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Abstract. A pair of Mond-Weir type second order mixed symmetric
duals is presented for a class of non-differentiable multi-objective non-
linear programming problems with multiple arguments. We establish
duality theorems for the new pair of dual models under second order
generalized convexity assumptions. This mixed second order dual for-
mulation unifies the two existing second order symmetric dual formu-
lations in the literature. Many recent works on symmetric duality are
obtained as special cases of the results established in the present paper.

1. INTRODUCTION

Dorn [7] introduced symmetric duality in nonlinear programming by
defining a program and its dual to be symmetric if the dual of the dual
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is the original problem. The symmetric duality for scalar programming has
been studied extensively in the literature, one can refer to Dantzig et al.
[5], Mishra [14]-[16], Mond [18], Mond and Weir [21].

Mond and Schechter [20] studied non-differentiable symmetric duality for
a class of optimization problems in which the objective function consists of
support functions. Following Mond and Schechter [20], Chen [4], Hou and
Yang [11], and Yang et al. [26], [28], studied symmetric duality for such
problems.

The study of second order duality is significant due to the computa-
tional advantage over the first order duality as it provides tighter bounds
for the value of the objective function when approximations are used (see
9], [13], [17], [19]). Mond [19] was the first one to present second order
symmetric dual models and proved second order symmetric duality theo-
rems under convexity assumptions. Mishra [15] established Wolfe type and
Mond-Weir type second order symmetric duality for nonlinear programming
problems under second order generalized convexity assumptions. Hou and
Yang [11] and Yang et al. [26] extended the results of Mishra [15] to the
non-differentiable case. Suneja et al. [24] extended the results of Mishra
[15] to the multiobjective case. Some more results on symmetric duality can
be seen in [6], [21], [22], [25].

Yang et al. [27] presented a mixed symmetric dual formulation for a non-
differentiable nonlinear programming problem. Bector et al. [3] introduced
a mixed symmetric dual model for a class of nonlinear multiobjective pro-
gramming problems. However, the models given by Bector et al. [3] as well
as by Yang et al. [27] do not allow the further weakening of generalized
convexity assumptions on a part of the objective functions.

Very recently, Yang et al. [28] established second order duality results for
second order symmetric dual models for a class of non-differentiable multi-
objective programming problems as an extension of the results of Suneja et
al. [24].

In this paper, a pair of Mond-Weir type second order mixed symmetric
dual is presented for a class of non-differentiable multi-objective nonlin-
ear programming problems with multiple arguments. We establish duality
theorems for the new pair of dual models under second order generalized
convexity assumptions. This mixed second order dual formulation unifies
the two existing second order symmetric dual formulations in the literature.
Many recent works on symmetric duality are obtained as special cases of
the results established in the present paper.
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2. PRELIMINARIES

Let R™ denote the n-dimensional Euclidean space and let R’} be its non-
negative orthant. The following ordering relations for vectors in R™ will be
used in this paper:

For z,y € R®, by x < y we mean y —z € intR"; by x < y we mean
y—x € R} \ {0}; and by =<y we mean y — x € R"}. The negation of z <y
is denoted by = £ y.

Let f (z,y) be real valued twice differentiable function defined on R xR™.
Let V., f (Z,y) and V, f (Z,y) denote the partial derivatives of f (z,y) with
respect to x and y at (Z,y). Let V. f (Z,7) denote the n x n symmetric
Hessian matrix at (Z,9), Vayuf (Z,79), Vyaf (Z,9) and Vy, f (Z,7) are de-
fined similarly. Consider the following multiobjective programming problem
(VP):

Min (f1 (x), f2 (z),..., fp(x)) subject to z € Xo,

where f;: R" - R,i=1,2,... ,p and Xg C R".
For problem (VP), an efficient solution and a properly efficient solution
are defined as follows:

Definition 1. A feasible solution z° is said to be an efficient solution for

(VP) if there exists no other feasible solution z such that

flz) < f(2%).

Definition 2. A feasible solution z° is said to be properly efficient solution

for (VP) if it is efficient for (VP) and there exists a scalar M > 0 such that,
for each i, we have

fi (2°) = fi (x)
fi (@) = f; (29)
for some j such that f; (z) > f; (:zo) whenever z € Xy and f; () < f; (mo).

<M

Let C be a compact convex set in R™. The support function of C' is
defined by

s(xz|C) :max{xTy: yeC}.

A support function, being convex and everywhere finite, has a subdiffer-
ential [23], that is, there exists z € R™ such that

s(ylC) zs(@|0)+ 2" (y—2), VyeC.
The subdifferential of s (z |C') is given by
Os(x|C)={z€C: 2lx = s(z]C)}.
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For any set D C R"”, the normal cone to D at a point x € D is defined
by
Np (z) ={y e R": y" (2 — 2) 20, Vz € D} .
It is obvious that for a compact convex set C, y € N¢ () if and only if
5(y|C) = xTy, or equivalently, x € s (y|C).
The following definitions will be needed in the sequel:

Definition 3. Let X C R™. A functional F: X x X x R™ — R is said to
be sublinear with respect to its third argument if for any z,y € X

(A) F(z,y;a1 + a2) = F (z,y;a1) + F (z,y; az) for any a1, a2 € R™;

(B) F(z,y;aa) = aF (z,y;a) for any o € Ry and a € R™.

Definition 4. Let X CR", Y C R™ and F: X xY xR" — R be sublinear
with respect to its third argument. f(-,y) is said to be second order F-
convex at ¥ € X, with respect to p € R", for fixed y € Y, if

F @ 9) = F (@ 9)+ g Varf 0 p2F (2,2 Vaf (2,9) + Ve (7.9) 1),
vz € X.

f is said to be second order F-concave at T € X, with respect to p € R,
for fixed y € Y, if —f is second order F-convex at T € X, with respect to
p € R".

Definition 5. Let X CR", Y C R™ and F': X XY xR" — R be sublinear
with respect to its third argument. f(z,-) is said to be second order F-
pseudo-convex at T € X, with respect to p € R", for fixed y € Y, if

F(2,2;Vaf (Z,y) + Vau f (2,y) p) 20
_ 1 _
f is said to be second order F-pseudo-concave at T € X, with respect to
p € R", for fixed y € Y, if —f is second order F-pseudo-convex at T € X,
with respect to p € R™.

Remark 1.

(i) The second order F-pseudo-convexity reduces to the F-pseudo-
convexity introduced by Hanson and Mond [10] when p = 0.

(ii) For F (z,Z;a) = n(x,:E)T a, and p = 0, where n: X x X — R", the
second order F-convexity reduces to the invexity introduced by Han-
son [8], and second order F-pseudo-convexity reduces to the pseudo-
invexity introduced by Hanson [8].
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3. MIXED TYPE MULTI-OBJECTIVE SYMMETRIC DUALITY

For N ={1,2,...,n} and M = {1,2,... ,m} let J; C N, K1 C M and
Jy = N\J; and Ky = M\K;. Let |Ji| denote the number of elements in
the set Ji. The numbers |J2|, |K;| and |K3| are defined similarly. Notice
that if J; = ®, then J, = N, that is, |J;| = 0 and |Jo| = n. Hence, R/
is zero dimensional Euclidean space and R!”2l is n-dimensional Euclidean
space. It is clear that any x € R™ can be written as x = (:61, x2), 2! e RV,
22 € RI’2l. Similarly, any y € R™ can be written as y = (yl,yQ), yl e RIF1
y? € RIE2l Let f: R x RIE1T & RE and ¢: RI21 x RIE2l — RE be twice
differentiable functions and e = (1,1,... 1) € R

Now we can introduce the following pair of non-differentiable multi-
objective programs and discuss duality theorems under some mild assump-

tions of generalized convexity.
Primal Problem (SMP)

Min H (2!, 2%, y', 4%, 2", 22, p', p?, A)
= (Hl (3717x2a917927217227171:]927)\) 9 7Hl (xlax27y17y27217227p17p27)‘))
subject to

(z 2% y', %, 21, 22t pP A)

€ R x Rl x RIFU 5 RIF2] ¢ RIKLE 5 RIF2 o RIFL o RIF2] o RE

ZA p fi (2 y') = 2} + Vg fi (21, y") ] <0 (1)
Z)‘ 291 7y2) - Zi2 + vy2y2gi ( » Y ) ] <O (2)
T l
)" Y N [Vfi (@' y") — 2 + Vg fi (21, y") pi] 20 (3)
=1
l
W)Y N [Vyzai (22,42) — 22+ Vyeye0i (22,4%) p?] 20 (4)
=1
(«',27) 20, (5)
2z} €D}, and 22 € D?, i =1,2,... 1 (6)

l
)\>O,Z/\i:1- (7)
i=1
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Dual Problem (SMD)
Max G(ul,ug,vl,v2,w1,w2,q1,q2,)\)
:(Gl (u17u27v17(027w17w27q17q27A) PR 7Gl (u17u27vlav27wl7w27qlvq27)‘))
subject to
(u17u27/U1’U2?w17w2’q17q2?A)
e RV x RI21 x RIFL 5 RIE2D 5 RIN ¢ RIV2 5 RITIT x RI2 < RE

l

Z Ai [Vulfl (ulvvl) + wzl + v’ululfi (ulavl) qzl] ZO (8)
i=1

!
Z Ai [Vazgi (12, 0%) +w? + Viz2g: (u?,0?) ¢7] 20 (9)
i=1

!
(ul)T Z)\z‘ [V fi (uhv!) +wl + Vi fi (u,v') ¢f] <0 (10)

(uQ)T Z i [Vuggi (u2, 02) + w? + V2429 (u2, 1)2) qf] <0 (11)

i=1
(vh,v?) 20, (12)
wy € C}, and w? € C?, i=1,2,...,1 (13)
!
A>0, ) A=1 (14)
i=1

where

H; (xl xQ,yl,yQ,zl,zQ,pl,pQ,A)
fz( 1 1)+gi(332,y2) s(ml‘C-l
()" = 5 D) Yy () ol
G; (u',u? 0! 0% wh w?, ¢t g% N)

= £ (o) g (00) =5 (D)) = s (62 DF) + (u!)
) 0 4 () Vara fi (00 a4 () Ve (0

and C’i1 is a compact and convex subsets of RNl fori=1,2,...,l and C’Z-2 is
a compact and convex subsets of RI”2l for ¢ = 1,2,... 1, similarly, D} is a
compact and convex subsets of Rl for i = 1,2,... ] and DZ»2 is a compact
and convex subsets of Rzl for i =1,2,... L.

2‘02 ( I)Tz-l

(@) V220 (+%,%) ¢2

s (@
1
T\

v?) ¢}
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For the first model, we can prove the following weak duality theorem.

Theorem 1 (Weak duality). Let (x ac ,y y z1,22,p1,p2,)\) be feasi-
ble for (SMP) and (u u?, vt 0?2 wh w?, ¢t 42, )\) be feasible for (SMD).
Suppose there exist sublmear functzonals Fy, Fs, G1 and Go satisfying the
following conditions:

(i) £ (2t ulsa) + ul)Tc@O if a=0;
(i) Gy (22 u2b) + (u2)" b20 if b>0;
(iii) Fy (vl,yl;c) + (yl)TczO if ¢20;

(iv) Go (v?,y%d) + (yz)ng() if d=0.

Furthermore, assume that fori=1,2,...,1, f; (‘, vl) +~Twi1 is second order
Fy-convex for fived v!, with respect to q} € Rl f; (1:1, ) — -Tzil 18 second
order Fy-concave for fized x*, with respect to pz1 e RIF1l Gi (-, 02) + -wa 18
second order G -convez for fized v? with respect to qi2 e RI2l and g (IL‘Z, ) —

-Tzf is second order Go-concave for fized x2, with respect to p? e RIFl,

Then
H (351735279179272’172’2,191,1727 A) g G (u17u27v1’v2’w17w2,q1,q2’ /\) .

Proof. Assume that the result is not true, that is,
H (:I"17‘/L‘27y1’y27217Zz’pl’p27 >\) S G (u17u27v1)U2’w17w2)q17q2’ )\) .

Then, since A > 0, we have

ZA[fl 2y g (fy?) s (2 |O1) s (22 [C2) — (o) 2

1
—(yZ)TZ?—g(pi) i fi (2t yt) pi
1
3 2) V220 (22,4%) p? (15)
!
< Z)\Z— [fl (ul,vl) + g; (uQ,v2) — s (vl |D11) -8 (1)2 }D?) + (ul)Twil
=1
) 0 @) Vo (0 gl 2 @) Voo (02,07)

By the second order Fj-convexity of f; (~, vl) + -Twil at x! with respect to
qil e RI"1l, we have

£ (ot oh) + (@)l = s (aho!) — (D) w0+ 2 ()T Vo i (0, 0) !

2
zFl (xlaul;vulf’i (ulavl) +w7,1 + vululfi (ulavl) ql) .

7
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fori=1,2,...,L
From A > 0 and sublinearity of Fi, we have

1

Z)\z‘ [fz‘ (z',0') + (:cl)Twil — fi (uh,0h) = (ul)Twil

+ % (Qil)T Vululfi (ulavl) qu:| (16)

(x ut; Z)\ w fi (u! v)+w§+vu1u1fi(u1,v1)q}]>.
By the duahty constraint (8), it follows that
a—Z)\ afi (W 0") 4wl 4+ Vo fi (uh,0") ] € R
Thus, by condition (i) given in Theorem 1, we have

By (m ,ul;a) + (u ) a0,

that is,

<LU Ul Z)\ lfl u , U )+w11 +vu1u1fi (ul)vl> qg})

Z)\ wtfi ( ut,v ) 4w} + Vi1 fi (ul,vl) qzl] (17)

From (10), (16) and (17), we get
l
D[t )+ 01— o) — ()

1
+2( ) Vu1u1fz(u v)q 0. (18)
By second order Fs-concavity of f; (acl, ) —-T21 for fixed !, with respect

to p} e RIK1l we have
1
_fi (xlvvl)+(U1)TZ'il+fi (mlayl)_(yl)Tzil_i(pi) lfl( 'Y )
EFQ (Ul,yl; _vylfi (xlayl) + zz‘l - vylylfi ($1¢y1)pi) :

From A > 0 and sublinearity of F5, we have

ZA[fz shyt) = (v1)" 2+ () 2l - i (2t 0Y)
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- % ()" Yy fi (21,9 p}} (19)
2 F (Ul,yl;zl:&‘ =V, fi (= y') + gt fi (2 )PJ) :
=1
By the primal constraint (1), it follows that
c=— El: Xi [V fi (ahy') = 20 + Vi fi (21, y") pi] 20.
=1
Thus, by condition (iii) given in Theorem 1, we have
Py (vh,yh ) + ()T =0,
that is,
( s ZA o fi (@' yt) = 2 + Vg fi (o, )pz]>
2 (yl)Ti)\i (Vyifi (@' y') — 20 + Vi fi (=1 9" pi] (20)
i=1
From (3), (19) and (20), we get
Zl:A [fl 2yt) = ) 2+ ) = f ()
(21)

1
_§(pzl)Tvy1y1fi( Y ) 20.

Using (xl)Twi1§s (:vl ‘Cil) and (Ul)T Z1<s (vl ‘Dil), it follows from (18)

and (21), that

(22)

()" Vi (o' 9")

l
T 1 T
= Z)‘i [fi (ul,vl) — s (vl ‘Dzl) + (ul) wil —3 (qzl) Vatul fi (ul,vl) qil
i=1
Similarly, using remaining hypotheses and conditions given in Theorem
1 and using constraints of the primal and dual problems for functions
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(1)) V29 (2% 42) p? (23)

l
2 Z)\i |:gz' (u2,v2) —s (112 ‘Df) + (uz)Twi2 — % (q?)TVuzuzfi (uQ,vz) qf] .

From (22) and (23), we get
!

Z/\ |:fz whyt) + g (1 7) + 5 (1 CF) + 5 (2] CF) — (v)"
1 1
- (yQ)TZzZ - 5 (pil)Tvylylfi (3717y1)]31‘1 - 5 (pzz)Tvy2y2g’i (x27y2) p12:|
!
Z [ ul, vt +gl (u2 v2)—s( 1!Dl) (UQ}D?)—i—(ul)Twil

1
5 (qz2)T quuQQi ('U,Q, ,02) q12:| )

1
() w? = 5 (af)" Vi (u 0" g} =

which is a contradiction to (15).
Hence
H ($17$27y17y2a Z17 Z27p1ap27 )\) $ G (ulv U2,U1,U2, w13w27q17q2a )‘) .
O

Theorem 2 (Weak duality). Let (x ac ,y y zl,z2,p1,p2,)\) be feasi-
ble for (SMP) and (u',u? v, v?, w' w? ¢', ¢% )\) be feasible for (SMD).
Suppose there exist sublmear functwnals Fy, Fs, G1 and G4 satisfying the
following conditions:

(i) Fy (a:l,ul;a) + ul)Tc@O if a=0;

(ii) G1 (22,u2b) + (u2)" 620 if b20;

(iii) Fy (vl, yls c) + (yl)TczO if ¢20;

(iv) Ga (v, 9% d) + (v2)" d=0 if d=0.
Furthermore, assume that fori=1,2,...,1, f; (‘, vl) Tw1 is second order

1,-) — Tzl 18

|K1|

Fy-pseudo-convex for fized v, with respect to q} € R £ (
second order Fy-pseudo-concave for fized x', with respect to p} eR
gi (-, 112) + ~Twi2 is second order G1-pseudo-convez for fized v? with respect
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to 2 € RI2l and g; (22,-) —-T22 i d order G d d
q; € and g; (:c ,-) -+ 27 is second order Ga-pseudo-concave for fize

x2, with respect to p? € RIXz!,

Then
H (2" 2% 9" y2, 21, 22 " 03 ) £ G (vl u? 0! 0wl w? ¢ g N)

Proof. Assume that the result is not true, that is
H (:El’ $2> y17 y2a Z17 Z27p1ap27 )\) < G (ulv U2, U17 U2a w
Then, since A > 0, we have

Zk[fz 2y g (fy?) s (2 |O1) s (22 ]C2) — ()7 2

Lw? q' g% N).

1
i

1
- (yQ)TZzZ - 5 (pi)Tvylylfi (wlvyl)pzl
(12)" V29 (a2, 9%) 07 (24)
l
< Z A |:fZ (ul, Ul) + g; (u2, 1)2) —
=1
1

1
+ (uQ)Twi2 —3 (qil)TVulul fi (ul,vl) qil —3 (q?)T Vw22 9i (uQ, 02) qz-2

s (' [D}) = (D) + (u')" w}

By the duality constraint (8), it follows that

a—Z)\ Vi fi (W', o) +wf + Vi fi (ul,0h) ] € R“h'

Thus, by condition (i) given in Theorem 2, we have

By (:El,ul;a) + (ul)Tc@O,

that is,

!
> ()Y N [V fi (Wl o)+l + Vo fi (Wl ot @] (25)
i=1
From (10) and (25), we get
l
I (xl, uls Z A [Vu1 fi (ul,vl) + wil + Vi fi (ul,vl) q}]) >0.  (26)

=1
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From (26) and second order Fj-pseudo-convexity of f; (-,vl) + Tw} for
fixed v!, with respect to qz-1 e RN we get

l
SN[ o)+ ()t = o) — ()
=1

45 (@) Vo (o) ol 20 (27)

By primal constraint (1), it follows that

Z)\ 1fZ ,yl)—z}+vy1y1fi( ,y) ]>0

Thus, by condltlon (iii) given in Theorem 2, we have

By (v}, 5% 0) + ()T 20,
that is,

< 7y, Z)\ 1fZ ,yl)—zil—l-V11fZ( ,y) ])

1V

l

W)Y N [V fi (2l yt) — 2+ Vg fi (21,91 p1] - (28)
=1

From (3) and (2 8) we get
<,y, Z)\ afi (@ y') — 2 + Vi fi (2!, )M)go. (29)

From (29) and the second order Fy-pseudo-concavity of f; (z!,-) — Tz} for
fixed x!, with respect to p; € RIF1l we have

ZA [f, zhy') = (y )Tzl-l—k(vl)Tzil—fi (z',0")

- ; 1) Ty (o) ] 20 (30)

Using (wl)T w}<s (z! ‘C’Z-l) and (Ul)T 2} <s (vt ‘Dil), it follows from (27)
and (30), that

ZA ) +s el - ) 4

- % (pzl)Tvylylfi (xl’yl)pzl} (31)



SECOND ORDER MIXED SYMMETRIC DUALITY 129

l
=DPPY [fi (') = s (v [D}) + (u') " w} - % (a))" Vi fi (u' 0"} |
i=1

Similarly, using remaining hypotheses and conditions given in Theorem
2 and using constraints of the primal and dual problems for functions
gi (-,02) + ~Twz»2 and g; (x2, ) — -Tzi2 , we get

(pi )T Vy2y29i (:1:2, 92) pz2 (32)
!

2 Z Ai |:9i (uz,UQ) —s (v2 ‘Df) + (u2)Twi2 — % (q?)T V22 fi (u27v2) qf] .
(31) and (32), we get

A fi (:Ul,yl) + i (:UQ,yQ) +s (l‘l ‘CZ-I) +s (1‘2 ‘Cf) — (yl)Tzil

&
| —

1 1
- " Z?—§ () Yy fi (2, y") pl — 3 02)" V2p20i (2%, 0%) p?]

1\

[
S [fi (uh, o)) + gi (u20?) — s (o} [DF) — s (o2 [D2) + (u}) w?
=1

1 1
+ (u2)Twi2 ~3 (qil)T Vutu fi (ul,vl) qil —3 (q?)T Vu2u29i (u2,v2) q?]

which is a contradiction to (24).
Hence
H (z', 2%,y 2 2 2% p' 0%, A) £ G (uh u? o' 0%l w? g g N
0

properly efficient solution for (SMP). Let X = X be fized in (SMD). Suppose
that the Hessian matriz Vil fi (E, ?) is positive definite fori=1,2,...,1

and Zi:l Ai (p})T [Vy1gi — 211] >0; and Vzggi (E, ?) is positive definite
fori = 1,2,...,1 and 22:1 Ai (p?)T [Vyzgi — 23] =0; or V;lfi (;7?)
is negative definite for i = 1,2,... )1 and 22:1 A (pll)T [vylfi — Zﬂ <0;
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and V?%Qgi (?, ?) is mnegative definite for i = 1,2,...,1 and
!

SN (p?)T [Vyzgi — 212] <0. Also suppose that the sets

i=1

{Vylfl — 2% + vylylflp%, e ,vylfl — 2l2 + Vylylflﬁll}
and
{Vy2g1 — E% + Vy2y2g1]5%7 e ,Vy2gl — 512 + Vy2y2gl]§l2}
are linearly independent. Then there exists w; € C} and w? € C? such that

is feasible for (SMD) and
H (xlawzy3/1,9272172271717?2:/\) =G (ul,u2,vl,v2,w1,w2,q1,q2,)\) .

Moreover, if the generalized convezity hypotheses and conditions (i)-(iv) of

Theorem 1 or 2 are satisfied, then (xl,xQ, yl, y2, wh w2, ¢t qQ,X) is a prop-
erly efficient solution for (SMD).

Proof. The proof follows the lines of the proof of Theorem 2 in Yang et al.
[28] in light of the discussions above in this paper. O

Remark 2. The converse duality theorem can also be established for the
problems considered in this paper.

4. SPECIAL CASES

In this section, we consider some special cases of the problem (SMP) and
(SMD) by choosing particular forms of the sublinear functionals and the
compact convex sets involved in the problems.

If |Jo] = |K2| = 0, then (SMP) and (SMD) reduce to the problems (P)
and (D) studied by Yang et al. [28].

If |Jo| = |K3| =0, and C} = C? = D} = D? = {0}, i = 1,2,... I, then
(SMP) and (SMD) reduce to the problems (P) and (D) studied by Suneja
et al. [24].

IfCl=C?=D}=D?={0},i=1,2,...,l,and [ = 1, then (SMP) and
(SMD) reduce to the problems (MP) and (MD) studied by Mishra [15].

If |Jo| = |[K2| =0, and [ = 1, then (SMP) and (SMD) reduce to the pair
of problems studied by Hou and Yang [11].

If |Jo] = |Kal = 0,1 =1, and p! = p? = ¢! = ¢®> = 0 then (SMP)
and (SMD) reduce to the problems (P1) and (D1) studied by Mond and
Schechter [20].
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Ifl=1p' =p>=¢' =¢>=0and Vof (azl,yl) = 2!, then (SMP) and
(SMD) reduce to the problems (MP) and (MD) studied by Yang et al. [27].

Ifpl=pl=¢ =¢ =0and C} =C? =D} =D?={0},i=1,2,... 1,
and then (SMP) and (SMD) reduce to a general form of the problems (P1)
and (D1) studied by Bector et al. [3].

5. CONCLUSION

In this paper, we have extended the results of Yang et al. [28], Suneja
et al. [24], Hou and Yang [11] and Mond and Schechter [20] to mixed
symmetric second order duality, the results of Bector et al. [3] to the case
of non-differentiable problems and the results of Yang et al. [27] to the
second order case. The results obtained in this paper can be extended to
the class of functions introduced by Antczak [2] and Aghezzaf and Hachimi
[1]. Moreover, these results can be further extended to higher order case as
an extension of the results of Chen [4], to the case of complex functions and
to the case of continuous-time problems as well. Some of these problems
will be the subject of research of the present author in very near future.
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version of the manuscript.

References

[1] Aghezzaf, B., Hachimi, M., Sufficient optimality conditions and duality in multiob-
jective programming involving generalized convexity, Numer. Funct. Anal. Optim. 22
(2001), 775-788.

[2] Antczak, T., Multiobjective programming under d-invezity, European J. Oper. Res.
137 (2002), 28-36.

[3] Bector, C. R., Chandra, S., Abha, On mized symmetric duality in multiobjective
programming, Opsearch 36 (1999), 399-407.

[4] Chen, X., Higher-order symmetric duality in nondifferentiable multiobjective pro-
gramming problems, J. Math. Anal. Appl. 290 (2004), 423-435.

[5] Dantzig, G. B., Eisenberg, E., Cottle, R. W., Symmetric dual nonlinear programs,
Pacific J. Math. 15 (1965), 809-812.

[6] Devi, G., Symmetric duality for nonlinear programming problem involving n-convez
functions, European J. Oper. Res. 104 (1998), 615-621.

[7] Dorn, W. S.; A symmetric dual theorem for quadratic programming, J. Oper. Res.
Soc. Japan 2 (1960). 93-97.

[8] Hanson, M. A., On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl.
80 (1981), 545-550.

[9] Hanson, M. A., Second order invezxity and duality in mathematical programming,
Opsearch 30 (1993), 313-320.



132
[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]
18]

[19]
[20]

[21]

[22]

23]
[24]

[25]

[26]

[27]

[28]

S. K. MISHRA

Hanson, M. A., Mond, B., Further generalization of convezity in mathematical pro-
gramming, J. Inf. Optim. Sci. 3 (1982), 25-32.

Hou, S. H., Yang, X. M., On second order symmetric duality in nondifferentiable
programming, J. Math. Anal. Appl. 255 (2001), 491-498.

Kaul, R. N., Kaur, S., Optimality criteria in nonlinear programming involving non-
convezx functions, J. Math. Anal. Appl. 105 (1985), 104-112.

Mangasarian, O. L., Second and higher order duality in nonlinear programming, J.
Math. Anal. Appl. 51 (1975), 607-620.

Mishra, S. K., Multiobjective second order symmetric duality with cone constraints,
European J. Oper. Res. 126 (2000), 675-682.

Mishra, S. K., Second order symmetric duality in mathematical programming with
F-convezity, European J. Oper. Res. 127 (2000), 507-518.

Mishra, S. K., On second order symmetric duality in mathematical programming, in:
“Recent Developments in Operational Research”, M. L. Agarwal and K. Sen (Eds.),
Narosa Publishing House, New Delhi, 2001, 261-272.

Mishra, S. K., Second order generalized invexity and duality in mathematical pro-
gramming, Optimization 42 (1997), 51-69.

Mond, B., A symmetric dual theorem for nonlinear programs, Quart. Appl. Math.
23 (1965), 265-269.

Mond, B., Second order duality for nonlinear programs, Opsearch 11 (1974), 90-99.
Mond, B., Schechter, M., Nondifferentiable symmetric duality, Bull. Austral. Math.
Soc. 53 (1996), 177-188.

Mond, B., Weir, T., Symmetric duality for nonlinear multiobjective programming,
in: “Recent Developments in Mathematical Programming”, S. Kumar (Ed.), Gordon
and Breach, London (1991), 137-153.

Nanda, S., Das, L. N., Pseudo-inverity and duality in nonlinear programming, Euro-
pean J. Oper. Res. 88 (1996), 572-577.

Rockafellar, R. T., Convex Analysis, Princeton University Press, Princeton, NJ, 1970.
Suneja, S. K., Lalitha, C. S., Khurana, S., Second order symmetric duality in multi-
objective programming, European J. Oper. Res. 144 (2003), 492-500.

Weir, T., Mond, B., Symmetric and self duality in multiobjective programming, Asia-
Pacific J. Oper. Res. 5 (1988), 124-133.

Yang, X. M., Yang, X. Q., Teo, K. L., Nondifferentiable second order symmetric
duality in mathematical programming with F'-convexity, European J. Oper. Res. 144
(2003), 554-559.

Yang, X. M., Teo, K. L., Yang, X. Q., Mized symmetric duality in nondifferentiable
mathematical programming, Indian J. Pure Appl. Math. 34 (2003), 805-815.

Yang, X. M., Yang, X. Q., Teo, K. L., Hou, S. H., Second order symmetric duality in
non-differentiable multi-objective programming with F'-convexity, European J. Oper.
Res. 164 (2005), 406-416.

S. K. MISHRA

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE
COLLEGE OF BASIC SCIENCES AND HUMANITIES

GOVIND BALLABH PANT UNIVERSITY OF AGRICULTURE AND TECHNOLOGY
PANTNAGAR, INDIA

E-MAIL: MSSHASQCITYU.EDU.HK



