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1. Introduction

We discuss here the lower semicontinuity for integral functionals of the type

I[u,v]:/GF(x,u(x),v(x))dx (1.1)

with respect to a sequence (ug,vk)r>0 subjected to the constraints
(x,up(x)) € A, wvp(x) € Q(x, ug(z)) a.e. in G, kelN (1.2)

where G C RY is a bounded open set and @ : A x R™ — QIRN, ACR"™, is a given
multifunction.

A great deal of research was devoted to this subject for the topology of L,—convergence
of (ug)r>o and weak L,—convergence of (vj)g>0. We only mention Cesari [9e] and for
the free case (i.e. Q(t,z) = RY, (t,z) € A) we refer to [2,5,7,8,9¢,12,13,15,16,17,18,23]
where also a list of references can be found.

We are interested here in a result which involves a weaker topology; more precisely, it
should not require any additional convergence assumption on the differential elements of
the highest order when applied to the functionals of the calculus of variations. The reason
is that this kind of theorems fit in optimization problems where BV (not necessarily
continuous) solutions are expected, since the compactness results on BV do not involve
the weak convergence of the gradients, as it occurs in Sobolev’s spaces.

To this purpose we introduce here the mean value (mv) condition (see Section 2). Roughly
speaking a sequence (vg)r>0 of summable functions satisfies (mv) provided for a.e.
to e G

lim lim vi(t) —wvo(t)| dt = 0.
h—0 k—+o00 B(t07h)[ ( ) ( )]
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It is easy to see that (mv) is weaker than Lj—convergence, but the main point is that
(mv) is the proper assumption for our setting. In fact (see Proposition 3.7) if (zg)reN

is a sequence in W1(G,IR™) which Lj-converges to a BV function zg, then we get
that a subsequence of the gradients (Dxy)r>o satisfies (mv). Here Dz denotes the
“essential gradient” of the BV function x, i.e. the density of the absolutely continuous
part of the distributional derivative with respect to the Lebesgue measure.

The lower semicontinuity results we present here are obtained as a consequence of a closure
theorem for an orientor field of type (1.2) with respect to the convergence

uy Li—converges to ug and (V) pelN satisfies (mv). (1.3)

Our main lower semicontinuity theorem is the following (see Theorem 5.1)

Main result. Assume that A is closed and F is non negative.
Let (ug,vg)k>0 be a sequence of summable functions such that

) (tup(t) € A, vr(t) € Q(t, ug(t)) a.e. inG, kelN;

i) wug Li—converges to wug and (k) peN  Satisfies (mv).

iii) Suppose that the multifunction

Qo(t.2) ={(¥%y): yo = F(t,x,y), y € Qt, )}

satisfies property (Q) and (WF) at the point (to,uo(to)), for a.e. to € G.
Then  (t,ug(t)) € A, wvo(t) € Q(t,up(t)) a.e. in G and

liminf [ > ] .
lim inf [ur, vr] > I[ug, vo]

Property (Q), introduced by Cesari in 1966 (see [9e]), is an intermediate condition be-
tween upper semicontinuity and Kuratowski property. As we recall in Section 6, it is a
seminormality assumption on the integrand and hence implies that F'(¢,z,-) is convex.

Condition (wF) acts on the second variable, it was introduced in [11c] as a variant of

Cesari’s Lipschitz condition (F). Actually, we prove here (see Section 6) that (wF) is
really a weakening of assumption (F).

Some noteworthy particular cases of our functionals are the following

el = [ Plt, Wo)(t), (Lo)(e) d (1.4)
G
where U and L are given operators not necessarily linear. For example
Lr=Dx, or Lzx=divr or Lx=7D[V(,z())]

with W a Lipschitzian function.

For the details and further examples we refer to Section 7.
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We wish to recall that the lower semicontinuity for functionals of type (1.4), with respect
to the weak topology in Sobolev’s spaces, was studied by E.Rothe [23], G.Fichera [18],
Cesari [9¢,d] and Cesari-D.E.Cowles [12].

A particular class of integrals to which our theory apply, is the following

T :/G|< a(t), DIW(E u(t)] > +®(t, u(t))| dt

where a is continuous, W is Lipschitzian and @ is a Carathéodory function such that
|D(t,z)| < p(t), with ¢ summable.

They take their source from problems of conservation laws. In order to prove existence
results for the relaxed functional on BV, Cesari [5d] adopted a suitable tranformation
which allows to reduce the functional I to standard integrals of the calculus of variations.

Now, in force of the present formulation, where abstract operators are involved, we can
deal with functional I directly with remarkable advantages both in the assumptions and
in the proofs.

Note that also functionals of the type
il = | 1< a(0). DL (e @) >+t )] de
G

can be handled in the same way.

Finally, we wish to mention that our research is partially motivated by a study of a
variational model for the plastic deformation of beams and plates, where functionals of
type (1.4) and BV solutions are involved ([11e,14,3a,b,4].)

2. Preliminaries

Let v, m and p be given integers. Let G C IR” be a bounded open set.

According to standard notations, we denote by Li(G,R™) the space of summable

functions x : G — R™, by WP!(G,R™) the Sobolev space of the functions z €
Li(G,R™) whose distributional derivatives up to the order p are summable functions
and by BV(G,IR") the space of the functions x € L1(G,R™) which are of bounded
variation in the sense of Cesari [9a].

For m =1 we will briefly write L;, WP?! and BV, respectively.

A BV function z admits an “essential gradient” [26], i.e. has a.e. partial derivatives ‘37"”;

computed by usual incremental quotients disregarding the values taken by x on a suitable
null set. Moreover the “essential gradient” coincides with the density of the absolutely
continuous part of the distributional derivative with respect to the Lebesgue measure. We

denote by Dx = (ng;, 1=1,....m, =1, ...,I/) and call Dz the gradient of x.
Given a point tp € G and a constant h > 0, we put

qn(to) = [to —h,to+h] ={t € R": to; —h <to; <to;+h, j=1,..,v}
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in the case the point tg is clearly determined, we briefly write gy (to) = qp-
Moreover, we denote by |gp| the area of the interval.

Given a function z € Li(G,R™), for every tyg € G and h > 0 sufficiently small, we

put
][ x(t) dt = th\lf z(t) dt.
dh dh

Given a function 20 : Ry — IR, where Ry is a closed interval, for every subinterval
R=la,b]={teR": a; <tj <bj, j=1,...,v}, we consider the difference of order v
relative to the 2¥ vertices of R, say

Aga? = 2°(b) — 2%(a) if v=1

Aga¥ = 2%(by, by) — 2%(b1, ag) — 2%(ay, ba) + 2%(ar, az) if v=2
and so on.
The function 2" is said to be of bounded variation in the sense of Vitali (VBV) [25]
provided the interval function Apz" has bounded variation. A VBV function has a.e.
superficial derivatives, say D*2°(tg) = }llirr(l) (2h) YAy, 2% (ty) and D*z” is a summable
function.

The function 2% is said to be absolutely continuous in the sense of Vitali (VAC) [25

if the interval function Apaz® is absolutely continuous; in this case we have Apgaz? =
[ D*x(t) dt.

3. The mean-value condition

We introduce the following definition for a sequence (vg)r>o in L1(G,R™).

Definition 3.1. We say that (vg)r>0 satisfies the mean value (mv) condition at a
point ¢y € G provided

(mv) there exists a null set H = H(ty) C R" such that, for every number & > 0
a constant 0 < hg = hg(tg,e) can be determined in such a way that, for every
h €]0, ho[—H, an integer ko = ko(tg,e,h) exists such that for every k > kg

][ Uk(t) dt —Uo(to) <E.
dh

We say that (vy)g>0 satisfies (mv) condition on G if (mv) holds at a.e. point ¢y € G.

Let us observe that (mv) can be written:

(mv) there exists a null set H = H(ty) C RT such that for i =1,...,m

li lim inf L)dt = i li L) dE = vl (t).
i tmint f k= it f ok =i
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The following criterions for (mv) condition can be easily proved.

Proposition 3.2. Let (vg)r>0 and (wg)r>0 be two sequences which satisfy (mv) at
to € G, then for every «a, € R the sequence (owy + fwy)k>o satisfies (mv) at the
same point.

Proposition 3.3. Let (vy)p>0 be a sequence in Li(G,R"™) and assume that

i) fora.e. to € G there exists a constant hg = ho(to) > 0 such that for a.e. h €]0, ho|

im [ oplt) dt = / w(t) dt.
k=00 Jg, an

Then (vg)k>o satisfies (mv) on G.
As an immediate consequence of Proposition 3.3 we also have

Corollary 3.4. If v, — vg weakly in Li(G,R™), then the sequence (vy)g>o Satisfies
(mv) on G.

Remark 3.5. On the converse, note that (mv) condition does not imply condition i)
in Proposition 3.3 and, a fortiori, weak convergence in L;(G,R"™). To this purpose, let

us consider a sequence (uy)reny in WH{(G,R™) which L;converges to a function
ug € BV(G,R™) and let vy = Dug, k > 0, be the sequence of the gradients. Of
course (Duy)g>p does not satisfy condition i) since, otherwise the limit function would

still belong to WG, IR™). But, by virtue of Proposition 3.7 below, there exists a
subsequence of the gradients which satisfies (mv) on G.

Still as a consequence of Proposition 3.3 we have

Corollary 3.6. Let (u)p>0 be a sequence which converges in Li(G,R"™) and let
®: A — R bea Carathéodory function such that

|D(t, up(t))| < o(1), ae. inG, kel
with ¢ € Ly .
Then the sequence ( ®(-,ug()) )p>o satisfies (mv) G.

Moreover, note that Lemma 2 and 6 in [11d] can be written in terms of (mv) condition
as it follows.

Proposition 3.7. Let (up)rew be a sequence in WYY (G, R"™) which Li-converges
to a function ug € BV(G,R").

Then there exists a subsequence of the gradients (Dus, )r>0 which satisfies (mv) on G.

Proposition 3.8.  Let (Ug)ke]N be a sequence of VAC functions which converges
pointwise a.e. in Ry to a VBV function wuyg.

Then the superficial derivatives (D*ug)k>o satisfies (mv) on Ry.
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Remark 3.9. Note that for v =1 and Ry = [a,b] the concepts of VAC and VBV

reduce to Wl and BV respectively. Thus, by virtue of Proposition 3.8 the result of
Proposition 3.7 improves as follows:

if uy:[a,b] — R™ k&N, isasequence of curves in Wbl which converges pointwise
a.e. to a curve ug € BV, then the derwatives (u)g>o satisfies (mv) on [a,b].

As an application of Proposition 3.7 we can also prove the following criterion.

Proposition 3.10. Let (up)peN be a sequence in WH(G,IR"™) which Li-converges
to a function ug € BV (G, R").

Assume that A C R”™™ s a set whose projection in the t-space RY contains G and
U:A—R"™ isa Lipschitzian function.

Then there exists a subsequence of the gradients
( D[\P(7u8k())] )k‘zo

which satisfies (mv) on G.

Proof. Note that the sequence Wy : G — IR™ defined by Wi (t) = ¥ (¢, ug(t)), k>0,
satisfies the assumptions of Proposition 3.7. O

4. A closure result

Let A RY™, with n € N, be a set whose projection in the t-space R” contains G.

Let Q: A — 2R™ he a multifunction with nonempty values and let us consider the
multivalued equation

(t,u(t)) € A, v(t) € Q(t,u(t)), a.e. in G. (4.1)
We denote by Sg the set of the measurable solutions of (4.1) and also use the notation
Sé) = SQ N L1<G, ]Rn—&—m)_

We recall that multifunction @ is said to satisfy Cesari’s property (Q) at a point (g, xo) €
A, provided [9¢]

Q(to, x0) = AN clco{U Q(t,z), [t —to| <o, |v— 10| <0} Q)

Note that if (Q) holds, then the set Q(tg,xo) is necessarely closed and convex.

Moreover, in [11c] (see also [11d]) the following condition on multifunction @ was intro-

duced.

Let S = (ug, vg)rew be a given sequence in Sé, we say that @) satisfies condition (wF)
at a point (to,z9) € A, with respect to the sequence S, provided
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(wF) given any number e > 0, there exist two numbers 0 < o = o(tg,z0,S,¢) < ¢
and 0 < hg = ho(to,0,S,e) < o such that for a.e. 0 < h < hg there exist a
subsequence (Sp)geN and a sequence (Us,,Ws, )geN 10 Sg with the property
that for every k € IN

s, (t) — x| < 0 a.e. in gy and ’][ [wg, (1) — s, (t)] dt| < e.
an

Besides equation (4.1), also the following type of multivalued equations are involved in
problems of the calculus of variations (see [9e])

(t,u®) € 4, (°t),v(t)) € Qt,u(t)),  ae. inG. (4.1)
where @ A = 2R g the following property:

it (1%y)eQt,x) and y' >14° then (¢,y) € Q(t, ).

Let S@ denote the set of the solutions of (4.1) and again we put Sé = S@ NLi(G,

]Rn+1+m).

Note that condition (wF) modifies as follows (see [11c,d]).

Given a sequence S = (uk,vg,vk)kem in Séj’ we shall say that @ satisfies condition
(Wﬁ) at a point (to,zo) € A, with respect to the sequence S, provided

(wF) given any number & > 0, there exist two numbers 0 < o = o(to, z0,S,¢) < €
and 0 < hg = ho(to, z0,S,e) < o such that for a.e. 0 < h < hg there exist a

subsequence (sp)penN and a sequence (Usk,wgk,wsk)ke]N in S@ with the property

that for every k € IN

U, (t) — x| <o a.e. in g and

[ ot - v 0 ar| < Flubo - a<e
qn qdh

We are ready to state the following closure result which can be proved by the same
technique adopted for Theorem 3 in [11d].

Theorem 4.1. (A closure result). Assume that A s closed.

~ m+1
Let Q: A— olR be a multifunction with nonempty values and let (uy, vg, UE)k>0 be
a given sequence.

Suppose that
1) (ukv vgavk) S Séa k € IN;

ii) wug L1 —converges to wuo;
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iii) (vg,vk)kzo satisfies (mv) on G;

iv) for a.e. to € G, multifunction 52 has properties (Q) and (Wﬁ), with respect to
the sequence (ug, vy, vk)reN, at the point (to,uo(to))

V) if (4%y) €Qtw) and ' >y°, then (y,y) € Q(t, ).

Then the limit function (ug,vl),vo) belongs to S%.

Remark 4.2. Theorem 4.1 also holds in the case A =G x Ay with Ay C R" closed
set.

~ m—+1
Note that, in the particular case that A = G x Ap and multifunction @ : G — o™

depends only on variable ¢, assumption (Wﬁ) is trivially satisfied.

Remark 4.3. As a particular case of Theorem 4.1 a closure result can be proved

for equation (4.1), where assumption v) is obviously omitted and condition (wF) is
replaced by (wF).

Again, in the particular case that A = G'x Ay and multifunction @ : G — IR™ depends
only on variable ¢, assumption (wF) is trivially satisfied.

Moreover, (wF) holds in the case Q(t,z) = R", (t,x) € A= G x Ap.

For these and other conditions assuring assumptions (wF) and (wF) we refer to [11c,d]
and Section 6.

5. Application to the lower semicontinuity of integral functionals

Let M ={(t,z,y): y€ Q(t,x), (t,z) € A} denote the graph of multifunction Q.
We consider a function F : M — R such that, for every (u,v) € Sé, F( u(s),v(+))
is measurable and F~ (-, u(-),v(:)) € L.

Let I: Sb — R U(+00) be the functional defined by

I(u,v) = /GF(t,u(t),v(t)) dt if FH(u),v(-) € Ly

I(u,v) = 400 elsewhere.

As an application of closure Theorem 4.1 we shall prove here some lower semicontinuity
theorems for the functional I.

To this end, let us consider the multifunction @0 CA = 2R defined by

@0<t7 .T}) = {(y07y> D Yo 2 F(t>x7y>7 y e Q(t,&?)} (51)
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Theorem 5.1. (A lower semicontinuity result). Assume that A is closed.

Let (up,vg)reN be a sequence in Sb and let (ug,vo) be a function in Ly (G, R"™™)

such that

i)  wug Ly —converges to uop;

ii) (vg)r>0 satisfies (mv) on G.

Suppose that

iii) a function X\ € Ly exists such that Fy(t) = F(t,ux(t),ve(t)) > A(t), a.e. in
G, k>0;

iv) for a.e. to € G multifunction @0 has properties (Q) and (wﬁ), with respect to
the sequence (uy, Fi,vk)reN, ot the point (to,u(to)).

Then the couple (ug,vo) lies in 8&2 and we have

liminf/GF(t,uk(t),vk(t)) dt > / F(t,up(t),vo(t)) dt.

k—+o00 Iel

Proof. Note that it is not restrictive to assume that liminf I'(ug,vgp) = lim I(ug,v) <
k—4o00 k—4o00

+oo and sup I(ug,vr) =W < 400.
keIN

Thus, the functions Fi(-) = F(-,ug(:),vg(-)), &k € IN are summable.

Fixed an interval Ry = [ag, bg] D G, let us extend Fj to Ry by putting Fi(t) =0, t €
Ry —G, ke N.

Then let ¢ : Ry — R, k€ IN, be the sequence defined by
oi(t) :/ Fiy(7) dr.
[a07t]

Observe that (¢r) e is a sequence of VAC functions which have equi-bounded variation
in the sense of Vitali: in fact, for every finite partition D = [R] of the interval Ry, we
have

> AR gkl =)

ReD ReD

/Rm(t) dt‘ S/RO or(t) dt+2/RO\)\(t)\ dt§W+2/G\)\(t)\ dt.

Thus, by virtue of Helly’s theorem ([20], see also [11c], proof of Theorem 1”), a function
¢o € VBV exists such that (for a suitable subsequence)

o — ¢p pointwise in Ry.

Taking into account of Proposition 3.8, we can deduce that the sequence of superficial

derivatives
(D*¢r) e satisfies (mv) on G. (5.2)

It is easy to see that
D*¢i(t) = F(t) ae. in G, keN (5.3)
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and moreover
(uk, Fk,vk) S S% , kelN. (5.4)
0

From (5.2) —(5.4) and the assumptions i), ii) and iv), by virtue of Theorem 4.1, we get
that (ug, D*¢g, vo) € S% or equivalently
0

(uo, v9) € 8612 and  D¥¢g(t) > F(t,up(t),vo(t)) a.e. in G. (5.5)

From assumption iii), we deduce that ¢o(t) > A(f), a.e. in Ry, where A(t) = A(t) on
G,and A(t)=0 on Ry—G.

Let us consider the function ®g(t) = ¢o(t) — f[ao 1 A(7) dr, t € Ry; since the interval
function Apr® is additive and non-negative, we have ([22], Theorem I11.1.28)

~

Ap,®o = po(b) — / M) dt > | D dg(t) dt > /G D*po(t) dt — /G A(t) dt.

Ry Ry

Finally, from (5.5), we deduce that

k—+o00 k—+o00

I(ug,vo) < / D ¢o(t) dt < ¢o(b) = lim ¢p(b) = lm I(uy,vg)
G
which concludes the proof. O

We wish to remark that, in the case both multifunction () and integrand F (and
hence multifunction @0) do not depend on variable x, then Theorem 5.1 reduces to the
following result.

Theorem 5.2. (A lower semicontinuity result). Assume that A = G x Ag with Ay
closed.

Let (vg)remw be a sequence in S&) and let vy be a function in Li(G,R™).

Suppose that

i) (vg)k>0 satisfies (mv) on G.

ii) a function X\ € Ly exists such that F(t,vp(t)) > A(t), a.e. inG, k> 0;

iii) multifunction Qo has property (Q) a.e. in G.

Then wvg € S&) and

liminf/ F(t,v(t)) dt > / F(t,vo(t)) dt.
G

k—+4o0 G

Note that assumptions (Q) in Theorems 5.1 and 5.2 implies that multifunction @ is
convex valued and the integrand F' is convex in the last variable. For further remarks
on the assumptions on the integrand, see Section 6.
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Theorems 4.1 and 5.1 represent an extension of the closure and lower semicontinuity
results in [11a,b,c,d] which are given in the particular case vy = Dug, k > 0. To point
out the interest of the present research we refer to Sections 7 and 8 where various new
applications are presented.

Moreover, we wish to mention that the present paper is inspired by the results given in
[9¢,d,12] for control problems. Our theorems can be considered as a translation of those
results in BV setting. Note that here a weaker topology is taken into consideration; more
precisely, in [9c,d,12] weak-L; convergence of the differential elements is adopted, whereas
the present theorems do not require any convergence assumptions on the differential ele-
ments of the highest order (see Section 7 for details).

6. Some remarks on assumptions (Q) and (wF)

In order to illustrate the operativity of our semicontinuity result, we shall present some
conditions on the integrand F which assure that the assumptions on multifunction g
are satisfied. Let us start by recalling some well-known results (see [9e] for details).

Property (Q) is intermediate between Kuratowski condition (K) and upper semiconti-
nuity. As we already observed in [11b,c], assumption (Q) can not be replaced by weaker
condition (K') in the present setting.

We recall that if Qg satisfies property (Q) at the point (¢g,x¢), then éo(to,xo) is a
closed and convex set.
Let us assume now that Q(¢,x) = R", (¢t,x) € A, thus éo(t, x)=epi F(t,x,-), (t,z) €

A. 1In this case Qo(to,zo) is closed and convex iff F(tg,xg,) is lower semicontinuous
and convex.

Moreover, the following result holds [9e].

Proposition 6.1. Multifunction éo(t,x) =epi F(t,z,-), (t,x) € A, satisfies property
(Q) at the point (to,x0) € A iff F is seminormal at the same point, i.e.

(s/n) for every € >0 and yo € R™, a constant o = o(to,xo,y0,€) >0 and an affine
function z:R"™ — IR exist such that

F(to, w0, y0) < z(yo) + €

F(t,z,y) > 2(y), forevery y € R™ and (t,z) € A with [t—ty| <o, |r—x0| < 0.
For further conditions assuring property (Q) we refer to [9e|, we only recall here the
following criteria for seminormality (see [9b, 28, 27]).

For more recent results about seminormality, see [2].

Proposition 6.2. Assume that F : A x R™ — R{ is continuous and F(t,x,-)
is conver, (t,x) € A. Given a point (to,xo0) € A, if there exists an affine function
w:R™ — R such that

F(to,x0,y) > w(y), y<R™ and ||1ir3 [F'(to, w0, y) — w(y)] = +o0
yl—+o0

then F is seminormal at the point (tg, o).
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Proposition 6.3. Assume that F : A x R™ — RJ s continuous and F(t,z,-) is
conver, (t,z) € A.  Then the function F.: Ax R™ — RS, >0 defined by

Fs(tax>y> = F(twrvy) + dyl

is seminormal at every point (to,xg) € A.

Proof. Note that F. satisfies the assumptions of Proposition 6.2 with z(y) = 0,y € R™.

Condition (Wﬁ) acts on the variable z; indeed, as we already observed, it is trivial
provided @0 does not depend on .

It was introduced in [11d] as a weakening of conditions (F}), ¢ =1,...,3 in[llc]. They
can be considered as variants of Cesari’s Lipschitz-type property (F) ([9¢]) which was
proposed in Cesari-Suryanarayana [13] as an important tool in optimal control theory.
The Authors also showed that these assumptions are rather natural, easy to verify and
actually satisfied in many applications. See also Cesari-Angell [10].

In what follows we assume that A = G x Ag, with Ay closed, and @ : G — oR".
Moreover, let S = (ug, vk)reN be a sequence in Sb and let ug € L1(G,R") be such
that wg Li—converges to wug.

The main consequence of condition (F) is the following result (see [13a])

Proposition 6.4. Suppose that F satisfies conditions

(C)  for every € >0 a compact set K. C G exists such that meas (G — K;) <e, and
F/k.xaoxr™ 1S continuous;

(F) forae teGqG, every up, ug € Ag and every k € N,
[P (¢, w1, vn(8)) — F(t,uz, 04()] < C 9(Jus — ual)
where C'>0 s a constant and ¢ : ]R(J)r — ]RO+ 1s a non decreasing function such
that ¢(0+) =0, o(C) <c[¢|, ¢>0, forall (> (y>0.
Then

Jim [ 1P 0.00(0) = P(tuolt), o (0)] di = (D)

We called our condition (wF) = weak (F) since we thought that it could be implied by
assumption (F) even if we were not able to prove this result. Now we can finally justify
this terminology (see Propositions 6.5 and 6.7 below).

Proposition 6.5. If F satisfies conditions (C) and (F), then

(R) for every e > 0, every compact set K C G with meas (G — K) < € and a.e.
to € K

limsup limsup |gq " / [F(t,uo(to), or(1)) — F(t,up(t), vy(t))] dt < 0.
h—0  k—-+oo an—K
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Proof. By virtue of Proposition 6.4

5k() = F(vu()()vvk‘()) - F(vuk‘()vvk‘()) — 0 in Ly

then we deduce that (see also Proposition 3.3), for a.e. tg € G

lim i t)| dt = 0. 1
ey |0%(2)] 0 (6.1)

Let € >0 be fixed and let K C G be a compact set with meas (G — K) < e.
By virtue of well-known density results [19], for a.e. to € K

meas (g, — K)

lim luo(t) — uo(to)| dt =0 lim

=0. (6.2)
h—0Jq, h—0 lqn|

Let tgp € K be fixed in such a way that assumption (F) and (6.2) hold.
Denoted by E ={t € G : |up(ty) —uo(t)| > (o}, from (F) we have

\qh\l/ M uolto) vk(t)) = F(t uo(t), vk(t))] dt <

C
< — é(|uo(to) — uo(t)|) dt <
‘qh‘ qh—K
C C
< Jug(to) — uo(t)] dt + — $(Go) <
\an| Jigp—K)nE \an| Jign—K)-E
meas (qn, — K)
<Cc{ |uo(to) — uo(t)| dt + Co(Co) o]
dh

and hence, from (6.2) we deduce

lim sup Tim sup [ga] ! / F(t, uolte), or(t)) — F(t un(t), on(®)] dE < 0. (6.3)
h—0 k—-+o0 g —K

The assertion is an immediate consequence of (6.1) and (6.3). O

Remark 6.6. Let us consider the following weakening of condition (R)

(WR)  for every e,0 >0, every compact set K C G with meas (G— K) < o and
a.e. ty € K, thereis a constant 0 < h' = h'(e, 0, K, to,uo(to),S) such that for
a.e. 0<h<h' asubsequence (Sg)pcN exists with the property that

lgnl™! / P uolto) vk () = Pt use(0) i (0)] i <
qdh—

Let us present now a criterion for (wF).
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Proposition 6.7. If F satisfies condition (WR ), then @0 satisfies condition (Wﬁ),
with respect to S, at (to,uo(to)) for a.e. tp € G.

Proof. From the assumption wuj Li—converges to wug, we deduce that there is a subse-
quence, say still (k), such that wuy — ug a.e. in G.

Then, by virtue of Egoroff’s and Lusin’s theorems, for every ¢ > 0, a compact set K.
exists such that meas (G — K;) < e and the following conditions hold

ug g, 1s continuous (6.4)

ur — ug uniformly on K. (6.5)

Let € >0 be fixed.

We consider the sequence e, = 5, m € N. Let K, denote the compact set corre-
sponding to &, and let N,, C K,, be the null subset of the points ty to which (wR)
does not apply; note that N = U N,,, U(N(G — K,,)) is a null set.

m m

Let tg € G — N be fixed.

Then there exists m = m(tg) € IN such that tg € Kz — Ni. From (6.4) and (6.5)
we deduce that a constant h = h(e,tp,up) > 0 and an integer k = k(e, (ug)p>0) exist
such that for every 0 < h < hg and every k >k, if t € Kw N gy,

Ju(t) = uolto)] < [ug(t) = uo(D)] + [uo(t) = woto)| < em +em < s +5 =2 (66)

Moreover, let 0 < b/ = B/(

g, to, up(tp),S) < € be a constant such that (see Remark
6.6) for a.e. 0 < h < min(h,h’) a subsequence (sj)peN exists with the property that
sp >k, ke N, and

|Qh\1/ _K_[F(t, ug(to), vsk (1)) — F(t, usp(t), vsp(t))] dt < em <e (6.7).

Now, let us consider the sequence (Ts,,w; ,ws, )reN defined by

0
Sk’

. — Juolto) te€q,— K
= g8t € g0 Ky

ws,, (1) = vg,, (1) wgk (t) = F(t,Us, (1), vs,, (1)) tegq.
Of course the sequence (ﬂsk,wgk,wsk)ke]N lies in S@o and moreover, from (6.6) and

(6.7), we get
s, (1) — uo(to)| < & t € qn

][ W () = F(t, gy (£), vsy (£))] dt =
4dn

=l [ P wlto) v () = Pt use(t) v (0)] dt < ¢

which proves the assertion. O
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Let us prove another sufficient condition for (R).

Proposition 6.8. If F satisfies the condition

(F") two functions ® : Ag — R and v € Ly exist such that ®(uy) converges to
O(ug) in L1 and for a.e. to € G a constant p = p(to,up(to),S) >0 exists such
that for a.e. t€ G with |[t—to| <p and k€ IN we have

|[F'(t, uo(to), vr (1)) — F(t, ur(t), v ()] < |®(uo(to)) — S(ug(t))] + [¢(to) — ¢ (1),
then F satisfies condition (R).

Proof. Observe that, by virtue of well-known density results [19], for a.e. top € G we
have

fim f 0t~ v® de =0, i [ [Buo(te)) - uale)] dr =0 (6

h—0 an h—0 an

and lim lim][ |D(up(t)) — P(ug(t))| dt = 0.

h—0 k—o0, an

Let tg € G be fixed in such a way that (6.8) and (F”) are satisfied, then

F 1Pt unlto), vu(t) = Pt un(®)on(e)] e <

dh

<+ [®(uo(to)) — P(uo(t))] dt + f [P(uo(t)) — P(uk(t))| dt +][ |9 (to) — (1) dt

dh ah dn

and the assertion follows by virtue of (6.8). O

Remark 6.9. Note that, by virtue of Propositions 6.5 and 6.8, Proposition 6.7 applies
to integrands of the type

1) F(t,-,y) Lipschitzian, t € G, y € R™;

2) F(t,x,y) = f(t,x,y)+ Fo(t,y) with f, Fy Carathéodory and f satisfying assump-
tion (F);

3) F(t,x,y) = f(t,x,y)+ Fo(t,y) with Fy Carathéodory and f satisfying assumption
(F//>;

4) F(t,z,y) = |f(t,z,y) + Fo(t,y)| with Fp and f as above.

Moreover it is trivially satisfied in the case

5) Fis bounded.

In other words, the multifunction @0 associated to any integrands of these classes satisfies

condition (wF).

Finally, from Theorem 5.1 and Propositions 6.1, 6.3 and 6.7, the following lower semicon-
tinuity result can be deduced.
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Theorem 6.10. (A lower semicontinuity result) Assume that Ay C R"™ is closed. Let
S = (ug,vi)k>0 be a sequence in Li(R"™) such that

i) wup € Ay, ae inG, kelN;

ii) wug L1—converges to uyp;

iii) (vg)k>0 %5 L1-equibounded and satisfies (mv).

Suppose that F : G x Ay x R — ]R(J)r is continuous, satisfies condition (WR) and
F(z,y,-) is convex, © € Ay a.e. t €G.

Then  wup(t) € Ag a.e. in G and

hmMLMmMQMMﬁZ/F@w@m@Mt

k—-+o00 Iel

Proof. Forevery ¢ >0, let F.:G x Ag x R™ — ]Rar be the integrand defined by

Fe(t,z,y) = F(t x,y) +ely.
By virtue of Propositions 6.3, 6.1 and 6.7, F. satisfies all the hypotheses of Theorem
5.1, thus

FL(t, uo(t), vo(t)) dt > /G F(t,ug(t), w(t)) dt. (6.9)

liminf/GFs(t,uk(t),vk(t)) dtZ/

k—+4o00 Iel

Now
/ FL(t, g (t), vg () dt = / F(t,up(t), ve(t)) dt + < / op(t)] dt, k€ N
G G G

and, since (vg)peN 1s equibounded in L;(G,R™), the assertion is an immediate con-
sequence of (6.9). O

Remark 6.11. We wish to point out that if F': G x Ag x R™ — ]Rar satisfies the

assumptions of Theorem 8.1, then also the integrand F, : G x Ag x R"™ — ]Rar defined
by
Fu(t,x,y) = F(t,x, (a(t),y))

with a: G — R™ continuous, satisfies the same assumptions.

7. Some remarkable particular cases

We wish to point out that the following formulations can be framed as particular cases of
the present setting. Let us consider a multiple integral of the type

IM:LHMWMM@W»& (7.1)
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subjected to the constraints
(t,(Uzx)(t)) € A, (Lz)(t) € Q(t,(Ux)(t)) a.e. in G (7.2)

where U and L are given operators and () is a given multifunction.

Note that (7.1) — (7.2) represents a rather abstract version of integral functional of the
calculus of variations with constraints on the differential elements.

We recall that [9e] every optimal control problem can be reduced to a suitable problem
of the calculus of variations with constraints on the gradient. By virtue of this remark,
(1.1) — (1.2) contains also the following formulation:

a cost functional

Tl = [ folt, @) 0)9(0) (7.3
with state equation
(La)(t) = f(t, Uz) @), y(1))  ae. in G (7.4)
and possible constraints of the form
(L (UD)D) €A, (La)(t) € Qt, Uz)(t))  ae. in G. (7.5)

Note that operators U appearing in the definition of I and in the constraints need
not be the same, but may be thought of as different components of the same operator.
Analogous for operator L.

Optimal control problems of type (7.3) — (7.5) were studied by Cesari [9c,d] and Cesari-
Cowles [12], who also gave closure and lower closure results with respect to the weak
topology in Sobolev’s spaces.

Forthermore, lower semicontinuity theorems for integral functionals of type (7.1) had
already been proved by Rothe [23] and Fichera [18], again in the same setting.

The aim of the present paper is to study the lower semicontinuity in BV setting and, as we
shall show in what follows, we are able to prove the lower semicontinuity of (7.1) — (7.2)
(and hence (7.3) — (7.5)) with respect to a weaker topology which do not require any
convergence assumptions on the differential elements of the highest order.

Before to enter in details, we wish to mention that the interest for formulation (7.1)—(7.2)
has recently increased since optimization problems of this type, with BV optimal solutions,
were adopted as a mathematical model to describe the plastic deformation of beams and
plates under different loads [11e,14,3a,b,4].

Let (S,w) be a topological space and let U : S — L1(G,R") and L:S — L;(G,R"™)
be given operators.

Our lower semicontinuity results apply under the assumption that

if wup w-converges to wug, then (for a suitable subsequence) we have that
Uuy, Ly—converges to Uug and
(Lug)p>0 is L1-equibounded and satisfies (mv).
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For example, the following particular cases can be framed in our theory (see Propositions
3.2, 3.3, 3.7, 3.10 and Theorem 4.1):

(a) (z1)gen is asequence in WG, RYN) Ly —converging to a function uy € BV (G, RY)
and
Ur =z, Lx=7Dx or Lx = div x;

(b) (xk)k>0 is the same sequence as in (a) and
(Uz)(t) = @(t, (),  (Lx)(t) =DV(L, (1))

where ® and W satisfies the assumptions of Corollary 3.6 and Proposition 3.10
respectively;

(¢) (zp)ren is a sequence in WPHL(G RYN) which WP converges to a function
up € WPHG, RY), with DPug € BV (G, RM), and

Uz = (x, Dz, D%z, ..., DPx), Lx =DPHyg

where D2z denotes the essential gradients of Dz and so on;

(d) (zx)g>0 is the same sequence as in (c) and

U is any operator on the variables (x, Dz, D2z, ..., DPz) which is continuous with
respect to L1 —topology,
L is a linear combination of the elements of DP*lz, for example Lx = div (DPx);

(e) (zk)g>0 is the same sequence as in (c) and
Uz)(t) = (¢, X (1),  (Lx)(t) = DY(t X(1))]
where X = (z, Dz, D?x,...,DPz) and ® and V¥ are functions as in (b).
Finally we wish to mention that also the following operators can be framed in our setting

(f) (zk)k>0 is a sequence in Lq(G,R"™) and

Uz)(t) = /G K(t,7) z(7) dr, Lx=x

where K is a suitable kernel (see [18] and [23,24]).

Remark 7.1. Existence results for problems of the calculus of variations can be derived
from the closure and lower semicontinuity statements of Sections 4 an 5. More precisely,

let us assume that functional [ is defined on Wl’l(G,]RN ) and let us consider the
Serrin-type extension to BV (G, RY)

Jz] = inf liminf ]
1= g Ml
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where I'(x) = {(fk)ke]N sz € WHY(G,RY), satisfies (7.2) and 2, L1—converges to :1:} :
if T'(x)=¢ weput J[z] =400, as usual.

An analogous functional can be defined in the case I ranges over WP (G, RY).

By virtue of our lower semicontinuity results, we can deduce that the natural relation
between I and J occurs

J[z] = I[z] on WG, RY) and J[z] > I[z] on BV(G,RY).

Moreover, by means of a standard process, we can prove the existence of minima for
functional J over a class () satisfying suitable compactness conditions. We do not enter
into detail here, but only refer to [9e] for the classical theory and to [11b,c,e] for more
recent developments.

8. Applications to a class of integral functionals

Let us consider now functionals of the type

Ia] = /G|<a(t),7?[‘1’(t,x(t))]> + O(t, x(t))] dt

where a:G - RN, ®: 4 — R and U:A— R"Y are given functions.

This class of functionals takes its source from problems of conservation laws. Cesari [9f,g,h]
discussed the related optimization problems under the assumptions that ¢ is continuous
and ¥ is of class O

In order to get the existence of BV minima for the Serrin-type extension of I, Cesari
adopted a suitable transformation which allows to reduce functional I to a standard
integral of the type

I = /G F(t, (1), Da* (1)) dt

to which the existence results of [11¢,d] apply.

Now, by virtue of the present formulation where abstract operators are involved, we can
deal with functional I directly, with remarkable advantages both in the assumptions and
in the proof. We only mention here the lower semicontinuity result since, as we already
mentioned (see Remark 6.6), the existence theorem is then a standard consequence.

Theorem 8.1. Assume that A =G x Ay with Ay closed.

Let (w1)reN be a sequence in WHL(G,R") and let w9 € BV(G,R") be such that
i) xp(t) € Ay a.e. inG, ke N;

i) (zk)peN has equibounded variation and Li—converges to xy.

Suppose that

iii) a s continuous,
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iv) W s Lipschitzian,

v) & is Carathéodory and there exists ¢ € Ly such that |P(t,zx(t))| < ¢(t) a.e. in
G, keN.

Then the limit function satisfies xo(t) € Ag a.e. in G, and we have

liminf I[zy] > I[zo].

k—+4o00
Proof. Let U4 and L be the operators defined by
Uz)(t) = @@, x(t),  (Lx)(t) = D[U(L,2(t))].
By virtue of Proposition 3.10 and Corollary 3.6, we have that (for a suitable subsequence)

Uz — Uy in Ly and (Lxp)peN satisfies (mv) on G.

Moreover, it is easy to see that the sequence (D[U(-,zx(:))])rew has equibounded vari-
ation, thus (Lxp)renN is bounded in Ly (G, R¥™Y).

Let us consider the integrand F : G x Ag x R*Y — ]RaL defined by

F(tz,y) = [{a(t),y) + x|

of course it satisfies assumption of Theorem 8.1 (see also Remark 7.1) and the assertion
follows as an immediate application of Proposition 6.5. O

Remark 8.2. Note that a result analogous to that of Theorem 8.1 can be proved for
the functional

1] = /G [(a(t), DIT(t, 2(2))]) + B(t, 2(t))]* dt.

We recall that the lower semicontinuity for integrals of the type

Ia] = /GKa(t,x(t)),Dx(t)) +0(t, x(t)] " dt

with respect to weak topology in Sobolew’s spaces, was discussed in [17,1].
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