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Abstract. In this paper we characterize the products of four or more
strong Swiatkowski functions.

1. Preliminaries

The letters R and N denote the real line and the set of positive integers,

respectively. For all a,b € R, we define I(a,b] A (a,b], if a < b, and

I(a, b] a [b,a) otherwise. The symbol I(a,b) is defined analogously.

For each A C R we use the symbols int A, cl A, bd A and card A to denote
the interior, the closure, the boundary, and the cardinality of A, respectively.
We say that a set A C R is simply open [1], if it can be written as the union
of an open set and a nowhere dense set.

Let f: I — R, where I is a nondegenerate interval. The symbol C(f)
stands for the set of all points of continuity of f. We say that f is a Darbouz
function, if it maps connected sets onto connected sets. We say that f is
quasi-continuous in the sense of Kempisty [4], if for all € I and open sets
U>zand V 5 f(z), the set int(U N f~1(V)) is nonempty. We say that
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f is cliquish [10], if the set of points of continuity of f is dense in I. We say
that f is a strong Swigtkowski function [6] (f € S), if whenever o, § € T
and y € I(f(a), f(3)), there is an zo € I(cr, B) NC(f) such that f(z0) = y.
One can easily see that strong Swi@tkowski functions are both Darboux and
quasi-continuous. The symbol [f = a] stands for the set {z € I : f(x) = a}.
Similarly we define the symbols [f < a|, [f > a], etc. The symbol M
denotes the class of all real functions f defined on a nondegenerate interval
such that f has a zero in each subinterval in which it changes sign.

2. Introduction
In 1996 Maliszewski proved the following theorem [7].

Theorem 2.1. For each function f the following conditions are equivalent:

i) f is a finite product of Darbour quasi-continuous functions,
it) f €M, fis cliquish, and the set [f = 0] is simply open,
i11) there are Darbouzx quasi-continuous functions g and h such that f = gh.

He showed also that there is a bounded Darboux quasi-continuous func-
tion which cannot be written as the finite product of strong Swi@tkowski
functions [7, Proposition III.4.1]. Moreover he remarked that the sign func-
tion can be written as the product of three strong Swi@tkowski functions
but it cannot be written as the product of two strong Swiz}tkowski functions
[7, Propositions I11.4.2 and II11.4.3].

In 2003 I showed that there is a function which can be written as the
product of four strong Swi@tkowski functions, and which cannot be written
as the product of three strong Swiatkowski functions [9]. In this paper I
characterize products of four or more strong Swi@tkowski functions. How-
ever, the following problem is still open.

Problem 1. Characterize the products of two strong Swigtkowski functions
and the products of three strong Swigtkowski functions.
3. Auxiliary lemmas
Lemmas 3.1 and 3.2 can be easily proved using [5, Theorem 12].

Lemma 3.1. Let I C R be an interval, g: I — R and x € I. If g[I N
(—o0,x) € Ss, gl N (x,00) € Ss and x € C(g), then g € S;.
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Lemma 3.2. Let I C R be an interval, g: I — R and x € I. If g[I N
(—o00,2] € S5, gl N (z,00) € Ss and g(z) € g[lz,t] N C(g)] for each t €
(x,supl), then g € Ss.

The next lemma is interesting in itself.

Lemma 3.3. Let I C R be an interval, g: I — R and h: R — R. If
g,h € Ss, then ho g € Ss.

h € S, there is a y € I(g(c),g(B)) N C(h) such that h(y) = z. Since

y € I(g9(),9(3)) and g € Ss, there is an z € (a, f) N C(g) with g(z) = y.
Clearly = € C(h o g). O

Proof. Let a,3 € I, a < 8 and z € I((h o g)(a),(h o g)(B)). Since
.x

Lemma 3.4. Assume F C C are closed and J is a family of components
of R\ C such that C C cl|JJ. There is a family J' C J such that
i) for each J € J,if FNbdJ #0, then J € J’,
i1) for each ¢ € F, if ¢ is a right-hand (left-hand) limit point of C, then
c is a right-hand (respectively left-hand) limit point of the union |JJ’,
i) lJJ € FUJseqmcld.

Proof. Let P be the family of all components of R\ F' and P € P. One
can easily see that there is a family Jp C J such that |JJp C P and the
following conditions hold:

if NC #0, then Jp # 0, (1)

for each J € 7, if J C P and bd PNbdJ # 0, )

then J € Jp, (2)

if inf P € cl(P N C), then inf P € | | T, (3)

if sup P € cl(PNC), then sup P € cl|_J Jp, (4)

dlJIp cbdPuU ] dJ. (5)
JeJp

Define J" = Upep Jp. Clearly J' C J. We will show that [J' satisfies
the conditions i)—iii) of the lemma.

Assume that F NbdJ # 0 for some J € J. Since F' C C, there is a
P € P with J C P. Then by (2), J € Jp C J'. This proves condition i).

To prove condition ii) assume that ¢ € F'is a right-hand limit point of C'.
We consider two cases.
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If there is a P € P with ¢ = inf P, then by (3),
ce clUjp C cl((c, 00) HUJ’).

In the opposite case fix a d > ¢. Since C' C cl|JJ, we obtain (¢,d) N
UJ # 0. By our assumption, there is a J € J such that J C (¢,d) and
(sup J,d) N F # (). Choose P € P with J C P. Clearly P C (¢,d).

If PNC =0, then P =J € J, and by (2), P € Jp C J'. So,
(e.d)NUT #0.

If PNC # 0, then by (1), Jp # 0. Since |J Jp C P, we have (¢, d)NJ T’ #
(). This completes the proof of ii).

Finally we will show iii). Note that by (5),

A7 =a | JJgrcd | baPu (| al Jar

pPeP pPeP pPeP
cdFu | J(J dJubdP)=Fu | aJ.
PcP JeJp JeJ’
This completes the proof of the lemma. O

Lemma 3.5. Let I = (a,b) and y1,y2 € [0,1]. There is a strong
Swigtkowski function ¥ clI — [0,1] such that Y[I] = Y[I NC(y)] = (0,1],
Y(a) =1, ¥(b) =y2, and bd I C C(¥).

Proof. Define the function ¢: R — (0, 1] by

- min{1,sinz~! + 2| + 1} if 2 #0,
P(x) = _{1 } oo
2 itz =0.

Then clearly 1) € SS. Choose elements a < 1 < 9 < x3 < b and define the
function ¢: clI — [0, 1] by the formula:

Y(x —x9) if x € [x1, 23],

Y1 if z = a,
€Tr) =
vlz) Yo if x = b,
linear in intervals [a, x;1] and [z3, b].
One can easily show that the function 1 has all required properties. O

Lemmas 3.6-3.11 and Proposition 4.1 will be used in the proof of the
main result of this paper. In all of them we assume the following.

E is a compact interval, (6)
f: E — R is cliquish, (7)
feM, (8)
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the set [f = 0] is simply open. (9)

Moreover we define
Yy Lellf < 0] ndllf > 0]. (10)

One can easily see that by (8), Yy C bd[f = 0]. But [f = 0] is simply open,
so Yy is nowhere dense.

Lemma 3.6. Let I C E be an open interval such that INint[f = 0] = () and

f =0 on the set K 2 (YynI)ubdlI. Then there is a strong Swigtkowski
function p: clI — [—1,1] with sgn o ¢ = sgn o flcll such that bdI C

Clp).

Proof. Put G; = I Nint[f < 0] and G2 = I Nint[f > 0]. Let J be the
family of all components of G U Gbs.

For each J € J, use Lemma 3.5 to construct a strong Swi@tkowski func-
tion ¢ : clJ — [0, 1] such that

blJ] = bs[JNC(ys)] = (0,1],
¥y(z) = min{dist(K, z)/2, sgn f(z)|} if 2 € bd J,
and
bdJ C C(¢y), (11)
and put
c¢; = min{1, max{dist(K, inf J), dist (K, sup J), | J|} },
where |.J| denotes the length of the interval J.
Define the function ¢: clI — [—1,1] by

(2) = cyg(x)sgn f(z) iteecd, JeJ,
o= min{1, dist(K,z)/2} sgn f(z) otherwise.

(Notice that if Ji, J € J and clJ; NclJy = {z}, then f(z) = 0. So, ¢ is
well defined.)

Clearly K is closed. So, sgn o ¢ = sgn o f[cll. We will show that
K C C(yp).

Let zg € K \ {inf I'}. If there is a J € J such that xp = supJ, then
by (11), ¢ is continuous from the left at z.

In the opposite case first let (x,,) C [inf I,z9) N |JJ be a sequence con-
vergent to xg. For each m € N there is a J,;, = (am,by) € J such that
Ty € Jpm. Observe that

lim (anm —by) =0 (12)

m—00
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and dist(K, by,) < xg — by, < g — Ty, Whence

lim dist(X, by,) = 0. (13)
By (12) and (13), we obtain
lim dist(K, an,) = 0. (14)

Since

0 < lo(@m)] = les, ¥, (Tm)] < ey,
= min{l, max{dist (K, a, ), dist(K, by,), by, — am}},
by (12), (13) and (14), we obtain lim,,— o @(zm) = 0 = p(zg). It proves
that g is a left-hand side point of continuity of the restriction | |J JU{xo}.
Now put Gs = ¢l \ (G1 UGs). Since Gz = cl[f = 0] = bd[f = 0], G5 is

nowhere dense. Let (z,,) C [inf I, z0) N G3 be a sequence convergent to z.
Then

lo(xm)] < dist(K, 2m)/2 < xo — Tm — 0 = @(x0).

So, xg is a left-hand side point of continuity of ¢[Gs. It follows that ¢ is
continuous from the left at x.

Similarly we can prove that the function ¢ is continuous from the right at
each point xp € K \ {supI}. So, K C C(p) and in particular bd I C C(¢p).

Now we will prove that
\V/mGGg\{supJ:JGJ}v6>O QO[(.T -9, ‘T) N C(@)] ) 1(0790($)] (15)
Indeed, fix an z € G3\{supJ : J € J} and a § > 0. Assume that ¢(z) >

0. (The case p(z) < 0 is analogous.) Then = ¢ K, so d a dist(K,z) > 0.
Notice that ¢(x) < min{l,d/2}, and define §; = min{p(x),d}. There is a
J € J such that clJ C I'N(x —61,z). For each z € I N (x — d1,x) we have

dist(K, z) > dist(K,z) — |z —z| >d — 61 > d/2>0
(in particular, dist(K,inf J) > d/2) and
(x—01,2)NK =(z—01,2)NYy NI =0.

Consequently, the function f does not change its sign in the interval I N
(x —d1,2). But sgnop =sgno flcll,so o >0onIN(x—4d,x). Finally
since

cy > min{l,dist(K, inf J)} > min{l,d/Q} > p(z),

we obtain

pl(z —6,2) NC(p)] 2 w[JNC(P)] D (0,¢5] 2 (0, p()]-

Similarly we can prove that

VaeGs\{inf J:7e7} Vo0 (T, +0) N C(p)] D L0, p(x)].
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To complete the proof we will show that ¢ € Ss. Let ¢,d € clI, c < d,
and y € I(¢(c), p(d)). Assume that ¢(c) < ¢(d). (The case ¢(c) > ¢(d) is
similar).

If there is a J € J such that ¢,d € cl.J, then since ¢ ; € SS, there is an
zo € (¢,d) NC(p) such that ¢(xg) = y. So assume that this case does not
hold.

If y = 0, then put z9 = sup{z € [c,d] : p(z) < 0}. It suffices to show
that xo € K N (¢, d).

Indeed, suppose that g = d. Then d € cl[f < 0]. Since sgn f(d) =
sgnp(d) = 1 and I Nint[f = 0] = 0, we have d € K and f(d) = 0, an
impossibility. Similarly we can proceed if o = ¢. So, xg € (¢,d). Now it is
easy to see that xg € K (recall that I Nint[f = 0] = 0).

Finally assume that y > 0. (The case y < 0 is analogous.) Then ¢(d) > 0.
We consider two cases.

Case 1. d¢ Gsord e {supJ:J € J}.

Then for some J € J we have d € clJ and ¢ ¢ clJ. If y €
I(¢(inf J), p(d)), then there is an xo € (infJ,d) NC(¢y) C (¢,d) N C(p)
with o(z0) = y. (Recall that 1y € S;).

If y € (0,(inf J)], then o(infJ) > 0, whence inf J # sup J’ for each
J' € J. By (15), there is an g € (¢,inf J) NC(¢) C (¢,d) N C(p) such that
e(z0) = y.

Case 2. d€ Gz \ {supJ:J € J}.

Then y € (0, ¢(d)), so by (15), there is an zg € (¢, d) NC(p) with p(z) =
1. [

Remark 3.1. It is quite evident that if f = 0 on cll, then there is a
function p: ¢l I — [—1, 1], which satisfies all the requirements of Lemma 3.6.

Lemma 3.7. Let I = (a,b) C E be an interval such that f =0 on (Yy N
I) U {b}. Assume that I C [f = 0] or INint[f = 0] =0 and a € cl(I N
[f =0]). There are strong Swigtkowski functions g1, go: clI — [—1, 1] with
sgn o (g1g2) = sgn o flcll such that for i € {1,2}, we have: g;(a) =
(s (2))"+/2, g:(b) = 0, b € Clgy), and gil(a, &) NC(ge)] = [~1,1] for each
c€ (a,b).

Proof. Choose a sequence (x,,) C IN[f = 0] such that z,, \, a. Put zo = b.
Define the function h: (a,b] — [—1,1] by

0 ife=xp-1,n €N,
h(x) = (-1 if = (zp_1 +20)/2, R EN,
) linear in each interval of the form [x,, (z,—1 + ©y)/2]

or [(Tn—1+2n)/2,xn—1], n € N.
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Then h is continuous on (a, b]. For each n € N, use Lemma 3.6 to construct
a strong Swiatkowski function ¢, : [Tan, Ton—2] — [—1,1] with sgn o ¢, =
sgn o f[[xon, Tan—2] such that xa,, zon—2 € C(pp).

Fix an i € {1,2}. Define the function g;: clI — [—1,1] by

h(x) if x € U [Tan—2it2, Tan—2i),
9i(2) = { Yonti—o(x)sgnh(z) if 2 € UL, [Tant2i—a, Tant2i—6),
(sgn f(x))+1/2 if z = a.

Since h(x,) = 0 for each n € N U {0}, the function g; is well defined and
gi(b) = 0. We can easily see that g;(a) = (sgn f(a))™!/2, b € C(g;) and

gi[(a,c) NC(g:)] = [-1,1] for each ¢ € (a,b). (16)

By Lemma 3.1, g;[(a,b] € S;. Hence by (16) and Lemma 3.2, g; € Ss.
Clearly sgn o (g1g2) = sgn o f[cll. This completes the proof. O

Lemma 3.8. Let I C E be an open interval such that I N [f = 0] = 0.
There are strong gwigztkowski functions g1,g2: clI — [—1,1] with sgn o
(9192) = sgn o flclI such that gi[I NC(g1)] D (0,1] and for i € {1,2}, we
have: g;(z) = (sgn f(z))**1/2 for x € bd I and bd I C C(g;).

Proof. Use Lemma 3.5 to construct a strong Swi@tkowski function
Y: cll — [0,1] such that ¢[I] = ¢[I NC(¥)] = (0,1], bdI C C(¢)) and
Y(x) = |sgn f(z)|/2 for z € bd I. For i € {1,2}, define g; = v - (sgn o f)**1.
It is not hard to see that the functions g; and go possess all the required
properties. O

Lemma 3.9. Let I = (a,b) C E be an interval such that f =0 on (Yy N
I)U{b}. Assume that INint[f =0] =0 and a ¢ cI(IN[f =0]). Then there
are strong Swigtkowski functions g1, go: clI — [—1,1] with sgn o (g192) =
sgn o flcll such that g1[I NC(g1)] D (0,1] and for i € {1,2}, we have:
gi(a) = (sgn f(a))""1/2, gi(b) = 0, and bd I C C(gy).

Proof. Put

z=sup{z € [a,b] : (a,z) N [f =0] =0}.
Use Lemma 3.8 to construct strong Swi@tkowski functions ¥1,¥2: [a, z] —
[0, 1] with sgn o (¢1¢)2) = sgn o f[[a, z] such that ¥1[(a,z) NC(¥1)] D (0, 1],
and for i € {1,2}, we have $;(a) = (sgn f(a))"+1/2, vi(2) = (sgn f(2))'1/2
and

a,z € (). (17)
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If z # band z ¢ cl((z,b) N [f = 0]), then f(z) = 0. Construct a
continuous function ¢;: [2,0] — [0,1] such that ¢;1[(z,b)] = (0,1] and
©1(z) = 1(b) = 0, and use Lemma 3.6 to construct a strong Swiatkowski
function @g: [2,b] — [—1,1] with sgn o p2 = sgn o f[[z,b] such that
z,b € C(p2).

If 2 € cl((z,b) N [f = 0]), then use Lemma 3.7 to construct strong
Swiatkowski functions g1, ga: [2,b] — [—1,1] with sgn o (gi1g2) = sgn o
f1(2,0] such that for i € {1,2}, we have g;(b) =0, b € C(g;), and

vcE(Z,b) gl[(zv C) N C(gl)] = [_1? 1] (18)
Fix an i € {1,2}. Define the function g;: clI — [—1,1] by

Yi(x) if z € [a,z],
gi(x) = { wi(z) if x € (2,0] and 2 ¢ cl((z,0) N [f = 0]),
gi(x) ifz e (2,0 and z € cl((z,b) N [f = 0]).

We will show that g; € Ss. Clearly g;[a, z] = 1; € Ss.

If z#band z ¢ cl((z,b)N[f = 0]), then f(z) =0 and g;[(z,b] = ¢; € Ss.
So, gi(z) = ¥i(z) = wi(z) = 0 and by (17), z is a left-hand side point of
continuity of g;. Moreover, since z € C(p;), z is a right-hand side point of
continuity of g;. Hence by Lemma 3.1, g; € Ss.

If z € cl((z,b) N [f = 0]), then g;[(z,b] = gi. In this case by (18) and
Lemma 3.2, we obtain g; € SS.

The other requirements of the lemma are evident. O

b
b

Lemma 3.10. Let I = (a,b) C E be an open interval such that f =0 on
YN 1. Assume that I C [f = 0] or I Nint[f = 0] = 0. There are strong

Swigtkowski functions g1,ga: I — [—1,1] with sgn o (g1g2) = sgn o flcll
such that

g1l NC(g1)] 2 (0,1] (19)
and for i € {1,2}, we have:
i) gi(a) = (sgn f(a))'*1/2, gi(b) = (sgn f(b))""!/2,

ifa € cl(IN[f =0]), then gi[(a,c)NC(g;)] = [—1,1] for each c € (a,b),
i) if a ¢ l(IN[f =0]), then a € C(g;),
{ 0]), then gi[(c,b) NC(gi)] = [-1,1] for each c € (a,b),

0]), then b € C(g;),

)
)
) if b € cl
)
) [ %0, then IN[g; =0]NC(g;) # 0.

(In
v) ifbé cl(IN][f
vi) if IN[f=0

Proof. We consider two cases.

Case 1. IN[f=0]=10.
This case follows by Lemma 3.8.



136 P. SZCZUKA

Case 2. IN[f =0] #0.

Fixaze IN[f =0. Ifaec(In[f = 0]), then use Lemma 3.7
to construct strong Swiatkowski functions g¢1,¢92: [a,2] — [—1,1] with
sgn o (g1g2) = sgn o f[la,z] such that for i € {1,2}, we have g;(a) =
(sgn f(a))™!/2, gi(2) = 0, and

z € C(gi), (20)
Vee(ayz) gilla, €) NC(gi)] = [-1,1]. (21)

Ifa ¢ cl(IN[f = 0]), then use Lemma 3.9 to construct strong Swiatkowski
functions g1, ¢92: [a, 2] — [—1,1] with sgn o (g192) = sgn o f]]a, z] such that
g1l(a,2)NC(g1)] D (0,1] and for i € {1,2}, we have g;(a) = (sgn f(a))*!/2,
gi(z) =0, and

a,z € C(g:)- (22)

Proceed similarly, using Lemma 3.7 (if b € cl(I N [f = 0])) or Lemma 3.9
(if b ¢ cl(IN[f =0]), to extend the functions g; and g2 to whole the in-
terval cl 1. Then clearly sgn o (g1g2) = sgn o f|cll and the conditions (19)
and 1) hold.

Fix an ¢ € {1,2}. Then g;(z) = 0. By (22) or (20), z is a left-hand
side point of continuity of g;. Analogously, z is a right-hand side point of
continuity of g;. So, the condition vi) is fulfilled and by Lemma 3.1, g; € Ss.

If a € cl(I N[f = 0]), then by (21), gi[(a,c) N C(g;)] = [-1,1] for each
¢ € (a,b), and the condition ii) holds. If a ¢ cl(I N [f = 0]), then by (22),
a € C(gi), and the condition iii) is fulfilled. Similarly we can prove the
conditions iv) and v). O

Lemma 3.11. Let I C E be an open interval. Assume that there is a
Gs-set A C [f = 0] such that

va,bEI f(a’)f(b) <0=An I((L, b) 7'é (D

and card(INA\int[f = 0]) < w. Then there are strong Swigtkowski functions
g1,92: clI — [=1,1] with sgn o (g1g2) = sgn o f|clI such that gi[I N
C(g1)] D (0,1] and |g;(z)| <271 fori € {1,2} and x € bd 1.

Proof. Define
X={zeY;ndl: f(z)#0} U (bdint[f = 0] NelI),
and let C' = cl X. We can easily see that C' is nowhere dense. Write the
set C as the disjoint union C = C7 U Cy, where C is countable and C5 is
perfect. Let P be the family of all components of I \ C. Fix a P € P.
Let Jp be the family of all components of P \ C;. Since C) is

nowhere dense, clP = cl|JJp. For each J € Jp construct functions
91.7,92,5: clJ — [—1,1], which fulfill the requirements of Lemma 3.10.
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Fix an i € {1,2}. Define the function g; p: cl P — [-1,1] by

p(z) = i, () ifeed,JeJp,
b= (sgn f(z))"*1/2 otherwise.

Observe that g; plclJ = g; 5 € SS for each J € Jp and
if x € bdJNbd.J for some J, J' € Jp, J # J,

then z € cl(J N [f =0]) or z € cl(J N[f =0]) 25)

(since the above assumption yields z € X C cl[f = 0]).

Now we will show that g; p € Ss. Let ¢,d € clP, ¢ < d, and y €
I(gs,p(c), gi,p(d)). If c¢,d € cl J for some J € Jp, then, since g; j € Ss, there
is an zo € (c¢,d) N C(g;,p) such that g; p(zo) = y.

In the opposite case there is an 1 € C1 N (¢,d) which is isolated in Cf;
i.e., 1 € bdJ NbdJ N (c¢d) for some J,J € Jp, J # J. By (23) and
conditions ii) or iv) of Lemma 3.10, we obtain g; p[(c,d)NC(g;,p)] = [—1,1].
Hence there is an x¢ € (¢,d) N C(g;,p) such that g; p(zo) = y.

Observe that by condition (19) of Lemma 3.10,

g1,p[PNC(g1,p)] D (0,1]. (24)
Moreover
if PALf=0]#0, then PN [g.p=0]NClgp) # 0 fori € {1,2).  (25)

Indeed, choose an g € PN [f = 0]. If zy € J for some J € Jp, then by
condition vi) of Lemma 3.10, we obtain (25). So, assume zg € Cj. Then
PN Cy # () and there is an 1 € P N Cy which is isolated in C;. By (23),
there is a J € Jp such that x; € cl(J N[f = 0]). Hence by conditions ii)
or iv) of Lemma 3.10, we obtain (25).

If Cy =0, then P={I} and g; = g1 € S, for i € {1,2}. One can easily
show that the other requirements of the lemma are also fulfilled.

So, assume that Cy # (). Let Pi,..., P4 be pairwise disjoint families of
components of I\ Cy such that I\ Cy = U§:1 UP; and Cy C cl|JP; for
j€e{l,...,4}. For i € {1,2} define the function g;: clI — [-1,1] by

(=1)g; p(z) ifxeclPand PePy,je{l,2},
gi(z) =< (=1)gs_;p(x) ifzeclPand PeP;,je {34},
(sgn f(z))"*1/2 otherwise.

Then clearly sgn o (g192) = sgn o f]cll and by (24), g1[I NC(g1)] D (0,1].
Fix an i € {1,2}. We can easily see that |g;(z)| < 27! for z € bdI. So,

3

to complete the proof we should show that g; € S;.
Let ¢,d € clI, ¢ < d, and y € 1(gi(c), gi(d)). We consider two cases.

Case 1. (¢,d)NCy = 0.
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Then there is a P € P such that [c,d] C cl P. Since g; p € S, there is an
o € (¢,d) NC(g;) with gi(zo) = y.

Case 2. (¢,d) N Cy # (.

Then for each j € {1,...,4}, since Cy C cl|JPj, there is an interval
P; € P; with Pj C (c,d). Hence by (24), we obtain the following inclusion

gil(c,d)nC(g)] D gi[ | PyncClgs)] > [-1,1]\ {0}.

j=1
Since ANCy C clINA\int[f = 0] is a countable Gs-set, it is nowhere dense
in Cy. So, there is an interval (¢/,d") C (¢,d) with (¢/,d") N Cy # () such
that (¢/,d') N AN Cy = (). Hence the function f changes its sign in (¢/,d’)
or (¢,d)Nint[f = 0] # 0. In both cases there is a P € P such that P C
(c,d') C (e,d) and PN[f = 0] # 0. Then by (25), ¢i[(c,d)NC(g:)] = [-1, 1],
whence g¢;(zg) = y for some zg € (¢, d) NC(g;). O

4. Main results

Proposition 4.1. Assume that there is a Gs-set A C [f = 0] such that
va,bEE f(a)f(b) <0= AN I(CL, b) 7é .
Then there are functions g1,...,94 € S, such that f=91...94.

Proof. Define
C =E\| J{(a,) : card((a,b) N A\ int[f = 0]) < w}.
First we will show that
there are strong éwi@tkowski functions g1, g2
with sgn o (g1g2) =sgn o f.

If C' =0, then (26) follows by Lemma 3.11.

So, assume that C # (). Then C is perfect and nowhere dense. Let
Ty,...,Z4 be pairwise disjoint families of components of E \ C such that
E\C =U;_,UZjand C C dUZ; for j € {1,...,4}. Put T=TyU-- UL,
and

(26)

Ay =AnC\ [ JbdI (27)
IeT

Since A is a Gs-set, Aj is a Gg-set, too. Then C'\ A; is an Fj,-set, whence
there is a sequence (F},) consisting of closed sets such that

neN
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Define Fj = (). For each n € N, use four times Lemma 3.4 to construct a
sequence of sets (F)) and a sequence of families of intervals (7)) such that

4
j=1
F,=F,u | J(Fu | pdI) (30)
k<n 1e7]
and for j € {1,...,4},
N/ (31)
for each I € Z;, if F, NbdI #0, then I € jj"n, (32)

for each ¢ € F], if ¢ is a right-hand (left-hand) limit point
of C, then c is a right-hand (left-hand) limit point of the (33)
union J J; ,,
alJgi, cFu | du (34)
Jeg;,
(Observe that by (34), for each k < n, the set F} U Ulej,; bd I is closed. So
by (30), the set F is also closed and F) C C'\ A;.)

Fix an I € Z. Construct strong Swiatkowski functions g; 7,g2,7: cll —
[—1,1] such that sgn o (g1,192,1) = sgn o f[cll, g1,1[INC(g1,r)] O (0,1], and
\gir(z)] <271 for i € {1,2} and x € bd I. (We use Lemma 3.11.) Put

nr=min{n e N: I € J}},
and observe that by (32), U,enU 7, = E '\ C, whence ny is well defined.
Fix an i € {1,2}. Define the function g;: E — [-271,27!] by

0 if v € Aq,

1)727g, (x) ifzecclland I€Z;, je{1,2},

1)j2_n193_i,[($) ifreclland I € 1,5 € {3,4},
27"(sgn f(z))™  ifxe F)\ (UjerPdIUF,_;), neN.

First we will show that A; C C(g;).

Take an zg € A1 and let € > 0. Choose ng € N such that 27" < ¢ and
put & L dist (cIU Ty, o). Since by (34), (30), (27), and (28),

Andl T, c(AnF)u(Ain | dJ)

!
TET} g

c(an |J F)u((c\UbannJar) =9

n<ng IeT JeT

gi(x) = E:
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we have z ¢ cl|JJ;,, and § > 0.

[
Observe that by (33), F, C clUJy,. If |z — zo| < 4§, then z & clJ T},
whence
|9i(x) = gi(wo)| = |gi(x)] <277 <e.
So, xo € C(gi).
Now we will prove that
VnenVsso (z € Fy, \ {supI : I € I}
= gil(x — d,2) N C(gs)] D [-27",27"]).
Let neN, d >0and z € F/\{supl : I € T}. Then for j € {1,...,4},
by (33), there is an [; € J;,, with I; C (z — 4, x). Notice that max{ng, :
je{l,...,4}} <n. So,

(35)

gil(x — 8,2) NC(g;)] ng NC(g:)] D [-27",27"]\ {0},

Since z ¢ {sup ! : I € T}, we have card((z — §,2) N A1) > w. Hence
0#(x—06x)NA C(x—382)NC(g)N[g; =0

and finally
gillz — 6,2) NC(g)] > [~27", 27,
Similarly we can prove that

VnenVsso (2 € Fy\{infI : I € T} = g;[(z,z + ) NC(g;)] D [-27",27"]).

Now we will show that g; € S,. Let ¢,d € E, ¢ < d, and y € I(g;(c), g;(d)).
Assume that g;(c) < gi(d). (The other case is similar.) If ¢, d € cl I for some
I € 7, then since g1,1,g2.1 € S,, there is an xg € (c,d)NC(g;) with g;(xo) = y.
So, assume that the opposite case holds.

Assume that y > 0. (The case y < 0 is analogous.) Then g;(d) > 0,
whence d ¢ A;. We consider two cases.

Case 1. d ¢ UnGN vorde{supl:1[eT}

Then there is an I € Z such that d € ¢l and ¢ ¢ clI. If y €
I(gi(inf I), gi(d)), then, since g1.1,921 € S, there is an zy € (inf I,d) N
Cgi) C (c,d) NC(gi) with gi(zo) =y.

Now let y € [0, g;(inf I)]. By (30), since I € J;, ,
By (35),

y €[0,g;(inf )]  [-27"171, 2771 € gi(c,inf ) N C(g5)]-
So, there is an zg € (¢,inf I) N C(g;) C (¢, d) N C(g;) with gi(zo) = y.
Case 2. d € J, ey Fy, \ {sup! : I € T}.

/
we have inf I € F ;.
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Then d € F) \ F]_, for some n € N. By (35),

y €(0,gi(d)) < [-27",27"] C gil(e, d) N C(g4)]-
Consequently, there is an zg € (¢,d) NC(g;) with g;(xo) = y. It follows that
gi € Ss.
It is not hard to see that sgn o (g1g2) = sgn o f. This completes the
proof of (26).

Now define the function f: E — R by

L T) 1 T
1 otherwise.

Notice that f is cliquish. Indeed, it is obvious that

C(f) DC(f)NC(g1) NC(g2) N,

where
U Lint[f = 0] Uint[f # 0].

By assumption, the set [f = 0] is simply open. So, R\ U = bd[f = 0] is
nowhere dense and U is residual. Since the sets C(f), C(g1), and C(g2) are
also residual, so is the set C(f).

Clearly f > 0 on E. So, the function In o f: E — R is cliquish. By [7,
Corollary I1.3.4], there are functions hy, hy € SS such that In o f = h1 + ho.

Define g3 = exp o hy and g4 = exp o ho. By Lemma 3.3, g3,94 € Ss.
Clearly

f=9192 f = q192(exp o hi)(exp o ha) = g1...ga,

which completes the proof. O

Remark 4.1. In Theorem 4.2, we do not assume that conditions (7)—(9)
are fulfilled.

Theorem 4.2. Let f: R — R. The following conditions are equivalent:

i) there are functions gi,...,g4 € S, such that f=91-..94,
i1) there is a k € N and functions g1,...,gx € S, such that f=91...9,
i11) the function f is cliquish, the set [f = 0] is simply open, and there is
a Gg-set A C [f = 0] such that for all a,b € R, if f(a)f(b) < 0, then
AnNnI(a,b) #0.

Proof. The implication i) = ii) is evident.
ii) =iii). Since f € S, it is cliquish as well. By [3], the set [f = 0] is
simply open. (Cf. also [8, Theorem] or [2].)
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For i € {1,...,k}, define
Gi = min{max{gi, -1}, 1}.
Then the function g; is bounded. One can readily verify that g; € Ss.
Put f = g1...3k. Observe that sgn o f =sgn o f. Define a Gs-set
(o9}
df . P _ _ e 3
AS (Nint fH((=n"hn™h)) = [f=01nC(f) C [f =10
n=1
Let I C R be an interval in which f changes its sign. Then at least one
of the functions g1, ..., gi, say g1, changes its sign in I, too. Since §; € Ss,
there is an xg € INC(g1) such that gi(xg) = 0. The functions gy, ..., g; are

bounded, so zg € C(f), and finally xg € IN[f =0 NC(f) =1N A.

iii) =1). Put E = [-7/2,7/2]. Define the function f: £ — R by

o= o) stz o
0 if v € {—m/2,7/2}.

Then clearly A a arctan[A] C [f = 0] is a Gs-set, and for each interval
I C E, if the function f changes its sign in I, then TN A # 0. So, by
Proposition 4.1, there are functions §i,...,g4 € S, such that f=q1...0.
For ¢ € {1,...,4} define g; = §; o arctan and notice that by Lemma 3.3,
gi € Ss. Clearly

f = foarctan = (§; o arctan). .. (js o arctan) = g1 . .. g4,

which completes the proof. ]
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