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Abstract. We study the existence of solutions to a class of problems
o+ f(tu) =0, u(0) =u(l) =0,
where f(t,-) is allowed to be singular at ¢t =0, t = 1.

1. Introduction

Consider the singular boundary value problem (BVP)
u” + f(t,u) =0, (1.1)
u(0) =u(1) =0, (1.2)
where f : (0,1) x R¥ — R* k € N, is singular both at the end points

t=0,t=1and f will be either a Carathéodory function, or a continuous
function. A model example for a continuous function f is

(u)
ftw) = 5
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where g is continuous. In the case v < 2 the Dirichlet problem (1.1)—(1.2)
was investigated by several authors ([1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15]). By a solution u of (1.1)—(1.2) in the continuous case we mean
a function u € C([0, 1], R¥) 0 C?((0, 1), R¥) satisfying (1.1) everywhere and
(1.2). In the Carathéodory case, this means a function u € C([0, 1], R¥) with
absolutely continuous derivative u which satisfies (1.1) almost everywhere
and (1.2). In the case 7 > 2 the standard method of finding a fixed point to
an appropriate integral operator (see below) will not be acting in the space
C of all continuous functions u : [0, 1] — RE.

2. The general framework

The present work shows that having v > 2, we shall obtain the existence
of solutions for the problem (1.1)—(1.2). The results here are different. Our
method of proof is based on the definition of the following subspace

. A 10| .
X, ._{ 60([0,1],R).te(og)(t(l_t))a < }

a € (0,1) with the norm

|u(t)|
l[ulla teszél,)l)t“(l —
where C([0,1],R¥) is the space of all continuous functions from [0, 1] into
R*, and | - | means the Euclidean norm in RF.

Functions from X, vanish immediately at the ends of the interval [0, 1]
and the family of X, is extending (increasing) when « decreases to 0. For
« > 1, the space is not sufficiently large. It is obvious that the convergence
in X, is the uniform convergence after multiplication by the function

t— (t(1—1t)

and that the compactness criterion in X, is the classical Ascoli-Arzela’s
theorem after the same operation. The first result Theorem 2.1 shows con-
ditions which guarantee that the Hammerstein operator connected with the
problem maps X, into itself and is completely continuous. After that the ex-
istence of a solution can be obtained by using either the Schauder fixed point
Theorem 3.1 or the Leray-Schauder continuation Theorem 4.1 is devoted
similar results for the Carathéodory case. The last result Theorem 6.2 con-
cerns positive solutions. Now (1.1)—(1.2) has a solution u = u(t) € C?(0,1)
if and only if u € C[0, 1] solves the operator equation

1
u(t) = /0 G(t, 5)f (5, u(s))ds. (2.1)
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Define the operator u — Tu by
Tu(t) := /1 G(t,s)f(s,u(s))ds, (2.2)
where ’

t(l—s) fort<s<lI,

is the Green function corresponding to the linear differential operator —u”
with the boundary value u(0) = u(1) = 0. Notice that

G(t,s) <s(1—s) foralls,tel0,1]. (2.3)

— <
G(t,s) = {s(l t) for0<s<t,

Remark 2.1. By definition of the Banach space X,, we can see that for
any u € X, there is M > 0 such that for all ¢t € (0,1), one has

lu(t)| < Mt*(1 — t)°.

Theorem 2.1. Let f: (0,1) x R¥ — R¥ be a continuous function. Assume
that f satisfies the following condition
(H): there exist

1
O<6§§7 c>0, v>2, p>~v-—1
such that for all t € (0,0) U (1 —46,1), and |u| <4,

cluf?

t < 2.4
k) < 50 (24)

Then if a € (0,1) satisfies the inequality
ap+1 >, (2.5)

the operator T maps X, into itself and is completely continuous.

Proof. Let u € X,. By Remark 2.1, there is M > 0 such that for any
t € (0,1) we have

lu(t)| < Mt*(1 —t)~.
This implies that there exists 0 < d; < ¢ such that for ¢ € (0,d;)U(1—61,1),
one obtains |u(t)| < d. Hence, by (2.2) and (2.3)

Tu(t)] = ] / ' G(t, ) (s, u(s))

<(/ " / 11_61 +f 5> S(1— )| (s u(s))|ds
<clulz ([ "y / 5) (s(1 — 5))™H1=7ds

ds
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1-61
+/ s(1 — 8)|f (5, u(s))|ds.

01
The first summand is finite by (2.5). Since the interval [1,1 — 01] is closed
and the function u : [61,1 — d1] — RF is continuous, hence the subset
u([01,1 — 61]) is compact in R¥.
Put
B = [(51, 1-— (51] X u([(51, 1-— 51])

Then fp is a bounded function on the set B, i.e., there exists M; > 0 such
that

for all (t,x) € B, and in consequence f;;él s(1—=38)|f(s,u(s))|ds exists. Thus

T is well defined. Now we shall prove that T" maps X, into itself. First we
verify, using the Lebesgue dominated convergence theorem, that:

Tu € C[0,1] (2.7)
and
[ Tu(t)|
sup ————
te(0,)t(1 — 1)@

In fact, let lim,,_.oo t,, = t. One has

Tu(ty) — Tult |<</5l /51 o /1;1>|G(tn,s)—G(t,s)|f(s,u(s))|ds
< ( / " /1 _51) n(s)(s(1 — )P ds + /5 5 Un(s)ds.

(2.8)

where
en(s) =c||ull8|G(tn, s) — G(L, s)|
Un(s) =M|G(ty, s) — G(t, s)|,

where
M = sup{|f(t,u)| : (t,u) € B} < o0,

one obtains

(since G is continuous), and

[¥n(s)] < 2s(1 —s) =: g(s).

We see that the function g is integrable. Therefore when n — oo

1-01
/ G, 5) — Gt 8[| (5, u(s))]ds — 0 (2.9)

61
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due to Lebesgue dominated convergence theorem. Now let

pn(s) = cl|ulla]G(tn, s) = G(L,5)[(s(1 = 5))*".

By the continuity of the function G, we have

lim ¢,(s) =0,

and
on(s) < c(s(1— )P H

which is an integrable function. Hence

81 1
lim (/ —|—/ ) on(s)ds = 0.
oo \Jo 1-6

Using (2.9)—(2.10), we have
lim Tu(t,) = Tu(t).

Hence Tu € C]0,1]. Notice that the map
1—t
U
(1 =1))"
is decreasing, and the map
Lt
(t(1 =)~
is increasing for any ¢ € (0,1), so one obtains
1-t¢ < 1-s f <
< or s <t,
(A —t)> ~ (s(l—s))*
and
i < ! for s <t
(s(1—s))> = (t(1 — 1))~ T
Let
G(t,s)
H(t,s) = ———"—+—.
(1 —t))*

By (2.11)—(2.12) we have

H(t,s) < (s(1—s))'"® for all s,t € [0,1].

Using (2.11), (2.12) and (2.6), one has

su M cllu : ' s(1 — s))ePtl—a=vg
S Gyl < I(/ +/1_§1)<<1 ))er+iza=ig

1-61
+ Ml/ (5(1 = s))'7%ds < 0.

01

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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This shows that for all © € X, Tu € X,, so that T : X, — X,. We
shall show that T is completely continuous. First we verify the continuity
of T. In fact, let lim, o u, = u in X,. We prove that Tu, — Tu in X,.
The sequence u,, as convergent is bounded, so there exists M > 0 such that
l|un|la < M for all n € N and ||u||o, < M. Therefore there is §; € (0,0)
such that for ¢t € (0,61) U (1 — d1,1), one has |u,(t)| < § for n € N, and
lu(t)| < 6. We have

|| Tup — Tul|lo = sup Tun(t) - Tu(t)‘
te(0,1) (t(l - t))a

</061 " /511_61 + /;) (s(1 =)' f(s,un(s)) — f(s,u(s))|ds.

Yn(s) = (s(1 = ) 7| f(s,un(s)) = f(s,u(s))]-

One obtains

<
Put

(¥ ()] < 2(s(1 = )" har(s)],

where

ha(s) = cMP(s(1—5))*~7, se(0,61)U(1—0q,1)
M N My, S € [51,1—51].

Then by the Lebesgue dominated convergence theorem Tu,, — T'u, as n —
00, in X,,.

We can see that the image T'(D) of any bounded set D C X, is relatively
compact in X4, i.e., the family {Fu: u € D}, where

Tu(t)
(t(1 = 1))’
is uniformly bounded by (2.8) and equicontinuous since the function H has
a continuous extension on the product [0, 1] x [0,1] , so that H is uniformly

continuous, i.e., for a given € > 0 there is > 0, such that for any s € [0, 1]
and t1,t9 € [0, 1] if |t1 — t2| <n then

Fu(t) :=

e £
H(ty,s) — H < B
[ (t1, 8) = H(t2, 8)] < mex <3cRPu’ 3M0> ’

where
My :=max{|f(t,u(t))| : t € [61,1 = &1], u € D},

1
pim [ (st 9 s,
0
and R is a radius of the ball containing the set D. One has

1
|Fu(t1) — Fu(ts)| = /0 (H(t1,8) — H(t2,5))f(s,u(s))ds
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(/61 /51 E /1151) |H(t1,s) — H(t2,s)||f(s, u(s))|ds
< cl[ull, (/‘51 /_ 1) \H(t1,8) — H(ts, 8)|(s(1 — 8))*P~7ds

1-41
[ H018) = Hloa, 95, ds =y + 2

01
We have

01 1 c
< P 1 — g))P—
Ji <ellullt (/ +/1 ) ) 3cRpM(s( )P =7ds

51
< —8))P Vds < 2e/3if |t1 — to| < 1,

1-61
bé/ [H (11, 5) — H{ta, )| s, uls))|ds < 5 i |12 — t2] < .

and

01
Therefore
|Fu(ty) — Fu(ty)| <e if |[t; —ta] <.

101

This means that the subset F'(D) consists of equibounded and equicontin-
uous functions. Using the Arzela-Ascoli theorem we can conclude that T is

completely continuous.

3. Application of Schauder theorem

O]

The following theorem gives a solution to the problem under assumption
of the sublinearity of f. Unfortunately, f loses his strong singularity at

t=0,t=1 for large |ul.

Theorem 3.1. Assume
(1) there exist

1
0<o< <5 c>0, v>2, p>~v-—-1
such that for anyt € (0,6) U (1 —6,1), u € R¥
cluf?
t <
(00)] < G

(1) there exist

E>0, ¢1>0, pe(0,1), v<

p—p+1

(3.1)
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such that for all t € (0,1), and |u| > E, one has

ciful?
ftu) < ——— (3-2)
(1 —1))”
Let o € (0,1) satisfy the condition (2.5). Set
wi=ap+l—a—vy, E=ap+1l—a-—v,
1-6 1-9
A2 ::/ (s(1—s))°ds and N\ ::/ (s(1 —s))l7%ds.
0 6
Let
M :=sup{|f(t,u)| : |u| < E;§ <t <1-6}.
If there is a positive number R such that
R > cR? (/ / ) (1 — 5))“ds + max(M A, c1 2 RP). (3.3)
1-6

Then the problem (1.1)—~(1.2) has a solution in X, with the norm ||ul|o < R.

Proof. Let
E(O,R) ={ue Xy ||Julla < R}

be a closed ball in X, centered at 0 with radius defined in (3.3). We shall
prove that T maps this ball into itself, i.e., T(B(0, R)) C B(0,R). In fact,
let u € B(0, R), one obtains

_</ o[ w0 )0t
<cRp</ /15) (1—s))“ds

+/5 (s(1 = 8))'"*max(M, c1||u| |~ (s(1 — 5))*~")ds.

sup
t€(0,1)

(1—ta

So for ||u||la < R, using (3.3), one has ||Tul|o < R. Hence T has a fixed
point due to Schauder Fixed Point Theorem. O

Remark 3.1. First assumption of the above theorem is slightly stronger
than condition (H) which guarantees the complete continuity of 7.
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Example 3.1.
v ol
for |[ul <1
t 1’;‘1%)3
fw=y - = . )
[3(75(1 “O)2 31— t))?»”“’ T30 —0)P 30112
for |u| € (1,4).

Let § = 1/2 and p = 4, v = 3 when ¢ is near the end points t =0, t = 1
of the interval [0, 1], and u € R with |u|-small, and

p:]j:

| =

when ¢ is everywhere on (0,1) with |u| > 4 =: E and let o € (1/2,5/7),
then by assumption, one has

1 0% 2
*:V<7:7_
2 “p—p+1 3
Let now
5 1 1
a:?a p:47 7:37 p:l/zi, (5257 and C:Cl:l,

then for these values the condition ap + 1 > + is satisfied and

1 1
wzl—a—I—ap—'y:?, le—a%—ap—y:?,

1-6 1-6
= s(1—s))'"%ds = = s(1 —s))ds =
= [ ras =0 = [0 - 9)tds =0,

</06 o[ )ea=ara = [0

It is easy to verify that there exists R > 0 which satisfies

1

dS:M.

=

1 4
goalt = H

Remark 3.2. The integral is computed by MAPLE 6.
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4. Application of the topological degree

We shall use the following theorem

Theorem 4.1 ([6, Lemma 2.5.1]). Let  be a bounded open set in a real
Banach space E, 0 € Q and A : Q) — E be completely continuous. Suppose
Au # pu, for all u € 02, pu > 1. Then the operator A has a fixed point in
Q.

Theorem 4.2. Suppose condition (H) holds and « satisfies (2.5). Assume
that there exists M > 0 such that for any |u| > M (t(1 —t))®, one has

(f(t,u),u) <0 forallte (0,1). (4.1)
Then the Dirichlet problem (1.1)—~(1.2) has a solution in X,.

Proof. First let us assume that inequality (4.1) is sharp. Let B(0, Mp) be
a ball in X, centered at 0 with radius Mg, where My = M + 1. We shall
prove that the BVP

u" = =Af(t,u), u(0)=u(l)=0, for e (0,1], (4.2)

has no solutions on dB(0, My). Suppose on the contrary that there exist ¢
and A > 0 satisfying (4.2) such that ||¢||o = My. Put

_ o)
O -

Since ¢ satisfies (4.2), then it is of the form

1
o(t) = A /O G(t, 5)f (s, o)) ds.

We can see that
t 1
J(t) = A /0 5£ (5, 0(s))ds + A / (1— )f (s, (s))ds

So by condition (H), one has ¢’ is a bounded function and then, due to the
I’Hospital theorem

li .

Jim %(t) — 0

Since the function ¢ is continuous, hence there is tg € (0, 1) such that
¢(to)

(to(1 —t0))™

Then | (tg)| = Mo, and one has

0= LDy = WD), D)=ty = 2 (t0), U(t).

= M,.
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Using (4.1)
d? 9 .
02 (b, =26 (t0), ¥(to)) > 0 (43)
a contradiction. Any solution of (4.2) is a zero of the operator (1/A\)I —T.
Hence, by Theorem 4.1 with A =T, u = 1/), the equation u — T'u = 0 has
a solution u € €.

Now, pass to the general case: inequality (4.1) is as in the statement
of the theorem. Perturbing the right-hand side of the differential equation
by —(1/n)u, where n € N, we have a solution w, by the first part of the
proof. It is easily seen that the sequence (u, ), satisfies the assumptions of
the Arzéla-Ascoli theorem. Thus it has a uniformly convergent subsequence
Up,, — w. The limit is a solution of the main problem. O

Example 4.1. Let
_u2n+1

N

where h € X,, t € (0,1), v € RY, 2n+1 >~y -1, and 1 > a >
(v—=1)/(2n+1). If h € X, we have

[A(#)] < M(¢(1 - 1)),
and for |u| > M(t(1 —t))*, one has
uf(t,u) <O0.

+ h(t),

It is obvious, since

|22
ht)] < ————
= Ga

for such u.

5. The Carathéodory conditions

Consider the Dirichlet problem (1.1)—(1.2) with f : (0,1) x R¥ — R¥ sat-
isfying the Carathéodory conditions, i.e., f(-,u) : t — f(t,u) is measurable
on (0,1) for each u € R¥ and f(t,-) : u — f(t,u) is continuous on R* for
almost all ¢t € (0,1). Let

1
= : s(1 — s h(s)|ds < oo Q
Ljpay = {h. /0 (s(1— ) |h(s)|ds < } oy

be the L'-space for the measure y on [0, 1] defined by the formula

() = [ (501 = )7
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Theorem 5.1. Suppose that f satisfies the Carathéodory conditions, and
for any M > 0 there is hyy € Liy_qoy, such that for any |u| < M(t(1 —t))®
we obtain

[f(tu)] < ha(t)
for a. e. t € (0,1). Then the operator T is completely continuous from X,
into Xo, where T is of the form (2.2).

Proof. By assumption and by the fact that
t(l—t) < (1 —-t)
for a € (0,1), and for any ¢ € [0, 1], one has
G(t,5)f(s,0(s))] < (1 = s)|har(s)]
for ||¢||o < M. This implies that

1
/0 s(1 — 8)[hag(s)|ds < oo,

and in consequence (2.2) exists. We prove that the operator T" maps X,

into itself. Let
Tu(t)

Fu(t) := =)

So the operator F is of the form:

Fu(t) := 1—t /Hts (s,u(s))ds.

Let ¢ € X, such that ||go|]a < M, so there exists har € L;_qy, and
1
IFe(t) = Pelto)] < [ 10,9) = H(to,5)]£(5,(5)|ds

SA”H“v H(to, s)||has (s)|ds.

Let

bi(s) == [H(t, 5) — H(to, s)||has(s)]-
Since the function H is uniformly continuous on the product [0, 1] x [0, 1],
then

lim |H(t,s) — H(to, s)||ha(s)] =0

t—to

uniformly with respect to ¢y € [0, 1], and
[e(s)] < 2(s(1 =) | (5)] =: g(5)-

Hence, using the Lebesgue dominated convergence theorem again, one has

1
mn/|H@ﬁ) H(to, )|t (s)|ds = .

t—to 0
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So

lim [F(t) - P(to)| = 0 (5.2)

for any ¢y € (0,1). This means that the function F¢ is continuous on [0, 1],
so that F'¢ is bounded and in consequence Tp € X, for any ¢ € X,.
Now we shall prove that the subset T(B(0, M)) is relatively compact in
X, i.e., the subset F(B(0, M)) consists of equibounded and equicontinuous
functlons. By (5.2), for any € > 0 there is 6 > 0 such that if |t — o] <
implies

1
/0 H(t, 5) — Hito, s)||har(s)|ds < &,

then for any function ||¢||o < M and |t —to| < 0

1
[Fio(t) — Fo(to)] < /0 |H(t,5) — H(to,s)|lhar(s)|ds < e,

i.e., the family {Fp : |||l < M} is equicontinuous. Moreover for ¢ € X,
and ||¢||o < M there exists hps € Lyj_qy such that

sup [Fy(t)] < sup / H(t,9) (s, o(s)]ds
te(0,1) te(0,1)

< /01(8(1 — s har(s)|ds =: N < 4o0.

Then the family {Fy : ||¢]la < M} is equibounded. By Arzéla-Ascoli
theorem the operator T is compact in X,. Now we shall prove that T is
continuous. In fact, let ¢, be a sequence of elements in X, converging to
some function ¢ of X,, i.e.,

llon — @lla — 0,

when n — oo. There is M > 0 such that ||¢n|la < M for all n € N and
l|¢lla < M. By assumption on f, one has

Tim £(t,0a(1)) = £t 0(0)
for almost all ¢. Let € > 0. Since the integral
1
[ st=spelha()las
0
exists then there is § > 0 such that for J C I, where I = [0,1], and u(J) <
5
1—s)'"h d
s = ) la(e)ias < 5.
Using the Egoroff theorem there is J; C I such that for p(J;) <6
Jim f(, on(1)) = [t (1))
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uniformly on I — Ji, so there exists ng € N, and for n > ng

9
(s(L=9)[f (s, 0n(s)) = f(s,0(s))] < 21T

for s € I — Jy. Therefore for all n > ng

sup 1Pult) = FoO] < [+ [ ) H0 915 00000) = S0l
9

t€(0,1)

§2u(1) /le pds + 2[}1(3(1 — s has(s)|ds
<E + - E.
-2 2
Then
1 Ton — Tolla <e.
This means that the operator 1" is continuous. ]

Now to prove that the problem (1.1)—(1.2) has a solution, we can re-
peat Theorem 4.2 and the application of the Theorem 3.1 for Carathéodory
functions.

6. Positive solutions

Now we look for a positive solution to problem (1.1)—(1.2) in dimension

k = 1, for simplicity. Function f : (0,1) x Ry — Ry (Ry = [0,00)) is
supposed to be continuous or to satisfy the Carathéodory conditions. Let £
be a real Banach space and P denote a cone in F, i.e. P C F is a nonempty
closed convex set such that

u€eEP, A>0 = Mlué€P;

uePN(-P) = u=0.
This cone defines a partial order in E:

u<v & wv—u€eP
and one can set
[u,v] :={we FE: u<w<v}.

Any operator defined on a subset of E is called increasing if

u<v = Tu<LTv.

If u < v and u # v, we write u < v.
We shall use the following theorem on fixed points for increasing opera-
tors.
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Theorem 6.1 ([6, Theorem 2.1.3]). Let E be a real Banach space, let
uo, v € E, ug < vy and T : [ug,vo] — E be an increasing operator such that
ug < Tug, Ty < vg. Suppose that T'([ug, vo]) is a relatively compact subset
of E. Then T has at least one fized point in [ug, vo).

Now let P, :={u € X, : u(t) >0, t € [0,1]} be a cone in the real Banach
space Xq. Similarly as in Section 2, we can prove that under condition (H),
(Theorem 2.1), the operator T' maps X, into itself, and 7" : X, — X, is
completely continuous.

Theorem 6.2. Let f be a non-negative continuous function satisfying the
condition (H), and there exist 1o > 0, ¢c9 > 0, § > —2 such that for any
t €(0,1), one has:

f(t,rot(1 — 1)) > co(t(1 —1))", (6.1)
Aco 2 To,
where
1
A= / (s(1 — ) *Pds. (6.3)
0
Suppose that there exists o < 1/2 satisfying the condition
ap+1>vy
and
t
lim sup M(75(1 —1))* =0, (6.4)
U=00¢c(0,1) U
f(t,-) is non-decreasing on RT for 0 <t < 1. (6.5)

Then the operator T has a fixed point in P,.

Proof. Define the operator u — Tu as in (2.2). Put
ug (t) =rot (1 —1). (6.6)

Since t(1 —t) < (t(1 —¢))* then ug(t) < ro(t(1 —¢))® and using (6.1), one
has

1
Tuo(t) = [ Gt uals)ds
>coro <(1 —t) /t s1HB(1 — 5)Pds —I—t/l s7(1 — s)ﬁﬂds)
0 t

1
>corot(1 — 1) /O (s(1 — 5))+Ads.
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y (6.2)—(6.3), one has

1
corot(1 — t)/ (s(1— ) "Bds > rot(1 — ) = ug ().
0
Therefore T'uy > up. Using (6.4) one obtains: there exists R > 7 such that

ft, R) 1
< .
R S Gai-n (6.7)
for any t € (0,1). Let vo(t) = R(t(1 —t))}~®. We observe that vy € Xa,
(since a < 1/2), vo(t) < R, for all t € [0,1], and o € (0, 1), up(t) < vo(t),
for any t € [0,1]. By (6.7), (2.11) and (2.12) we have

TUO()—/Gts (s,vo(s ds</Gts (s,R)ds

sds ! (1 —s)ds
SR/O“‘%u—s)) T
t tds (1 —t)ds
<R [ 0-050 g *R/t T

1
=R(t(1 - t))la/o ds = vo(t).

So for 0 <t <1 we have

T’Uo(t) < ’Uo(t).
We can apply Theorem 6.1. Therefore the operator T has one positive
solution. O

Example 6.1. Let p > v — 1. The following function satisfies all assump-
tions of the last theorem.
uP
flt,u) =< (1 —t)7
tP=Y(1 — )P~ for u > t(1 —t).

For 0 <u<wv<t(l-1t),

for 0 <u <t(1-t),

P P
F(t,u) = f(t,v) = ﬁ <0,
(since p >~y —12>1). For u <t¢(1 —t), and v > t(1 — t), one has
P
F(t.u) = f(tv) ﬁ A ) L

<tPTVI(1—=t)PTT =P (1 - )P = 0.
Now for t(1 —t) < u < v, we have

ft,u) — f(t,v) =0.
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Hence the function f(¢,-) is increasing for any ¢ € (0,1). We can see that

tim L8 _pa g

U—00 u

If u > rot(1 —t) and 9 > 1, then by (6.5) we note that
flt,u) > cot? (1 —1)°
and from the assumption, one has
fltu) =tP77(1 —t)P77,
So the inequality
PV = )P > cot? (1 — )P

must be satisfied and, in consequence, p — v < .

Remark 6.1. All examples in this paper are not natural and complicated
but they demonstrate the fact that such examples exist.

Remark 6.2. We have tried to apply the Krasnoselskii Fixed Point The-
orem for cone-expansion maps but it seems that it is impossible in our
situation.
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