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EXISTENCE OF SOLUTIONS FOR
NONLOCAL BOUNDARY VALUE PROBLEM
WITH SINGULARITY IN PHASE VARIABLES
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Abstract. In this paper, we prove existence results for singular prob-
le

() + f(ta(t),. .., D) =0, 0<t<1,
tD0)=0, 0<i<n-2, z"?P(1)= 01 £ (s5)dg(s).
Here the positive Carathédory function f may be singular at the zero

value of all its phase variables. Proofs are based on the Leray-Schauder
degree and Vitali’s convergence theorem.

1. Introduction

Let J =[0,1], R_ = (—00,0), Ry = (0,00), Ry = R\ {0}.
We investigate the existence of solutions for singular boundary value prob-
lem

2™ @)+ f(tx(t),...,.a"D@) =0, 0<t<1, (1.1)
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1
2D0)=0, 0<i<n-—2 221 = [ 2" (s)dg(s 1.2
(0)=0, 0<:i< , (1) (s)dg(s), (1.2)
0

where n > 2, the integral is in the sense of Riemann-Stieltjes and nonlinear
term f satisfies local Carathédory conditions on J x D(f € Car(J x D))
with

D:R+ X "'XR+.

—_——
n—2

The function f in (1.1) may be singular at the zero value of all its phase
variables.

Definition 1.1. A function z € AC"!(J) (i.e. x has absolutely continu-
ous the (n — 1)% derivative on J) is said to be a solution of boundary value
problem (1.1)-(1.2), if () > 0 on (0,1] for 0 < i < n — 2, x satisfies the
boundary condition (1.2) and (1.1) holds a.e. on J.

The purpose of this paper is to give conditions which guarantee the exis-
tence of a positive solution to BVP (1.1), (1.2).

This paper is mainly motivated by the works [8]-[9], [13], where the ex-
istence of two-point higher order BVPs with singularities in phase variables
was studied. In [3], Agarwal et al. consider the existence of solutions for
Lidstone boundary value problem as follows

(~1)"aC () = f(ta(t),...,2@2(t), te (0,T), 13)

22)(0) = 2@)N(T) =0, 0<j<n-1, '
where f € Car(J x D), and satisfying for a.e. t € J and for each
(.CU(], s >$2n—2) € Da

_ 2n—2
ft o, ... Tan—2) < B(t) Z tw;(|z5]) + Z h(t)]2;1,
Jj= Jj=0

where ¢, h; € Li(J) and ¢; € Loo(J) are nonnegative, w;: Rt — RT are
non-increasing, and

n—1 T2(n—i)=3 T
S:ZGn—i—l/O t(T —t)ho;(t)dt
1=0
n- 2T2n i—2)
+Z Gn—i—2 / t(T — t)hoir1(t)dt < 1
1=0

and .
/ wj(s)ds < oo, wj(uv) < Aw;(u)w;(v),
0
for 0 < j <2n — 2 and u,v € Ry with a positive constant A.
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Another motivation for this paper is the work [8] and [9], where the
nonlocal boundary value problem was considered. But nonlinear term f in
all these papers have not singularity. For example, in [9] the existence of a
solution of the following boundary value problem

™ (t) = f(t,z(t),2'(t),...,.2" D)), te(0,1),
zD0)=0 fori=0,1,...,k—1,

1 (1.4)
z0)(1) = / a:(j)(s)dGn_j(s) forj=k,....n—-1
0
was studied, where f: [0,1] x (R™)" — R™ is a Carathéodory function, f
has not singularity in phase variables, k € {1,...,n — 1}, the function G;
(i = k,...,n — k) takes value in linear space of all m x m square matrices.
The method used in [9] is Leray-Schauder degree theory.

Besides, there are many papers studied singular boundary value prob-
lems. For example second order singular boundary value problems was
investigated in Agarwal [2], Liu Bing [10], Zhang Zhongxin [13] and the
references therein. The existence of positive solutions for higher order sin-
gular boundary value problem was considered in [1]. Generality speaking,

nonlinear term f(¢, o, 1, ..., x,) satisfies the following conditions:
(1) f(t,x0,21,...,24) 1is non-increasing in wx; for each fixed
(t,l‘o,l‘l, e s i1y Lj41y- - ,ZL'q), 0<:< q;
(2) limg, oo f(t, 20, 21,...,24) = 0 uniformly on compact subsets of

(0,1) x (0,00)* 2,1 <i<n-1.

By using Leray-Schauder degree theory we get a new result on the ex-
istence of solution to boundary value problem (1.1)—(1.2). Meanwhile we
remove the restraint (1) and (2) on nonlinear term f. The approaches to
estimate a priori bound of the solutions to boundary value problem (1.1)—
(1.2) are different from the corresponding ones of the past work [8, 9]. At
last we give an example to illustrate our results.

From now on, ||z|| = max{|x(t)|: t € J}, ||z| 1 = fol |x(t)|dt and ||z]|c0 =
essmax{|x(t)|: 0 < t < 1} stand for the norm in C°(.J), L1(J), and Lo (J),
respectively. For any measurable set M C R, u(M) denotes the Lebesgue
measure of M.

The following assumptions imposed upon the function in (1.1) will be
used in the paper:

(Hy) f € Car(J x D) and there exists nonnegative functions ¢, ¢q; € Li(J),
o(t) # 0, hy € C(J x R) and non-increasing nonnegative function
wi € L1(R4), 0 <4 <n—2such that for (t,z) € J x D,

n—2

n—2
Ftxo, .. mng) = () + > qi(t)willzil) + > ha(t, 2:)
=0

=0
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and h; satisfies

h;(t, z;
lim sup ilt, ) =a; >0, «; are any constants in (0, 1),
@il =0 tef01] %l (1.5)

0<i<n-—2,

w; satisfies

wi(zy) < Aw;(2)wi(y) for z,y € (0,00),

1.6
A > 0 is a positive constant, (16)
1 t
/ w; (/ (t — s)”_S_Zs(l — s)ds) dt <oo, 0<i<n-—3,
0 0
. (1.7)
/ wn—2(s(1 — s))ds < o0;
0
(Hs) g is Lebesgue measurable, increasing on J and satisfies g(0) = 0,

g(1) < 1.

The paper is organized as follows. Section 2 presents priori bound of
solutions for BVP (1.1)-(1.2). Besides, we prove that some sets of functions
containing solutions of our auxiliary regular BVPs are uniformly absolutely
continuous on J. Section 3 we prove the existence of solution for boundary
value problem (1.1)—(1.2). Proof is based on the Arzela-Ascoli theorem and
the Vitali’s convergence theorem, see, e.g. [5], [6], [11]. Section 4 present
an example to illustrate our main result.

2. Auxiliary results

Lemma 2.1. Let ¢ € Li(J) be nonnegative and ¢(t) # 0. Suppose x €
AC™Y(J) satisfy (1.2) and
o(t) < —aM(t), tel (2.1)
Then we have on J for0 <i<n—1
(n—2)
@ > 12"
0 =0 T
2"7D(t) 2 "2 Je(1 - t).

t
/ (t—s)"37s(1 —s)ds, 0<i<n-—3,
0

Proof. By (1.2) we have

. t .
() = / 2 (s)ds, i=0,...,n—3. (2.2)
0
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By (2.1), we have z(»~2)(t) is concave on .J. So

min 22 (¢) = min{z"~2(0), 2" (1)}.
t€[0,1]

We claim z("~2)(1) > 0. If not,
1 1
"2 (1) :/ "2 (s)dg(s) > min x(”_g)(s)/ dg(s)
0 t€(0,1] 0
=" (1)g(1) > 2772 (1),
a contradiction. Thus we obtain z(*~2)(t) > 0 for t € J. So
=D (2) > oD (1 — 1) (2.3)

By (2.1)—(2.2) we have

, (n—2)
ZE(Z) (t) > H.%' H

—_ t — 5)"37ig(1 — s)ds.
> o e s

O]

Lemma 2.2. Let ¢ € L1(J) be nonnegative and ¢(t) #Z 0. Then there exists
a positive constant ¢ = c(¢) such that for each function x € AC™1(J)
satisfying (1.2) and

o(t) < =2 @), forae teJ,
the estimate ||x("=2)|| > ¢ holds.
Proof. By —z(™(t) > ¢(t) > 0, we know x("~2)(#) is concave on J. If

z=2(t) = 0, t € J, then z™(t) = 0, t € J, which contradicts that
—z(M(t) > #(t) and ¢(t) be nonnegative and ¢(t) # 0. O

Remark 2.1. It follows from Lemma 2.1 and Lemma 2.2 that for any so-
lution of BVP (1.1)—(1.2)

t
|$()(t>’2(n_3_2)'/0(t—8) 3 s(l—s)ds, ZZO,...,TL—g,

22 >ct(1 — ),
where ¢ = ¢(¢).

For each m € N, define X,,, and f,,, € Car(J x R") by the formulas

1
u, for u > —,
m
X (u) = )
—, for u < —,
m m
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and

n—2
Fnlts w0, 21, 2n2) =0(t) + Y qi(t)wi (X ()
=0

(2.4)
n—2
+ ) hilt, )
i=0
for (t,z0,...,%n_2) € J x R"1. Hence
0< ¢(t) gf?ﬂ(t7x07 EER) xnf2)
n—2 n—2 (25)
<o)+ > atwillzil) + > hilt, z:)
i=0 i=0
for a.e. t € J and each (zg,...,zy_2) € Rgil.
Consider auxiliary regular differential equation
2™ @) + fn(t,x(t),...,2"2D (@) =0 (2.6)
and
e @)+ Mo (t,2(t), ..., 27D ()) =0, Ae[0,1] (2.7)

depending on the parameters m € N.

Lemma 2.3. Let h: [0,1] — Ry be continuous. Suppose x(t) is a solution
of the following boundary value problem

™)+ h(t) =0, te(0,1),
1
{xU)(O) =0, i=0,...,n—2,  z"2(1) :/ "2 (5)dg(s).
0

Then x(t) can be uniquely expressed as

_ Atn_l B t(t_s)n—l \ds
)= = /0 1 e

where

A= 1/0115@(5) </01(1 — $)h(s)ds — /01 (/Or(r - s)h(s)ds) dg(r)) .

Proof. Sufficiency. First integrating both sides of equation (™ () +h(t) =
0 on [0, t], we have

2D () = -1 Q) - / h(s)ds.
0
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Integrating again the above equation on [0, ] and using the second boundary
condition we get
t

22 (1) = 21 (0)t — / (t — s)h(s)ds.

0
It follows that

/ol 2" (s)dg(s) = 2"1(0) /01 sdg(s) — /01 (/OT(T - S>h(s>d8> i)

Noticing boundary condition

2 21) = [l g,
0

we obtain the following equality

1 1
2" D(0) —/0 (1 —s)h(s)ds —x("l)(O)/O sdg(s)

1 r
([ o= anes) agio
0 0
holds, which means

S0 1/01@() ([ a=ompas— [ ( [ w=simisyas) asir)

=A.
So .
"2 (1) = At — / (t — s)h(s)ds.
0

Integrating the above equation on [0, ¢] for n — 2 times, we get

n—1 t — s n—1
o) = At —/O E=9)™ (s)ds

(n—1)! (n—1)!
holds.
Necessity. From the expression of z, it is easy to obtain x is a solution of
boundary value problem in Lemma 2.3. O

Lemma 2.4. Let m € N. If there exists a positive constant K such that
IV <K, 0<j<n-1 (2.8)

for any solution x of BVP (2.7), (1.2) with A € [0,1], then BVP (2.6), (1.2)
has a solution x satisfying (2.8).
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Proof. By Lemma 2.3 we know that solving (2.7), (1.2) is equivalent to
find x € C"~1(J) satisfying
Atn—l t (t _ S)TL—I
-\ A (n—1)
o) = A\ /\/0 S alsa(9)a s, (29
where A is defined in Lemma 2.3. It is easy to see that
S: () — o),
Atnfl t (t _ S)nfl
e AV (n—1)
(S2)(0) = 5y /O S a9 a Y ()
is a completely continuous operator. Since we can rewrite (2.9) as
x=ASz, Ael0,1]. (2.10)

By our assumption, (2.10) holds for any solution of (2.7), there exists a
solution z of the operator equation x = Sz by [6]. Of course, z is a solution
of BVP (2.6), (1.2) satisfying (2.8). O

For convenience we denote

ri- [ 1 <¢<s>+A:§qz~<sm ((n_g_),) oy ( / S(s—&)”“e(l—e)de)

+ gn—2(8) Awp_a(c)wn—2(s(1 — s))) ds.

Lemma 2.5. Let assumptions (Hy)—(Hs2) be satisfied. Furthermore, the
following inequality is satisfied

n—2

8%

H. — < L.
(Hy) Zz; (n—i—1)!
Then there exists a positive constant P such that 29| < P,0<j<n—1
for any solution x of BVP (2.7), (1.2) with m € N.

Proof. Let x be a solution of BVP (2.7), (1.2) for some m € N.
In what follows we will prove ||| < P, 0 < j < n — 1. The proof of
this lemma is divided into three steps.

Step 1. It follows from boundary condition that
) t (t _ 9)n—i—2
20(t) = / @), ted 0<i<n-—2  (211)
0 (n—1—2)!
Thus we have

2] < [« ), 0<i<n-2 (12)

(n—1i—1)!
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Step 2. Prove there exists a positive constant P such that
lz" P < P.

[0,1] such that z(»~D(¢) = 0.
>0, t €[0,1], then
2=

2)(1) = (n—2)
(1) max (t).

We claim there ex1sts § €
Otherwise, if ("~ (¢)

But

2A(1) = / 0D (5)dg(s) < max ™ (1)g(1) < (1),
0

teJ

a contradiction;
if 2= () <0, t € [0,1], then 22 (t) <0 for t € J. But

o = [ oD (s)dy(s) 2 mina® D ()g(1) > (1),

a contradiction.
Noticing z("~1)(t) is decreasing on [0, 1], one has

V@) > 0fort € [0,6), =™ V) < 0fort e (£1]. (2.13)
Let sufficiently small € > 0 be such that

o; + €

<1 .
Z TR (2.14)
0
Then for this € > 0, there 1s<5>0so that
hi(t,z;)] < (a; + €)|z;| uniformly for t € [0, 1],
hi(t, )| < (0 + &)l y [0,1] (2.15)

and |z;| >0, i=0,...,n—2.
Let, fori =0,...,n— 2,
Ay ={t:t€[0,1], |z:(t)| <6},
Ag; ={t:t€[0,1], |z:(t)| > 6},

hs; = max  h;(t,z;).
5= eobaies )

On the one hand, integrating both sides of (2.7) from ¢ to &, (¢t € [0,£]),
using (2.5), Remark 2.1, (2.11) and (2.15) we have

3
"D (1) :/\/t fm(s,az(s),...,a:(”*z)(s))ds

13 n—2 A
<A\ / <¢(s) +Zqi(s)wz-(lx(“(s)l)> ds
t i=0
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¥ Z / mh ))ds + Z / o, i)
< /t s) + ; gi(s) Aw (M)

X w; </Os(s — )" 379(1 — 0)d0)

+ Gn—2(8) Awp_a(c)wn—2(s(1 — 8))]

+Z hi(s, 20 ds—l—Z/t )(s))ds,

[t.6]NAL [t.6]NAg;

thus we have for ¢ € [0, (], noticing (2.12)

(1) <F+Zh51 /Zaz—i—a]m s)|ds

<F+Zh51+z —— a1
i.e.
<F+Zh5@+z O"+E (n=1)], (2.16)

On the other hand, integrating both sides of (2.7) from £ to ¢, (¢t € [, 1]),
using (2.5), Remark 2.1, (2.11), (2.15), we have

] :/\/5 fm(s,a:(s),...,m(”_2)(s))ds

o f <¢<s> . qus)wiax@(s)n) ds
+Z/ +Z/ (s, (s)) ds

ft]ﬂAli OAQZ
<\ /
3

s) + ; qi(s)Aw; (M)

X w; (/Os(s — )" 37g(1 — 9)d9>
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+ Qn72(s)Awnf2(C)wn72 (5(1 - 5))] ds (217)

n—2 n—2

+ / hi(s, D (s)) + / hi(s, 9 (s))ds,
; [f,t]ﬁAlyi ( ) ; [f,t]ﬂAgﬂ' ( )

thus for ¢ € [£, 1], noticing (2.12) we have
n—2 n—2 ¢ .
SO DD / (0 + )2 (s)]ds

<F+Zh5l+z Oéz+5 |(n 1)”

ie.

2 |<r+zhmz e LA S CRE
By z("~1 is decreasing on .J, it follows from (2 16) (2 18) that
oD | = max{z(*-(0), |#~V]} < P+Z hmz i

we have

n—2
I+ Z h(sﬂ‘
=0

By (Hi), (H3) we have P < oo.

Step 3. Prove ||| < P fori=0,1,...,n — 1.
By Step 1 the result is clear. ThlS completes the proof. O

Lemma 2.6. Let assumptions (Hy), (Hs) be satisfied. Let {x,,} be a se-
quence of solutions to BVP (2.7), (1.2) for each m € N. Then the sequence
{fm(tzm(t),..., 257D (1)} C La(J)

is uniformly absolutely continuous on J, that is for each € > 0 there exists
0 > 0 such that

/ Fn(tszm(t), ..., 22 (1)) dt < &
M
for any measurable set M C J, u(M) < 4.
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Proof. With respect to (2.5) and properties of measurable sets, it is suffi-
cient to verify that for every € > 0, there exists § > 0 such that for any at
most countable set {(a;,b;)};jcs of mutually disjoint intervals {(a;,b;)}jers
with >, ;(bj — a;j) <4, we have for each m € N,

n—2 n—2
Z/ )+ > a(will2D) + ) hilt, xg))] dt < e. (2.19)
jeJ i=0 i=0

By (2.5) we have
O(t) < fu(t,2(t), ..., 2" D(t)), teJ

Thus the conditions in Lemma 2.1 and Lemma 2.2 are satisfied. There exists
¢ = ¢(¢) such that

t
289 () S (t —s)"37's(1 — s)ds,

" 3o
1=0,....,n—=3, teJ,

"2 (t) >et(1—1t), telo,1]. (2.21)

m

(2.20)

In addition by Lemma 2.5 one has
le@| <P, i=0,...,n—2. (2.22)
It follows from (2. 20)7(2 22) that

Z/ —l—Zqz wi( \x’)\ Z (tx’))]d

Jj€J
<Z/ +AZqz (rzi’)—z))w </Ot(t_s)n—3—is(1—s)ds>
+Aqu Jwi(c)wi(t(1 — 1) +Z max h'(t,xi)] dt.

JjeJ
(t,2:)€[0,1]x[0,P)]

By (Hl), we have ¢, q;, h;, € Ll(J) and (1.6) hold. Consequently, for each
€ > 0 there exists 6 > 0 such that for any at most countable set {(a;,b;)} e
of mutually disjoint intervals (a;,b;) C J with >, ;(b; — a;) < 6, (2.19)
holds. This completes the proof. O

3. Existence results

Theorem 3.1. Suppose the assumptions (Hy), (Hz2) and (Hs) be satisfied.
Then there exists a solution x such that x € AC"=D(J), 20 (t) >0, t € J
for BVP (1.1), (1.2).
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Proof. For each m € N, there exists a solution z,, of BVP (2.6), (1.2) by
Lemma 2.4, Lemma 2.5. Consider the solution sequence {z,,}. Lemma 2.5
shows that {z,,} is bounded in C"~!(.J). Lemma 2.1 and Lemma 2.2 means
that

2O (1) >e / (t—s)" 3 is(l—s)ds, 0<i<n-—3, (3.1
0
"2 (t) >et(1—t), tel (3.2)

The Arzela-Ascoli theorem guarantees the existence of a subsequence {z,, }
converging in C"~2(J). Lemma 2.2 means that c is independent m, so (3.1)
and (3.2) gives

t
2 (t) zc/ (t—s)"37s(1 —s)ds, i=0,...,n—3,
0

D@ >ct(1—1t), tel
Moreover,

lim 20 (0)=zP(0)=0, i=0,...,n—2,
e 3.3
lim z"=2(1) =2"=2(1). (3:3)

m
m—00

By Riemann-Stieltjes dominated convergence theorem we have
1 1
lim [ 2" (s)dg(s) = / 22 (5)dg(s). (3.4)
0

m—00 0

(3.3), (3.4) means x satisfies the boundary condition (1.2).

From f,,, € Car(J x R"), and their construction, it follows that there
exists M € J, u(M) = 0 such that fm, (t,-,...,-) are continuous on R"~!
for each ¢t € J \ M, which implies that

Jim £, (t, Ty (1), .., 227D (8)) = f(t,2(t), ..., 27D (1))

for t € J\ MU{0}.
By Lemma 2.6 {fn, (t,xmk(t),...,:v,(ﬁ,:m(t))} is uniformly absolutely
continuous on J. Hence f € L(J) and

lim /t I (s, e ) P :L‘g;:m(s))ds = /t f(s,x(s), el :L‘(”_Q)(s))ds
0 0

k—oo

for t € J by the Vitali’s convergence theorem. Since {xfgk_ 1)} is bounded,
we can assume that it is convergent, say

klim 21 (0) = C.

mg
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Taking limits as k — oo in the following equalities
t s
2D (t) = 2D (0)t — /O /0 S, Ty (7)., 20D (r))drds, teJ
we get
t s
22 () = Ct —/ / f(ryx(r), ..., 2" D)) drds, teJ.
0 Jo
Then x € AC™1(J) and
M)+ flt,zt),..., V() =0, forae. tel
Therefore, z is a solution of BVP (1.1), (1.2). O

4. Example

Let us consider the following third-order boundary value problem

t .
2®) + (1) + 105(/2 + 1</2> + ao(t) sin(|zol) + a1 (t)|z1] = 0, oy
(0) = 2/(0) = 0, 2'(1) = [} 2/(s)d

with ¢,q; € Li(J), a; € C(J) be positive for i = 0,1, g is Lebesgue mea-
surable, increasing on J and satisfies g(0) = 0, g(1) < 1. Corresponding to
BVP (1.1)—(1.2), we have

t .
oo ar) = 6(0)+ 453 + B+ aofe)sin(lal) + a1 0,
Lo Ty
1 1
wo(lzo|) = 1/ wi(a1) = "1
Lo Lo
ho(t,:t()) = ao(t) sin(’fl«“0|), hl(t, 1'1) = al(t)|x1\.
Assume
sup a1(t) <1 (4.2)
te(0,1]

holds. Then (4.1) has at least one positive solution z € C?(J), " € AC(J).
To see that (4.1) has a positive solution = € C2?(J), 2" € AC(J), we
notice

/Olw()(/ots(l—s)ds) \[0\/7<\[/ \[dt—2\f<oo

——ds < o0,

/01 (51— 5) ds_/ ﬁ
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so (Hy) is satisfied. (Hy) is clear to be satisfied. It is easy to see (H3) are
true since (4.2) hold. Theorem 3.1 now guarantees that BVP (4.1) has a
solution z € AC™1(.J), x(i)(t) >0,:=0,1.
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