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Abstract. In this article we prove local interior and boundary Lipschitz
continuity of the solutions of a general class of elliptic free boundary
problems in divergence form.

0. INTRODUCTION

The purpose of this paper is to study the regularity of the solutions of
the following elliptic free boundary problem in divergence form
Find (u, x) such that:
(1) >0, 0<x<1, wu(l—-x)=0 ae in{
(Py) ] (i1) u=¢ onTy
(7i1) (aVu+uB+ xH).n=0 on 90\ I
(tv) —div(aVu+uB+ xH) =xc+CNVu+du+ f
where €2 is a bounded domain of R with 02 = I'y UT'y, a(x) = (as;(x))
is a n-by-n matrix, * = (z1,...,z,), B(z) = (bi(z),...,bn(x)), C(z) =
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(c1(x),...,cn(z)), H(x) = (h1(z),... ,hy(x)) are vector functions, c(z),
d(z) and f(x) are real valued functions. 7 is the outward unit normal
vector to OS2

Note that for B(z) = C(z) = 0, d(z) = ¢(x) = f(z) = 0 and H(z) =
a(x)ey, with e, = (0,...,0,1), (Fp) corresponds to the dam problem with
Dirichlet boundary conditions (see [1], [4]).

When B(z) = C(z) = H(x) = 0 and d(z) = f(z) = 0, we have the
obstacle problem.

When n = 2, a(z) = h3(x)Iz, B(x) = C(z) =0, d(x) = c(z) = f(x)
and H(xz) = h(x)ez, where Iy is the 2-by-2 identity matrix and h(z) is
scalar function, we have the lubrication problem.

When n = 2, a(z) = k(x)Iz, B(z) = C(z) =0, d(z) = ¢(z) = f(z) =0
and H(z) = h(x)e, with e; = (1,0), k(x) and h(x) are scalar functions, we
have the aluminium electrolysis problem.

Given the jump condition along the free boundary (O[u > 0]) N Q, the
optimal expected regularity for a solution w is Lipschitz continuity. This
regularity result was proved in [1] for the dam problem and was extended
in [2]. The objective of this paper is to consider a more general class of
problems and also to establish a similar regularity up to I';.

The main idea of the proof of the interior regularity is the comparison of
r+6)2

0
a

u with a function of type v(z) = k (e*/‘p2 — e ) in order to derive
an estimate of the form u(xzo) < Cr whenever B(zg,r) is a maximal open
ball satisfying B(zg,r) C [u > 0], B(zo,r) C Q. For the regularity up to
the boundary, we first reduce the problem to a flat boundary. The main
idea then is the estimate u(z) < C|z — x| in the half ball B (x¢, R), where
xo € I'1. This is obtained by comparing u to the test function ¥ (|z — xg +
Re,| — R), where ¢(t) = —3/at + (8/a?)e?* (1 — e=!), and «, 3 are some

constants.

1. STATEMENT OF THE PROBLEM

Throughout this paper we assume that 2 is a Lipschitz bounded domain
of R™ and that

Z|a¢j(ac)\2§M2, for a.e. x € Q, (1.1)
a(z)E.€ > A\gF VE € R?, for a.e. x € Q, (1.2)

AT (@) + lei(@) ) + A7 ()| < VP (1.3)
d+div(B) <0 in D'(Q) (1.4)
HeTl*Q) (1.5)
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c€ L*(Q) (1.6)
feL?9), f>0ae. inQ (1.7)
@ € COH(Q), v >0ae. in Q (1.8)

where A\, v and M are positive constants. Note that assumption (1.4) and
the nonnegativity of f and ¢ are needed in order to get nonnegative solu-
tions.

We shall denote by B(z,r) an open ball of center x and radius r. By L
we denote the linear operator defined by

Lu = div (a(z)Vu + uB(z)) + C(z)Vu + d(x)u.
We consider then the following weak formulation of problem (F)

(Find (u,x) € H'(Q) x L>=(Q) such that:
(1) w>0, 0<x<1, u(l—x)=0ae in
(i) u=¢ onTy

(P){ (iid) /Q (a()Vu + uB(x) + yH(x)) .VE

— (xe(z) + C(x).Vu + d(x)u)édx= /Qfgdx
VéEe HY(Q), ¢€=0onTy.

\

First we have the following proposition.

Proposition 1.1. There exists a solution (u,x) of (P) such that u <
maxy ¢ =U.

Proof. For the existence of a solution of (P), we consider for ¢ > 0 the
approximated problem

Find u. € H'(2) such that:
(1) ue=¢ only

(P.) (i1) /Q (a(x)Vue + uB(x) + he(us)H(x)) . VE

— (he(ue)e(z) + C(x).Vue + d(z)ue)édr = /fodl‘,
VéEe HY(Q), ¢=0onTy

where h.(t) = min(t* /e, 1).
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To prove the existence of a solution of (P:), we consider for each v €
L?(€2), the following problem

Find u. € HY(Q) such that:
(1) ue=¢ only

(PY) (44) /Q (a(z)Vue + ueB(z) + he(v)H(x)) .VE

— (he(v)e(z) + C(z).Vue + d(x)ue) Edr = /Qfgd:c,
VéEe HY(Q), ¢€=0onTy.

Under the assumptions (1.1)—(1.8), there exists at least one solution u.
to (P?) (see [3, p. 215]). Then we apply the Schauder fixed point theorem
to get a solution of (P:). Using u_; as a test function and arguing as in [3,
Theorem 8.1, p. 179], we obtain u. > 0 a.e. in . Finally we establish an
a priori estimate of |uc|1 2 and use the fact that 0 < h.(u:) <1 a.e in Q to
pass to the limit and get a solution of the problem (P).

To establish the estimate one can adapt the proof of Theorem 8.1 in
linebreak [3, p. 179]. O

Remark 1.1.

i) If for ¢ € D(Q), one takes £ as test functions in (P) (iii), one gets
Lu = —f — xc(z) — div(xH) in D'(Q). Then if ¢, f € L} (Q) and

H e ]lefc(fl) with p > n/2, and if we take into account (1.1)—(1.8), we
obtain (see [3, Theorem 8.29, p. 205]) that u € C'IOO’S{(Q UT';) for some
a € (0,1). In particular the set [u > 0] is open.

ii) Due to (P) (i), we have Lu = —f — ¢(x) — div(H) in D'([u > 0]). So
if a,b; € CLY(Q) (0 < a < 1), ¢i,d € LE(Q), ¢, f,div(H) € L ()

with p > n/(1 — a), we obtain (see [3, p. 212]) that v € C2%([u > 0]).

loc

2. INTERIOR LiPSCcHITZ CONTINUITY

In this section we assume that
a,b; € C2Y(Q), ¢, de L2(Q) i=1,...,n, ac(0,1) (2.1)
Vs >0, Voo € Q, Yy € B(zo,s) C Q: div(a(z)(x —y)) < co(s)

in D'(B(xo, s)) (2.2)
¢, [,div(H) € L}, (), p>n/(1-«) (2.3)
|H(z)| < co(s) a.e. in B(xg,s) (2.4)
— ¢ +div(H) > —co(s) in D'(B(zo,s)) (2.5)
d+ div(B) > —co(s) in D'(B(xo,s)) (2.6)
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where ¢ is a positive constant depending only on s. Without loss of gener-
ality, we can assume that A\ < 1/2.
The main result of this section is the following theorem.

Theorem 2.1. Let (u,x) be a solution of (P). Then u € C&Cl(Q)
To prove Theorem 2.1, we need three lemmas.

Lemma 2.1. Let 29 = (xo1,...,%on) and r,s > 0 such that r < ro =
(V7 —2)/(8v), B(zo,r) C [u> 0], B(zo,7) C B(zg,5) C Q and dB(zq,7)N
du > 0] # 0. Then we have for some positive constant C depending only
on A\, v, U and s, but not on r

min u < Cr.
B, 2(z0)

Proof. Let m = ming 5y u and 0 € (0,7) such that B(zg,r + 0) C

B(xo, s), and let v be defined by
v(z) =k (e_“"’Q — e_“(’”r‘s)z)

where
— m K
2 _ )2 — _ v
p = z;(xz zoi)”, k= (e—NT2/4 — e—,u(T‘HS)Z) T r2 and
1=
2 1
Kk =4vs + CO)\+ .

Then one has
Lv>—xc— f—div(H) in D= B(xg,r+9)\ B(zg,7/2)

v=m on 0B(xp,7/2)

v=0 on OB(xg,r + 0)

|Vou| = 2k ppeHe’ decreases with respect to p.
Indeed we have Vo = —2puke " (z — 1) and therefore we get

d 2
|Vl —2kpe " (1 — 2k 22) < 2kpe (1 - k/2) <0
0 r

since Kk > 1/ > 2
Lv =4p2ke """ a(z)(x — z0).(z — 20) — 2uke ™ div(a(z)(z — 0))
- 2,uk:e_“p2 (B(z) + C(x))(x — z9) + (d(x) + div(B))v
24/12)\(7'2/4)%*“'02 — 2ukcoe P’ — dpsivke "’ — coU
>uk[pdr? — 4 vs — 200]6_“p2 —coU
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2

m e HP
:HT—Q[,%/\ — 4dvs — 2¢) Ty Sp— coU
m e—hP? m e P’ en(r+6)?
A ey e co R Lo s ey e R L
m 1
2R gty —q oV
m 1 .
zﬁﬁm — COU since 0 < ) <r
m 1
:/{’[‘7264”7—1 — COU. (27)
Using (1.7) and (2.5), we get from (2.7)
. m — .
Lv+ f+ xc+div(H) znr—zm —coU — xc™ +div(H)
m 1
Zﬁﬁw — COU — CQ- (28)
Now if
4k _ 4k _
m < co(1+U)(e 1)7027 then m < sco(1+U)(e 1)7’

K K
and the lemma is proved. Assume that

1 i _1q
| @+ UM 1) 5
K

Then we obtain from (2.8)
Lo+ f+xc+div(H) >0 in D. (2.9)

Since v < won 9D, ¢ = (v —u)T € H}(D), and £( — after being
extended by zero outside D — are test functions for (P). So we have

/D (a(z)Vu+uB(x) + xH(z)) . V(v —u)* (2.10)
— (xe(z) + C(z).Vu + d(z)u) (v — u) T dr = /D flv—u)tdz.
By (2.9) we have
/D (a(z)Vv +vB(x) + H(x)) . V(v —u)" (2.11)
— (xe(z) + C(z).Vo + d(x)v) (v — u)Tdr < /D flv—u)tdz.
Subtracting (2.10) from (2.11), we get

/ a(2)V (0 — u).V (v — u)*da g/ (0 — W) (C(@) — B(2)).V(w—u)*
D

D
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+ / (x — 1)H(z).V(v—u)t
D

CL"U—UJFQCL'
+/Dd<>< )24

which can be written by (1.2)—(1.3) and by taking into account that y =1
a.e. in [u > 0]

/ ANV (v —u)tde 52/\1// (v —u)T|V(v —u)t|dr + / M (v —u)dx
D D D

+ / (x — 1)H(x).Vvdzx. (2.12)
DNu=0]

Note that we have by Cauchy-Schwarz inequality

/ (v —uw)"|V(v—u)T|dx
D

< (/D (v — u)+2da:>1/2 . (/D V(v — u)ﬂ?dx) v : (2.13)

Now using Poincaré’s inequality and majoring the constant, we obtain
/ (v— u)+2dm < 16r2/ V(v —u)"|2da. (2.14)
D D
Therefore we deduce from (2.12)—(2.14) that

/ NV (v —u)t2da §8)\V7’/ V(v —u)*2da + 16)\V2r2/ V(v —u)*2da
D D D

+ / co|Voldz
DN{u=0]

which can be written

A (1 — 8ur — 16v°r%) / V(v —u)T|2de < / co|Voldz.
D DN[u=0]

This leads for r < rg = (v/7 —2)/(8v) to

i\/ |V(v—u)+]2dx§/ co|Vuldz
D DA[u=0]

4
/ V(v — u)T2dz < / Vol <C° - |Vv|> de.  (2.15)
DAu>0] DA[u=0] A

Now we claim that

or

/ V(v —u)"|?dz > 0. (2.16)
DN[u>0]
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Indeed assume that

/ V(v —u)*2dz = 0.
Dn[u>0]

In particular we have

/ V(v —u)*|*dz =0
B(zo,r)\B(zo,r/2)

and then V(v—u)™ = 0 in B(zo,r)\ B(zo,7/2). Since v < u on dB(xg,7/2),
we get v < u in B(zo,7) \ By/2(w0). This leads to a contradiction with
OB(xo,7) N Au > 0] # 0 and v > 0 in D. Hence (2.16) is true and we
deduce from (2.15) that

4
/ Vo] (CO - \W]) dz > 0. (2.17)
DAu=0] A

Since |Vv| is non-increasing with respect to p, we infer from (2.17) that

= 2ku(r + 5)6_“(r+5)2 < Aco

’vv||83(zo,'r+5) )\ '

Letting § — 0, we get

2co

m < =24 —1)r =Cr.

K

Lemma 2.2. Assume that u > 0 in B(zo, ur) C B(zg,s) C Q. Then

ur(y) =

is defined in B(O, n), where B(O, u) is the open ball of center O = (0, ... ,0)
and radius p. Moreover we have

i) div(a,(y)Vur+urBr(y)) — (rCr(y) Vs +r2d, (y)ur) = rer(y)+rfr(y) +
div(H,) in By,
where g-(y) = g(xo + ry).

i1) MaxXp(gy )t < C (minB(xo,W/Q) U+ 1")
where C' is a positive constant depending only on u, X\, v, M, U, n, p
and s.

u(xo + 1Y)
r

(s ¥ )

where C' is a positive constant depending only on u, \, v, M, U, n, p,
’aij’07a7B(I07S)7 ‘bi’07a7B(l‘073)7 ‘ci’(]:B(x():s); |d‘0’B(xO7S) and S

”7’) SUP B(zq,ur/2) |vu‘ <C
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Proof. i) Straightforward calculation.

ii) Since r is bounded by s/u, we can assume that a,, B, rC,, rd,, satisfy
the assumptions (1.1)—(1.3) with the constants independent on r. Therefore
we can apply Theorems 8.17 and 8.18 in [3, p. 194] (Harnack inequality) to
the equation in i). We get for a positive constant C depending only on u,
ANv, M,U,n,pand s

r < C i r r T HT °
o855 = 4 g+ i+ i)

Since p > n/(1 — a) > n and due to (2.3), we have for some constant Ca(s)

|r(cr + fr)‘LP(BH) = </
BH
P 1/p
([ Dlew e
B(zo,ur) r

=1 "Pe + flLo(Bag gy < Cor' P

1/p
rPle+ fIP(zo + Ty)dy)

1/2p
o ={ [ 1P +rody) < cols)BO.0].
B(O,u)
Hence we obtain for a constant C5 independent of r

max u, < Cj ( min  wu, +r P 4 1) .
B(O,u/2) B(O,u/2)

Now using the definition of u,, one can verify that

max u, =-— max u and min 4, = — min u.
B(0,u/2) T B(wo,ur/2) B(O,11/2) T B(xo,ur/2)

It follows that

max u<Cj < min u+7“2_"/p+r> .
B(zo,ur/2) B(zo,ur/2)

Finally since p > n and r is bounded, we have r2=n/P < Cyr, which leads
finally to

max u§C< min u—i—r).
B(zo,ur/2) B(zo,ur/2)

iii) From the equation in i), we know (see [3, p. 212], Corollary 8.36 and
the Remark after it) that u, € C1*(B(O,u)) and that

[urly 0. B0 72)
< C (lurlo,s, + |rerlp B0 + 1 frlpsom + 1 AVIH) [ BO.W)
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where C' depends only on dist(B(O,pn/2),0B,), A\, v, M, U, n, p,
’aijfo,a,B(xo,s)v |b; 0,0,B(x0,5)> 1€il0,B(z0,5)> ’d’O,B(xo,s) and s. In particular, we

obtain supp(o,,/2) |Vu,| <C (supB(O’M) Uy + 1) or equivalently

su u
sup |Vu|<C <M + 1).
B(zo,ur/2) r

O]

Lemma 2.3. Under the assumptions of Lemma 2.1, we have for a constant
C > 0 depending only on A, v, M, U, cg, n, p and s, but not on r

u(zg) < Cr.

Proof. Applying the result ii) of Lemma 2.2 for p = 1, we get

max uSC’( min u+r>,
B(zo,r/2) B(zo,r/2)

where C' is a positive constant depending only on A\, v, M, U, n, p and s.
Using Lemma 2.1, we obtain

u(zo) < max u<C < min  u+ 7”) <C(Cr+r)=_Chr.
B(zo,r/2) B(zo,r/2)
[

Remark 2.1. If in (2.3) L¥ () is replaced by LP(€2), and if the constant
¢p in (2.4)—(2.6) does not depend on s, then clearly the constants in Lemmas
2.1-2.3 will not depend on s.

Proof of Theorem 2.1. Let Q. = {x € Q/d(x,00) > e} for € € (0,r0/4),
where ry is as in Lemma 2.1. We shall prove that Vu is bounded in 4,
by a constant depending only on X, v, M, n, p, U, |aijlo,a.0s5., |0il0,0,05. >
|Ci|079357 ‘d|0,935 and e.

Let x¢ € Q4.. We distinguish two cases:

i) B(x,2¢) C [u> 0]
Applying Lemma 2.2 iii) with 4 = 2 and r = ¢, we get
SUPB(x U U
sup |Vul §C<M+1> SC’(—Fl).
B(zo,¢) € €

where C is a positive constant independent of €.
ii) B(xo,2e) Nu=0]#£0
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Let © € B:(zp) such that u(x) > 0 and let r(z) = dist(x, [u = 0]) be the
distance between z and the set [u = 0]. Clearly we have B(z,r(z)) Clu > 0].
Moreover we claim that r(z) < 3¢ and B(xz,r(z)) C B(xo, 4¢).

Indeed we know that there exists 2’ € B(xg,2¢) N [u = 0]. So we have

r(z) < |v— 2| < |v — x| + |0 — 2| < &+ 22 = 3e.
Now if y € B(z,r(x)), we have
lzo —y| <|zo — x|+ |z —y| < e+r(x) <e+3e =4e.
Since u > 0 in B(z,7(z)), B(z,r(z)) C B(xg,4e), r(z) < 4e < ro and
OB(z,r(x)) Ndu > 0] # (), we deduce from Lemma 2.3 that u(z) < Cr(x)

for some constant independent of r(x). Applying Lemma 2.2 ii) and iii)

with g =1/2 and r = r(x), we get

SUPB(z,r(x)/2) ¥
r(x)

where C' is a positive constant depending only on € and the data. In par-

ticular |Vu(x)| < C.

Since Vu(x) = 0 a.e. in B.(z) N [u = 0], it follows that Vu is uniformly
bounded in B(xo, €). O

sup |Vu| <C (

+ 1) <C
B(z,r(z)/4)

3. BOUNDARY LIPSCHITZ CONTINUITY

In this section we assume that ¢ = 0 on a nonempty C! portion T of
I'y and prove that u is locally Lipschitz continuous up to 7'. In fact by the
same arguments one can prove the same result for any C'%! portion of I'y
on which ¢ is of class C2. We need the following assumptions on the data.

¢ =0 on anonempty C"! portion T of T (3.1)
Vo €T 35 > 0: a,b; € C¥Y(B(x,s) N Q), ci,d € L(B(z,s) NQ),

i=1,...,n (3.2)
¢, f,div(H) € LP (B(z,5)NQ), p > % 0<a<l (3.3)
|H(x)| <c¢p ae. in B(z,s)N (3.4)
c+ f+div(H) <c¢y inD (B(z,s)NQ) (3.5)

where ¢q is a positive constant depending only on s.
The main result of this section is the following.

Theorem 3.1. Let (u,x) be a solution of (P). Then we have u €
cHlur).

loc
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We shall first transform the problem locally. Indeed let zg € T. Then
there exists a neighborhood V' of xy in R™ and a C1! bijection ®: Q — V
such that

deCH (@), v=d"tcC(V), Q) =V NQand &(Qy) =V NT,
where
={z = (2',2,) ER": |2/| <1 and |z,| < 1}
Q+ =QNRY, R} =R"N [z, > 0]
Qo =Q N [z, =0].

Now we set for y € Q4

v(y) =uo®(y), (y) = xo®(y)

b(y) =] Jac ®(y)|' DY (y)ao® (y) DY (y)
G(y) =| Jac ®(y)|' DY (y)God(y)

9(y) =[Jac ®(y)|goP(y).

Then one can verify that (v, ) satisfies

(v,7) € HY(Q4) x L®(Q) such that:

(i) v>0, 0<y<1, v(l—7v)=0ae inQ4
(

(i

/

it) v=0 on Qo

1% b(z)Vo + vB(x H Vv
) (o uB@) A f0) V6
— (vely) + G(y).-Vv +d(y)v)¢dy = [o, fCdy
Ve € HY(Qy).

It is then obvious that it suffices to prove Theorem 3.1 for a solution v
of (P). Therefore we will perform the proof assuming that Q@ = @4 and
I'y = Q. The proof is based on the following lemma.

Lemma 3.1. Let 29 = (zo1,-..,%on) € Qo and R > 0 such that
BT (xg, R) = B(zo, R)NR’}. C Q. Then we have for some positive constant
C depending only on A\, v, n, M, U and R,

u(z) < Clz — x| Vz € BT (x0, R).

Proof. Let x1 = x9g — Re, and let Qp = Bagr(r1) N Q. We consider the
function v(x) = ¢(di(x)) defined for x € Qp, where di(z) = |z — z1| — R
and

ot =~ i Doen e,
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(nM—X) K

MM EA LR
@ R AT

8 L.
K =n+v/n sup iy , B= @’

and cg = co(zo, R) is a constant from (3.5).
We claim that

Lv+c+ f+div(H) < AX@"(d1) + a(d1) + 8) =0 in D'(QpR).

Indeed we first have
2 vt
2
ai;xj :Q’Z)”(dl)gi g;l; + Ox;0x;
=" (d1) (i = ’3;12_)(;1)’2_ 1)
Oij (zi — x13) (w5 — fUlj)) '

|x—x1]_ |z — 213

v/ (
Then we deduce from (3.7)—(3.8) that
n
0%v dai; Ov
di — i i
iv(a(x)Vo) Z aj(m)axiaxj + da: O,

i,j=1

— m (Z aij(z)(@; — 1) (x; — :plj))

i,j=1

"(d n
* y;/} E;i (Z aij%)

ij=1

_ m)’ (Z az](x)(l‘z - $1i)(xj — lej))

ij=1

V() [~ Oay,
+ |z — x| (zg:l 835: (x] - xlj))
Y’ (d1)

|l — 21|

< X\ (dy) + <(TLMR_)\> + K> Y (dy).

< M(dr) + (nM — ) + K¢'(dy)

177

(3.6)

(3.7)

(3.8)
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Moreover we have by (1.3)—(1.4) and (3.7)
div(vB(z)) + C(z).Vv + d(x)v = (B(x) + C(x)).Vv + (d + div(B))v
< |B(z) + C(2)|.|Vv| < 2Xve'(d1). (3.10)
Using (3.5), (3.9) and (3.10), we get

lm+c+f+dWGU§Mﬂwﬂ+<Umng

=A@ (d1) + oy’ (d1) +8) =0

+ K + 2)\V> V' (dy) + co

which is (3.6).
Now we have

u=0<v on QrNTy (3.11)
and
b= (di(2) = 2R-R) = b(R) on Tp=09x\[1. (312
If (R) > maxg—u, then by (3.12), we have
v>u on Tg. (3.13)

If 1(R) < maxqg_u, we take v = kip(d1), where k = maxg_u/¢(R) > 1.
Since kv (d1) + aky'(d1) + 8 = B(1 — k) < 0, v satisfies (3.6) and also
v > u on 0N)R.
Now let ¢ € D(Q2g), ¢ > 0 and € > 0. Using (3.6) and (P) iii) with the

test function .
. (u—v)
¢ =min (¢, 00,

we obtain by taking into account that y = 1 a.e. in [u > 0]

/Q (a(z)Vu+uB(z)+ H(z)) .VE — (c(z) + C(z).Vu + d(x)u)édz

= fédx (3.14)
Qr

— /Q (a(z)Vv +vB(z) + H(z)) .VE — (c(z) + C(x).Vo + d(z)v)édz

<— [ Jféda. (3.15)
Qr

Adding (3.14) and (3.15), we obtain

| (a@¥u =)+ (= 0)Ba) Ve
— (C(x).V(u—v) +d(x)(u—wv))dx <0
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which can be written
/ (a(z)V(u—v)* 4+ (u—v)"B(z)) .V¢
QrN[eC<(u—v)T]
— (C(z).V(u—0v)" +d(z)(u—v)")(dx
1

—= a(x)V(u—0)"+ (u—v)"B(x)) . V(u—v)"
< 5/§2Rm[5<>(u—v)+]( ( ) ( ) ( ) ( )) ( )
—i—fl 2).V(u—v)" +dx)(u—v)")(u—2v)"de

E/QRQ[EC>(U—U)+}(C( ) ( ) d( )( ) )< ) 4

—1 U — v B(x).V(u—v)" = C(z).V(u—0v)"
< - /QRH[5C>(UU)+]( ) ( ( ) ( ) ( ) ( )

—d(z)(u—v)") dx
< B(z) — C(2)].|V(u —v)*
Lo 0BG —C@IIT =]

+|d(z)|(u — v) ") dz. (3.16)

Letting ¢ — 0 in (3.16), we get L(u — v)™ > 0 in D'(Qr). Taking into
account (3.11)—(3.13), we get (see [3, Theorem 8.1, page 179]) (u —v)* <0
in Qpr. This leads to u < v in Qg.
We deduce that for all x € Qg
u(@) <v(z) = |v(z) = v(zo)]
< sup ¢/ (t)|z — wo| = 9 (0)|z — zo| = C(R)|z — 0.
0<t<R

Since BT (xg, R) C Qg, the lemma is proved. O

Proof of Theorem 3.1. Let xp € Qo and R > 0 such that BT (x,3R) C
Q. We shall prove that Vu is bounded in BT (zg, R) by a constant C' de-
pending only on A\, v, M, U and R.
We distinguish two cases:
i) BT (x0,2R) C [u > 0]
Since u satisfies
L(u)=c+ f+div(H) in BT(z,2R)
0<u<U in B%(z9,2R), uw=0 on Bsgr(zo)NQo,
we deduce that u € CY (B (xg,2R) U (Bar(z0) N Qo)) (see [3, p. 212],

Corollary 8.36 and the Remark after it). In particular we obtain |[Vu(x)| <
C for all x € B (x¢, R).

ii) fo € B+(.730,2R) N [u = 0]



180 A. LYAGHFOURI

Let © € BT (xg, R) such that u(z) > 0 and let r = dist(x, [u = 0]) be the
distance between x and the set [u = 0]. Remark that we have r < |z —z¢| <
2R. Moreover B, (z) N Q C [u > 0] and B, (z) N Q C Byp(wo) N Q.

Indeed, if y € B, (z) N, we have |zg —y| < |zg —z| + |z —y| < R+r <
R+ 2R = 3R.

Again we distinguish two cases:

a) B(z,r)NQo=10
In this case, we have by Lemma 2.3 u(x) < Cr, where C' depends only on A,
v, M, U, n, pand R. Then by arguing exactly as in the proof of Theorem
2.1, we can prove that Vu is uniformly bounded in B, 5(z) by a constant
depending only on A, v, M, U, n, p and R.

b) Jy; € B(z,7) N Qo
Again we have two cases:

a) B(z,r/4) C Q

By Lemma 3.1, we have for all y € B, /4(z)

5
u(y) <Cly—w| < Clly — 2|+ |z =) < Clr/a+7) = Cr

where C' depends only on A, v, M, U and R. Then by arguing exactly as
in the proof of Theorem 2.1, we can prove that Vu is uniformly bounded in
B,,/g(:n) by a constant depending only on A, v, n, p, M, U, |aij|0,1,B+(:L‘0,2R)a
|bi|0,1,B+(:co,2R)a |Ci|O,B+(mg,2R)7 ’d|073+(x0723) and R.

B) Jys € B(x,r/4) N Qo
So we have © € B¥(y2,7/4). Note that BT (y2,7/2) C BT (x0,3R). Indeed
for y € BT (y2,7/2), one has
ly—xo| < |ly—v2|+|y2—z|+|z—20| < 7/247/4+R < 2R/24+2R/4+R < 3R.

Moreover by Lemma 3.1, we have
C
u(y) < Cly = < or ¥y € B (y2,7/2) (3.17)
where C depends only on A\, v, n, M, U and R.
We consider the function u, defined by

UT(Z) — U(yg:— 7"2)

By (3.17), we see that u, is uniformly bounded in BT (0,1/2), i.e. u,(z) <
C/2Vz € BT(0,1/2). Moreover, u, satisfies

div(a,(2)Vu, + u.-Br(2)) — (rCr(2)Vu, + r’d,u,) = re, + rf, + div(H,)
in BY(0,1/2)
u, € CH(B(0,1/2)T U (B(0,1/2) N Qo)) (see [3, p. 212)).

, z€BT(0,1/2).
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Applying Corollary 8.36 of [3, p. 212] and taking into account the Remark
after it, we get
urly o Freamy <C (lurlo.s+©0,1/2) + IrerlpB+0172)
7 frlp, 5+ (0,1/2) + | div(H) |y 5+ (0,1/2)) »
where C depends only on dist (B(O, 1/4),0B(0, 1/2)), |aijlo,1,B+(x0,3R)

bilo1,B+(x0,3R)s [€ilo,B+(x0,3R)s [dlo,B+(x0,3R)s A Vs M, U, n, p, and R. In
particular, |Vur|0m is uniformly bounded. Hence |Vu(z)| < C since
x € BT (ya,7/4).

Finally because we have Vu(z) = 0 a.e. in BT (zg, R) N [u = 0], it follows
that Vu is uniformly bounded in B (zg, R). O
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