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TENSOR IN THE 3-DIMENSIONAL
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Abstract. We discuss the weak form of the Ramberg/Osgood equa-
tions (also known as the Norton/Hoff model) for nonlinear elastic ma-
terials on a 3-dimensional domain and show that the stress tensor is
Holder continuous on an open subset whose complement is of Lebesgue-
measure zero. We also give an estimate for the Hausdorff-dimension of
the singular set.

1. INTRODUCTION

In this paper we investigate the smoothness properties of weak solutions
of the Ramberg/Osgood equations (also known as the Norton/Hoff model)
defined on a bounded Lipschitz domain 2 C R3. In the classical formulation
of the Ramberg/Osgood model the stress tensor o and the displacement field
u are related through the equations

Ao + a|oP |17 26" =¢(u),
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dive+ f=0 on

together with suitable boundary conditions, and by a weak solution of these
equations we mean a pair (o,u) from appropriate function spaces being
compatible with an existence theory. To be precise, we fix ¢ € (2, 00), define
the conjugate exponent p = ¢/(q — 1), and consider the spaces (see[10], [11]
or [7])

L92(Q) =={0: Q — §*: o € LYQ), tro € L*(Q)},
UP2(Q) :={u: Q = R*: u € LP(Q), P (u) € LP(Q), divu € L*(Q)},
where
S% := space of all symmetric 3 x 3-matrices,

1
oP =0 — gtral for o € S3,

1
e(u) ::§(Vu + Vul)  for u: Q — R

The spaces L%2(Q), UP%(Q)) are normed in a standard way, we again refer
to [10], [11] or [7] for details. Finally, we let U} () denote the closure of
CS(;R3) in UP2(Q) w.r.t. the corresponding norm.

Definition 1.1. A pair (o,u) € L%?(Q2) x UP%(Q) is called a weak solution
of the Ramberg/Osgood equations iff

Dla=25D7: rda = u): 7dx .
/Q[Aa—kada ] ]:7d /Qs( ):7d (1.1)

and

/Qaza(v)dx—/ﬂf-vdw (1.2)
hold for any (7,v) € L%2(Q) x Ug’z(Q).

In (1.1), (1.2) the symbols “: 7 and “” denote the scalar products in S?
and R3, respectively. A is a symmetric linear operator S* — S? such that
Ac: o > Mol? (1.3)

for all o € S* and a constant A > 0. The volume forces f: Q — R? are
assumed to be in the space L(Q2), and a > 0 is a given parameter. If we
introduce the potential

1
W(r) := §AT: T+ EITDW, res?,
q

then (1.1) is equivalent to
e(u) = DW (o). (1.4)
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The above equations were first introduced by Ramberg and Osgood [12] as
constitutive relations describing the behaviour of aluminium alloys. Gener-
ally speaking, (1.1) and (1.2) are adequate for physically nonlinear elastic
materials with constitutive law of power-law type, and as it was shown by
Temam [14] and Bensoussan/Frehse [2] the stress fields of Hencky’s elastic-
perfectly plastic model can be approximated by stress fields which are solu-
tions of the Ramberg/Osgood equations. The physical and historical back-
ground of the subject is carefully explained in the thesis [11], where also
the existence of weak solutions is established. Moreover, a large part of
the work [11] is devoted to the investigation of the local regularity of the
stress and the strain tensor, for example weak differentiability and higher
integrability results are discussed (partially up to the boundary) by the way
extending earlier contributions of Bensoussan and Frehse [2].

In our recent paper [3] we gave a slight improvement of these regularity
results by showing using methods developed in [5] that the tensors o and
e(u) satisfy a local Hélder condition provided the case of plane domains is
considered. Here we are going to discuss the 3D-case for which we will prove

Theorem 1.1. Let all the hypotheses stated before hold and suppose that
(o,u) € L¥2(Q) x UP2(Q) is a weak solution in the sense of Definition 1.1.
Suppose further that

f e Lige(€) (1.5)
and
p>6/5 (1.6)

hold. Then there is an open subset Qg of Q of full Lebesgue measure such
that o and e(u) are locally Hélder continuous on €.

Remark 1.1. It will be shown that

r—0

Qo :{a: € Q: limsup|(0),,| < oo and

lim inf ][ o — (0)arl?dy + ][ |oD—<oD>x,r|qdy=o}.

r—0
Br(x) Br(z)

Here (), and B, () " dy denote mean values over the ball B,(x). Note
that in this description of {2y only the stress tensor ¢ is considered. In fact,
we will first prove the continuity of o on €, the continuity of e(u) then
follows from equation (1.4).
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Remark 1.2. Condition (1.6) means ¢ < 6, and we can avoid this restric-
tion in Theorem 1.2 (but not for free). Technically (1.6) enters via the

fact that we need compactness of the embedding V([)/Lp () — L?(Q), where

W P(€) is the standard Sobolev space of functions with zero trace, see,
e.g. [1].

Remark 1.3. From the description of the regular set €2y given in Remark
1.1 it is immediate that £3(Q — Q) = 0. Using results of [11] we will
actually have that H!T¢(Q — Q) = 0 for any ¢ > 0, H'™ being the (1 +¢)-
dimensional Hausdorff-measure, so that H-dim(2 — Q) < 1.

Remark 1.4. Of course we can consider domains  C R* with d > 4 and
get the result of Theorem 1.1 under the condition p > 2d/(d + 2).

Next we like to discuss how to get rid of the unpleasant assumption
that p > 6/5. This can be achieved by increasing the regularity of the
function f and by allowing a different regular set € (still open and of
full £3-measure), where now also the mean oscillation of £(u) comes into
play so that Qf C €29, €29 denoting the set defined in Remark 1.1. To be
precise, we first observe that according to [11], Lemma 2.18, the function
u from a pair (o,u) € L%%(Q) x UP2(Q) of solutions to (1.1) and (1.2) is
in the space VVE):(Q), r:=3p/(p+1). Obviously r < 2 and by Sobolev’s
embedding theorem it follows Vu € L¥/G-)(Q), i.e. Vu € L (), which

loc
gives u € I/Vlif () so that the definition of the set € in the next result
makes sense.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold with the exception
that (1.5) is replaced by

fewheQ) (1.7)

loc

and that p € (1,2) is arbitrary. Then, if (o,u) € L9?(Q) x UP2(Q) is a
weak solution according to Definition 1.1, the set

Q5 ::{ZL‘ € Q: limsup|(0)gr| < 0o and

r—0
liminf[ ][ lo — (o ][ loP xr| dy
r—0
By (x) By (x)

+ ][\5(U)—(E(U))x,rlzdy] zo}

B (x)
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is open (and of full Lebesque-measure). Moreover, o and €(u) are locally
Holder continuous on Y.

Remark 1.5. According to (1.4) the quantities £(u) and o are related
through e(u) = DW(o) but this formula does not imply that a point x
from the set )y defined in Remark 1.1 belongs to €}, i.e. the vanishing of
the mean oscillation of ¢ at « € ) does not necessarily imply the same for
e(u). Hence the “new regular set” € might be a strict subset of €y, and
involves the stress tensor as well as the strain tensor.

Remark 1.6. At the end of Section 5 we will discuss the size of the singular
set Q— € with the result that H3/ P+ (Q—Q#) = 0, and from the definition
of Qf a priori no better estimate is available. This also shows (besides the
stronger requirement (1.7) concerning f) that the removal of the condition
p > 6/5 is not for free.

Remark 1.7. As outlined in [11], Section 1.3.2, under appropriate bound-
ary conditions the function u from a pair (o, u) of weak solutions of (1.1)
and (1.2) is a minimizer of the total deformation energy F, whose leading
part is given by E(v) = [, We(e(v)) dz. Here Wy denotes the stored en-
ergy density for Ramberg/Osgood materials being defined as the conjugate
function of W, i.e.
Wea(e) := W*(e) := sup(e: 7 — W (1)), eeS
TESS

In Lemma 1.22 of [11] the growth of W, is analyzed leading to the inequal-
ities

co+ ci|trel? + eoleP P < Wa(e) < es|trel> 4 cyleP|P (1.8)

with constants ¢ € R, ¢; > 0,7 =1,...,4. In his paper [13] on the theory
of plastic deformations with power-law hardening, Seregin — besides other
things — considers the minimization problem in UP?() (plus boundary
conditions) for the energy (K a positive constant)

Tl = [ [ aive) + ao(P(e)))] da
Q
with a function gy of class C? such that ¢”(t) behaves like (1 + ¢2)P—2)/2
for some p € (1,2). Theorem 1.3 of [13] then gives partial C'-regularity of
a J-minimizer @, and the growth of ¢” implies an estimate like (1.8) for the
density of the energy J. So one might think of applying Seregin’s result to
the E-minimizer u. But in general, neither W, can be computed explicitely,
nor does D?W()(%,) behave like (trg)? + (1 4 |¢P|?)P=2/2|gP|2| which
is true for the density of J, and which of course is strongly used throughout
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Seregin’s proof. We wish to remark that if the tensor A is a constant multiple
of the identity, then our situation can be reduced to the setting studied in
[13]: if for example

W)= GirP+ 2jrlr, 50
then
Wa(e) = 535(te)* + [560(P1) + a1 - g )y(leP)s

with v := o1 ©(t) := Bt + at?™!, and (1.1) of [13] holds for all ¢ > 0. In
a similar way one can investigate the case A1 := Bitrrl + Bo7? (see, e.g.,
[4]) but for general A it is impossible to get such a representation of We(e),
and from the general formula for D?W, (see, e.g. [11], (A.12)), i.e. from
the identity D?W*(¢) = (D?*W (DW*(¢)))~1, it is not clear how to derive a
suitable ellipticity estimate for D?>W,,.

Remark 1.8. From the proofs of Theorems 1.1 and 1.2 it will become
evident that relation (1.1) can be replaced by the slightly more general
equation e(u) = DF (o) for a potential F': S* — R having the form F (o) =
Fi(0) + Fp(oP) with C?-functions Fy, F for which

)\1]7\2 < D2F1(U)(T,T) < leg,
AalrP (s -+ [oP Y4272 < DAEy(aP)(rP,7P) < RafrP (s + [P J2) 1202

holds with constants A, A1, A2, A2 > 0 and another constant x > 0.

Remark 1.9. The statement of Theorem 1.2 holds in the case that Q C R¢
with dimension d > 4.

Remark 1.10. Unfortunately we were unable to extend Theorem 1.1 and
Theorem 1.2 to the case of Hencky’s law. This problem is still open and a
challenge to applied analysis.

Our paper is organized as follows: the proof of Theorem 1.1 uses a blow-up
argument which is presented in Section 2 and in Section 3. The iteration of
this process is shortly sketched in Section 4 and finally leads to the formula
for the regular set given in Remark 1.1. Moreover, Section 4 contains the
estimate for the Hausdorff-dimension of the singular set. In Section 5 we
will prove Theorem 1.2 by indicating the changes which have to be carried
out in Sections 2 and 3.
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2. BLOW-UP: SCALING AND PROPERTIES OF THE WEAK LIMIT

Let the assumptions of Theorem 1.1 hold and for technical simplicity
replace (1.5) by the stronger condition that f € L*°(Q2) — otherwise we
consider a domain €’ with compact closure in . Crucial for the proof of
Theorem 1.1 is the following

Lemma 2.1. Given a positive number L, define the constant Cy = Cy(L)
according to (2.25). Then, for any 7 € (0,1) there exists ¢ = e(1,L) > 0
such that the validity of

|(0)zrl <L and E(x,r)<e (2.1)
for some ball B,(x) € Q implies the estimate
E(z,1r) < Com?E(z,r). (2.2)

Here we have abbreviated

E(a:,r) = f lo — (a)m7r|2dy+ f \UD— (oD)$,T|qdy,

Br(x) Byr(x)

E(z,r) :=FE(x,7) 4 .

In the definition of E(x,r) the exponent p denotes any number in (0, 1)
which will be fixed from now on. Actually, the quantity ¢ will also depend
on this parameter.

The proof of Lemma 2.1 argues by contradiction using a blow-up ar-
gument, and it is divided into several steps: we first discuss elementary
properties of a scaled sequence of functions and show the weak convergence
to a solution of an elliptic problem (see Proposition 2.1 below) which will
lead to a contradiction as soon as we can improve the weak to strong conver-
gence. Since this step is rather technical, it will be postponed to Section 3.

So let us now suppose that the statement of Lemma 2.1 is wrong. Then,
for L > 0 fixed and for some 7 € (0,1) there exists a sequence of balls
B, (zm) € 2 such that

() ammm| <L, E(Tpm,rm) =t A%, — 0 (2.3)
as m — oo but
E(xpm, Trm) > Com?A2,. (2.4)
We introduce the scaled functions (z € By = B1(0))

Q

3

&
Il

E(U(xm + Tmz) - wm)7 Wm = (U)xm%m
U (2) :_)\mlrm (w(@m + rm2) = m(2) = rm(e(W) 2 rm %),
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Ym := a rigid motion s.t. / [t [P dz < c/ e (um )P dz
B

B
(see [7], Lemma 3.0.3, iii)) and get from (2.3)

2p
_ Tm
][]0m2d2+/\212][|07Dn|qdz+>\2:1, (2.5)
Bl Bl "
whereas (2.4) implies
f\am — (om)o?dz + XL2 ][|0,?L — (D)o |7dz > C.r2 (2.6)
B, B,

Thus, after passing to subsequences, we deduce from (2.3) and (2.5)

Wy —:w  in S (2.7)
Om —:0 in L?(B1) and Apo, — 0 ae;
A=2/agD 0 in L9(By). (2.9)

For (2.9) we observe the boundedness of Pt gD in L4(Bjp), hence

,ln_QMUTDn —: 7 in LY(By), but (2.8) gives 7 = 0. We also claim that

Uy —:T in WYP(By), weUP?B;) and

divu, — diva  in L?(By). (2.10)
To prove (2.10) we observe that from (1.4) it follows that (e, := (e(u))z,,.,,,)
1
e(um)(2) =3 [A()\mam(z) + wim)

+ aAnoin (2) +wp | (Ao (2) +wpn) — em]
1
=Aon(2)+ o [DWO()\mag(z) + wﬁ) — (DW@()\mJTDn + wﬁ))o’l] ,

where Wy(7) := (a/q)|7]9. Since tr[...] = 0, it follows div u, = tr(Ao.,),
hence (see (2.8))

sup/ (div um,)? dz < oo. (2.11)
Bi

m

Now we write
1
e(tm)(2) =Aom(2) + 5= [DWo(Amom (2) + wi) = DWo(wpa)]
1
+ 5 [DWo(wh) — (DWo(Amot + wi))o]
:ZAO'm(Z) + 11 +Ts,
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T, = / D2Wo(wl + $Mmo2(2) Amo2(2), ) ds,

=—][ DWo(Amap (2) +wp) — DWo(wp)] da.

We have the formula

D*Wo(n) (6, 7)

= aln”|207: 7P + alg = 2)[n" 1" (071 67) (71 7P), (2.12)
n,0,7 € S3, thus

1
Ty < e / W2+ $Amo2(2)|1 0B (2)] ds,
0

and by (2.7) and (2.9) we get that T3 = T7"(2) stays bounded in LP(B;)
uniformly w.r.t. m. With a similar argument we deduce that T = T5" is a
bounded sequence in S?. Recalling (2.11), (2.10) is established by observing
that the boundedness of e(uy,) in LP(B;) implies the boundedness of the
sequence {u,,} in W1P(Bj) on account of Korn’s inequality and the choice
of V-

We remark that up to now the condition (1.6) has not been used. This
is also true for

Proposition 2.1 (limit equations). The weak limits U and & satisfy

DW (@)@, ) dz—/B c(@): 7dz, (2.13)

/ o:e(w)dz =0 (2.14)
B

B1

for any 7 € L?(B1) and all w EI/?/l’Z(Bl). Moreover, () is in the space
L?(By).

Proof of Proposition 2.1. Consider 7 € L%%(Bj) and observe that (1.1)
implies after scaling

/B )\i [DW (A0 + win) — (DW(0)) gy ]+ Td2

= / e(um): Tdz, (2.15)
By
where we have replaced €, = (€(4)) g, .rn DY (DW(0)) g0 rm- We claim
lim e(um): Tdz = / e(u): Tdz. (2.16)
m—0o0 B1 Bl
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In fact, we may write
1
/ e(um): 7dz = / divumterz+/ eP(up): 7P dz,
B 3 /B B
and (2.16) follows from (2.10). For discussing the Lh.s. of (2.15) we observe

/B ;n[DW(AmUm +wm) - (DW(O—))xmﬂ"m} c7dz

1
= /B o [DW (Amom + wm) — DW (wp,)] : Tdz

1
+/ o [DW (wi) — (DW(0)) gy, : Tdz =2 T} + T,
B1 m

where we have

1 1
5 =— / D>*W (wm + 5Am0m) Amom, 7) ds dz
Am B JO

= DQW(wm)(am, T)dz
By

1
—l—/ / [D*W (win, + $Amom) — D*W (wi)] ds(om, 7) dz =: Ty + T
B1Jo
By (2.7) and (2.8) we have
lim Tf = [ D*W(@)(7,7)dz. (2.17)
m—0o0 Bl

Suppose that we are given § > 0. Then there exists ¢’ = ¢’(d) such that
L3(A) < § for a measurable subset A C By implies

/ ERER (2.18)
A

Since by (2.8) Apom — 0 a.e. we may apply Egoroff’s theorem to find a
subset S of By such that £3(B; — S) < ¢ and \,,0,, — 0 uniformly on S.
This implies

1
/S /0 [D*W (Wi + $Amom) — D*W (w)] ds(om, T) dz

/ (][]
By

since om||T] dz stays bounded. Moreover, recalling (2.12), we have
I, lomll7] y g

/ 1 [D?W (Wi + $Amom) — D*W (w;,)] ds
0

=0, —>0 as m— o

1
/B —S/o [D2W(wm + SAmOm) — DQW(Wm)] ds(om,7)dz
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1
- a/ / Uern + S)\mUne’qu — !wﬁ\q”] dsaan: P az
B1—S J0

1
+a(q—2)/ / ... dsdz,
B1-SJ0

where the integrals on the r.h.s. are of the same type. If we split the inte-
grand in o [ fol ... dsdz, then we get the integrals

[ toBlrPias x® [ ol it as
B1—8 By
as an upper bound for the a-term. Since by (2.9)
A [ Rl de - o,
By
we get (recall (2.8) and (2.18))

lim sup
m—0o0

1/2
< c[/ |T|2d2’] < eV,
B1-S

and since ¢ is arbitrary, it is shown that

/ /1 [DQW(wm + SAmom) — DQW(wm)} ds(om, ) dz
B1—SJ0

lim T} = 0. (2.19)

m—00

It remains to discuss the sequence Ty = T5™ € S3. We have

Ty _/B Tdz: )\L[DW(wm) — (DW(wm + Amom))o,1]

m

1
= ][/ D?*W (wpn + $An0m) (0m, 70) ds dz,
0
Bi

where 79 := [ 7 dy, hence

1
T =— ][/0 [D*W (win + $Am0m) — D*W ()] ds(0m,, 10) d2
By

1
- ][/0 D2W (wm)(om, 70) dsdz =: (a) + (b).

By
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The quantity (a) corresponds to T} if we replace 7 by the constant tensor
7o in this expression, therefore lim,, ., (a) = 0. Moreover,

(b) = —D*W(wpm) ( ][O'm dz,7’0> =0,

B

and if we combine (2.15), (2.16), (2.17) and (2.19) with the latter conver-
gences, (2.13) is established with the restriction that 7 is from the space
L%2(By). But (2.13) implies e(u) = D*W (w)(7,-). Now, since the tensor
D?W (@) is constant and strictly elliptic (see (1.3) and (2.12)), and since &
is in L?(By), it follows that (%) also belongs to this space, and by approx-
imation (2.13) is valid for 7 € L?(By).

For proving (2.14) let us consider w 61/?/1’2(B1). Then we get from (1.2)
(note: UP3(By) D Wh2(By))

/ om: e(w)dz = )\;Llrm/ w - f(Tm + rmz)dz,
By

By
/ Om: e(w)dz
B1

since r A2 = rat\S2ra % 0 by (2.5). (Note that on account of A2, — 0
and 7\ . <1it clearly holds that r, — 0.) On the other hand (2.8)
gives

hence

T'm
<= [ lula:
1

—0 asm — oo,

/ Om: e(w)dz — o: e(w)dz,
Bl Bl
hence (2.14) follows. O

In order to continue with the proof of Lemma 2.1 let us define the linear
operator A: S? — S3 through the equation
An: 7= D*W(@)(n,7), n,7€8
Then (2.13) implies ¢(u) = A, and we get from (2.14)
A7le(@): e(w)dz =0 for all w 6{/?/1’2(31). (2.20)
By
But (2.20) is a linear elliptic system with constant coefficients depending on

@ whose upper and lower ellipticity bounds are determined by L (and A, q).
Quoting Campanato-type estimates stated for example in [9] or [7], we get

f‘E 07—‘ dz < Cl ][|E 01| dZ (2.21)
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where C;(L) is a constant depending on L and where (e(u))o1 =
limy,— o0 (€(um))o,1 = 0. Retransformation of (2.21) shows

][’0_ 07'| d2<02 ][O'— 01| dz, (2.22)
B,

where as above (¢)g1 = 0. Suppose now that we know the strong conver-
gences

Om —7 in L2 (B1), AP 0 inLl (B). (2.23)

(For the proof of (2.23) we will make use of p > 6/5.) Then, by lower
semicontinuity, we first observe that (2.5) and (2.8) imply

][|a\2dz <1, (2.24)

whereas (2.23) together with the choice
Cy(L) :=2C5(L) (2.25)
turns (2.6) into

][|o — (5)0,7|2 dz > 2Cy(L)7>

This clearly is in contradiction to (2.22) if we use (2.24) on the r.h.s. of
(2.22). Thus the proof of Lemma 2.1 is complete with the exception that
(2.23) has to be established which is done in the next section. O

3. BLOW-UP: STRONG CONVERGENCES OF THE SCALED SEQUENCE

First we note that the the limit function @ introduced in Proposition 2.1
actually is of class C*°(By), and since & = A~ 'e(u), the same is true for .
We return to (2.15) choosing 7 := n?(0,, — &) € L9%(By) with n € C§°(By),
0<n<1. We get

1
/B1 b [DW(Amam +wm) — DW (AT + wm)] : 172(am —0)dz

[ DO + ) = (DW ()] 77 =)

= / £(tm): (0 — 7) dz,
B

or equivalently (X, := wy + A7 + $Am(om — 7))

1
/ / D*W (X)) (om — T, 0m — )0 dsdz
B Jo
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. /B ;n[DW()\mG—i-wm) — (DW(0))a ] - 1P (0 — 7) iz

+/ e(um): n* (o — ) dz =: —I) + Is. (3.1)

By

We have by (2.14) (® denoting the tensor product)
I :/ e(*um): (o —7)dz — / (U, © V1?): (0 — 7) dz
Bl Bl

—/ 5(772um): omdz — / (U, © Vn?): (om —7)dz
B1 Bl

::Jl - ']27
and as in the proof of (2.14)

,
|| < HfHLOO(Q))\m/B 7 um|dz — 0 as m — oo,
m 1

whereas Jo — 0 follows from o, — @ in L?(B;) together with w,, — % in
L?(By) (recall (1.6)), hence

lim I, = 0. (3.2)
We discuss I7:
1
I =— o [DW (W) — (DW(0))znirm] : 1 (0m — 7) dz
m J By
1
~ 5 [DW (Wi 4+ AmT) — DW (wi)] : n* (0, — ) d2
m J By
== -Hl - -H27

where we have
1
Hy = / 772/ D*W (wp, + $Am7) ds(T, 0, — 7) dz
B 0
— 0 asm — oo,

which follows from D?W (wy, +8Am@) — D?*W (@) uniformly on [0, 1] x sptn
and o, — @ in L?(Bj). Moreover,

_ 1
H, = /B1 " (om — ) dz: o [DW (wi) — (DW (0))amrm] — O

m
since again 0, — o in L?(Bjy) and \,!}[...] can be discussed with the same
arguments as used for the quantity 7% after (2.19). This shows

lim I; = 0. (3.3)

m—00
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Combining (3.1)—(3.3) we find
mlgncxJ /B / D*W —T,0m —o)n>dsdz = 0. (3.4)
1
The formula for D?W together with (3.4) first shows that
/B Aoy, —3): (0 —0)dz — 0,
1

hence 0,, — & in L (B1) as m — oo. From formula (2.12), (3.4) and the
definition of X, we also get

hm/ /n‘w + AP + s\ (o) D)‘q_2|afn)—ED]2dsdz
m—0o0 B1
(3.5)

Now we use the elementary inequality (7, 7 € S?)

1
1\q¢-1
/ et sml2ds > (1)
0 4
in order to deduce from (3.5)

lim A2 ol —FP|19dz = 0,
m—0o0 B1

The local boundedness of & then finally shows A ol — 0in L] (B)
and (2.23) is established. O

4. ITERATION AND PROOF OF THEOREM 1.1

Let us fix p € (0,1). We introduce the set
Qo = {x € Q: limsup|(0)a,r| < 0o and limi(r)le(x,r) = 0},
r—

r—0
and consider xg € Qp. Let L := 2limsup,_,q|(0)z,,r| and calculate C, =
C.(L) according to (2.25). Finally, 7 is defined through C,7? = 1/2, and
by enlarging C,(L) we may assume that 6 := 72 is in (0,1/2). With L and
7 fixed we can calculate ¢ = ¢(7,L) as in Lemma 2.1. Next we choose a
radius R according to

. 2
E(xo,R) + R* = E(z0,R) <&, |(0)a0.R] < §L’ (4.1)
where € is determined by the requirement
1 1-—26 1 L
2 < mln{ } . T8 27— <2
2 ; VI=20 8 (g
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Then we have

Proposition 4.1. If (4.1) holds with € according to (4.2), then for any
keN

k
E(x0,7"R) < 27" E(z0, R) + Y 2770 TR (4.3)
j=1

Proof. If k =1, then (4.1) and (4.2) clearly imply (2.1), thus by (2.2)
~ 1 -
E(ZE[),TR) < C*T2E(ZL‘O,R) = 5(E‘(xo’R) + RQ/J,)’

hence we have (4.3) for k = 1.
The inductive step is carried out exactly as in [6], Proposition 5.2, using
the inequality

1
|(0)agrie1ml < 1(0)ao,ml + 7722 E(wo, 7 R)?.
i=0

We also note that in [6] during the inductive step the following inequality
is established (see (5.8) of [6])

- ~ 1

E(wo, 7°R) < 27 B

(z9, 7" R) < (xo,R)—i-l_%

Now it is standard to show (see, e.g. [8]) how to get from (4.4) the estimate

Rﬂ . (4.4)

B~
E(zo,r) < c(%) [E(z0, R) + R*] (4.5)
for some exponent 5 € (0,1) and for radii » < R. Recall that (4.5) is valid
under the hypothesis (4.1). But (4.1) clearly holds for centers Ty close to

xo (with R fixed), thus (4.5) is valid for all centers To € B,(xo), p < 1. In
particular we get

o — (0)yl? do < 2

Br(y)
for y € B,(xo) and 7 < R, hence o € C%%/2(B,(2)). The continuity of o on
B,(xo) implies B,(xo) C €, hence the set €y is open, and we have proved
the Holder continuity of o on Q. Finally, £3(Q — Q) = 0 is immediate,
and the continuity of e(u) on Qq follows from (1.4).
In order to give the better estimate for the singular set stated in Remark

1.3, we observe that in [11] the following weak differentiability results are

established:
ceWQ), |oP19? e Ww(Q) and

loc loc

6P |@=2/2yP e L2 (). (4.6)
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From (4.6) it follows that F := |oP|(@=2)/25P also is in the space VVI})(?(Q)
The weak differentiability of o implies (see [8], Theorem 2.1, p. 100)

H1+5({x € Q: limsup ()| = oo}) =0

r—0

for any € > 0. Moreover,

][ 0 — ()2 dy < or? ][ Vol2dy — 0
Bra) Bia)

as r — 0 for H'-a.a. x € Q ([8], Theorem 2.2, p. 101) and

][|a Dy 0dy < ][ 0P — el dy

Br x) B'r( )

<c f 1F-lgaDep ay
By (z)
<cr? ][ |IVF?dy — 0
Br(z)
as 7 — 0 again for H' a.a. x € Q, provided we choose ¢ in such a way that

£[(9=2)/2¢ = (F),,. This implies H — dim(©2 — Q) < 1 and completes the
proof of Theorem 1.1 and of the subsequent remarks. O

5. PROOF OF THEOREM 1.2

The main line for proving Theorem 1.2 is the same as for the proof of
Theorem 1.1. We indicate the details which have to be adjusted.

Step 1. Appropriate scaling: Assume that the hypotheses of Theorem 1.2
hold, and define the new excess functions on balls B, (z) C 2

cla,r)i=Ble, )+ Jef) = (elu))a P dy,
By (x)
e(x,r) ==é(z,r) 4 r#
with 0 < p < 1 and with E, E according to Lemma 2.1. Then we claim that

Lemma 2.1 remains true with e replacing E and é replacing E. If this is not
the case, then we get (2.3) and (2.4) for the modified excess functions, and if
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we define oy, Uy, as before but with 7, now chosen s.t. [|un|l2 < ¢|le(um)]2,
(2.5) has to be replaced by

2u
][|aml2dz+)\q 2][|aD|de+][|e )2 dz+)\2 _1,

B, B, B, (5.1)
whereas (2.6) now reads
]l\am— (o) |2 dz + AL 2][\0 Dy 19ds
][|6 Um) — (e(um))or|*> dz > Cir? (5.2)

Note that the above made choice of v, is possible since according to the
comments in front of Theorem 1.2 the function w is in the space I/Vllof(Q)
which means that u,, € W1?(Bj) so that we can apply Lemma 3.0.3, iii) of
[7] choosing p = 2 in this lemma. (2.7)—(2.9) remain unchanged, and (2.10)
can obviously be written as

U —: U in WE2(By) (5.3)

which follows directly from + B, le(um)|?dz < 1, Korn’s inequality and the
choice of v,,,. The proof of the limit equations stated in Proposition 2.1
requires no changes, and as outlined at the end of Section 2 we will arrive
at a contradiction to (5.2) if besides the strong convergences (2.23) we can
show that

() — (@ i L3, (By) (5.4)
is true. Note that from (5.3) we already get
Uy — U in L?(By), (5.5)
and therefore

lim (U © V?): (0 — ) dz =0,

m—0o0 Bl
which gives (3.2) without the hypothesis p > 6/5. This means that the
modified assumption (5.1) closes the gap in the proof of (2.23) for expo-
nents p < 6/5 but at the same time requires the proof of a second strong
convergence leading to the desired contradiction. We like to remark ex-
plicitely that all the other calculations needed for (2.23) remain unchanged
— they just use the convergences (2.7)—(2.9).

Step 2. Proof of the additional strong convergence (5.4): in order to de-
rive (5.4), we will apply a scaled version of the Caccioppoli-type inequality
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(summation w.r.t. i)
/ ©*D*W (0)(0;0,0;0) dz
Q
< — / dio: (V? 0 o) dz + / Oif - Oyup? da (5.6)
Q Q

valid for any ¢ € C3°(€2). Here we have abbreviated @(z) = u(x) — Pz for
an arbitrary matrix P € R3*3. The proof of (5.6) is postponed to Step 3.

Now let ¢ € C3°(By) and choose P := (e(w))z,rm + VYm/Tm. From
(5.6) with o(z) = ¥((z — xm)/rm) we get using the boundedness of |V f|
(w.l.o.g. we assume that f is in the global space W1>°(Q))

@ZJQDQW()\me + W) (010 m, Ojom,) dz
By
2

g/ V2 [Voul Vi dz + e [ (V| dz
B Am B1

1
< c[é VY Von,|?dz + 5/ VY| V) dz
B1 B

2
+ / |Vun|?dz +1
A\ /s,

where § € (0,1) is arbitrary. For ¢ small enough, the first term on the
r.h.s. can be absorbed in the lL.h.s., hence

9

¢2D2W()\mam + wm)(0i0m, Ojom) dz

B
r2 r2
<c ||w|y§o/ V> dz + 2 [ |Vuy*dz + 2, (5.7)
By )\m B1 )\m
and we have proved
D*W (Ao + wim ) (0i0m, diom) dz < ¢(p) < oo (5.8)

By
with ¢(p) independent of m for any p € (0,1) provided that we can bound

[5. |[Vum|?dz. But this follows along the same lines as after (5.3), and if
By

we recall 72, /A, — 0, then the r.h.s. of (5.7) stays bounded independent of
m and (5.8) is established. Note that (5.8) implies (0 < p < 1)

/ [|V0‘m|2 + |)\mUTDn + wﬁ\q_2|Va£|2] dz < ¢(p), (5.9)

By
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and that (5.9) together with f 5 |o,,|*dz <1 gives

sup [|om [lw1.2(p,) < c(p) < oo,
m

so that the known strong convergence o, — @ in L (Bi) (see (2.23)) is
established in a different way.

After these preparations we now turn to the proof of (5.4). First we use
om — © a.e. and the formula (see after (2.11))

E(Um) = Ao, + 1T, + 15 (5.10)
to establish
e(um) — e(u) a.e. on Bj. (5.11)

Obviously
T, — D*Wy(@P)(@P, ")

a.e. (recall (2.7) and \,,02(2) — 0 for a.a. z € By), moreover

Ty =— Ai ][ [DWo(wh + Amol)) — DWy(wh)] dz
][/ D*Wy(wl + sAmol) (oD, ) dsdz
][/ [D2Wo (w2 + sAmo2) (02, -) — D*Wo(w2) (02, )] dsd=

- ][ D2Wo(w2)(o2, ) dz.
B

and the last integral vanishes on account of (o,,)01 = 0. If 79 € S? is
arbitrary, then T5: 7y exactly corresponds to the quantity 7% introduced
after (2.19), hence

lim Th: 9 =0

m—00

for any 79, thus 75 — 0. Recalling the decomposition (5.10) we have shown
e(um) — AT + D*Wo(@P) (0P, ) = £(q)
a.e. (see (2.13)) and (5.11) follows.

To proceed further, we claim that

sup /Bp le(um) |2 dz < ¢(p) < oo (5.12)

m
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for any p < 1. First, from sup,, [[om/[w12(B,) < ¢(p) and Sobolev’s embed-
ding theorem we find

Sup/ lom|dz < ¢e(p) < oo. (5.13)
By

m

Second, T5 is just a sequence of tensors in S? with limit zero, hence |T3| < 1
for m > 1, and according to the decomposition (5.10) we have to show that

sup/ T2 dz < ¢(p) < oo. (5.14)
m JB,
Let
o = 5[0 + Ao 212 — W21,
Then

om| <c[lof] + A\g=2/2|gD)a/2] |
IVom| <clwl + Aol |@=2/2|veD),

and by (5.9) we see

sup/ IVom|?dz < c(p), (5.15)
m JB,
whereas (5.1) implies
sup [l dz < c(p) (5.16)
m JB,

and therefore we deduce from (5.15), (5.16)
sup [[emllwrz(s,) < clp) < oo,
m

so that in the end

sup/B lom|® dz < ¢(p) < o0. (5.17)
P

m

From the definition of 77 we get
1
| g/ D> Wo(w? + sAmo2)|[02] ds
0

1
gc/ W2 4 s\ (72D ds
0

Dq— D - Dq—
<c[lwml2lom] + X o]

<c[lol) + A2 2(|ol)1 + 1)], (5.18)
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where we used the boundedness of w,,. Fix a large number M and let
Un :={z € By: Ap|ol(z)| < M}. On B, — Uy, we have (using |wy,| < L)

om(2) 2 S NPIoPI? = XY Moo,

/ @%dz > c/ [)\?,;2|U£|q]3dz,
By—Un By—Un
which by (5.17) implies

[ el s < clo).
Bp—Unm

so that

Since by (5.13)
[ ol dz < clo)
By

the estimate (5.18) yields the bound
[ mPda<cp). (519)
Bp_UnL

On U, we have (see again (5.18))
1
7| gc/ W2 + sAma 2920 2| ds
0

<c(L+ M)* o)),
hence

| mitazze [ jobPd <),

,
where (5.13) is used to get the latter inequality. This together with (5.19)
finally implies (5.14) and this leads us to (5.12), and we may combine (5.11)
and (5.12) with Vitali’s theorem to get (5.4). Therefore the blow-up pro-
cedure is complete as soon as we have established the Caccioppoli-type
inequality (5.6).

Step 3. Proof of inequality (5.6): we fix a coordinate direction e;, i < 3,
a number h # 0 and let App(z) = (1/h) (p(x + he;) — p(x)) denote the
difference quotient of the function p. With ¢ as in (5.6) we obtain from
(1.1) A,DW (o) = Ape(u), and in consequence

/AhDW(U): Apop?de = / Ape(u): Apop? de. (5.20)
Q Q

It is easy to show that A, DW (c): Apo > 0, moreover o € Wvli’f(Q) implies
Apo — 0,0 in L2 (Q) and a.e. (for a subsequence). From Lemma 2.17 of
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[11] we deduce the weak differentiability of DW (o), hence a.e.
AyDW (0) — 8;DW (o) = D*W (0)(8;0,-).

Thus we can apply Fatou’s lemma on the L.h.s. of (5.20) with the result
(summation w.r.t. 7)

/302D2W(8¢0, Oio)dx < lil}}li[l)lf/ Ape(u): Apop? da. (5.21)
Q -0 Jo

Next we use (1.2) with v := A_,(¢2Ax@). Note that v is in UP?(Q) since
u e W-2(Q), thus

loc

/ Apo: e(Q®Apit) dz = / Anf - Apig?dz.
Q Q

This implies
/ Ape(u): Apop? dex
Q
= / Anf - Apug? da — / Apo: V2 0 Apide, (5.22)
Q Q

and again we recall u, o € I/Vl})f(Q) to see that the r.h.s. of (5.22) converges
to

/ O f - Oyti* da — / dio: V? © st de.
Q Q
With (5.21) inequality (5.6) follows, and we have proved the appropriate

version of Lemma 2.1.

Step 4. Conclusions: the iteration procedure from Section 4 does not change,
but the estimate of the singular set has to be adjusted: in €} we additionally
have to consider points z € 2 such that

lim inf le(u) — (e(u))zp*dy = 0.

p—0

By ()

As stated before Theorem 1.2 the function u is in the space VVI%)CT(Q), r=
3p/(p+1), and r < 2. This implies

1/2
[ / o) — ((0))ap zdy]
Bp(x)

1/s(r)
< [/B ( )IE(U) — (e(u))a,p " dy] L3 (Bp(a) /210
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1/r
< / V2rdy|  L3(By(x)) 20,
By ()

s(r) denoting the Sobolev exponent of 7, i.e. s(r) = 3p. We get

][ () — (2())pl? dy

By(x)
2/r
< LByla)) LBy a) 0| [ 9l ay
Bp(l’)
12/r
S
Bp(x) i
q2/r
—c p‘r/”/ V2ul"dy|
By () 1
and by [8], Theorem 2.2, p. 101, we see
F 1w = @) dy -0
By(z)
for H3/ (Pt aq.a. z € Q. O
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