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1. Introduction

Recently several new topologies on the set of convex subsets of a normed space were
introduced and studied, the two most important ones being the Attouch-Wets topology
(see e.g. [4], [5], [6]) and the slice topology (see e.g. [2], [7], [8]). What is notable about
both of them is that most of their properties (e.g. continuity of the polarity and conjugacy
maps) not only hold in Banach spaces, but also in general normed spaces. However, there
are other notions, (e.g. the subdifferential map) which are not useful outside the Banach
context but were used to characterize these topologies. For example (in the Banach
case), convergence in the Attouch-Wets topology was characterized in [10] in terms of the
behaviour of a certain operator involving the subdifferential map, while in [2] convergence
in the slice topology was characterized in terms of the Kuratowski-Painlevé convergence of
the subdifferential map. Thus it seems appropriate to reformulate these characterizations
in the context of normed spaces, not necessarily Banach. This is what we do in this
paper: we show that the results of Attouch and Beer, and Beer and Thera, as well as
other related results, can be extended to normed spaces if subdifferentials are replaced by
e-subdifferentials. These extensions are possible because in [13] we proved that Borwein’s
variational principle and Rockafellar’s maximal monotonicity theorem are true in normed
spaces, provided that we replace subdifferentials with e-subdifferentials.
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2. Notation and preliminary results

In this first part we shall introduce the notation and recall several known results used in
the paper. We shall also extend to e-subgradients several results concerning subgradients.

Let X be a normed space, B be its unit ball, X* be the topological dual of X, and
B* be the unit ball in X* (with respect to the dual norm). On X* we consider only
the strong topology and on products (such as X x X* or X x R) we consider the box
norm. We write I'(X) (resp. I'(X ™)) for the set of all proper, lower semicontinuous, convex
functions defined on X (resp. on X*) and with values in (—oo, +00]. As usual, we denote
a multivalued map by a double arrow.

Given f € T'(X), x € domf, and £ > 0, we denote by O, f(z) the set of all e-subgradients
to f at x and by O.f the set of all pairs (z,2*) such that z* € J.f(x). The conjugate
f*eT(X*) of fis defined by

f(@*) = sup{(z*, ) — f(x); v € X}.

Then
(", x) < f*(2") + f(x) forany z € X, 2" € X* (Fenchel’s inequality) (1)
and, if ¢ > 0,
(@) + f(z) < (2", x) + ¢ if and only if (z,2") € 0. f. (2)
Also
f(@) = sup{(z”, x) — f*(a7); 2" € X"}, (3)

The following Brgndsted-Rockafellar type result was proved in [13].

Proposition 2.1. Let f € T'(X), e >0, >0 (6§ > 0 if X is a Banach space),
(x,2%) € Oeasf, and X > 0. Then there exists (y,y*) € O5f such that:

(a) [ly -zl <e/X
(b) [ly™ —a*[ < A;

[l2*]]

() If(y) = fla)l e+ 7).

Definition 2.2.

(1) For f € I'(X), let Jo f denote the set of all triples (¢, z,2*) € R x X x X* such that
e >0and z* € 0-f(z).

(2) For f e I'(X), define dy : domf x domf* — [0,4+00) by ds(u,u*) = f*(u*)+ f(u) —
(u*,u). Thus w* € Oy, (uur)f(u) but w* & O f(u) if & < df(u,u”).

(3) For f e€I'(X), let 0y f denote the subset of all (¢, u,u*) € 0, f with &€ = dy(u,u*).
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Later we shall need the following approximation result.

Lemma 2.3. Let f € I'(X) and (¢, 2%, 2*) € Oy f*. Then there exist a bounded net {x,}
in X, weak™ -convergent to x**, and a net {e,} converging to € such that (¢,,z,,x*) € Oy f
for each 1. A similar assertion with O f* instead of Oy f* is also true.

Proof. Since epif is weak™*-dense in epif** (see [12]), by Lemma D in [13], there exists
a bounded net {z,} in X which is weak™*-convergent to ** and such that the net {f(z,)}
converges to f**(2**). Take ¢, = f*(z*) + f(z,) — (z*, x,). O

As mentioned in the introduction, we shall need some facts from [13]. Recall that a family
of multivalued maps (7;).~o with 7. : X = X* is called a monotone family of operators
if for any z,y € X, e,0 > 0, 2* € T.(x), and y* € T5(y) we have (x—y,z*—y*) > —e—9.
A monotone family of operators (7%).~ is called mazimal if given any monotone family
of operators (5;). such that T.(z) C S:(z) for all € X and € > 0, then T.(z) = S:(z)
for all z € X and € > 0. One can check easily that (0:f):>0 is a monotone family of
operators for any f € T'(X). In [13] we proved that such a family of monotone operators
is maximal.

The following result is a variant of the Rockafellar integration formula.

Lemma 2.4. Let f € T'(X) and (z,2*) € domf x domf*. Then, for any x € X,

k
f(x) = f(2) = sup {Z ({27, i1 — i) — df(%x%k))}f

i=1

where g = x, T, = 2, 3 = z* and the supremum is taken with respect to all k > 2,
(x5, xf) € domf x domf* i=1,.... k—1.

7

Proof. Let

k
g(x) = sup {Z((ﬁwi—l — i) — €i)} ,
i=1
where g =z, x1, = 2, ¥) = 2%, €} = d¢(z, 2*) and the supremum is taken with respect to
all k> 2, (e, x;,xf) € Oaf,i=1,...,k—1. It is easy to see that g(z) is also equal to the
right side of the formula we want to prove. It was shown in [13] that g € T'(X), g(z) <0,
O0ag = Oof for any a > 0, and that g and f differ by a constant. Thus the assertion of
the lemma will follow if we prove that g(z) = 0. This is trivial if d;(z, 2*) = 0. So assume

that ¢ = dy(z,2%) > 0 and g(z) < 0. Then g(z) < -3 < 0 for some 0 < 3 < €. For any
9 > 0 and any y* € 05f(y) we have

—B29(z) = Whz—y) -0+ (2 y—2)—¢
implying that (y* — 2*,y — z) > —6 — (¢ — ). From the maximal monotonicity of the
family (09sf) (see [13], Theorem 2.2) it follows that z* € 0._3f(2), which contradicts the
fact that € = dy¢(z, 2*). Thus g(z) = 0 and the lemma is proved. 0
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Remark 2.5. We shall also need the following dual result. Let f, €, z, and z* be as in
the previous lemma and let x* € X*. Then

k
fr@”) = [1(27) = sup {Z(@Eﬁ — i, @) — dy(xi, xf))},
i=1

where xj = 2%, x, = 2, ), = 2" and the supremum is taken with respect to all £ >
2, (zj,z7) € domf x domf*, i =1,....,k —1. If we apply Lemma 2.4 to f*, we obtain
the above formula, but with the supremum taken with respect to all couples (z},z}*) €
dom f* x dom f**. To obtain our result it is enough to use Lemma 2.3.

For any real number A > 0 we denote by K the closed, convex cone {(z,t) € X x R; t <

—Al|z||}; the interior of K is denoted K. For A > 0, the Lipschitz reqularization with
parameter X of f is defined as follows (see for example [11]):

() = inf{f(u) + Az — ul|; w € X}.

Here are some of the properties of f) we need:

Fa@) < fula) A< i f(2) = lim fy(2) for anyz € X; (4)

either f)(z) = —oo for all z € X, or f) is Lipschitz on Xwith Lipschitz constant \; }

the second alternative occurs iff there exist € > 0 and (z,2*) € d.f with||z*|| < .

For (z,z*) as above we have

Iz) > {(x" z—x) + f(x) — e, forany z€ X. (6)

If f\ # —oo and = € X, one can look at fy(x) as the largest real number ¢ such that epi f
and the interior of K + (x,t) are disjoint, i.e.

fale) = max {t: (K + (z,0)) Nepif = B} = sup {; (K + (x,0)) Nepif =0} (7)

Following the terminology introduced in [10], an e-estimator for f\(z) is a point x € X
such that

f@)+ Az —z|| < fa(z) +e (8)
Lemma 2.6. Let f € I'(X), f(0) =0. Letr >1,z€rB, 0<e<1,0<d <1,

xy € 05, f(0), Ao = [|z§|[(1 +27) + 2, and A > Ng. Then:
(a) There ezists (x,x*) € O-f such that:
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(i) x is an e-estimator for f\(z); (i) |l=*[| < A;
(i) ||z —=z| <r+1 (hence ||z|| < 2r+1); (iv) [f(z)] < Ar+1;
(v) fa(z) = flz) < (&%, 2 — ).

(b) The function A — fr(z) from [Ao,00) to R is Lipschitz with Lipschitz constant r + 1.

Proof. From (5) it follows that f) is a Lipschitz function on X for any A > ||z§||. From

(7), there exist z* € X* and t € R such that the graph of the affine functional z* + ¢
separates epif and Ky + (z, fx(2)). Then ||z*|| < A and for any z

IE) = Alz = zf] < (2%, 2) + 1 < f(2).

Choose now z to be an e-estimator for fy(z). It follows from (8) and the above inequalities
that 0 < f(z) — ((a*,z) +t) < ¢, hence z* € 0. f(x). Using (8) again we obtain

Mz —zf| < fa(2) + & = f(2) < f(0) + Allzl| + & = (20, 2) + do
< Azl + &+ (2o, 2 = 2) = (20, 2) + 00 < Ar + e+ |lzglll|z — =[] + [lzollr + do

hence

r( A+ ||lzgl|) + e+ do

Iz ==l <
A = [l

from which (iii) follows. To prove (iv) it remains to notice that

—A< —|lagl(2r +1) =2 < (2, 2) —do < f(z) < falz) +e < f(O) + Az +e < Ar+ 1

To prove (v), it is enough to see (by what precedes) that
MHz) < (2% 2) +t= ("2 —a)+ (2", 2) +t < (2%, 2 — ) + f(x).

To prove (b) let > v > A\, € > 0, and = be an e-estimator for f,(z). We have
0 < ful2) = fu(2) < f(o) +pllz — 2l = f2) = vllz — 2l + e = (p—v)llz — 2l + &
By part (i), ||z — z|| <7+ 1, hence
[fu(2) = [ < (u=v)(r+1) + &

Since € was arbitrary, this proves part (b). O

3. Slice convergence and Kuratowski—Painlevé convergence of e-subdifferen-
tials

If X is a Banach space, a result of Attouch and Beer [2] (see also [1, Theorem 3.66])
links slice convergence of epigraphs of convex functions with the Kuratowski-Painlevé
convergence of their subdifferentials. In this section we prove that a similar result is true
in a normed space, provided that we replace subdifferentials with e-subdifferentials. The
main ideas of the proof are the same as in [2], with some changes due to the fact that we
work with e-subdifferentials. We begin by recalling the necessary notions.
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Given a topological space T' and a sequence {C),} of nonempty subsets of T" we denote
by LiC), the set of those = € T such that there exists a sequence {z,} converging to x,
with z,, € C), for all n and denote by Ls C), the set of those x € T such that there exists
a sequence 0 < ny < ng < ... and a sequence {x}} converging to z, with z3, € C,,, for all
k. The sequence {C)} is said to be Kuratowski-Painlevé convergent if 1i C,, = Ls Cy,; this
common value is denoted Lim C),.

Another notion we need is that of slice topology on T'(X), denoted g (see [7], [9]). Recall
that a subbase for 7¢ consists of

all sets of the form (V x(—o0,t))”, with V openin X and ¢t € R, where (V x(—o0,t))~
is the set of all f € T'(X) such that epif N (V x (—o0,t)) # 0;

and

all sets of the form (s(u,x*,7)°)*", with u > 0, 2* € X* and n € R, where
s(p, a*,m) = {(z,t) € X x R; ||#|] < p, t = (¢*, x) —n} and (s(p, 2%, 7)) ** is the set
of all f € T'(X) such that ((epif) +e(B x [—1,1])) N s(u, 2*,n) = () for some € > 0.

The following characterization of convergence in this topology is an adaptation to the
context of normed spaces of Theorem 3.1 in [2].

Proposition 3.1. Let X be a normed space, f, fn, € I'(X), n > 1. The following are
equivalent:

(i) f=7g-limfy;
(i) for any (z,x*) € X x X* there exist a sequence {x,} in X and a sequence {x}} in
X* converging to x and to x* respectively and such that f(x) = lim f,(z,), and
n—oo

Fo() = T ().

(iii) for any (z,xz*) € domf x domf* and any o > 0 there exist a sequence {x,} in
X and a sequence {x}} in X* converging to x and to x* respectively and such that
F(2) +a > limsup fo(r,) and f*(z*) + o > limsup £ (z5).

n—oo n—oo

Proof. The fact that (i) implies (ii) is proved in [2], Theorem 3.1. Clearly (ii) implies

(iii). It remains to show that (iii) implies (i). So assume that (iii) is true, but (i) is false.

Then, by restricting our attention to a subsequence, we can assume that either

(a) there exist an open subset V of X and t € R such that epif N (V x (—o0o,t)) # 0 but
epifn N (V x (—o0,t)) =0 for all n

or

(b) there exit p > 0, z* € X*, n € R and € > 0 such that ((epif) + (B x [—1,1])) N
s(u, z*,m) = 0 and ((epifn) + en(B x [-1,1])) N s(u, 2*,n) # O for any &, > 0 and
any n;

is true. It is not difficult to see that, because of (iii) (the part involving z), (a) cannot
be true. So (b) must be true. From Lemma 8.1.1 in [9] it follows that there exists
(x*,t) € epif* such that the graph of the affine functional x* — ¢ strongly separates epi f
and s(u, z*,n), ie.
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<x*,u>—t§f(u), U'EX
and
(z%u) —n < (z*u) =t =0, |lul <p.

for some & > 0. It is easy to see that there exists p/ > u such that the last inequality
becomes

() —n < (ot u) —t—6/2,  |ull < 4.

By hypothesis there exists a sequence {z}} in X* converging to z* and such that f*(z*)+
§/16 > limsup f,(x)). Choose n large enough such that ||z* —z% || < §/(8u') and f*(z*)+

n—oo
6/8 > f¥(x). Let uw € p/'B. By Fenchel’s inequality, our choices, and the previous
inequalities we have

fn(u) 2z, u) — frlan) = (2, — 2%, u) + (27, u) — fr(23)
> —0/8+ (x",u) — f*(x*) = 6/8 > (a",u) —t — /4
> (" u) —n+ /4.

The resulting inequality shows that, if £, > 0, &, < ¢/ — p and 4e,(1 + ||2*||) < , then
(epifn + en(B x [—1,1])) N s(w, 2*,n) = 0, which contradicts (b). It follows that (iii)
implies (i) and the proposition is proved. O

Let now f, f, € I'(X), n > 1. Recall that a sequence {(zy,z},)} with (zy,z;,) € domf;, X

domf} is called normalizing if lim (zy,x,) = (z,2%) € domf x domf*, lm f,(zy)
n—00 n—oo

Fla), and lim fi(ap) = f(o)

Lemma 3.2. Let f, f, € I'(X), n > 1. Let also {(xn,x})} be a normalizing sequence

and let lim (zp,x,) = (x,2"). Then
n—oo

(1) lim dy,(zn,z,) = dy(z,27).

n—oo

(2) Assume that O-.f C 1i0.f, for every € > 0. Let (u,u*) € domf x domf* and
(un,up) € X x X*, n > 1, be such that lim (up,u,) = (u,u”). Let a = dg(u,u*) and
n—oo

an = dy, (un,uy,). Then
limsup,,_, o fn(un) + @ — limsup,,_, ., ap < f(u) <

liminf, o frn(uy) +limsup,,_, . o — liminf, . oy
and
li0 Uy o0 £ (15) + & — TSPy oo 0 < F(%) <

liminf, o fi(uw)) + limsup,, . ap — liminf, o oy,

(3) If in addition to the conditions in (2) we have limsup dy, (un,uy,) < dy(u,u”), then

{(un,uk)} is a normalizing sequence, i.e. ?}Ln;ov}:(ozjn) = f(u) and 7}1_)11;0 foluy) =

fr ().
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Proof. The proof of (1) is trivial, so we shall prove only (2) and (3). Let v = liminf oy,

n—aoo

and = limsup o,. Let k > 2 and (g4, v4,y) € Ouf,i=1,...,k—1. Let p > 0 and p; =

n—oo
€i + p/(k —1) (this is needed in case €; = 0). Then (14, yi,y)) € Oof, i =1,...,k—1 and
since Oy, f C Li0,, fn, there exist (yin,y’,) € Oy fn such that Hm (yin,y;,) = (Vi ¥i),
) n—o00 )

i=1,...,k—1. Let also yo = =, Yyon = Tn, Yp = W, Y = U*, € = Q, Ygpn = Up, and
Yy, = un, (thus limsupa,, = 8 = €, — a + (). From the definition of e-subgradients it
’ n—00

follows that
k k—1

fn(«rn) > fVL(yk,n) + Z<yz*,nu Yi—1n — yi,n> - Z,ui —Qp, N > 1.

i=1 =1
By replacing p; with ¢; + p/(k — 1) and taking lim sup (with respect to n) we obtain

k

k
f(x) > limsup fu(un) + Y (yiyi1 —yi) = Y _ei+a—B—p.
i=1

n—00 -
i=1

Lemma 2.4 (more exactly its proof) implies that

f(x) > limsup fo(un) + f(x) = f(u) +a =B —p

n—oo

and, since p is arbitrary,
f(u) > limsup fr(un) +a — B.

n—oo
Similar arguments (the remark following Lemma 2.4 is essential) show that
F* () > imsup f(us) +a — 8.

n—oo

Since
f;(u;;) + fn(un) = <U7*p un) + ap,
it follows that

liminf fi(ug) > (u*,u) + — lmsup f;(uf)

n—oo n—oo

> (W' u) +a—ffW)+y=0=flu)+7-0

and therefore
f(uw) <liminf f,(up) + 8 — 7.
n—oo

The corresponding inequality involving the conjugate functions can be proved in the same
way. This proves (2).

To prove (3), assume first that § = < a. From (2) it follows that 8 = «a, lim f,(u,) =

n—oo
f(u), and lim f;(uy,) = f*(u*). To prove the general case (§ < «), notice that the
n—oo
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above arguments imply that every convergent subsequence of {«a,} must converge to a.
Therefore the sequence {«a,} is convergent (to a) and the lemma is proved. O

Lemma 3.3. Let f, f, e '(X), n>1. Then
(1) Oof C LiOsfn if and only if Oef = Lim Os fr,
(2) Given anye >0, 0-f CLiOf, if and only if O-f = Lim O f,,.

Proof. We shall prove only the first assertion, the proof of the other one being similar.
Since trivially Lide f, € Ls0Oefy, it is enough to prove that LsOefy, C Oof if Oof C
Lide fr. To this end let (o, z,2%) € Ls0Osfn. By definition there exist an increasing
sequence of positive integers n; < ng < ... <ny < ...and asequence {(ay,zy,x})} with

(g, @k, }) € Oa frn, such that

lim (o, x, z3) = (o, x, x¥).
k—o0

Let € > 0 and let (y,y*) € O-f. Then (e,y,y") € Jof and, since Jo f C Li s fy, there exist
(Eny Yn, Yyh) € Do fn, n > 1, such that lim (e, yn,y;) = (£,9,y%). It is easy to see that
n—oo

<y;;k - x;;uynk - .Tk) > —Enyp — O
and, by taking the limit, we obtain
(y* —a*,y —x) > — — a.

The fact that (0:f)c is a maximal family of monotone operators (see [13], Theorem 2)
implies that z* € 0, f(x), showing that Ls e fr, C Os f . O

We can now state and prove our main result in this section.

Theorem 3.4. Let X be a normed space and f, fn, € T'(X), n > 1. The following
assertions are equivalent:
(1) f = Ts—limfn;

2) Oyf CLiOsfn and there exists a normalizing sequence;

(2)
(3) Oof = Lim Os fy, and there exists a normalizing sequence;
(4)

4

0-f = Lim 0. f,, for every e > 0 and there exists a normalizing sequence.

Proof. First we shall prove that (1) implies (2). To this end assume that (1) is true

and let (e,z,2*) € 0;f. It follows that there exist sequences {x,} and {z)} such that
x = lim x,, ¥ = lim 2, and f(z) = lm fy(z,), ff(2") = lim f:(x}). Let g, =
n—oo n—oo n—oo n—oo

Io(xy) + fu(xn) — (x5, 2n), n > 1. Then (e, xp, x};) € O4fy and clearly lim e, = e. Thus
n—oo
(e,2,2) € Lioy f,, and therefore 0y f C Li0y fr.

Assume now that (2) is true and let (e,u,u*) € Oof. Then (o, u,u*) € O4f, where
o = dy(u,u*). Since (2) is assumed true, there exist (o, un,us;) € O4fn, n > 1, such
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that lm (ap, up, uy) = (o, u,u™). Then (¢ 4+ oy — @, up,u)) € Oofn, and lim (e + oy, —
n—oo n—oo

a, Up, uy) = (g,u,u”), showing that de f C Lids f,. From Lemma 3.3 it follows that (3) is

true.

Next we shall show that (3) implies (4). So assume that (3) is true and let ¢ > 0 and

u* € O0-f(u). Our assumption implies that there exist (e, un,u)) € Oofn, n > 1, such

that lim (e, up, uy,) = (€, u,u”). Let 6, = min{e, e, }. If 6,, < €, we can use Proposition
n—oo

2.1 to find (v, v}) € 05, frn such that ||vy, — up|| < Vep — 0y and (v — uk|| < Vep — On.

If 6,, = ey, take v, = u,, and v} = w’. It follows that lim v, = v and lim v, = u* and,
n—oo n—oo

since 0y, < €, 05, fn, C Ozfn. Thus 0. f C Li 0. f,. From Lemma 3.3 it follows that (4) is
true.

Finally assume that (4) is true. In order to prove that (1) is true, it will be enough to
show that for any (u,u*) € domf x domf* and any p > 0 there exist a sequence {u,}
in X converging to u and a sequence {u}} in X* converging to u* such that f(u)+ p >
limsup fp(upn) and f*(u*) + p > limsup f,;(u;) (see Proposition 3.1). To this end, let

n—oo n—oo
u € domf, u* € domf*, p > 0, and € = dy(u,u*). Then (u,u*) € 0-4,f and, by
hypothesis, there exists a sequence {(u,,u;)} with (up,u;,) € O-1pfn and such that

lim (up,u,) = (u,u”). By Lemma 3.2, {u,} and {u}} have the required properties.
n—oo
(]

The following example shows that we cannot expect equality in (2) above.

Example 3.5. Define f,, € I'(R) by fu(z) = —1if z > 1/n and f,(x) = —nz if
0 <x <1/n. Then 7g-limf,, = f, where f € ['(R) is given by f(z) = —1 if x > 0. Clearly
(1,0,0) € 04 fp for all n > 1, so (1,0,0) € Li 94 f,. However, ds(0,0) = 0, so (1,0,0) is
not an element of 9 f.

Remark 3.6. If X is Banach, it was proved in [2] that assertion (1) of Theorem 3.4 is
equivalent to

df = Limdf, and there exists a normalizing sequence.

The following characterization of the slice topology was proved in [7], Theorem 4.11: If X
is a Banach space, the slice topology on I'(X) is the weakest topology on T'(X) for which
the multifunction A : T(X) = X x Rx X*, A(f) = {(z, f(z),z*); (x,2*) € Of} is lower

semicontinuous. In the case of normed spaces we have:

Theorem 3.7. Let X be a normed space.

(1) The slice topology is the weakest topology on I'(X) for which all multifunctions Ag :
NX) = X xRxX* AAf) =A{(z, f(z),x"); (x,2") € O-.f}, € > 0, are lower

semicontinuous.

(2) The slice topology is the weakest topology on I'(X) for which the multifunction Ay :
(X)) = XxRxX"xR, AN(f)={(, f(x),2",¢); x € domf,z* € dom[f* e =
dg(x, x*)}, is lower semicontinuous.
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Proof. Recall first that a multifunction 7' : A = B, with A and B topological spaces,
is lower semicontinuous if for any net {a,} converging to a in A we have T'(a) C LiT(a,).
Notice next that in all our results we can replace sequences with nets. Now, arguments
similar to those used in the proof of Theorem 3.4 show that the multifunctions Ay and

A; are lower semicontinuous when I'(X) is endowed with the slice topology.

Let 7 be a topology on I'(X') for which all multifunctions A. are lower semicontinuous. In
order to prove that the slice topology is weaker than 7 it is enough to show that if a net { f,}
is 7-convergent to f then it is also Ts-convergent to f. To this end, let {f,} be such a net,
(z,2%) € domf x domf*, ¢ = dg(x,2"), and p > 0. The 7-lower semicontinuity of A,
implies that Ay, (f) € LiA.y,(f.). Since (z, f(z),2*) € Acyu(f), there exists a net
(20, fu(x,), x)) € Acqp(f,) converging to (z, f(x),2*). From this we get that lim f,(z,) =
f(z) and limsup f*(xf) < f*(z*) + p. Proposition 3.1 implies that {f,} 7s-converges to
f and this completes the proof of (1). The proof of (2) is similar. O

4. Attouch—Wets convergence and e-subdifferentials

Another useful topology on the set of closed, convex sets is that introduced by Attouch and
Wets [4]; if convex functions are identified with their epigraphs, we obtain the Attouch-
Wets topology on T'(X), denoted 74yy. In [10], Theorem 3.6, this topology is characterized
in terms of the “uniform lower semicontinuity on bounded sets” of the multifunction
A:T(X)= X x Rx X" (X is assumed to be Banach). In this section we show that a
similar characterization is true in normed spaces, provided that we replace subdifferentials
with e-subdifferentials. The ideas of the proof are those in [10], with changes due to the
fact that we work with e-subdifferentials. We begin by recalling the necessary notions (for
details see [4], [7], [5]).

Let X be a normed space. If A, C are subsets of X, the excess of C' over A is defined by
e(C, A) =sup inf ||c — a|| = supd(c, A).
ceC acA ceC

For p > 0 we write e,(C, A) = e(C N pB, A). The p-Hausdorff distance between A and C
is

haus,(A, C') = max{e,(A, C),e,(C, A)}.

Finally we say that a sequence {f,} of functions from I'(X) converges to f € ['(X) in
the Attouch-Wets sense, denoted Taw-limf, = f, if lim haus,(epif,,epif) = 0 for each
n—oo

p > 0 (in fact, it is enough that this happens for any p larger than some positive number).

Lemma 4.1. Let0<e<1/2,6 >0 (6 >0 if X is Banach), and r > max{2,d}. If

f, g € T(X) verify eq(epif,epig) < € and ey, (epif*, epig®) < 2 then e, (As(f), As(g))
< 6 + 6r2.

Proof. Let (z, f(x),2%) € As(f) N (rB x [—r,7] x rB*). Then |f*(z*)| < 2r? and there
exist (y,t) € epig and (y*,t*) € epig* such that

ly =zl <€ |t—fla)| <2 lly" =2 <& |t = fr (") < e
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It follows that

g(y) — f(z) < 52,9*(y*) — fH(x") < £2, ezrm and (y*, y) — (¥, 2)| < 3re?.

The above inequalities give

g W) +gy) < fH(@*) + f(o) + 2% < (o, 2) + 6 + 262
< (y*,y) 40+ 3re? 4+ 2e2 < (y*, y) + 0 + 4r2e?

and therefore y* € 05, 4,2.29(y). From Proposition 2.1 it follows that there exist (2, 2*) €
059 such that

|2 =yl < 2re, || = y7|| < 2re, enrm and [g(z) — g(y)| < 4r%z,

We also have
flz)—gly) < (% z) — f (") + I+ 9" (v") — (v",y) < 3re? + 2+ 60 < 2%+ 4.

Thus
|z — x| < 3re,||z" — 2| < 3re, and |g(z) — f(x)] <0+ 67“25,

meaning that e,(As(f), As(g)) < J + 6r2e. O

Lemma 4.2. Let f € T'(X), f(0) = 0 and choose Ao as in Lemma 2.6. Let also
0<e<1l,0<0<1, A> Ao, and p = max{2r + 1,\, \r + 1}. Assume that g € I'(X)
satisfies ep(As(f), As(g)) < e+ 0. Then sup{|fr(2z) — gr(2)]; z € rB} < 5p(e +9).

Proof. Let z € rB and let z be a §-estimator for f)(z). Choose z* as in Lemma 2.6. Then
(z, f(x),2*) € As(f)N(pB x [—p, p| x pB*) and therefore there exists (y, g(y), y*) € As(g)
such that

le =yl <e+d, [f(x) —gw) <e+d, [2* -yl <e+d.

Using the definition of g)(z), the fact that x is a d-estimator for fy(z), and the above
inequalities, we have

9n(2) = a(z) S gly) + Az =yl = f(@) = Allz — 2| + 6
e+ S+ Az —yl|+0<e+20+Ae+6) < 2p(e+6).

From Lemma 2.6 (a) (v) it follows that fy(z) < (z*, z) + f(z) — (z*, x). Notice also that
ly*|] < A+ e+ 3. Using the previous estimation for fy(z) and (6), we have

f(2) = griers(z) < (2% 2) + f(2) — (2% 2) — (¥ 2 —y) —g(y) + 6
<fl@)—gy)+ @ =y )+ (Y -2t y) + @ty —x)+0
<e4+d+r(e+d)+(E+0)(p+e+0)+ple+0)+0 <4pe+9).

Finally, from this and Lemma 2.6 (b) we obtain that fy(z) — gx(z) < 5p(e 4+ 0) which
completes the proof of the lemma. O
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We can now prove the main result of this section.

Theorem 4.3. Let X be normed space and f, f, € I'(X), n > 1. The following
statements are equivalent:

(1) f=7aw-limfy;

(2) for any e > 0 there exists pg > 0 such that limsup e,(A:(f), Ac(fn)) <€ if p > po.

n—oo

Proof. The fact that (1) implies (2) follows immediately from Lemma 4.1 and a result
established in [6] which asserts that the Fenchel transform (i.e. f +— f* from I'(X) to
['(X™)) is continuous with respect to the Attouch-Wets topology.

The other implication follows from Lemma 4.2 and another result of Beer [8, Theorem
4.3] which asserts that f = 7aw-limf, if and only if there exists Ao such that, for any
A > Ao, the sequence {(f,)r} converges uniformly on bounded sets to f). O

Question. Is it possible to replace (2) in the above theorem with
(2) for any € > 0 there exists po > 0 such that imsup e,(A:(f), Ac(fn)) =0 if p > po.
n—oo

We conclude with an extension to normed spaces of a result from [3].

Theorem 4.4. Let X be normed space and f, f, € I'(X), n > 1. Assume that f = Taw-
limf,. Then, for anye >0, O-f = gph-dist lim 0.f, (i.e. lim haus,(0-f, 0 fn) = 0 for
n—oo n—oo

p sufficiently large).

Proof. From the proof of Lemma 4.1 it follows that lim e,(0:f,0:fn) = 0 for p large
n—oo

enough. The arguments given in the proof of Theorem 2.3 of [3] can be adapted to our
context as in the cases discussed above and one can show that lim e,(0: fy,0-f) = 0 too.
n—oo
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