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Abstract. This paper presents new existence results for singular dis-
crete boundary value problems for the one-dimension p-Laplacian. In
particular our nonlinearity may be singular in its dependent variable
and is allowed to change sign. Our results are new even for p = 2.

1. Introduction

An upper and lower solution theory is presented for the singular discrete
boundary value problem
{A<¢<Ay<i ~ 1)) +q(i) f(i,y(i)) =0, i€ N={1l,...,T}

y(0) = y(T + 1) =0, (1)

where ¢(s) = |s|P7%s, p > 1, T € {1,2,..}, N* = {0,1,...,T + 1} and
y: NT — R. Throughout this paper we will assume f: N x (0,00) — R is
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continuous. As a result our nonlinearity f(i,u) may be singular at u = 0
and may change sign.

Remark 1.1. Recall that a map f: N x (0,00) — R is continuous if it is
continuous as a map of the topological space N x (0, 00) into the topological
space R. Throughout this paper the topology on N will be the discrete
topology.

We will let C(N*1,R) denote the class of maps u continuous on N (dis-
crete topology), with norm ||u|| = max;cy+ |u(i)]. By a solution to (1.1) we
mean a y € C(NT,R) such that y satisfies (1.1) for i € N and y satisfies
the boundary condition.

The literature on the one—dimensional p-Laplacian (when the nonlinear-
ity is not singular in its dependent variable) is vast; see [18] and the ref-
erences therein. Also the existence of solutions to singular boundary value
problems in the continuous case have been studied in great detail in the
literature (see [6, 7, 8, 10, 13] (when p = 2) and [14, 15] and the references
therein). However, for the discrete case only a few papers have discussed
boundary value problems. For example see [4, 5, 11, 12] (when p = 2) and
[16, 17]. In [16] the nonlinearity f(i,u) may be singular at v = 0 and may
change sign, and the approach there is based on an argument initiated by
Habets and Zanolin in [10]. In this paper a new approach is given which
yields a very general existence theory for (1.1). Our results are new even
for p = 2. Not suprizingly our results improve considerable the results in
[2] (when p = 2) and [16, 17].

2. Some preliminary results

In this section we present some results from literature which will be
needed in Section 3.
We first state one well known result in [1].

Lemma 2.1 ([1]). Let v € C(NT,R) satisfy u(i) > 0 for i € N*. If
y € C(NT,R) satisfies
A?y(i—1)+u(i) =0, ie N={1,2,...,T}
y(0) =y(T+1) =0,
then
y(i) = p(@)[yl| forie N
here
(1) = min Tri-i i
= T+1 'T
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Lemma 2.2. Let [a,b] = {a,a+1,...,b} C N. Ify € C(NT,R) satisfies

A?y(i—1) <0, i€ la,b
yla—1)>0, y(b+1) >0,

then y(i) >0 foricla—1,b+1]={a—1,a,...,b+1} C NT.

Remark 2.1. Of course if b = a then Lemma 2.2 is immediate.

Proof. Set
b+1)— -1
Qi) = yla— 1) + OV

Let y(i) = u(i) + Q(i). Then A2?u(i —1) < 0, i € [a,b] and u(a — 1) =
u(b+ 1) = 0. Thus by Lemma 2.1, u(i) > 0 for i € [a — 1,b+ 1]. Since
Qi) >0, theny()>0f0rz€[a—1b+] O

(i+1—-a), i€fa—1,b+1].

Lemma 2.3. Let [a,b] = {a,a+1,... ,b} C N. Ify € C(N*,R) satisfies

AB(dy(i — 1)) <0, i€ o)
yla—1)>0, yb+1)>0,
then y(i) >0 fori€la—1,b+1]={a—1,a,...,b+1} C NT.

Proof. Notice A(¢p(Ay(i —1))) < 0 implies A?y(i — 1) < 0 for i € [a, b], so
the result follows from Lemma 2.2. O

Lemma 2.4. Let [a,b] = {a,a+1,....,b} C N. Ifu,v € C(NT,R) satisfy
AG(Au(i — 1)) < AG(Aui —1)), i€ lab
ula—1)>v(a—1), ulb+1)>v(b+1),

then u(i) > v(i) fori € [a—1,b+1]={a—1,a,..,b+1} C NT.

Proof. Suppose u(i) < v(i) for some ¢ € [a — 1,b + 1]. Since u(a — 1) >
v(a —1), u(b+ 1) > v(b+ 1), the function w(i) = u(i) — v(i) would have
a negative minimum at a point ig € [a,b]. Hence Aw(ip — 1) < 0, i.e.,
Au(ip — 1) < Av(ig — 1). Notice that

A@(Buli = 1)) < A@(dei = 1), i € o]
Sum both sides of the above inequality from iy to i € [ig,b] = {io,...,b} to
get

o(Au(i)) - B(Aulio — 1)) < $(Av(i)) — (Avlio — 1)), for all i € [ig,d],
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and so we have
B(Au(i)) — 9(A(i)) < $(Aulio — 1)) — $(Avio — 1)), for all i € [ig,b].
As a result
Aw(i) = Au(i) — Av(i) <0, for all i € [ig, b],
and so w(ip) > w(b+ 1) > 0, a contradiction. O

Consider the discrete boundary value problem

{A(gb(Ay(i — 1))+ F(i,y(i)) =0, ie N={1,...,T}

y(0) = A, y(T+1) =B, (2.1)

where A and B are given real numbers, ¢(s) = |s[P~2s, p > 1. The following
existence principle for problem (2.1) was established in [16, 17].

Lemma 2.5. Suppose that F(i,u): N x R — R is continuous, and there
exists h € C(N, [0,00)) with |F(i,u)| < h(i) fori € N. Then (2.1) has a
solution y € C(NT,R).

3. Existence theory

In this section we combine the ideas in [9] (when p = 2) and [16] to obtain
new results for the singular discrete boundary value problem

Alp(Ay(i = 1)) +q(i) f(i,y(i) =0, i€ N={1,..., T}
y(0) =y(T'+1) =0,

where our nonlinearity f may change sign. Our main result can be stated
immediately.

(3.1)

Theorem 3.1. Let ng € {1,2,....} be fixred and suppose the following con-
ditions are satisfied:

f: N x(0,00) = R is continuous (3.2)
q € C(N,(0,00)) (3-3)

there exists a function o € C(NT,R)
with a(0) = (T +1) =0, a >0 on N such (3.4)

that q(i) f(i,a(i)) > —A(¢(Aa(i — 1)) forie N
and
there exists a function 3 € C(NT,R) with
B(i) > (i) and B(i) > 1/ng fori e Nt with (3.5)
a(i) £, B(3)) < —A(S(AB(i — 1)) fori € N.
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Then (3.1) has a solution y € C(NT,R) with y(i) > «(i) forie NT.
Proof. We begin with the discrete boundary value problem
—A(¢(Ay(i — 1)) = q(@) f7, (i, y(@), i€ N
y(0) =y(T+1) =

here

!
no(by) =4 [y i) <y < B()
[, 8(0), v = B@).
From Lemma 2.5 we know that (3.6) has a solution y,, € C(N*,R). We
first show

2

Uno (1) > (i), i€ NT. (3.7)
Suppose (3.7) is not true. Since ypn,(0) > a(0) =0, yp, (T +1) > (T +1) =
0, then there exists [a,b] = {a,a+1,... ,b} C N such that
Yno (1) < a(?) on [a,b], yn,(a —1) > ala—1), yn,(b+1) > a(b+1).
Thus for ¢ € [a, b], we have
—A(¢(Ayng (i — 1)) =q(7) [, (0 yno (1)) = q(i) (i, (i)
>~ A(G(A(ali — 1))).

Since yn, (a >ala—1), yp,(b+1) > a(b+ ), it follows from Lemma
a(i

1)
2.4 that yn, (i) >

(i)fori€ela—1,b+1]={a—1,a,...,b+1} C N, a
contradiction.
A similar argument shows
Uno (1) < B(i) forie NT. (3.8)
Thus
i) < yny(7) < B(3) for i € N*. (3.9)
Now proceed inductively to construct yn,+1, Yng+2s Yng+3,--- as follows.

Suppose we have yy for some k € {ng,no + 1,n9 + 2,...} with «a(i) <
yk(i) < yg_1(i) for i« € N (here y,,—1 = ). Then consider the discrete
boundary value problem

—AG(Ay(i — 1)) = q(0) iy, (i, y(@D), i€ N

y(0) = kir (3.10)
here
fli,a(i),  y<a(i)
fl:+1(i’y>: f(i7y)a ()Sygy ()
fG (i), y = yi().
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Now Lemma 2.5 guarantees that (3.10) has a solution yx1; € C(N1,R),
and essentially the same reasoning as above yields

a(i) < yrp1(i) < yp(i) for i € NT. (3.11)
Thus for each n € {ng,ng+1,...} we have
a(i) < yn(i) < yn_1(0) < ... < ypo(i) < B(E) for i€ NT. (3.12)

Bolzano’s theorem guarantees the existence of a subsequence Z,,, of in-
tegers and a function y with y, converging to ¥y on N as n — oo through
Zny- Also y(0) =y(T'+ 1) = 0. Now yp, n € Zy,, satisfies y, (i) > a(i) >0
for i € N. Fix i € N, and we obtain

A(P(Ayn(i —1))) = o(Ayn(i)) — ¢(Ayn(i — 1))
= ¢(yn(l + 1) - yn(z)) - ¢(yn(2) - yn(Z - 1))
— A(p(Ay(i—1))), i € N, n € Zp,, n — o0,
and
f(,yn(?) — f(i,y(i)), i € N, n € Zy,, n — oo.

Thus A(é(Ay(i — 1)) + (i) f(i,y(7)) = 0 for i € N, y(0) = y(T' +1) = 0.
As a result y € C(NT,R) is a solution to (3.1) and also we have a(i) <
y(i) < B(i), i € NT.

(I

Suppose (3.2)—(3.4) hold, and in addition assume the following conditions
are satisfied:

q(i) f(i,y) = =A(d(Aa(i — 1))
{for (i,y) € N x {y € (0,00): y < (i)} (3:13)
and
there exists a function 3 € C(N1,R) with
(i) > — for i € N* with  (3.14)
no
46) 70, 5(1)) < —AG(ABG — 1)) for i € .

Then the result in Theorem 3.1 is again true. This follows immediately
from Theorem 3.1 once we show (3(i) > «a(i) for i € NT. Suppose it is
false. Since (0) > a(0) = 0,8(T' + 1) > a(T'+ 1) = 0, then there exists
[a,b] ={a,a+1,...,b} C N such that
B(i) < a(i) on [a,0], Bla—1) 2 ala—1), B(b+1) = a(b+1).
Thus for ¢ € [a, b], we have
q(i) f(i,8(i)) = —A(¢(Aa(i — 1)),

and therefore

—A(@(AB(i = 1)) = —A(P(Aai = 1)), i€ [a,b].
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Since B(a —1) > ala—1), B(b+1) > a(b+ 1), it follows from Lemma
2.4 that 8(i) > a(i) fori € [a— 1,0+ 1] = {a—1,a,... ,b+1} C Nt a
contradiction. Thus we have

Corollary 3.1. Let ng € {1,2,...} be fized and suppose (3.2)—(3.4), (3.13)
and (3.14) hold. Then (3.1) has a solution y € C(NT,R) with y(i) > (i)
forie NT.

Next we discuss how to construct the lower solution « in (3.4) and in
(3.13). Suppose the following condition is satisfied:

let n € {ng,no + 1,...} and associated with each n
there exists a constant kg > 0 such that for ¢ € N (3.15)

1
and 0 <y < L we have q(i) f(i,y) > ko.
Let a(i) = kv(i), i € N, where v € C(N*,[0,00)) is the solution of

A((Av(i—1)))+1=0, i€ N={1,...,T}
{v( )=v(T+1)=0; (3.16)

here

O<k<min{[k0]1/(p_1), L }

nol[v]]
Since A(¢(Av(i — 1))) < 0 implies A?v(i — 1) < 0 for i € N, it follows
from Lemma 2.1 that v(i) > wu(i)||v|| for i € N*. Thus, a(i) < 1/ng,
—A(p(Aa(i—1))) = kP~ < ko, a(0) = a(T +1) =0, a > 0 for i € N, so
(3.4) and (3.13) hold, since

q(i)f(i,y) = ko =2 =A(¢(Aa(i—1))), forie N, 0<y<a(i),

and
a(i)f(i, (D)) > ko > ~A(6(Aali — 1)), i€ N.

We combine this with Corollary 3.2 to obtain our next result.

Theorem 3.2. Let ng € {1,2,....} be fized and suppose (3.2), (3.3), (3.14),
and (3.15) hold. Then (3.1) has a solution y € C(NT,R) with y(i) > 0 for
1€ N.

Looking at Theorem 3.3 we see that the main difficulty when discussing
examples is the construction of the 8 in (3.14). Our next result replaces
(3.14) with a growth condition which is natural from an application view-
point and easy to check in practice. We first present the result in its full
generality.
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Theorem 3.3. Let ng € {1,2,...} be fized and suppose (3.2)—(3.4) hold.
Also assume the following condition is satisfied:

|f(@,9)] < g(y) + h(y) on N x (0,00) with
g > 0 continuous and nonincreasing on (0, 00)

and h > 0 continuous on [0, 00) (3.17)
— nondecreasing on (0, 00).
g
Also suppose there ezists a constant M > sup;cy+ o(i) with
1 M dy
by < / 3.18
oo (1 2 o A0 19
9(M)

holding; here

i i T J
bo = max (Z 671> a(2)), qul(Zq(z))) :
j=1

z=j Jj=t z=1

Then (3.1) has a solution y € C(N1,R) with y(i) > «(i) fori e N*.

Proof. Choose ¢ > 0, ¢ < M, with

1 M dy
o1 (1 + h(M)> /e () - (3.19)
g(M)

Without loss of generality assume 1/ng < . We consider the discrete
boundary value problem

Alp(Ay(i — 1 1 i 1+4——=)=0,7€ N,
(s D)+ 200) (1+257) =0 i€ o
y(0) =y(T+1) = -
First we consider the modified discrete boundary value problem
Al(8y(i — D)+ alig*(0(0) (1+ 217 ) =0, i€ . o
y(0) =y(T'+1) = p—
here . )
9 (y) = g<”°)’ Vg
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Now |g*(y)| = g*(y) < g(1/ng) for y € R, so Lemma 2.5 guarantees that
(3.21) has a solution 8 € C(NT,R). Let u(i) = 3(i)—1/ng fori € N*. Then
A(p(Au(i—1))) = A(p(AB(i—1))) < Ofori e N, and u(0) = u(T+1) = 0.
Lemma 2.3 guarantees that u(i) > 0, and so (i) > 1/ng for i € N*. Then
B is a solution to problem (3.20) also.

Now we claim that a(i) < 8(i) < M, i € NT. First we show

B(i) > a(i), i€ NT. (3.22)

Suppose (3.22) is false. Since B(0) = f(T'+ 1) = 1/ng > «(0) = (1) =0,
then there exists [a,b] = {a,a+1,... ,b} C N such that

B(i) < a(i) on [a,b], pla—1)>ala—1), pb+1)>ald+1).
Thus for i € [a, b], we have from (3.20) and M > sup,cy+ a(i) that

. o . h(M)
—A(P(AB(I = 1)) = q(i)g(B(2))(1 + m)
h(a(i))
g(a(i))

> q(i) f(i, (i) = —A($(Aa(i — 1))).
Since B(a — 1) > ala—1), f(b+ 1) > a(b+ 1), it follows from Lemma
2.4 that 8(i) > a(i) fori € [a—1,b+1] ={a—1,a,... ,b+1} C Nt a
contradiction.
Next we show

> q(i)g(e(i))(1 + )

B(i) <M, i€ NT. (3.23)
Since A(¢(AB(i — 1))) < 0 on N implies A?8(i — 1) < 0 on N, then
B(i) > 1/ng on N* and there exists ip € N with A3(i) > 0 on [0,ip) =
{0,1,... ,ip — 1} and AB(i) < 0 on [ig,T + 1) = {ig,ip + 1,...,T}, and
Blio) = 18]]-

Also notice that for z € N, we have

CABAB — 1)) = g(B(2)) (1 n ;fﬂﬂg)q(z). (3.24)

We sum the equation (3.24) from j+ 1 (0 < j < ig) to iy to obtain
1)) = 1 M 3 z))q(z
o500 = oastio) + (1+ 207 ) 3 et

Since AB(ip) <0, and B(z) > B(j + 1) when j + 1 < z <, we have
i0

o800 < 906+ (14250 ) 3 ) <o
z=j+1
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i.e.,

ABG) (1 L h()

o g(B(j + 1)) g(M)

Since g(3(j +1)) < g(u) < g(3(7)) for () < u < B(j +1) when j < ig, we

have
O du AB() o
/ﬁ(j) “L(g(B(j + 1))’ J <lo- (3.26)

g(u)) =
It follows from (3.25) and (3.26) that

D du (L PODY N .
Lo g =4 (14 5n Jo 1 2 e s <

B(5) z=j+1

)¢-1< A=), j<io.  (325)
z=j+1

and then we sum the above from 0 to ig — 1 to obtain

io » io—1
/j;)w?g(u)) o1 *) 2 o7 S

z=7+1
o M io . io .
— (1+9(M));¢ Bode 6

Similarly, we sum the equation (3.24) from ig to j (ip < j < T +1) to
obtain

. _ RM)\ <&
_B(AB(G)) = —S(ABl — 1)) + (1 n ggMi) 3 a0eate) 52t
Since AS(ig — 1) > 0, we have

ﬂ -1 M -1 ! 5 S
(B0 = ° <1+9<M>>¢ (2 a2

So we have

B() du —AB(5) . M " J . .
fogr o < 703G < (145 )¢ (e 2

and then we sum the above from ig to T" to obtain

Z2=10

Z=1g

J

/j;:()) ch(i;(u» <¢” (1 * ) Z 67 (Y alz).  (328)

J=to z2=1i0

Now (3.27) and (3.28) imply

B(io) du B(io) du . M
/s cbl(g(u))g/l/no o (g(u) =7 <1+9<M>>'
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This together with (3.19) implies ||3|| = ((i0) < M.
Observe that

£, B() < g(B(1) <1 N hW(?)))

9(6(2))
, h(M) .
<o) (14257 ) . iew.
Thus we have 3(i) > 1/ng and ((i) > (i) for i € NT with
~AG(A( ~ 1)) = dgB)( + ) = B, i € N
so that ((i) satisfies (3.5). The result follows from Theorem 3.1. O

Combining Theorem 3.4 with the comments before Theorem 3.3 yields
the following theorem.

Theorem 3.4. Let ng € {1,2,...} be fized and suppose (3.2), (3.3), (3.15)
and (3.17) hold. In addition assume there is a constant M > 0 with (3.18)
holding. Then (3.1) has a solution y € C(N*,R) with y(i) > 0 fori € N.

Proof. This follows immediately from Theorem 3.4 once we show there
exists & € C(NT,R) such that (3.4) hold, and

M > af(i) for each i € N*. (3.29)
Let a(i) = kv(i), i € N, where v is defined by (3.16), and

0 < k < min < [ko]/ P~V M
"ol [vl] [Jv]|

Thus, a(i) < 1/ng, —A(¢(Aa(i — 1)) = kP~ < ko, a(0) = a(T + 1) = 0,
a > 0 for i € N with (3.4) holding, since

2(0) (i 0(i) > k> ~A(d(Aali— 1)), i€ N.
Then a € C(NT,R) and (3.4), and (3.29) hold. O

Next we present an example which illustrates how easily the theory is
applied in practice.

Example 3.1. The boundary value problem

Ap(Ay(i — 1)) + o ([y()] ™ + [y(i))? + sin ?), ENT(330)
y(0) =y(T+1)=0
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with a > 0, 3 > 0 and o > 0 has a solution y € C(N*,R) with y(i) > 0 for
i€ N, if
-1 a+p—1
p— 1 p cotp
—_— —_—; 3.31
o< |:bl(05+p—1):| ces(l[)lgo)1+ca+ca+ﬁ7 ( )
here
i T
- i s 1)1 i /e-D )
b m]\?(z::( ERLDWEEY
To see this we will apply Theorem 3.5 with
g(i) =0, glu)=u"" h(u)=u’+1.
Clearly (3.2), (3.3), (3.15) and (3.17) hold. Also notice that (3.31) implies
that there exists M > 0 such that
p— 1 p—1 Moz+p—1
o< )
[bl(a—f—p - 1)] 1+ Mo+ MotB
and so (3.18) holds.
Thus all the conditions of Theorem 3.5 are satisfied so existence is guar-
anteed.

Remark 3.1. If § < p — 1 then (3.31) is automatically satisfied.
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