃στJdzŜ + {a

∫
Ŝ

1

ϑ̂
ϑ̃2
στJdz

≡ I + {a
∫
Ŝ

1

ϑ̂
ϑ̃2
στJdz,

I = c̄

∫
Ŝ

∂1/2
τ (n̂ · ∇̂ζ̂ϑ̂σ)∂1/2

τ

(
1

ϑ̂
ϑ̃στJ

)
dzŜ (3.20)

≤ ε‖ϑ̃στ‖21,Ω̂ + c(‖ϑ̂σ‖21,Ω̂ + X̄1(Ω̂)
∥∥∥ t∫

0

ûdt′
∥∥∥2

2,Ω̂
),

where to use derivative ∂1/2
τ we have to apply the Fourier transformation

and c̄ > 0 is a constant. Next,

−
∫
Ω̂

p̃στ ∇̂ · ũτJdz =−
∫
Ω̂

pη̂η̃στ ∇̂ · ũτJdz (3.21)

−
∫
Ω̂

pϑ̂ϑ̃στ ∇̂ · ũτJdz + I1,

where

|I1| ≤ ε‖ũτ‖21,Ω̂ + c(‖η̂σ‖20,Ω̂ + ‖ϑ̂σ‖20,Ω̂) (3.22)

and

−
∫
Ω̂

pη̂η̃στ ∇̂ · ũτJdz =
1
2

d
dt

∫
Ω̂

pη̂
η̂
η̃2
στJdz + I2, (3.23)

where

|I2| ≤ ε‖η̃στ‖20,Ω̂ + c
[
‖û‖21,Ω̂ + X̄1(Ω̂)(X̄1(Ω̂) +

∥∥∥ t∫
0

ûdt′
∥∥∥2

2,Ω̂
)
]
. (3.24)

Taking into account (3.17), (3.19)–(3.24) and assuming that ε is suffi-
ciently small we obtain

1
2

d
dt

∫
Ω̂

(
η̂ũ2

τ+
pη̂
η̂
η̃2
στ+

η̂cv

ϑ̂
ϑ̃2
στ

)
Jdz+c0(‖ũτ‖21,Ω̂+‖ϑ̃στz‖20,Ω̂+‖ϑ̃στ‖20,Ŝ)
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≤ ε‖η̂στ‖20,Ω̂+c
[
‖û‖21,Ω̂+‖ϑ̂σ‖21,Ω̂+‖η̂σ‖20,Ω̂

+X̄1(Ω̂)(X̄1(Ω̂)+
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)(1+X̄1(Ω̂))

]
. (3.25)

Now, applying the operator (µ+ ν)∇zi to (3.11)2, dividing the result by
η̂, adding to (3.11)1 and multiplying the both sides of the result by pη̂ gives

(µ+ ν)
η̂

pη̂∇zi η̃σt + p2
η̂∇zi η̃σ = p2

η̂η̂σ∇zi ζ̂

− pη̂pϑ̂∇zi ϑ̃σ + pη̂pϑ̂ϑ̂σ∇zi ζ̂ − pσpη̂η̂σ∇zi ζ̂

− pσpη̂ϑ̂σ∇zi ζ̂ + pη̂k4i + µpη̂(∇̂2ũi − ∇̂i∇̂ · ũ) (3.26)

+ (µ+ ν)pη̂(∇̂i −∇zi)∇̂ · ũ+
(µ+ ν)

η̂
pη̂∇zi(η̂û · ∇̂ζ̂)

− pη̂η̂ũit −
(µ+ ν)

η̂
pη̂∇zi η̂σ∇̂ · ũ, i = 1, 2, 3.

Multiplying the normal component of (3.26) by η̃σnJ and integrating over
Ω̂ we obtain

1
2

d
dt

∫
Ω̂

pη̂
η̂
η̃2
σnJdz + c0‖η̃σn‖20,Ω̂ ≤ cd‖ũnn‖

2
0,Ω̂ + ε‖η̃σn‖20,Ω̂

+ c
[
‖ũzτ‖20,Ω̂ + ‖û‖21,Ω̂ + ‖ũt‖20,Ω̂ + ‖η̂σ‖20,Ω̂ + ‖ϑ̂σ‖21,Ω̂ + (X̄1(Ω̂)

+
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω
)X̄1(Ω̂)

]
, (3.27)

where d is from formulas (3.8) and (3.9).
Now, we write (3.11)1 in the form

η̂ũit − µ∆ũi − ν∇zi∇ · ũ = ∇̂ip̃σ + k4i − k9i, (3.28)

where k9i = (µ∆ũi+ν∇zi∇· ũ)− (µ∇̂2ũi+ν∇̂i∇̂ · ũ). Multiplying the third
component of (3.28) by ũ3nnJ and integrating over Ω̂ yields

1
2

d
dt

∫
Ω̂

η̂ũ2
3nJdz + c0‖ũ3nn‖20,Ω̂ ≤ (ε+ cd)‖ũnn‖20,Ω̂

+ c
[
‖ũzτ‖20,Ω̂ + ‖û‖21,Ω̂ + ‖ũt‖21,Ω̂ + ‖η̂σ‖20,Ω̂ + ‖η̃σn‖20,Ω̂

+ ‖ϑ̂σ‖21,Ω̂ + (X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)X̄1(Ω̂)

]
. (3.29)
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In order to estimate ϑ̃σnn rewrite equation (3.11)3 in the form

η̂cvϑ̃σt − {∆ϑ̃σ = {(∇̂2ϑ̃σ − ∆ϑ̃σ) − ϑ̂pϑ̂(η̂, ϑ̂)∇̂ · ũ + k6. (3.30)

Multiplying equation (3.30) by ϑ̃σnnJ , dividing by ϑ̂ and integrating over Ω̂
we have

1
2

d
dt

∫
Ω̂

η̂cv

ϑ̂
ϑ̃2
σnJdz + c0‖ϑ̃σnn‖20,Ω̂ ≤ cd‖ϑ̃σnn‖

2
0,Ω̂ + c[‖û‖21,Ω̂ + ‖ϑ̂σzτ‖20,Ω̂

+ ‖ϑ̂σ‖21,Ω̂ + ‖ϑ̂σt‖21,Ω̂ + (X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)X̄1(Ω̂)]. (3.31)

For an interior subdomain Ω̃ (which is one of Ω̃′is, i ∈ M) the following
estimate is obtained in the same way as (3.25)

1
2

d
dt

∫
Ω̃

(
ηũ2

ξ +
pη
η
η̃2
σξ +

ηcv
ϑ
ϑ̃2
σξ

)
Adξ + +c0(‖ũ‖22,Ω̃ + ‖ϑ̃σξξ‖20,Ω̃

≤ ε(‖η̃σξ‖20,Ω̃ + ‖ũξξ‖20,Ω̃ + ‖ϑ̃σξξ‖20,Ω̃) + c[‖u‖21,Ω̃ + ‖ϑσ‖21,Ω̃

+ ‖ησ‖20,Ω̃ + X̄1(Ω̃)(X̄1(Ω̃) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)(1 + X̄1(Ω̃))], (3.32)

where Ω̃ is one of the interior subdomains Ω̃i, i ∈M and

X̄1(Ω̃) = |u|22,0,Ω̃ + |ϑσ|22,0,Ω̃ + |ησ|22,0,Ω̃. (3.33)

Finally, we have
1
2

d
dt

∫
Ω

ηu2
ξAdξ ≤ c(‖u‖21,Ω + ‖ut‖21,Ω), (3.34)

where we have used (3.4)2.
Now, assume that ε is sufficiently small and multiply estimate (3.27) by

a sufficiently large constant D1. Adding the result to inequality (3.29) we
obtain

1
2

d
dt

∫
Ω̂

(
D1

pη̂
η̂
η̃2
σn + η̂ũ2

3n

)
Jdz + c0(‖η̃σn‖20,Ω̂ + ‖ũ3nn‖20,Ω̂)

≤ cd‖ũnn‖20,Ω̂ + c
[
‖ũzτ‖20,Ω̂ + ‖û‖21,Ω̂ + ‖ũt‖21,Ω̂ + ‖η̂σ‖20,Ω̂ + ‖ϑ̂σ‖21,Ω̂

+ (X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)X̄1(Ω̂)

]
. (3.35)
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Next, multiply inequality (3.25) by a sufficiently large constant D2.
Adding the obtained result to (3.35) and (3.31) we get

1
2

d
dt

∫
Ω̂

[
D2

(
η̂ũ2

τ +
pη̂
η̂
η̃2
στ +

η̂cv

ϑ̂
ϑ̃2
στ

)
+D1

pση̂
η̃
η̃2
σn + η̂ũ2

3n

]
Jdz

+ c0(‖ũτ‖21,Ω̂ + ‖ϑ̃σzz‖20,Ω̂ + ‖η̃σn‖20,Ω̂ + ‖ũ3nn‖20,Ω̂)

≤ ε‖η̂σz‖20,Ω̂ + cd‖ũnn‖20,Ω̂ + c
[
‖û‖21,Ω̂

+ ‖ϑ̂σ‖21,Ω̂ + ‖η̂σ‖20,Ω̂ + ‖ũt‖21,Ω̂ + ‖ϑ̂σt‖21,Ω̂

+ X̄1(Ω̂)(X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)(1 + X̄1(Ω̂))

]
. (3.36)

Finally, summing up (3.36) over all i ∈ N ,adding the result to (3.34),
(3.32) (for all i ∈M) and (3.16) multiplied by a sufficiently small constant
ε1, and then returning to variables x we obtain estimate (3.12).

This completes the proof.

Next, we have

Lemma 3.2. Let p ∈ C2(R1
+ × R1

+), cv ∈ C2(R1
+ × R1

+) and assume (1.2),
(3.2), (3.3). Let (v, θ, %) be a solution of (1.1). Then

1
2

d
dt
φ2(t,Ω) + C̄2(‖vt‖22,Ωt + ‖%σt‖21,Ωt + ‖θσtxx‖20,Ωt)

≤C3(‖v‖21,Ωt+‖vt‖
2
1,Ωt+‖vtt‖

2
1,Ωt+‖θσ‖

2
2,Ωt+‖θσt‖

2
1,Ωt+‖θσtt‖

2
1,Ωt

+‖%σt‖20,Ωt+‖%σ‖
2
0,Ωt)

+ C4X̄1X̄2(1 + X̄2
1 ) + C5X̄2

∥∥∥ t∫
0

vdt′
∥∥∥2

3,Ωt
, (3.37)

where

φ2(t,Ω) =
∑
i∈M

∫
Ω̃i

(
ηũ2

tξ +
pη
η
η̃2
σtξ +

ηcv
ϑ
ϑ̃2
σtξ

)
Adξ

+
∑
i∈N

∫
Ω̂i

[
D4

(
η̂ũ2

tτ +
pη̂
η̃
η̃2
σtτ +

η̂cv

ϑ̂
ϑ̃2
σtτ

)
+

+D3
pση̂
η̂
η̃2
σnt + η̂ũ2

3nt +
η̂cv

ϑ̂
ϑ̃2
σnt

]
Jdz +

∫
Ω

ηu2
tξAdξ, (3.38)

X̄2 = |v|23,1,Ωt+|θσ|
2
3,1,Ωt+‖%σ‖

2
2,Ωt+‖%σt‖

2
2,Ωt+‖%σtt‖

2
1,Ωt , (3.39)
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D3, D4 are constants depending on the same quantities as C̄2, C3, C4, C5;
X̄1 is given by (3.14).

Proof. Differentiating problem (3.15) with respect to t we get the following
elliptic problem

µ∇2
uut + ν∇u∇u · ut − pση∇uησt

= ησtut + ηutt + pσϑηησt∇uϑσ + pσϑϑϑσt∇uϑσ
+ pσϑ(∇u),tϑσ + pσϑ∇uϑσt + pσηηησt∇uησ
+ pσηϑϑσt∇uησ + pση(∇u),tησ − ν(∇u∇u),t · u− µ(∇2

u),tu ≡ K1 in Ω,
div uut = div uut in Ω,

Tu(ut, pσt)n̄u = −(n̄uTu),t(u, pσ) ≡ K2 on S.

By the Agmon-Douglis-Nirenberg theory (see [1]) we have the estimate

‖ut‖22,Ω + ‖ησt‖21,Ω (3.40)

≤ c(‖K1‖20,Ω + ‖K2‖21/2,S + ‖pσϑϑσtn̄u‖21/2,S + ‖div ut‖21,Ω),

where

‖K1‖20,Ω + ‖K2‖21/2,S + ‖pσϑϑσtn̄u‖21/2,S ≤ c(‖ησ‖
2
1,Ω + ‖ϑσ‖21,Ω

+ ‖ϑσt‖21,Ω + ‖utt‖20,Ω) + cX̄1(Ω)(X̄2(Ω) +
∥∥∥ t∫

0

udt′
∥∥∥2

3,Ω
),

X̄1(Ω) = |u|22,0,Ω + |ησ|22,0,Ω + |ϑσ|22,0,Ω,
X̄2(Ω) = |u|23,1,Ω + |ϑσ|23,1,Ω + ‖ησ‖22,Ω + ‖ησt‖22,Ω + ‖ησtt‖21,Ω.

In view of (3.40) it remains to obtain estimates for ‖div ut‖21,Ω and for

1
2

d
dt
φ2(t,Ω) + C̄2‖θσtxx‖20,Ωt .

Consider first boundary subdomains Ω̂i, i ∈ N . Differentiate (3.11)1 with
respect to t and τ , multiply the result by ũtτJ and integrate over Ω̂ (which
is one of Ω̂′is). Next, divide (3.11)3 by ϑ̂, differentiate the result by t and
τ , multiply by ϑ̃σtτJ and integrate over Ω̂. Using the Korn inequality and
equation (3.11)2 we get

1
2

d
dt

∫
Ω̂

(
η̂ũ2

tτ +
η̂cv

ϑ̂
ϑ̃2
σtτ

)
Jdz + c0(‖ũtτ‖21,Ω̂ + ‖ϑ̃σtτz‖20,Ω̂)

−
∫
Ŝ

(T̂(ũ, p̃σ)n̂),tτ ũtτJdzŜ − {
∫
Ŝ

1

ϑ̂
(n̂ · ∇̂ϑ̂σ),tτ ϑ̃σtτJdzŜ
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−
∫
Ω̂

p̃σtτ ∇̂ · ũtτJdz +
∫
Ω̂

p̃σϑ̂ϑ̃σtτ ∇̂ · ũtτJdz

≤ ε(‖ũtτ‖21,Ω̂ + ‖η̂σtτ‖20,Ω̂ + ‖ϑ̂σtτz‖20,Ω̂)

+ c
[
‖ût‖21,Ω̂ + ‖û‖22,Ω̂ + ‖η̂σ‖21,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖ϑ̂σt‖21,Ω̂ +

X̄1(Ω̂)X̄2(Ω̂)(1 + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
, (3.41)

where X̄1(Ω̂) is defined by (3.18) and

X̄2(Ω̂) = |û|23,1,Ω̂ + |ϑ̂σ|23,1,Ω̂ + ‖η̂σ‖22,Ω̂ + ‖η̂σt‖22,Ω̂ + ‖η̂σtt‖21,Ω̂. (3.42)

Using boundary conditions (3.11)4–(3.11)5 we obtain

−
∫
Ŝ

(T̂(ũ, p̃σ)n̂),tτ ũtτJdzŜ = −
∫
Ŝ

(B̂ij(û, ζ̂)n̂j),tτ ũitτJdzŜ

= c̄

∫
Ŝ

∂1/2
τ ((B̂ij(û, ζ̂)n̂j),t)∂1/2

τ (ũitτJ)dzŜ (3.43)

≤ ε‖ũtτ‖21,Ω̂ + c
[
‖ût‖21,Ω̂ + X̄2(Ω̂)(X̄1(Ω̂) +

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂
)
]

and

−
∫
Ŝ

1

ϑ̂
(n̂ · ∇̂ϑ̂σ),tτ ϑ̃σtτJdzŜ

= −
∫
Ŝ

1

ϑ̂
(n̂ · ∇̂ζ̂ϑ̂σ),tτ ϑ̃σtτJdzŜ + {a

∫
Ŝ

1

ϑ̂
ϑ̃2
σtτJdx

≡ I + {a
∫
Ŝ

1

ϑ̂
ϑ̃2
σtτJds, (3.44)

I = c̄

∫
Ŝ

∂1/2
τ ((n̂ · ∇̂ζ̂ϑ̂σ),t) · ∂1/2

τ

(
1

ϑ̂
ϑ̃σtτJ

)
dzŜ

≤ ε‖ϑ̃σtτ‖21,Ω̂ + c
[
‖ϑ̂σt‖21,Ω̂ + X̄2(Ω̂)(X̄1(Ω̂) +

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂
)
]
.
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Moreover, we have

−
∫
Ω̂

p̃σtτ ∇̂ · ũtτJdz =−
∫
Ω̂

pη̂η̃σtτ ∇̂ · ũtτJdz

−
∫
Ω̂

pϑ̂ϑ̃σtτ ∇̂ · ũtτJdz + I1, (3.45)

where

|I1| ≤ ε‖ũtτ‖21,Ω̂ + c
[
‖η̂σ‖20,Ω̂ + ‖ϑ̂σ‖20,Ω̂ + X̄2

1 (Ω̂)
]

(3.46)

and

−
∫
Ω̂

pση̂η̃σtτ ∇̂ · ũtτJdz =
1
2

d
dt

∫
Ω̂

pση̂
η̂
η̃2
σtτJdz + I2, (3.47)

where

|I2| ≤ ε‖η̃σtτ‖20,Ω̂ + c
[
‖û‖21,Ω̂ + ‖ût‖21,Ω̂

+ X̄1(Ω̂)X̄2(Ω̂)(1 + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
. (3.48)

Summarizing inequalities (3.41), (3.43)–(3.48) and assuming that ε is
sufficiently small we get

1
2

d
dt

∫
Ω̂

(
η̂ũ2

tτ +
pη̂
η̂
η̃2
σtτ +

η̂cv

ϑ̂
ϑ̃2
σtτ

)
Jdz

+ c0(‖ũtτ‖21,Ω̂ + ‖ϑ̃σtτz‖20,Ω̂ + ‖ϑ̃σtτ‖20,Ŝ)

≤ ε‖η̂σtτ‖20,Ω̂ + c
[
‖ût‖21,Ω̂ + ‖û‖22,Ω̂ + ‖η̂σ‖21,Ω̂ + ‖ϑ̂σt‖21,Ω̂ + ‖ϑ̂σ‖22,Ω̂

+ X̄1(Ω̂)X̄2(Ω̂)(1 + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
. (3.49)

Next, differentiate the third component of (3.26) with respect to t, mul-
tiply the result by η̃σtnJ and integrate over Ω̂. We obtain

1
2

d
dt

∫
Ω̂

pη̂
η̂
η̃2
σtnJdz + c0‖η̃σtn‖20,Ω̂

≤ ε‖η̃σtn‖20,Ω̂ + cd‖ũnnt‖20,Ω̂ + c
[
‖η̂σt‖20,Ω̂ + ‖η̂σ‖20,Ω̂

+ ‖ϑ̂σt‖21,Ω̂ + ‖ϑ̂σ‖20,Ω̂ + ‖û‖22,Ω̂ + ‖ût‖21,Ω̂
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+ ‖ũtt‖20,Ω̂ + ‖ũtτz‖20,Ω̂

+ X̄1(Ω̂)X̄2(Ω̂)(1 + X̄1(Ω̂)) + X̄2(Ω̂)
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂

]
, (3.50)

where d is from formulas (3.8) and (3.9).
Now, differentiating the third component of (3.28) with respect to t we

obtain the equation

η̂ũ3tt − µ∆ũ3t − ∇z3∇ · ũt = −η̂σtũ3t + ∇̂3p̃σt + k43t − k93t. (3.51)

Multiplying (3.51) by ũ3nntJ and integrating over Ω̂ gives

1
2

d
dt

∫
Ω̂

η̂ũ2
3ntJdz + c0‖ũ3nnt‖20,Ω̂ ≤ (ε+ cd)‖ũnnt‖20,Ω̂

+ c
[
‖η̂σt‖20,Ω̂ + ‖η̃σtn‖20,Ω̂ + ‖ϑ̂σt‖20,Ω̂ + ‖ũtt‖21,Ω̂ + ‖ũt‖21,Ω̂ + ‖ũtτz‖20,Ω̂

+ X̄1(Ω̂)(X̄2(Ω̂) + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
. (3.52)

Now, we estimate ϑ̃σnnt. To do this differentiate (3.30) with respect to t,
multiply by ϑ̃σnntJ , divide by ϑ̂ and integrate over Ω̂. We get

1
2

d
dt

∫
Ω̂

η̂cv

ϑ̂
ϑ̃2
σntJdz + c0‖ϑ̃σnnt‖20,Ω̂

≤ (ε+ cd)‖ϑ̃σnnt‖20,Ω̂ + c
[
‖ϑ̂σtτz‖20,Ω̂ + ‖ϑ̂σtt‖21,Ω̂ + ‖ϑ̂σt‖21,Ω̂ + ‖ϑ̂σ‖21,Ω̂

+ X̄1(Ω̂)X̄2(Ω̂)(1 + X̄1(Ω̂)) + X̄2(Ω̂)
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂

]
. (3.53)

For an interior subdomain the following estimate holds

1
2

d
dt

∫
Ω̃

(
ηũ2

tξ +
pη
η
η̃2
σtξ +

ηcv
ϑ
ϑ̃2
σtξ

)
Adξ + c0(‖ũt‖22,Ω̃ + ‖ϑ̃σtξξ‖20,Ω̃)

≤ ε(‖ũtξξ‖20,Ω̃ + ‖ϑ̃σtξξ‖20,Ω̃ + ‖η̃σtξ‖20,Ω̃) + c
[
‖ut‖21,Ω̃ + ‖u‖22,Ω̃

+ ‖ησ‖21,Ω̃ + ‖ϑσ‖22,Ω̃ + ‖ϑσt‖21,Ω̃ + X̄1(Ω̃)

X̄2(Ω̃)(1 + X̄2
1 (Ω̃)) + X̄2(Ω̃)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
, (3.54)
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where X̄1(Ω̃) is defined by (3.33) and

X̄2(Ω̃) = |u|23,1,Ω̃ + |ϑσ|23,1,Ω̃ + ‖ησ‖22,Ω̃ + ‖ησt‖22,Ω̃ + ‖ησtt‖21,Ω̃. (3.55)

Finally, we obtain

1
2

d
dt

∫
Ω

ηu2
tξAdξ ≤ ε‖utt‖21,Ω + c‖ησt‖21,Ω‖ut‖22,Ω + c‖ut‖21,Ω. (3.56)

Taking into account estimates (3.40), (3.49), (3.50), (3.52)–(3.54), (3.56)
and repeating the argument from the last part of the proof of Lemma 3.1
we get (3.37).

This completes the proof.

Finally, we prove

Lemma 3.3. Let p ∈ C2(R1
+ × R1

+), cv ∈ C2(R1
+ × R1

+) and assume (1.2),
(3.2), (3.3). Let (v, θ, %) be a solution of (1.1). Then

1
2

d
dt
φ3(t,Ω) + C̄3(‖v‖23,Ωt + ‖%σ‖22,Ωt + ‖θσxxx‖20,Ωt)

≤ C6(‖v‖22,Ωt + ‖vt‖22,Ωt + ‖θσ‖22,Ωt + ‖θσt‖22,Ωt + ‖%σ‖21,Ωt)

+ C7X̄1X̄2(1 + X̄2
1 ) + C8X̄2

∥∥∥ t∫
0

vdt′
∥∥∥2

3,Ωt
, (3.57)

where

φ3(t,Ω) =
∑
i∈M

∫
Ω̃i

(
ηũ2

ξξ +
pη
η
η̃2
σξξ +

ηcv
ϑ
ϑ̃2
σξξ

)
Adξ

+
∑
i∈N

∫
Ω̂i

[
D7

(
η̂ũ2

ττ +
pη̂
η̂
η̃2
σττ +

η̂cv

ϑ̂
ϑ̃2
σττ

)

+D6

(
D5

pη̂
η̂
η̃2
σnτ + η̂ũ2

3nτ

)
+
pη̂
η̂
η̃2
σnn +

η̂cv

ϑ̂
(ϑ̃2
σnτ + ϑ̃2

σnn)
]
Jdz

+
∫
Ω

ηu2
ξξAdξ; (3.58)

Di (i = 5, 6, 7) are constants depending on the same quantities as C̄3 and
Ci (i = 6, 7, 8), d2

ξξ =
∑3

i,j,k=1 d
2
iξjξk

, d ∈ {ũ, u}, g2
ξξ =

∑3
j,k=1 g

2
ξjξk

, g ∈
{η̃σ, ϑ̃σ}, h2

ττ =
∑2

j,k=1 h
2
τjτk

, h ∈ {η̃σ, ϑ̃σ}, ũ2
ττ =

∑3
i=1
∑2

j,k=1 ũ
2
iτjτk

; X̄1

and X̄2 are given by (3.14) and (3.39), respectively.
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Proof. First we consider problem (3.15). By the Agmon-Douglis-Nirenberg
theory (see [1]) we have

‖u‖23,Ω + ‖ησ‖22,Ω ≤ c
[
‖ut‖21,Ω + ‖ϑσ‖22,Ω + ‖div u‖22,Ω

+ ‖ησ‖22,Ω‖ut‖21,Ω + ‖ϑσ‖22,Ω
∥∥∥ t∫

0

udt′
∥∥∥2

3,Ω

]
. (3.59)

Thus, to obtain (3.57) we have to estimate ‖div u‖22,Ω and

1
2

d
dt
φ3(t,Ω) + C̄3‖θσxxx‖20,Ωt .

To do this consider first boundary subdomains Ω̂i, i ∈ N . Differentiate
(3.11)1 twice with respect to τ , multiply the result by ũττJ and integrate
over Ω̂. Next, divide (3.11)3 by ϑ̂, differentiate the result twice with respect
to τ , multiply by ϑ̃σττJ and integrate over Ω̂ (which is one of Ω̂′is). Using
the Korn inequality, continuity equation (3.11)2 and boundary conditions
(3.11)4–(3.11)5 we get

1
2

d
dt

∫
Ω̂

(
η̂ũ2

ττ +
pη̂
η̂
η̃2
σττ +

η̂cv

ϑ̂
ϑ̃2
σττ

)
Jdz

+ c0(‖ũττ‖21,Ω̂ + ‖ϑ̃σττz‖20,Ω̂ + {a‖ϑ̃σττ‖20,Ŝ)

≤ ε(‖η̂σττ‖20,Ω̂ + ‖ũττ‖21,Ω̂ + ‖ϑ̃σττz‖20,Ω̂) + c
[
‖û‖22,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖η̂σ‖21,Ω̂

+ X̄1(Ω̂)X̄2(Ω̂)(1 + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
, (3.60)

where X̄1(Ω̂) and X̄2(Ω̂) are given by (3.18) and (3.42) respectively.
In the same way we obtain the following estimate in an interior subdomain

Ω̃ (which is one of Ω̃′is)

1
2

d
dt

∫
Ω̃

(
ηũ2

ξξ +
pη
η
η̃2
σξξ +

ηcv
ϑ
ϑ̃2
σξξ

)
Adξ + c0(‖ũ‖23,Ω̃ + ‖ϑ̃σ‖23,Ω̃)

≤ ε(‖η̃σξξ‖20,Ω̃ + ‖ũξξξ‖20,Ω̃ + ‖ϑ̃σξξξ‖20,Ω̃) + c
[
‖u‖22,Ω̃ + ‖ϑσ‖22,Ω̃ + ‖ησ‖21,Ω̃

+ X̄1(Ω̃)X̄2(Ω̃)(1 + X̄2
1 (Ω̃)) + X̄2(Ω̃)

∥∥∥ t∫
0

udt′
∥∥∥2

3,Ω̃

]
, (3.61)

where X̄1(Ω̃) and X̄2(Ω̃) are given by (3.33) and (3.55), respectively.
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Now, differentiate the third component of (3.26) with respect to τ , mul-
tiply the result by η̃σnτJ and integrate over Ω̂. We get

1
2

d
dt

∫
Ω̂

pη̂
η̂
η̃2
σnτJdz + c0‖η̃σnτ‖20,Ω̂ ≤ ε‖η̃σnτ‖

2
0,Ω̂

+ cd‖û‖23,Ω̂ + c
[
‖û‖22,Ω̂ + ‖ût‖21,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖η̂σ‖21,Ω̂ + ‖ũzττ‖20,Ω̂

+ X̄1(Ω̂)(X̄2(Ω̂) + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
(3.62)

where d is from formulas (3.8) and (3.9).
In the same way we obtain

1
2

d
dt

∫
Ω̂

pη̂
η̂
η̂2
σnnJdz + c0‖η̃σnn‖20,Ω̂ ≤ ε‖η̃σnn‖

2
0,Ω̂ + cd‖ũ‖23,Ω̂

+ c
[
‖û‖22,Ω̂ + ‖ût‖20,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖η̂σ‖21,Ω̂ + ‖ũznτ‖20Ω̂

+ X̄1(Ω̂)(X̄2(Ω̂) + X̄2
1 (Ω̂)) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
. (3.63)

Next, differentiating the third component of (3.28) with respect to τ ,
multiplying by ũ3nnτJ and integrating over Ω̂ yields

1
2

d
dt

∫
Ω̂

η̂ũ2
3nτJdz + c0‖ũ3nnτ‖20,Ω̂

≤ ε‖ũ3nnτ‖20,Ω̂ + cd‖û‖23,Ω̂ + c
[
‖ũ‖22,Ω̂ + ‖ũt‖22,Ω̂

+ ‖ũzττ‖20,Ω̂ + ‖η̃σnτ‖20,Ω̂ + ‖ϑ̂σ‖21,Ω̂ + ‖η̂σ‖21,Ω̂

+ X̄2(Ω̂)(X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)
]
. (3.64)

To estimate ϑ̃σnnτ differentiate (3.30) with respect to τ , multiply the
result by ϑ̃σnnτJ , divide by ϑ̂ and integrate over Ω̂. We obtain

1
2

d
dt

∫
Ω̂

η̂cv

ϑ̂
ϑ̃2
σnτJdz + c0‖ϑ̃σnnτ‖20,Ω̂

≤ ε‖ϑ̃σnτt‖20,Ω̂ + cd‖ϑ̃σzzz‖20,Ω̂ + c
[
‖ϑ̃σzττ‖20,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖ϑ̂σt‖22,Ω̂
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+ X̄2(Ω̂)(X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)
]
. (3.65)

Differentiating (3.30) with respect to n, multiplying the result by ϑ̃σnnnJ ,
dividing by ϑ̂ and integrating over Ω̂ yields

1
2

d
dt

∫
Ω̂

η̂cv

ϑ̂
ϑ̃2
σnnJdz + c0‖ϑ̃σnnn‖20,Ω̂

≤ ε‖ϑ̃σnnn‖20,Ω̂ + cd‖ϑ̃σzzz‖20,Ω̂ + c
[
‖ϑ̃σzττ‖20,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖ϑ̂σt‖22,Ω̂

+ X̄2(Ω̂)(X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)
]
. (3.66)

In order to estimate ‖(div ũ),nn‖20,Ω̂ rewrite equation (3.11)1 in the form

(ν + µ)∇zidiv ũ = −µ(∆ũi −∇zidiv ũ) + η̂ũit

− k4i + (µ∆ũi + ν∇zidiv ũ− µ∇̂2ũi − ν∇̂i∇̂ · ũ) (3.67)

+ p5η̂σ∇̂iζ̂ + p6ϑ̂σ∇̂iζ̂ + ζ̂pση̂∇̂iη̂σ + ζ̂pσϑ̂∇̂iϑ̂σ, i = 1, 2, 3,

where p5, p6 are defined by p̂σ = p(%̂e, θe)− p(%e, θe) = p5η̂σ + p6ϑ̂σ.
Differentiating the third component of (3.67) with respect to n gives

‖(div ũ),nn‖20,Ω̂ ≤ cd‖ũnnn‖
2
0,Ω̂ + c

[
‖ũτ‖22,Ω̂ + ‖û‖22,Ω̂

+ ‖ũt‖21,Ω̂ + ‖ϑ̂σ‖22,Ω̂ + ‖η̃σn‖21,Ω̂ + ‖η̂σ‖21,Ω̂

+ X̄2(Ω̂)(X̄1(Ω̂) +
∥∥∥ t∫

0

ûdt′
∥∥∥2

3,Ω̂
)
]
. (3.68)

To obtain an estimate for ‖ũτ‖22,Ω̂ consider the following elliptic problem

µ∇̂2ũ+ ν∇̂∇̂ · ũ− pση̂∇̂η̃σ = η̂ũt

+ (p5 − pση̂)η̂σ∇̂ζ̂ + (p6 − pσϑ̂)ϑ̂σ∇̂ζ̂

+ pσϑ̂ζ̂∇̂ϑ̂σ + ∇̂ · B̂(û, ζ̂) + T̂(û, pσ) · ∇̂ζ̂ in Ω̂, (3.69)

∇̂ · ũ = ∇̃ · ũ in Ω̂,

T̂(ũ, p̃σ)n̂ = k7 on Ŝ,

where

∇̂ · B̂(û, ζ̂) = {∇̂jB̂ij(û, ζ̂)}i=1,2,3, T̂(û, pσ) · ∇̂ζ̂ = {T̂ij(û, pσ)∇̂j ζ̂}i=1,2,3.
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Differentiating (3.69) with respect to τ and next using the Agmon-Douglis-
Nirenberg theory [1] we get

‖ũτ‖22,Ω̂ + ‖η̃στ‖21,Ω̂ ≤ c
[
‖ũττ‖21,Ω̂ + ‖ũ3nnτ‖20,Ω̂ + ‖û‖22,Ω̂ + ‖ũt‖21,Ω̂

+ ‖ϑ̂σ‖22,Ω̂ + ‖η̂σ‖21,Ω̂ + X̄2
1 (Ω̂) + X̄2(Ω̂)

∥∥∥ t∫
0

ûdt′
∥∥∥2

3,Ω̂

]
. (3.70)

Finally, we have

1
2

d
dt

∫
Ω

ηu2
ξξAdξ ≤ c(‖u‖22,Ω + ‖ut‖22,Ω) + cX̄2(Ω). (3.71)

Now, applying to inequalities (3.59)–(3.66), (3.68), (3.70) and (3.71) the
same argument as in the last part of the proof of Lemma 3.1 yields (3.57).

This concludes the proof.

Lemmas 3.1–3.3 and Lemmas 2.4, 2.5 imply Theorem 2 which is the main
result of the paper.

Proof of Theorem 2. Multiplying inequality (2.46) by a sufficiently large
constant and adding to (2.50) yields

1
2

d
dt
φ4(t) + C̄6(‖v‖21,Ωt + ‖vt‖21,Ωt + ‖vtt‖21,Ωt + ‖θσx‖20,Ωt

+ ‖θσ‖20,St + ‖θσt‖21,Ωt + ‖θσtt‖21,Ωt + ‖%σt‖20,Ωt + ‖%σtt‖20,Ωt)

≤ C10X̄1X̄2(1 + X̄2
1 ) + C11X̄1(1 + X̄1)

∥∥∥ t∫
0

vdt′
∥∥∥2

3,Ωt
, (3.72)

where

φ4(t) = ψ(t) +
∫
Ωt

(
%v2
tt +

p%
%
%2
σtt +

%cv
θ
θ2
σtt

)
dx. (3.73)

Using in (3.12) estimate (2.17) and then adding appropriately (3.12),
(3.37) and (3.57) we obtain

d

dt
(B1φ1(t,Ω) +B2φ2(t,Ω) +B3φ3(t,Ω))

+ C
[
‖v‖23,Ωt + ‖vt‖22,Ωt + ‖%σ‖22,Ωt + ‖%σt‖21,Ωt + ‖θσ‖23,Ωt + ‖θσt‖22,Ωt

]
≤ c
[
‖v‖21,Ωt + ‖vt‖21,Ωt + ‖vtt‖21,Ωt + ‖θσ‖21,Ωt + ‖θσt‖21,Ωt

+ ‖θσtt‖21,Ωt + ‖%σ‖20,Ωt + ‖%σt‖21,Ωt + ‖%σtt‖21,Ωt
]
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+ cX̄1X̄2(1 + X̄2
1 ) + cX̄1(1 + X̄1)

∥∥∥ t∫
0

vdt′
∥∥∥2

3,Ωt
. (3.74)

Adding appropriately (3.72) multiplied by a sufficiently large constant
and (3.74) we obtain (1.19). This concludes the proof.
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168 E. ZADRZYŃSKA and W. M. ZAJA̧CZKOWSKI

(on leave):

Institute of Mathematics

Polish Academy of Sciences

Śniadeckich 8

00-956 Warsaw, Poland

e-mail: wz@impan.gov.pl

Institute of Mathematics

and Operations Research

Military University of Technology

S. Kaliskiego 2

00-908 Warsaw, Poland


