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Abstract. In this paper, we give a new nonempty intersection theo-
rem in general topological spaces without convexity structure. As its
applications, some new minimax inequalities are obtained in general
topological spaces without convexity structure.

1. INTRODUCTION AND PRELIMINARIES

In 1998, Zhang and Ma [16] established the following nonempty inter-
section theorem in topological vector spaces and gave its applications to
minimax inequalities.

Theorem A. Let E and F be Hausdorff topological vector spaces, let X C
E, Y C F be nonempty convex subsets, and let A be a subset of X XY such
that

(i) for each x € X, the set {y € Y: (x,y) ¢ A} is convex or empty;
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(ii) for each y €Y, there exists a closed subset X, C X such that the set
{re X: (z,y) € A} C X,.
Suppose that there exists a subset B of A and a compact convexr subset K
of X such that B is closed in X XY and

(iii) for eachy €Y, the set {x € K: (z,y) € B} is nonempty and convez.
Then
(X, NK #0.

yey

Recently, Lu and Zhang [10] proved the following nonempty intersection
theorem in H-spaces, which generalizes Theorem A.

Theorem B. Let X be a Hausdorff topological space, (X,{I'(A)}) be an H-
space, C:' Y — 2% be a set-valued mapping with closed values, and let M,
N be two subsets of X x Y with M C N. Suppose the following conditions
are fulfilled:

(i) for each y €Y, the set {z € X: (xz,y) € N} C C(y);
(ii) for each x € X, the set {y € Y: (x,y) &€ M} is H-convex or empty.

Suppose also that there exists a subset P of M and a compact subset K of
X such that P is closed in X XY, and

(iii) for each y € Y, the set {z € K: (x,y) € P} is nonempty acyclic.
Then
(Cly)NK +0.

yey

In this paper, our purpose is to establish a new nonempty intersection the-
orem in general topological spaces without convexity structure, and next as
its applications, we give some new minimax inequalities in general topolog-
ical spaces without convexity structure. Our results generalize and improve
many recent known results, see for example [5]-[8] and [10], [14], [16], [17].

Let X be a set. We shall denote by 2% the family of all subsets of X,
by (X) the family of nonempty finite subsets of X. For any A € (X), let
|A| denote the cardinality of A. Let A,, denote the standard n-dimensional
simplex with vertices {eg,... ,e,}, where ¢; is the (i + 1)th unit vector in
R If 0 £ J C {0,...,n}, then we denote by A|jj-1 the convex hull of
the vertices {e;: i € J}.

We recall the notion of an H-space introduced by Bardaro and Ceppitelli
[2].
Let X be a topological space, {I'(A)} be a family of nonempty contractible
subsets of X indexed by A € (X) such that I'(A) C T'(A’), whenever A C A'.
The pair (X, {I'(A)}) is called an H-space. Given an H-space (X, {I'(A)}),
a nonempty subset D of X is called H-convex if I'(A) C D for each A € (D).
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For a nonempty subset E of (X, {I'(4)}), we define the H-convex hull of E,
denoted the H —co E as

H—coFE = ﬂ{D C X: ECD and D is H-convex}.

Clearly, H—co FE is H-convex and is the smallest H-convex set containing E.
A nonempty topological space X is said to be acyclic if all of its reduced
Cech homology groups over rationals vanish. In particular, any nonempty
contractible space is acyclic, and thus any nonempty convex or star-shaped
set is acyclic. A nonempty subset D of a topological space X is said to be
compactly closed (respectively, compactly open) in X if for each nonempty
compact subset C' C X, D N C is closed (respectively, open) in C. The
compact closure and the compact interior of D (see [3]) are defined by

cclD = ﬂ{G: D C G and G is compactly closed in X}, and
cint D = U{G: G C D and G is compactly open in X},

respectively. It is easy to see that ccl D (respectively, cint D) is compactly
closed (respectively, compactly open) in X and for each nonempty compact
subset C' of X, we have (cclD) N C = clg(D NC) and (cint D) N C =
int ¢(D N C), where cl¢(D NC) and int ¢(D N C) denote the closure and
the interior of D N C' in C, respectively.

Definition 1.1 (see [3]). Let X be a nonempty set, ¥ be a topological
space, F': X — 2Y a set-valued mapping. F is called transfer compactly
closed-valued (respectively, transfer compactly open-valued) if for each z €
X and for each nonempty compact subset C of Y, y ¢ F(z)NC' (respectively,
y € F(xz) N C) implies that there exists an 2’ such that y ¢ clo(F(2") N C)
(respectively, y € int o(F (2') N C)).

Remark 1.1. Each closed-valued (respectively, open-valued) set-valued
mapping F': X — 2V is transfer closed-valued (respectively, transfer open-
valued) (see [15, Definitions 6 and 7]) and is also compactly closed-valued
(respectively, compactly open-valued). Each transfer closed-valued (respec-
tively, transfer open-valued) set-valued mapping F: X — 2Y is transfer
compactly closed-valued (respectively, transfer compactly open-valued) and
the inverse in not true in general.

Definition 1.2 (see [3]). Let X be a nonempty set, ¥ be a topological
space, f: X x Y — R be a function. For some A € R, f(x,y) is said to be
M-transfer compactly lower (respectively, upper) semicontinuous in y if for
each compact subset C of Y and for each y € C,

{r e X: f(x,y) > A} #0
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(respectively, {x € X: f(z,y) < A} # 0) implies that there exists a rel-
atively open neighborhood N(y) of y in C and an 2/ € X such that
f(2’,2z) > X (respectively, f(a/,z) < X) for all z € N(y).

Remark 1.2. It is easy to prove that if a set-valued mapping 7: X — 2Y
is defined by

T(w) = {y e Y flz,y) < A}
(respectively, T'(z) = {y € Y: f(z,y) > A}) for some A € R, then T is
transfer compactly closed-valued if and only if f(z,y) is A-transfer com-
pactly lower (respectively, upper) semicontinuous in y.

Let X and Y be two topological spaces, T: X — 2Y be a set-valued
mapping. T is said to be upper semicontinuous if for each open subset G of
Y, the set {x € X: T'(x) C G} is open in X.

Throughout this paper, all topological spaces are assumed to be Haus-
dorff.

2. A NONEMPTY INTERSECTION THEOREM

Our main result is the following Theorem 2.1 which is needed in this
paper.

Theorem 2.1. Let X and Y be two topological spaces, C: Y — 2X be a
set-valued mapping, and let M, N be two subsets of X x Y. Suppose the
following conditions are fulfilled:

(i) C is transfer compactly closed-valued;
(ii) for eachy €Y, the set {x € X: (z,y) € N} C C(y).

Suppose also that there exists a subset P of M and a compact subset K of
X such that P s closed in X XY, and

(iii) for each A € (Y') with
An{yeY: (z,y) ¢ N} #0
for all x € K, there exists a continuous mapping ¢a: Ajg—1 — Y
such that
PA(Aanfyey: @ygny 1) Cly €Y (z,y) € M}

for all x € K;
(iv) for eachy €Y, the set {x € K: (z,y) € P} is nonempty acyclic.
Then

() Cly)NK #0.

yey
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Proof. We show that the family {cclC(y) N K: y € Y} has the finite inter-
section property. Suppose it does not have the finite intersection property.
Then there exists A = {yo,... ,yn} € (Y) such that

ﬂ cclC(y)N K = 0.
yeA

It follows that
K c| {(X\cdC(y))NK:ye A},

Since each cclC(y) is compactly closed, we can assume that there exists a
non-negative continuous partition of unity {fo, ... , 8, } subordinated to the
open covering {(X \ cclC(y)) (N K: y € A}, that is, for each i € {0,... ,n},
Bi: K — [0,1] is continuous such that for each x € K, > ; f;(z) = 1 and
for each i € {0,... ,n},

Bi(xz) =0 for z ¢ (X \ cclC(y;)) N K.
In other words, for each i € {0,... ,n} and x € K, §;(z) # 0 implies that
ze (X \cdCy)NK C{xeX: (z,y5) ¢ N}. (2.1)
Define a mapping g: K — A, by

g(z) = Zﬁi(x)ei for all x € K.
i=0

Then clearly ¢ is continuous. For each x € K, let us define J(z) = {i €
{0,...,n}: Bi(x) # 0} and B(x) = {y;: i € J(x)}, then
0#B(z)CAN{yeY: (z,y) ¢ N}

by (2.1). Therefore by (iii), there is a continuous mapping ¢: A,, — Y such
that

O(Alanfyey: @y)eNy-1) Cly € Vi (z,y) ¢ M} forall z € K. (2.2)
Define a continuous mapping f: K — Y as follows:
f(x) = ¢(g(x)) for all z € K.
By (2.2),
f(@) = p(9(z)) € p(AB@)-1) Cly €Y (z,y) ¢ M}
for all x € K. This shows that
(x, f(x)) ¢ M for all z € K. (2.3)
On the other hand, we define a set-valued mapping G: Y — 2K by
Gly)={r € K: (z,y) € P} forally €Y.

By (iv), G(y) is nonempty acyclic for all y € Y. Since P is closed in
X x Y, it is easy to see that each G(y) is closed in K and the graph
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of G is closed in Y x K. Hence by Corollary 9 in [1, p. 111], G is an
upper semicontinuous set-valued mapping defined on Y. Consequently, so
is the set-valued mapping F: A,, — 2K defined by F(u) = G(¢(u)) for all
w € A,. By virtue of Lemma 1 in [12], there exists a point € A, such
that @ € g(F (1)) = g(G(¢(f2))), and so there is a point T € G(p(n)) C K
such that @ = g(z). Let ¥ = ¢(z), then § = ¢(g(%)) = f(Z) and T € G(7),
ie.,
(@, f(@) = (z,y) e PC M.

This contradicts (2.3). Therefore the family {cclC(y) " K:y € Y} has
the finite intersection property. Since K is compact and each cclC(y) is
compactly closed, we must have

() ccdC(y) N K # 0.

yey
Now we show that

m ClyynkK = ﬂ cclC(y) N K.

yey yey

Clearly, (,cy C(¥) (1K C (\,ey cclC(y) (N K. So we only need to show
that

(N edCy)NK c (| ClyNK.
yey yey

Suppose, by the way of contradiction, that there exists an

x € ﬂ cclC(y) N K = ﬂ clg(C(y) N K)

yey yey

and a y € Y such that x ¢ C(y) N K. Since C is transfer compactly closed-
valued, there exists a point 3’ € Y such that x ¢ clx(C(y') N K), which is
a contradiction. Hence

ﬂ ClyynK = ﬂ cclC(y) N K # 0.
yey yey

This completes the proof. O

Remark 2.1. Theorem 2.1 generalizes Theorem B in the following ways:

(1) an H-space (X,{I'(A)}) is replaced by a general topological space
without convexity structure;

(2) the condition that C' is a closed-valued mapping is weakened to the
condition that C is a transfer compactly closed-valued mapping;

(3) the assumption of M C N in Theorem B is dropped;
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(4) condition (ii) of Theorem B is a special case of condition (iii) of Theo-
rem 2.1. We show that condition (ii) of Theorem B implies condition
(iii) of Theorem 2.1. In fact, let A € (V) with

An{yeY: (z,y) ¢ N} #0

for all z € K. By Theorem 2.1 in [13], there exists a continuous
mapping ¢4: Ajs -1 — Y such that
va(Agj-1) CI'(B) for each B € (4). (2.4)
Since
0#An{yeY: (z,y) ¢ N} € (4)
and
VFAN{yeY: (z,y) ¢ Ny e {yeY: (z,y) ¢ M})

for each x € K, by (2.4) and condition (ii) of Theorem B, we have

PA(A | angyey: (zy)gnt-1) CT(AN{y €Y: (z,y) ¢ N})

ClyeY: (zy) ¢ M}
for each x € K. Hence condition (iii) of Theorem 2.1 holds.

3. MINIMAX INEQUALITIES

Theorem 3.1. Let X andY be two topological spaces, and lete, f,g,h: X x
Y — R be functions. Let

B = inf supminh(z,y),
KeK yey zeK

where
K ={K C X: K is compact acyclic subset of X}.

Suppose the following conditions are fulfilled:

(i) for each (z,y) € X x Y, e(z,y) < f(z,y), 9(z,y) < h(z,y);
(ii) for eacht > f3, e(x,y) is t-transfer compactly lower semicontinuous in
x;

(iii) for each A € (Y') with
An{yeY: f(z,y) >t} #0

forallt > 3, x € X, there exists a continuous mapping pa: Ajz—1 —
Y such that

PA(Ajangyey: fay)>ty-1) C{y €Y g(x,y) > t}
forallt > 3, x € X;
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(iv) h(z,y) is lower semicontinuous on X x Y and the set {x € K:

h(z,y) < t} is nonempty acyclic or empty for each t > 3, K € K
andy €Y.

Then

inf supe(z,y) < inf supminh(z,y) = S. 3.1
xexyeg( y) ol sup i (=,y) (3.1)

If X is compact acyclic, then

inf y) < in h(z,y). 3.2
l}gleelge(w y) < sup mip (z,9) (3.2)

Proof. If § = 400, then the theorem is obviously true. Hence we may
assume that 0 < +o0o. Now let A > 3 be fixed and define a set-valued
mapping C: Y — 2% as follows:

Cly)={reX:e(x,y) <A} forally €Y.
Let
M={(z,y) € X xY:g(z,y) <A},
N ={(z,y) e X xY: f(z,y) <A}, and
P={(x,y) € X xXY: h(z,y) < A}.
By (i), for each y € Y,
{reX:(v,y) e N} C{zr e X:e(x,y) <A} =C(y).

By (ii) and Remark 1.2, C: Y — 2% is transfer compactly closed-valued.
By (iii), we know that for each A € (V') with

AN{yeY: (z,y) ¢ N} #10

for all z € X, there exists a continuous mapping ¢4: Aj4—; — Y such that

PA(Aangyey: @ygny 1) C{ly €Y (z,y) € M}

for each z € X. It is easy to verify that P is closed in X xY and P C M.
Let K be a compact acyclic subset of X such that

A > sup min h(z,y).
sup i (z,y)

Then for any y € Y, the set {x € K: h(z,y) < A} is nonempty and we
know the set

{r e K: h(z,y) <A} = ﬂ{xEK: h(z,y) < A+ ¢}
e>0
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is acyclic (this follows from the continuity of Cech homology. See Lemma
1.3 in [11]). Thus by Theorem 2.1,

() Cly) N K #9,

yey

that is, there exists ¢ € K such that
e(zo,y) < A forally €Y.

Hence

inf <\

Aot sup e(z,y) <
Since the above inequality holds for any A > (3, we simply let A decrease to
B to obtain (3.1). This completes the proof. O

Remark 3.1. Theorem 3.1 does not require the space Y possess any con-
vexity structure. As a result, Theorem 3.1 generalizes and improves The-
orem 3 in [16] and Theorem 2.2 in [10] from topological vector spaces or
H-spaces with abstract convexity structure to general topological spaces
without convexity structure.

Corollary 3.1. Let X and Y be two topological spaces, and let
e, f,g,h: X XY — R be functions. Let

B = inf supminh(z,y),
KeK yey z€K

where
K ={K C X: K is compact acyclic subset of X}.
Suppose the following conditions are fulfilled:
(i) for each (z,y) € X XY, e(x,y) < f(z,y) < g(z,y) < h(z,y);
(i) for eacht > [, e(x,y) is t-transfer compactly lower semicontinuous in
;

(iii) for each A € (Y') with
An{yeY: g(z,y) >t} #0

forallt > 3, x € X, there exists a continuous mapping a: Ajx—1 —
Y such that

SOA(A|Aﬁ{yEY: g(x,y)>t}|—1) C {y eY: g(xvy) > t}
forallt > 6,z e X;
(iv) h(z,y) is lower semicontinuous on X x Y and the set {x €
K: h(z,y) <t} is nonempty acyclic or empty for each t > 3, K € K
andy €Y.
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Then

inf supe(z,y) < inf supminh(z,y) = S.
zeX yey KeK yey z€K

If X is compact acyclic, then

inf supe(zx < sup min h(z,
.Z’EXye}IZ( y) yegacEX ( y)

Taking e = f = g = h in Corollary 3.1, we have the following corollary.

Corollary 3.2. Let X and Y be two topological spaces, f: X XY — R be
a real-valued function, and let
B = inf_supmin f(z,y),
K€K yey z€K
where o
K ={K C X: K is compact acyclic subset of X}.
Suppose the following conditions are fulfilled:
(i) for each A € (Y') with

Anfy eY: f(z,y) >t} #10

forallt > 3, x € X, there exists a conlinuous mapping pa: Ajx—1 —
Y such that

PA(Alanfyey: fay)>ty-1) Cly €Y f(z,y) >t}
forallt > 3, x € X;

(i1) f(z,y) is lower semicontinuous on X X Y and the set {z €
K: f(z,y) <t} is nonempty acyclic or empty for eacht > 3, K € K
andy €Y.

Then

inf sup f(x,y) = inf supmin f(x,y) = 5.
T€X yey KcK yey z€K

If X is compact acyclic, then

min su x = supmin f(xz,vy).
xeXy@gf( . Y) y@gxexf( )

Proof. By Corollary 3.1, we have

inf sup f(z,y) < inf supmin f(z,y) = (.
zeX yey KeK yeY zeK

Since

inf sup f(z,y) > inf supmin f(z,y) =
rzeX yey KeK yeY zeK

is always true, we have

inf sup f(z,y) = inf supmin f(z,y) = G.
zeX yey KeK yey zeK
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If, in addition, X is compact acyclic, then we have
min su x,y) = sup min f(x,y).
xexyegf( y) ye,%exf( y)
This completes the proof. O

Remark 3.2. Corollary 3.2 generalizes Theorem 4 in [7] and Corollary 2.3
in [10] in several aspects.

Theorem 3.2. Let X and Y be two topological spaces, T: X — 2Y be
an upper semicontinuous set-valued mapping with closed acyclic values,
S: X — 2Y be a set-valued mapping. Let e, f,g: X xY — R be functions
and

B = sup inf g(,y).
yey zeX

Suppose the following conditions are fulfilled:
(i) for each (z,y) € X x Y, f(z,y) < g(z,y);
(ii) for eacht > B3, g(x,y) is t-transfer compactly upper semicontinuous in
Yy
(iii) for each A € (X) with
An{z e X: f(x,y) <t} #0

for each t > B and y € Y, there exists a continuous mapping
oA Ajaj—1 — X such that
PA(A|Anfzex: fay)<t)—1) C{z € X e(z,y) <t}

forallt > G andy €Y;
(iv) for each x € X,

T(xz)NnS(x)#0 and K= U S(z)
zeX
18 compact acyclic subset of Y.

Then
i < sup i . :
ot ey < Zggmlgﬁff 9(z,y) (3-3)

Proof. We can assume that the right-hand side of (3.3) is not +oo. If the
conclusion of Theorem 3.2 is false, then there exists a real number ¢ such
that

inf e(z,y) >t >sup inf g(z,y). 3.4
onf - e(wy) sup inf 9(x,y) (3-4)

For the above t, let us define a set-valued mapping C: X — 2¥ as follows:

Clx)={yeY:g(zx,y) >t} forall z € X.
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Let

M ={(z,y) € X xY:e(z,y) >t},
N={(z,y) e X xY: f(z,y) > t}, and
P={(z,y) e X xY:yeTz}
It is easy to check that M, N and C satisfy conditions (i)—(iii) of Theorem

2.1. By (3.4), P C M, and by Proposition 7 in [1, p. 110], P is closed in
X x Y. For each x € X, the set

{ye K: (z,y) € P} = U S(x)NTx
zeX
is nonempty acyclic. So K and P satisfy condition (iv) of Theorem 2.1.
Hence by Theorem 2.1,

() Cl@)NK #9,

zeX
that is, there exists yp € K such that g(x,yp) >t for all x € X. Therefore
we have

sup inf x > ¢,
ye%ex g(z,y) >

This contradicts the choice of ¢. Therefore (3.3) is proved. This completes
the proof. ]

Remark 3.3. Theorem 3.2 generalizes Theorem 2.1 in [17] from topologi-
cal vector spaces to general topological spaces without convexity structure.
Furthermore, Theorem 3.2 differs from Theorem 2.1 in [17] on the method
of proof.

Corollary 3.3. Let X, Y, S, T, ande, f, g be as in Theorem 3.2. Assume
further, that given A € R, we have

inf > A
me)}gGTrp e(xjy) -

Then there exists yo € Y such that g(x,yg) > X for all z € X.

Remark 3.4. Corollary 3.3 generalizes Corollary 2.4 in [10] from H-spaces
to general topological spaces without convexity structure.

The following two minimax inequalities are obtained from Theorem 3.2
as special cases by taking f = g and e = f = g, respectively.
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Theorem 3.3. Let X, Y, S, and T be as in Theorem 3.2. Lete, f: X X

Y — R be functions and

B =sup inf f(x,y).
yeyxeXf( y)

Suppose the following conditions are fulfilled:

(i) for each t > B, f(x,y) is t-transfer compactly upper semicontinuous
my;

(ii) for each A € (X) with

Anf{z e X: f(x,y) <t} #0
for each t > B and y € Y, there exists a continuous mapping
oA Aja—1 — X such that
SOA(ALAQ{J;EX: f(x,y)<t}\—l) C {.f €X: 6(1’,:[/) < t}

forallt >0 andy €Y.

Then

inf e(x,y) <sup inf f(z,y).
reX,yeTx ( y)_yegzex f(@.y)

Theorem 3.4. Let X, Y, S, andT be as in Theorem 3.2. Let f: X XY —
R be a function and
= inf .
B sup inf flz.y)
Suppose the following conditions are fulfilled:
(i) for each t > 3, f(x,y) is t-transfer compactly upper semicontinuous
(ii) for each A € (X) with
An{z e X: f(x,y) <t} #0
for each t > B and y € Y, there exists a continuous mapping
At Ajg—1 — X such that
PA(Alanzex: fay)<ty-1) C{z € X1 f(x,y) <t}

forallt > @ andyeY.
Then

inf z,y) < sup inf z,y).
zeX,yeTx f( y) _yegzex f( y)

Remark 3.5. Theorem 3.4 generalizes Theorem 1 in [8] in several aspects.

By using Theorems 3.2 and 3.4, we can obtain the following Theorems
3.5 and 3.6, which are the generalizations of Fan’s minimax inequality.
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Theorem 3.5. Let Y be a topological space, X C K, K CY be nonempty

subsets and K is compact. Let e, f,g: X xY — R be functions satisfying
conditions (1)-(iii) of Theorem 3.2. Then

inf e(x,x) <sup inf g(x,y).
Inf ¢ )_yegxex 9(z,y)

Proof. Define the set-valued mapping S: X — 2¥ by S(z) = K for each
x € X. The set-valued mapping T is defined by T'(z) = {z} for each = € X,
then the conclusion follows from Theorem 3.2. This completes the proof. [

Theorem 3.6. Let X, Y, K be as in Theorem 3.5. Let f: X xY — R be
a function satisfying conditions (i)—(ii) of Theorem 3.4. Then

inf < inf .
Inf flz,x) < :g}g;gx f(z,y)

Proof. We define the set-valued mappings S, T: X — 2 by S(z) = K
and T'(xz) = {z} for each x € X, respectively, then the result follows from
Theorem 3.4. This completes the proof. O

Remark 3.6. In Theorems 3.5 and 3.6, X or Y need not to be compact,
thus, Theorems 3.5 and 3.6 are the generalizations of Theorems 2.5 and 2.6
in [10] and Theorem 5 in [5].

As another application of Theorem 3.2, we have the following theorem.

Theorem 3.7. Let X, Y, S, and T be as in Theorem 3.2. Lete, f,g: X X
Y — R be functions and

B = inf sup f(x,y) > —oc.
yEYxE)(

Suppose the following conditions are fulfilled:
(i) foreacht > —f, f(x,y) is —t-transfer compactly lower semicontinuous
my;
(ii) for each (x,y) € X XY, f(z,y) < g(z,y);
(iii) for each A € (X) with
An{z e X: g(x,y) > -t} #0
for all t > —pB and y € Y, there exists a continuous mapping
oA Aja—1 — X such that
QOA(AMO{Z’EX: g(a:,y)>—t}|—1) - {fL‘ € X: e(:z:,y) > _t}
foreacht > —-p andy €Y.
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Then

inf sup f(z,y) < sup  e(z,y).
yeY zeXx zeX,yeTz

Proof. Set ¢/ = —e, f/ = —g, and ¢ = —f, then ¢/, f/, and ¢’ satisfy
conditions (i)—(iii) of Theorem 3.2. Thus, by Theorem 3.2,

inf ¢'(x,y) <sup inf ¢'(z,y),

zeX,yeTx yeyYy rzeX
that is,
inf sup f(z,y) < sup  e(z,y).
yeY zeXx zeXyeTx
This completes the proof. O

By taking f = g, and then T'(z) = {z} for each x € X in Theorem 3.7,
we get the following minimax inequalities. We omit the proofs.

Theorem 3.8. Let X, Y, S, and T be as in Theorem 3.2. Lete, f: X X
Y — R be functions and

B = inf sup f(z,y) > —0

YeY zeX
such that
(i) foreacht > —pf, f(x,y) is —t-transfer compactly lower semicontinuous
my;

(ii) for each A € (X) with
An{z e X: f(x,y) > -t} #0

for all t > —pB and y € Y, there exists a continuous mapping
At Ajg—1 — X such that

PA(Ajanfzex: fay)>—t}—-1) C {1z € X:e(x,y) > —t}
for eacht > —03 andy €Y.
Then

inf sup f(e,9) < sup  e(ay).
yeY zeX zeX,yeTx

Remark 3.7. Theorem 3.8 is different from Theorem 3 in [14] for mappings
with noncompact domains and Y need not be locally convex and complete.

Theorem 3.9. Let Y be a topological space, X C K, K CY be nonempty
subsets and K is compact. Let e, f,g: X XY — R be functions satisfying
conditions (1)—-(iii) of Theorem 3.7. Then

inf sup f(z,y) < sup e(z,x).
yeY zeX z€X
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Theorem 3.10. Let X, Y, K be as in Theorem 3.9. Lete, f: X XY — R
be functions satisfying conditions (i)—(ii) of Theorem 3.8. Then

inf sup f(z,y) < sup e(z,x).
YeY geX reX

Remark 3.8. In Theorems 3.9 and 3.10, X or Y need not to be compact,
thus, Theorems 3.9 and 3.10 are new minimax inequalities of Ky Fan type.

Acknowledgement. The author wishes to express his gratitude to the
referees for their suggestions.
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