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1. Introduction

By hyperspace of a topological space (X,t) we mean the set of the closed subsets of
X, CL(X), endowed with a topology 7 such that the function ¢ : (X,t) — (CL(X), )
defined as i(z) = {x} is a homeomorphism onto its image. Since the beginning of the
century some hyperspace topologies, also called hypertopologies, have been introduced
and investigated; in particular the Hausdorff metric and Vietoris topologies. These two
topologies are very fine, at least in view of some applications, and this explains why in the
last years several new hypertopologies were defined, aimed at applications in probability,
statistics and variational problems, for instance. In minimum problems, also, functions
are regarded as sets by identifying them with their epigraphs, and classical convergence
notions either are too strong or do not have a good behaviour with respect to stability.

The impressive growth of the number of hypertopologies recently introduced and used
in particular problems and the increasing interest to them for their great potentiality
in different fields of applications explains the effort in understanding more sharply their
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structure and in finding general patterns to describe them. About this last aspect, we
mention the papers [2], [9], [10], devoted to a description and classification of the hyper-
topologies as initial topologies, namely as the weakest topologies making continuous some
families of real-valued functionals defined on C'L(X). Not only this is useful in order
to have a common description of the hypertopologies, but also allows us to treat some
application in a fairly general way ([3], [8]).

All the mentioned papers deal with the hyperspace of a metric space. The aim of this
paper is to give a general classification of hypertopologies for a topological space X which
is not necessarily metrizable. Most of our results hold for completely regular spaces, or
even for spaces with least separation properties. It seems to us that the most striking
motivation for doing this is the following: the space we could have to consider can already
be a hyperspace! In this case we should work with CL(CL(X)). Let us mention an
interesting possible application for this: information structures are usually defined as
families of closed sets, namely as subsets of C'L(X). And observe that, starting from a
metrizable space X, most of the known hypertopologies are at least completely regular
(as initial topologies), while they are not usually metrizable. Moreover, our approach,
being different from the previous ones, offers a new way of describing topologies which
are not necessarily completely regular, as the Fell topology, when X is not locally compact.
Finally, our method allows us to define in a natural way new topologies.

The paper is organized as follows: Section 2 introduces notions and the background
material. In Section 3 we give the definitions leading to the idea of a hypertopology,
and we collect the first related elementary properties. Sections 4 and 5 are dedicated to
relate our definitions of topologies to hit-and-miss topologies and hit-and-strongly-miss
topologies and to show how well-known hypertopologies can be described in our setting.
Finally, Section 6 introduces some possible developments of the material of this paper.

2. Preliminaries and background material

In the sequel (X,t) is a topological space, supposed to be at least Hausdorff, and not
consisting of a single point. C'L(X) and K(X) denote respectively the set of the closed
and of the compact subsets of X; if X is metrizable with complete distance d, CLB(X)
indicates the set of all closed and d-bounded subsets of X; if X is a normed linear space,
K (X) denotes the set of all weakly compact subsets of X, CC(X) the closed convex
subsets and C'BC(X) the closed convex bounded subsets. When the empty set is excluded,
the previous sets are denoted C'Lo(X), Ko(X), CLBy(X) and K, o(X) respectively.

When X is metrizable with compatible distance d, B(z, ) denotes the closed ball centered
at x and with radius r, and S(x,r) is the open ball with same center and radius. For
a nonempty set A € CL(X) its distance from a point x € X is defined, as usual, as
d(w,A) = inf,cpd(x,a). We define d(x,0) = sup,ecx d(v,y), a definition which works
better than the usual one d(z,()) = +o0o when the metric d is bounded. The closed
(open) e-enlargements of a set A are, respectively, B:[A] = {x € X : d(z,A) < ¢} and
Se[A] ={x € X : d(z,A) < e}.

Given two sets A and B, A nonempty, we define the gap between them as

d(A,B) = 31611f4 d(a, B).
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Observe that d(A, B) > 0 implies that two closed sets are disjoint and the vice versa holds
too whenever one of the two sets is compact.
Now we introduce some terminology and notations to describe hypertopologies. For V' C
X, let:

Vi ={AeCL(X): ANV #£(}
VI={AcCL(X):ACV}
and if X is metrizable with metric d:
VIt ={AcCL(X): S.[A] CV for some ¢ > 0}.

Observe that V*+ is a set depending on the choice of the metric, and not only on the
topology on X. Moreover, if V' is nonempty, then VTt = {4 € CL(X): d(A4,V°) > 0}.

All the hypertopologies we shall introduce are the supremum of a lower part and an upper
part. The former one can be characterized in the following way: an open set containing
A contains also all the closed supersets of A. The opposite holds with upper topologies,
that have also the property that if A and B belong to an open set, then their union too
belongs to the same open set.

Clearly, sets as V'~ are suitable to define lower topologies, while VT and V' define
upper topologies. More precisely, the family

CL(X)U{V™ :Visopenin X}

is a subbase for the lower Vietoris topology 7, which is also the lower topology for the

bounded Vietoris 7., proximal 7,7, bounded proximal Thop: ball 75, ball proximal ToB>

Wijsman 7y, and Fell 7 topologies. The upper Vietoris topology T‘J} has as a base the
family of open sets
{V* .V is open in X};

the upper bounded Vietoris Tb+V (defined when a metric d on the space X is given)
{(L°)" : L is closed and bounded};
the upper ball topology TE has as a subbase
{(B)" : B is a closed ball};
the upper Fell topology T; has as a base
{(K®)" : K is compact}.

All these upper topologies are miss topologies: a basic open set is made by all elements
missing a particular closed set.

Not all known topologies can be described as the supremum of hit and miss topologies.
For instance, the Hausdorff metric topology 7y is rather defined in terms of open basic
upper neighborhoods of a set A

{BeCL(X): BcCS.]A]},
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and open basic lower neighborhoods of a set A
{BeCL(X):AcC S:[B|},

for e > 0. Observe that the empty set is isolated in the upper topology, whereas C'L(X) is
the only neighborhood of () in the lower topology. It turns out that the upper part of the
Hausdorff metric topology TE- can be also described in terms of strongly miss topology
generated by the sets

{V*T: Vopenin X}

(cf. [4]).
The bounded-Hausdorff topology can be defined in the following way: the open neighbor-
hoods of a set A € CL(X) in the upper part Tb+H are the sets of the form

{BeCL(X): BNLC S:[A]},
and dually, in the lower part 7,,; are the sets of the form

(Be CL(X): ANL C S.[B]}

when L ranges among the bounded subsets of X and ¢ > 0. Tb—;—_[ coincides with the

topology generated by {#} and (L¢)™", where L is a bounded set ([2]).

An useful way of generating new hypertopologies is to select a lower part of the previous
topologies and an upper part of another topology and then taking their supremum. Thus
we have the proximal and bounded proximal topologies having the lower Vietoris topology
from one side and the Hausdorff and bounded Hausdorff topologies respectively on the
other side.

A recent unifying way of presenting hypertopologies is to show that they are initial topolo-
gies for given families of geometric functionals defined on C'L(X). We shall see that, in
the metric case, our approach describes upper parts of initial topologies in a very simple
way.

A fundamental topology cannot be included in the previous framework, since its upper
part can be described as a miss topology only in particular cases: this is the Wijsman
topology. Recalling its original definition, a net {A;}ier, T a directed set, converges to
A e CL(X)iflimd(z, Ar) = d(z, A) for every x € X. Again, the lower part can be defined
by considering the relation limsupd(z, A;) < d(x, A) for every x € X, and, dually, the
upper part is provided by the inequalities liminf d(x, A;) > d(z, A) for every x € X. It
turns out that the lower part coincides with the lower Vietoris topology, while the upper
part in particular spaces (for instance spaces in which the balls are totally bounded) is the
upper part of the ball proximal topology, generated by the sets (B¢)™" when B ranges
among the closed balls. Of course, the Wijsman topology is an initial topology.

There are other topologies, defined on the closed convex subsets of a linear space X and
that are worth to be mentioned : the Mosco, slice and linear topologies. They have the
lower Vietoris topology as their lower part, while the upper part of the Mosco topology
is generated by the family

{(wK)" : wK is a weakly compact set},
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the upper part of the linear topology by the family
{(S9)T* : S is a convex set},
and the upper part of the slice topology by the family
{(S°)"* : S is a bounded convex set}.

For easy reference, we collect the hypertopologies introduced above together with their
subdivision into lower and upper parts in the following table:

Topology Notation Lower Part Upper Part Space
Fell TF TV T topological
Wijsman W Ty o metric
Ball Prozimal ToB Ty s metric
Ball B TV T metric
b-Prozimal Thp Tv e metric
Prozimal T Tv T metric
b-Vietoris oy Ty T metric
Vietoris TV v T topological
b-Hausdorff ToH Torr o metric
Hausdorff TH Th T metric
Slice TS Ty TS normed
Mosco ™ Ty ™ normed
Linear T Tv i normed

The last three topologies are considered on the subspace of the closed convex subsets of

X.

To conclude, we refer the reader to the book [1] for more about the above topologies, and
for a complete reference list.

3. Basic definitions and properties
This section is devoted to the introduction of topological structures on C'L(X) and to the

investigation of their basic properties.

Let F be a nonempty family of real-valued, lower bounded functions f : X — R, let r
be a positive real number and P a subset of X. For a nonempty closed subset A of X,

define:
NTA,F,r,P)={F € CL(X): I;%;f > igff —r Vf € F},

N_(A,f,r,P):{FGCL(X):filgf];f>i11}ff—r VfeF},

with the agreement infy f = supy f, and:
NYD, F,r,P)=(POYTU{Fc P :inf f>supf—r VfeF},
FNnP X
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N0, F,r,P)=CL(X).

Finally set
N(A F,r,P)=NT(A,F,r,P)NN (A, F,r, P).

The following properties are immediate to verify:

i) AeN(A F,rP);

i) FCG=NT(AG r,P)CNtA F,rP)
FCG=N (A G, r,P)CN (A F,r P);
(antitonicity with respect to the family of functions)

iii) r<s=NT(A,F,r,P)CNT(A F,s, P),
r<s=N (A F,rP)C N (A F,s,P);
(isotonicity with respect to the real variable)

iv) PCQ=N"AF,rQ) CNT(A F,r P),
PCcQ=N(AFnrQ) CcN (AF,rP).
(antitonicity with respect to set P)

Now, let F be a (nonempty) family of (nonempty) sets F of real-valued lower bounded
functions on X with the following basic property:

(FU) Fir,loeF=3FeF: FiUFR CF,

and let P be a (nonempty) family of subsets of X with the basic property:
(PU) P,.PheP=dPeP: PLUP, CP.

In the sequel we shall always assume that (FU) and (PU) are verified.

Given A € CL(X), we consider the following families of (closed) sets:
NHAF1 P} peFpeProoy
{NT(A Fom, P)}(]-‘e.’F,Pe’P,r>0)’
WA F.r, P)} reFpePaso) =
= {NT A F,r,P)NN— (A, F,r, P)} reF.pePr=o):
These three families of closed sets are easily seen to form a local filter base at A € C'L(X)2.

The first one gives rise to an upper convergence, denoted ¢ (F,P), the second one to a

lower convergence, denoted ¢~ (F,P), the third one to a convergence, denoted c(F,P),
which is the supremum of the first two. When c is a topology, we shall rather use the

symbol 7. We shall also indicate by N'*(A,F,P) (resp. N~ (A,F,P) and N (A,F,P)) the

2 For this and other concepts in general topology, we refer to [6] and [5], especially Ch.2.
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local filter at A € CL(X). Finally, for easy notation, we shall write ¢(F) (resp. 7(F))
when we use the family P={X}.3

The next elementary result, which follows from the monotonicity properties mentioned
above, is useful to compare topologies and/or convergences.

Write

FXG if for every F € F there is G € G with F C G, and
PR if for every P € P there is R € R such that P C R,
P~R if PR and R>P.

Then we have:

Proposition 3.1.
ct(F,P) is finer than ¢t (G,P), ¥V PV F,G such that F = G;
ct(F,P) is finer than ¢ (F,R), ¥ FY P, R such that P = R.

The same holds with lower ¢~ and ¢ convergences.

As a result, for a fixed F, the choice of P = {X} gives the finest convergence (topol-
ogy). Moreover, the families P ~ P’ generate the same topology. As an example, one
cannot change topology by playing with P={bounded sets}, P'= {open bounded sets},
P"={closed bounded sets}, P"={balls}.

A basic family of sets of functions is C:= { all finite (nonempty) sets of continuous lower
bounded functions f: X — R}. Most (but not all) of our results deal with some F C C.

We shall use the following notation:
UF=Af:X—-R :3F € F with f € F}.

+

The first interesting question is when the convergences c¢™ are topological. The next two

theorems provide an answer.

Theorem 3.2. Suppose F C C and P = {X}. Then the convergences are topological.

Proof. Let us prove it for the upper part.

Let F € NT(A, F,r,X)NNT(B,G,s,X). Choose ¢ with 0 < ¢ < min{r, s} so that
infp f>infgf—r+eVfeF, andinfrg >infg f—s+e Vgeqg.

Let FUG C H € F and let ¢ = min{min{r,s} — e,¢}. Then it is easy to see that
NT(F,Ht,X) CNT(AF,r, X)NNT(B,G,s, X). O

We use the following convention: bold (calligraphic) characters are used to indicate a
family of subsets of X which is the specialization of P, even if, when merely considered
as a set, it is indicated with the notation of Section 2. For instance, C'L(X) denotes the
family of all closed nonempty subsets of X, but when we select this family as our family
P, then we write CL (having omitted the dependence on X for simplicity).
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Theorem 3.3. Let F and P have the following properties:

i) FcCC

ii) P C CL(X), P covers X and P contains all closed subsets of its elements;

iii) For every A€ CL(X) and P € P with P # 0 and AN P =0, there is f € UF such
that f > 0 and supp f < infy f.

Then the convergences are topological.

We do not prove the previous theorem, because in the next section we shall prove more:
indeed, we shall characterize these topologies. Let us observe here that Assumption ii) is
very strong in requiring that P contains all closed subsets of its elements, while iii) is a
sort of separation property: in particular, if = C and X is normal, then iii) holds even
with P = CL (see footnote 3 for the notation).

Another important question is when the topologies are admissible.
Proposition 3.4.  Suppose the families F and PC CL(X) provide a topology, and

moreover

i) F C C, and for every x € X and for every open set V in X with x € V there is
f € UF such that f(x) =0 and infye f >0,

ii) P covers X.
Then the topology T (F,P) is admissible.

Proof. We need to prove that ¢ : X — CL(X) defined by i(z) = {z} is a homeomorphism
onto its image.

Let us show that ¢ is an open mapping by showing that the image of an open subset V'
in X is .
eV

where F, €F contains the function f, such that f;(z) = 0 and infye f = r, > 0, and
P, is an element of P containing z.

The inclusion (V) C i(X) N Uyey N~ (2, Fz, 55, Pr) is obvious. Conversely, let {y} €
N7 (2, Fs, %5, P;) for some 2 € V. Then 0 = f.(z) = infycrynp, fo(w) > fa(y) — 5,
hence f.(y) < % and y € V.

For the continuity of 7, it is not difficult to prove that

i YNT(AF,r, Py =PoU (V{2 f(z) > inf f —r}
feF

and

X if ANP =10

1 _ _
i AN (A, F,r, P)} = Nyerle: f(@) <infanp f+7} otherwise
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We end this section with the presentation of a connection between our approach and the
approach of [2] and [9, 10], where the hypertopologies are presented as weak topologies.

In the rest of the section, (X, d) is a metric space, FC C, and the family P will be simply
P={X}. Remember that in this case, we shall indicate the topology by 7(F) rather than
by 7(F,P).

There is a strict connection between the topology 7(F) (for a suitable choice of F) and
the weak topologies on C'L(X) induced by gap functionals of the form d(E,-) for E € ,
Q) being a prescribed family of nonempty subsets of X. More precisely, the weak topology
Tweak induced on C'L(X) by the family of functionals {d(F,-) : E € Q} is the topology
7(F) when the elements of F are all the sets {d(E1,),...,d(Ey, )} asn € N* and E; € Q.
The lower and the upper parts of the weak topology Ty.eqr are exactly 77 (F) and 77 (F).
For example, if 2 = S = { singleton subsets of X} and DS= {{d(z1,"), ..., d(zpn,")}:
n € N*,x; € X}, then 7(DS)=ry, 7 (DS) = 7, = 7, and 77 (DS) = 731.. Another
example is obtained when X is a reflexive Banach space.

Setting DIC,, = {{d(K1,"),...,d(Ky,-)} :n € N*,K; € K,(X)}, we have, on the set of
the weakly closed subsets of X, 7(DIKy) = 7ar, 7 (PKy) = 7, and 77(DK,) = 73,
(cf. [2]).

More generally, define a family of functionals {F; : i € J} on CL(X) to be of inf-type if
each F; arises as inf of real valued lower bounded functions on X, i.e. if for every i € J
there is a real valued lower bounded function f; on X such that F;(A) = inf 4 f; for every
Ae CL(X).

If {F;:i € J}is a family of functionals on C'L(X) of inf-type, the weak topology on
CL(X) induced by {F; : i € J} is the topology 7(F) where the elements of F are all
finite sets {F;,,..., Fi,} asn € N and F;, € {F; i€ J}.

To conclude, as a consequence of Theorem 2.1 [2], we also have:

Theorem 3.5. Let (X,d) be a metric space and let Q be a class of nonempty closed
subsets of X that is stable under enlargements (i.e. clS¢[E] € Q for all E € Q ande > 0)
and that contains the singleton subsets of X. Let D) = {{d(E1,"),...,d(En,-)} :n €

IN*, E; € Q}. Then the topology 7 on CL(X) having as a subbase all sets of the form
(E)™* where E € Q,and V™,V open in X, is the topology (D).

Moreover 7~ (=1,) = 7 (D) and 7" = 77 (D).

In particular when Q = C'Lo(X) or Q = CLBy(X), setting

DC= {{d(Ey,"),...,d(En,-)} :n e N" E; € CLy(X)}

and

DB= {{d(E1,),...,d(En,-)} :n € N* E; € CLBy(X)},

then we have

T(DC) =1y, 7 (DC) =71, =7,, 77(DC) = 7,7 = 74 (the proximal topology)
and



182 R. Lucchetti, A. Pasquale / A new approach to a hyperspace theory

7(DB) = np, 7 (PB) =7, = 7, 77 (DB) = Tb—; = 75 (the bounded proximal
topology).

4. Connections to hit-and-miss topologies

The following theorems show how to relate, in a general fashion, topologies described by
our method to hit-and-miss topologies. Recall that we always assume the space X to be
Hausdorff. Moreover Assumptions (FU) and (PU) are supposed to be verified.

Let us start with a general theorem concerning lower topologies.

Theorem 4.1. Let F and P satisfy the following properties:

i) FcCC;

ii) P covers X;

iii) For every x € X and every open set V' containing x there is f € U F such that f >0
on X and 0 = f(x) < infye f.

Then the convergence ¢~ ( F, P) is topological, i.e. 7= ( F, P) exists and 7~ ( F, P) =

Ty, the lower Vietoris topology.

Proof. Notice first that in both topologies the unique neighborhood of the empty set is
CL(X). Therefore it is enough to compare the neighborhoods of a nonempty subset A of

CL(X).

Given ) # A e CL(X), F ={f1,...,fm} € F,r > 0and P € P, we first show that
there are open sets Vi,...,V,, in X such that A e Vi n...NV, C N7 (A, F,r,P). If
ANP =0, then N~ (A, F,r,P) D CLy(X)=X". If AN P # (), choose a; € AN P so
that fi(a;) < infanp fi+ 5 fori=1,....m. Fori=1,...,m,let V; ={z € X : fi(z) <
fi(a;) + 5}, a nonempty open set in X. As a; € ANVj, then A € V" N...NV,;. Suppose
C eV n...NV,,: there are cy, ..., ¢y, € C so that fi(c;) <infnp f; +r for all i. Hence
infeo fi —r <infanp fi, 1e. Vi N...NV,, CN (A, F,r,P).

On the other hand, take () # A € CL(X) and open sets Vj such that A€ V" n...NV,".
Let a; € ANV;, P, € Pwith a; € P;, and f; € U F with f; > 0on X and 0 = f;(a;) <
ri = infye fi. Because of (PU) and (FU) we can select P € P and F € F such that
PU...UP, C Pand {f1,...,fu} CF. Let r = min{r; : i = 1,...,n}: it is easy to
show that N~ (A, F,r,P)CV N...NV, . O

Theorem 4.2. Let P and F be with the following properties :
i) FcCC
ii) P C CL(X) and P contains all closed subsets of its elements;

iii) For every A € CL(X) and every P € P such that AN P =) there is f € U F such
that supp f <infy f.

Thentt(C,P)=71"(F, P)= 7',;5, where T,;; is the topology with open base (P°)™, P € P.
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Remark 4.3. Condition ii) and (PU) imply P U P> € P, for every Py, P, € P. This in
turn implies that (P¢)™, P € P is an open base (and not only a subbase) for a topology.

Proof of the theorem

Let Ae CL(X), {f1,...,[n}€F,r>0,and Pe P.Let E = {zx € X : fi(x) > infy fi —
r/2fori=1,...,n}, and let P = P\ E € P. Clearly A € (P'°)*. Suppose B € (P°)".
Then BN P C E, so infgnp f; > infy f; —r for all 4, i.e. B NT(A,{f1,..., fn}, 7 P).
On the other hand, let A € CL(X) and P € P such that A € (P¢)*. We shall provide
P’ r, F such that N (A, F,r, P') C (P°)". Any choice works if P = (). Suppose therefore
P # (. By iii) there is f € U F with supp f < inf4 f. It is not difficult to prove that
NT(A, F,r,P)C (P°)" forany F € Fwith f € Fand any r > 0 with inf 4 f—r > supp f.
This ends the proof. O

Remark 4.4.
1) If R is equivalent to P, then 77 (F,R)= 7'*(.7:,7?):7',;5 by Proposition 3.4. Note

that given RC C'L(X) there exists and is unique the family P that satisfies ii) and
is equivalent to R.

2) The proof shows that if 7 (F,P) exists and P satisfies i) then 7+ (F,R) = 7 (F,P)=

7',; for all R~P, whereas if F satisfies ii), then 77 (F,R) = 77 (F,P)= 7',; for all
R~P.

When (X, d) is a metric space, as we already noticed, upper topologies can be defined by
a subbase consisting of the sets CL(X) and (E€)*", when E ranges among the elements
of a fixed family of subsets in X.

We shall now characterize these upper topologies via families of finite sets of gap functions
on X and families of finite sets of uniformly continuous functions on X whose sublevel
sets are in a fixed family of subsets of X. More precisely, if €2 is a family of nonempty
subsets of X, we shall consider

DO= {{d(E1,-),...,d(Epn,-)} :ne N* E; € Q}
and
UCQ={{f1,..., fn} :n € N*, f; : X — R are uniformly continuous and inf-Q},

where f: X — R is said to be inf-Q if {z € X : f(x) <r} € QU{0} for all » > 0. In the
particular case when Q = C'Lo(X), for simplicity we shall indicate the previous family by
uc.

Theorem 4.5. Let (X,d) be a metric space and let Q, PC CL(X) be families of subsets
of X with the following properties:

i) P contains all closed subsets of its elements;

ii) P contains some e-enlargement of its elements, i.e. for all P € P there ise > 0 such

that B:[P] € P;
iii) Q satisfies (PU) and P\{0} C Q.
Then 77 (DQP) and 7H(UC,P) exist and 7H(DQ,P) = 7H(UC,P) = T,;r;r, the topology
with subbase (P€)TT P e P.
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Proof. Let N} be the filter of neighborhoods of A € CL(X) in T,F“. We shall show
that N7 < NT(A,DQP)= NT(AUCP)=< N for all A€ CL(X).

For every Py,..., P, €P such that A € (Pf)T™ n...N (PS)™, choose r > 0 such that
Sr[A] C P¢ for all i=1,...,n, and let ¢; > 0 such that B [P;] € P. Because of i) w
can suppose ¢; < 5. By (PU) for P there is P €P such that B, [P1|U... UBg, [P,] C P.
Observe that we can assume P; # () for all ¢, so from iii) {d(Py,),.. ( s )t €D Let
us now prove that N (A, {d(P1,-),....d(Pn,")}, 5, P) C(P))T T n..n(PHTH ILA#D
and B € N*(A {d(Py,"),....d(Py,-)}, 5, P), then for i = 1,...,n, d(P;, BN B,[P]) >
d(P;, BN P) > d(P;, A) — 5 > d(Sp[A]°, A) — § > 5. Hence BN B, [B] C Sr[F]°. Thus
BNS,[P] C S:[R]N Sr[ ] = 0. If A= (0, we have the same result. In fact B € (P¢)*
implies B N S;,[P;] = 0 for all i as well. Therefore N'j < N1 (A,DQ,P).

NT(ADOQ,P)=S NT(AUC,P) because DQLCUC.

Finally N (AUC,P)=< Nj. Suppose first A # (: for every {f1,..., f»} EUC, r > 0 and
P € P, choose € > 0 such that | fi(z) — fi(y) |< g, for i = 1,...,n, provided d(z,y) < ¢
. Let @ =P\ S:A]. f BNQ = 0, then BN P C S:[A], so infgap fi > infa fi — r.
Indeed if z € BN P, there is a, € A such that d(z,a,) < €, hence fi(z) > fi(az) — 5 >

inf 4 f; — 5. Therefore A € (Q°)*" C (Q)Y C Nt (A, {f1,..., fu}. 7, P). If A= 0, then
0e (Pt (PO CNTOAf1, . fn}ir, P). O
Remark 4.6.

1) The proof shows that if 71 (DQ,P) and 71 (UC,P) exist and P satisfies i), then

7 (DQ,P) < 77 (UC,P)= T,JﬁJr.

2) The theorem cannot be directly applied to the family P of the compact subsets of
X because of ii), but from the proof one can see that the result holds for this family

too, by using that (P¢)" = (P°)** for every compact set P.
Theorem 4.7. Let (X, d) be a metric space and let 2 and P be families of subsets of
X with the following properties:

i) Q is closed under finite unions and stable under enlargements, i.e. clS:|E] € Q for
all E € Q and ¢ > 0;

ii) P contains all closed subsets of its elements;

iii) P contains some e-enlargement of its elements;

iv) QC P.

Then 7 (DQLP) and 77 (UCQLP) exist and 7+ (DQ,P)= 77 (UCQLP) = 77 (UCQ) =74,
the topology having as an open base CL(X) and(E°)™" E € Q.

Proof. Let NX be the filter of neighborhoods of A € CL(X) in TQ . We shall show that
N X NT(ADQP)= NT(AUCQ,P)= NFT(AUCO, {X}) < N for all A € CL(X).

For every E € Q with A € (E°)™", let r > 0 such that S,[A] C E° and 0 < ¢ <
£ such that B[E] €P. Then N"(A {d(E, )}, %, B:[E]) C (E°)*" because, if B €
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N+(Av {d(E7 )}’ %7 BE[E])7 then d<Ev BN BS[E]) > d(E7A) - % > d(ST[A]CaA) - % > %
Hence B N S:[E] C Sy[EIN (Sg[E]) =0, ie. B € (E)™ (and (B:[E])* C (EO)*T if
A =10). Thus Nf < N (A,DQLP).

NT(ADQP)=< NT(AUCQ,P) because DQCUCS. In fact, for every E € Q, d(E,-)
is uniformly continuous on X and {z € X : d(F,z) < r} = B,[E] € Q because of i).
NT(AUCQP) X NT(AUCO, {X}) is always true.

Finally, N'*T(AUCQ, {X}) X NJ: for every {f1,..., fn} € UCQ and r > 0, consider E =
Ui {z: fi(r) <infy fi—5}. B € Qbecause f; is inf-02 for all i and € is closed under finite
unions. Moreover A € (E€)*T :if e > 0is so that d(z,y) < e implies | fi(z) — fi(y) | < &
for all 4, then S:[A] C E°. Furthermore (E€)* C N t(A,{f1,..., fn},r), because B €
(EX)*, then fi(b) > infs f; — % for all b € B and all 4, so infp f; > infy f; — 5, ie.
BeNT(AA{fi,.-., fa}, 7). O

5. Connections.

In this section we show that the general definition of hypertopologies given in Section 2
allows us to recover known hypertopologies by selecting suitable families F and P.

We first list the families F and P we use.

Families F of sets of real-valued lower-bounded functions on X:
C={{f1,...,fn}:ne N fi: X — R continuous },

and when (X, d) is a metric space

UC={{f1,..., fn} :n € N*, f; : X — R uniformly continuous },

UCB={{f1,..., fn}: ne N f;: X - R uniformly continuous and inf- CLB(X)},
DC={{d(E1,"),...,d(Ey,")} :ne IN* E; € CLy(X)},

DB={{d(FE1,"),...,d(Ey,, )} :n € N* E; € CLBy(X)},

DS={{d(z1,),...,d(xn,")} :n e N* z; € X},

D={{d(x,-) : z € X}}.

When X is a normed space we also consider

UCKC,C={{f1,. ., fn} :n € N fi: X — R uniformly continuous and inf-K,,C(X)},
UCKC,={{f1,..., fn} :n € N* f; : X — R uniformly continuous and inf-K,,(X)},
DIC,={{d(E1,"),...,d(Ep,-)} :n € N* E; € Ky 0(X)},

DIC,C={{d(E1,"),....d(Ep, )} :n € N*, E; € KuCo(X)},
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DBC={{d(E1,-),...,d(Eyn,-)} : n € N*, E; € CBCy(X)}.
DCC={{d(E1,"),...,d(Eyp,")} :n € N*, E; € CCy(X)}.

where

CC(X) = { all finite unions of closed convex subsets of X}

CBC(X) = { all finite unions of closed bounded and convex subsets of X}
and

K,C(X) = { all finite unions of weakly compact convex subsets of X}.

Observe that all the families F we consider but D consist of finite sets of functions on X,
and that D consists of a single element. In particular, (FU) is always satisfied.

Families P of subsets of X:

{X} = {the singleton X}(~ CL),

CLB= {the closed and bounded subsets of X},
KC = {the compact subsets of X},

and, when X is a normed space,

ICw = {the weakly compact subsets of X }.

All these families P are closed under finite unions of their elements, hence they satisfy
(PU).

We start by describing hypertopologies whose lower parts are usually strictly finer than
the lower Vietoris topology.

Lemma 5.1.
For every A € CL(X), S:[A] ={y € X :d(z,y) > d(A,xz) —e Vo € X}.

Proof. The proof is easy and is left to the reader. Observe only that in the case A = (),
then S:[A] is empty for each £ > 0 if d is unbounded, while this is not always the case if
the distance is bounded. O

Corollary 5.2.
i = 7(DA{X}).

The same holds for lower and upper parts separately.

Corollary 5.3.
TvH — T(D,CLB)

The same holds for lower and upper parts separately.

We now turn our attention to topologies that can be described by families of finite subsets
of functions.

As a consequence of Theorem 4.2. we immediately have:
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77(C)=7", when X is normal;
7(C,K) = 7/, when X is completely regular;
7H(C,CLB) = 7%, when X is metric.

From Theorem 4.1 we have:
7 (C)=7"(C,K) =77 (C,CLB ) = 7, if X is completely regular.

Consequently, we have:

Proposition 5.4.

If X is a normal space, then 7(C) = 1y ;

If X is completely regular, then 7( C,IC) = Tp;

If X is a metric space, then 7(C,CLB) = Ty .

From Theorem 4.5. we get 77 (UC) = 77 (DC) = 7,/ and 7+ (UC,CLB) = 77 (DC,CLB)
= Tb;.

Remark 4.6, 2) after the same theorem gives 77 (UC,KC) = 77(DC,K) = 74.

Since {d(z,-) : = € X} C U F, for F=UC or F=DC, Theorem 4.1 implies 7~ (UC) =
7 (DC) =17 (UCCLB) =7 (DCLLB) =7 (UCK) =7 (DCK) =Ty,

Therefore the following proposition holds:

Proposition 5.5. If (X,d) is a metric space, then
T(UC) = T7(DC) = 1p;

T(UC,CLB) = 71(DC,CLB) = Typ;

T(UCK) = T(DC,KK) = TF.

Remark 5.6. Since DC C UC, by Proposition 3.1., we have that the results of Propo-
sition 5.5 hold for any F with DC C F C UC.

We have already noticed that 77 (DC,KC) = TI}L. As a matter of fact, for all families F we

are considering, we have 77 (F,IC) = /5. A general result is the following:

Theorem 5.7. Let Q be a family of subsets of (X,d) such that S = { singletons of
X} CQC CLy(X). Then we have 7H(DULK) = 7.

Proof. Since S € Q C CLy(X), we have DS C D) C DC, so for all A € CL(X)
NFT(ADSK) < NT(ADAK) < NT(ADCK) =N}, where N{ is the filter of neigh-
borhoods of A in T;E.

We only need to show that /\/'X < NT(ADS,K). Let K be a nonempty compact subset of

X such that A € (K" and let r > 0 be such that d(A, K) = r. Choose z1,...,7, € K
such that X' C U B(z;, 5). Then N (A, {d(z1,),...,d(xy, )}, 5, K) C (KT, In fact,
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if d(w;, BNK) > d(z;, A) — § > d(K, A) — § = § for all 4, then BN K = (); otherwise for
be BN K, choose j € {1,...,n} WlthbGB(:L'J,2) then d(x;, BN K) < d(x;,b) < 5, a
contradiction. O

From Theorem 5.7. the following characterization for the upper Fell topology follows
TH(DSK) = 7H(DBK) = 77 (DC,K) = 7 for (X, d) metric;
if X is normed, 77 (DBCK) = 77 (DK, K)= 71 (DIK,C.IC)= 7/.

Since 77 (DS,K) = 7~ (DPB,K) = 7 (DC,K) = 7, and,
for X normed, 7~ (DBC,KC) = 7, according to Theorem 4.1., we have:

Proposition 5.8. If (X,d) is a metric space, then
T(DS,K) = 7(DB,K) = 7(DC,K) = F
if X is a normed space, then 7( DBC,K) = 7(DIC,,,K )= 7(DK,C,K )=7F.

In order to complete the discussion of the topologies obtained when P = K, we have to

analyze 7= (UCB,IC) and 7% (D,K).

Proposition 5.9. If (X,d) is a metric space, then
THUCB.K) = 7/ and 7~ (UCBK) = 7y,

Proof. For every A € CL(X), let N’} be the filter of neighborhoods of A in 7. Since
UCBCUC, we have N T (AUCB,IC)< NT(AUC.K) = N}. For every nonempty compact
set K with A € (K%, let d(A,K) =r > 0. Hence N*T(A,{d(K,-)},5,K) C (K™,
because, if B € NT(A, {d(K,-),%, K), then d(K,BNK) > d(A,K) — 5 = 5. d(K,BnN
K)=0if BN K # (), so we must have BN K = (). Since {d(K,-)} € UCB, we thus get
N 2 NT(AUCB,K), which gives 77 (UCB,K) = 71

The result for the lower parts follows from Theorem 4.1. O

Proposition 5.10. If (X,d) is a metric space, then
T (DK) =7f and 7 (D.K) = 7y,

Proof. For every A € CL(X), let N} be the filter of neighborhoods of A in 77. As a
consequence of Lemma 5.1, a base for the filter N7 (A,D,IK) consists of the sets {B €
CL(X):BNK C Sy[A]},as K € K(X)and r > 0. Let U(A) ={Be€ CL(X): BNK C
Sr[A]} for fixed K € K(X) and r» > 0, and let P = K\ S;[A]. Then P is compact and
A€ (P)T = (P°)" C U(A) because if BN P = (), then BN K C S,[A]. Therefore
NHT(ADK)= NI Conversely Nf = N (A DS K)< NT(AD,K) because DS < D,
since every element of DS is contained in the unique element {d(z,-) : + € X} of D. Thus
7H(D,KC) = 7/ For every A € CL(X), let N be the filter of neighborhoods of A in 7.

A base for the filter N~ (A,D,K) consists of the sets {B € CL(X): ANK C S;[B]}, as
K e K(X)and r > 0. Let V(A) = {B € CL(X): AN K C S,[B]} for fixed K € K(X)
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and r > 0. If AN K =0, then V(A) = CL(X) € N;. Suppose then AN K # () and
choose z1,...,2, € AN K such that AN K C U} B(x;, 5). Clearly, A € N} B(x;,5)".
Moreover Ni_; B(z;,5)~ C V(A), because if B € N} B(x;,5)~, then there are y; € B
such that d(x;,y;) < § for all i. Hence S,[B] D S;[{y1,...,yn}] D AN K. Therefore
N7 (ADK)= N . Conversely, Ny = N~ (A, DS K)=< N~ (A,D,K) because DS = D.
Thus 77 (D.K) = 7y,. O

Corollaries 5.2. and 5.3. and Proposition 5.10. yield

Proposition 5.11. If (X,d) is a metric space, then
(D) = 11;

T(D,CEB) = TpH

T(D,K) = 7p.

Theorem 4.7. allows us to analyze 7+ (DB,P) and 77 (UCB,P) when P=CL or P=CLB:

namely
77 (DB) = 77 (UCB)= sz (with the choice P=CL, Q@ = CLBy(X)),
and

THDB,CLB) = 7HUCB,CLB) = 7, (with the choice P=CLB, O = CLBy(X)).

Again, Theorem 4.1. gives:
7 (DB) = 7 (UCB)= 7~ (DB,CLB) = 7~ (UCB,CLB) =7y,

Therefore, with Propositions 5.8. and 5.9., we have

Proposition 5.12. If (X,d) is a metric space, then
T(UCB) = 7(DB) = 1p;

T(UCB,CLB) = 7(DB,CLB)= 1y,;

T(UCB,K) = 1(DB,K) = 7p.

Remark 5.13. Since DBCUCB, we have that the results of Proposition 5.12 hold for
any F with DBCFCUCB.

Let us now consider the topologies generated by DS.

We already know from Theorem 5.7. and from the discussion preceding Proposition 5.8.
that 77(DS,K)= 74 and 7~ (DS,K) = 7,. 77(DS) = 74}, and 7 (DS) = 7, = 73y im-
mediately follow from the definition. Moreover Theorem 4.1. implies that 7~ (DS,CLB)
= 7,. It remains to analyze 7" (DS,CLB).

Proposition 5.14.
T (DS,CLB)=T;.
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Proof. For every A € CL(X),z1,...,2, € X and r > 0, {B € CL(X) : d(z;,B) >
d(x;; A)—r Vi=1,....n} D{B € CL(X) : d(z;, BN E) > d(z;,A) —r Yi=1,...,n}
=N7T(A{d(z1,),...,d(zy,")},r, E), where E = U C(z;,s;) € CLB(X), with s; =
d(xi, A) — § and

{y e X td(zi,y) < s} if 5; >0

Clai,si) = if 5; <0

In fact, if d(x;, BN E) > d(x;, A) — r, also d(z;, B) > d(z;, A) — r for all i: if B = () the
property is true, whereas if B # () at least one between B\ E and B N E is nonempty.
If b€ B\ E, then d(b,z;) > s; = d(z;, A) — 5 for all i, so d(B\ E,x;) > d(x;, A) — § >
d(zij, A) —r. Thus d(B, z;) = min{d(B\ E,x;),d(BNE,z;)} > d(x;, A) —r for all i. The

converse is obvious because 77 (DS)=},. O
We therefore have:

Proposition 5.15. If (X,d) is a metric space, then

T(DS) = 7(DS,CLB) = Tyy;

T(DS,K) = 7.

When X is a normed space we have seen that 71 (DBC,K) = TI}L. From Theorem 4.1.

we have 77 (DBC) = 7~ (DBC,CLB) = 7~ (DBC,K) = 7,. From Theorem 4.7. we have

7 (DBC,CLB) = 7'; (the slice topology), and from the definition, also 7+ (DBC) = T;.
A similar argument applies to the linear topology

Proposition 5.16. If X is a normed space, then

T(DCC) = 71;
7(DBC) = 71(DBC,CLB) = 75;
T(DBC,K) = 7.

The characterization of the upper Mosco topology on the weakly closed subsets of a
reflexive Banach space X is obtained from Theorems 4.5. and 4.7. In fact, the weak lower

semicontinuity of the norm implies that 7']\—2 has open basis (K¢)*" when K ranges among
the weakly compact subsets of X.

Chosing P = Ky, and Q € {CLy(X), CLBy(X), Ky,0(X)}, we have from Theorem 4.5.
THUCKy) = TT(DCKy) = 77 (DKW, ICw) = 75}

Choosing Pe {CL, CLB, K.} and Q = K, o(X), we have from Theorem 4.7.
TH(DKy) = 77 (DPKy,CLB) = 77 (DK, Ky )= 75; and

THUCK ) = 7T (UCK ,,CLB)= 7T (UCK ;. IC,) = T3

Reflexivity of the space X also implies that T]\Z can be described by the open subbase
(K€)™* for K weakly compact and convex.
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Hence Theorem 4.7. with P = KC, and Q = K, oC(X) gives
THDKCIKy) = 7HUCK,CK,) = 7T (UCK,C) = 7).

According to Theorem 4.1. and Proposition 3.1. we therefore have

Proposition 5.17. If X is a reflexive Banach space, then on the closed and convex

subsets of X

T(FKyw) = a1 for any F with IK,,C C F C DC or UCK,,C C F C UC;
TUCICy) = T(UCKC,,,CLB) = Typ;

T(DKy) = T(DKw,CLB) = ).

The results so far obtained are collected in the following table.

Topology Functions’ family Sets’ family Space
Fell C K completely reqular
DS C D) CcDC " metric
CCcFcuUuc " "
DB C FCUCB " i
D 1 1
Wijsman DS {X}or CLB metric
b-Proximal DCcCFcUuc CLB metric
DB C FCUCB {X}or CLB "
Prozimal DCCFcCUc {x} metric
b-Vietoris C CLB metric
Vietoris c {X} normal
b-Hausdorff D CLB metric
Hausdorff D {x} metric
Slice DBC {X}or CLB normed
Linear DCC {x} normed
Mosco DK,C C FcC DC ) o reflexive Banach
ucK,Cc Fcuc Kuw "
UucrCc,, {X} or CLB or ICy, "
DK, {X} or CLB or ICy, "

6. Conclusions.

In Section 5 we have explicitely determined some hypertopologies by selecting particular
families F and P. An immediate observation is the large arbitrariety in the choice of F
and the relatively small arbitrariety in the choice of P. In fact, the global behaviour of
the hypertopology is determined by F, whereas P plays the role of localizing element.

The limits dictated by the choice of P can be seen for instance in the following example. As
we have already remarked, the families P={ bounded sets }, P'={ open bounded sets},
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P"={ closed bounded sets } and P"”’={ balls } are all equivalent. This makes impossible
to recover hypertopologies like the ball and the ball proximal by using the same kind of
techniques that yield to the bounded Vietoris and the proximal topologies (Theorems 4.2.
and 4.5.). The question of the possibility of including ball and ball proximal topologies
in our scheme is still open.

Because of the definition of the upper parts of the ball and the ball proximal topologies, the
first tempting family F one can choose for trying to recover them is DBall={{d(F1,-), ...,
d(Ey,-)} : n € N* E; is a finite union of balls }. However the topology 7 (DBall) is
in general strictly finer than the upper part of the ball proximal topology. Notice that,
according to Theorems 4.1. and 5.7., we have 7~ (DBall,P)= 7, for any PC CL(X)

that covers X, and 7+ (DBall, IK)=7.

On the other hand, the large arbitrariety in the choice of F makes this unified method of
describing hypertopologies a very powerful tool for defining new hypertopologies.

One can start with a problem, select the families  and P that seem more reasonable in
the context, and then construct the hypertopology. Or, more abstractly, one can select a
family JF consisting of functions that are naturally attached to a space, and then study the
various hypertopologies obtained with the different choices of P. For example, the choice
of C for a topological space or the choice of D and D2 for a metric space are natural,
since continuous functions and gap functions are the most natural real-valued functions
on those spaces. On a normed linear space, the most natural functions to consider are
the continuous linear functions.

To conclude, a comment on the assumption that all functions here considered are lower
bounded. This is a reasonable assumption, and suitable to avoid technicalities in the
definitions of N T(A, F,r, P) and N~ (A, F,r, P).

However, in some instances, we should like better to avoid such an assumption. For
instance, when working in the convex case, we would maybe like to deal with linear
functionals. In such a case, a generalization of the definition of N'*(A, F,r, P) and

N~ (A, F,r, P) could be the following.
For every A € CL(X) and for every F, set Fq4 = {f € F:inf4 f > —oo} and let:

NT(A, Fa,r,P) if Fa#0
NT(A, F,r,P)=

CL(X) otherwise

N—(A, Fa,r,P) if Fa#0
N~ (A, F,r,P)=

CL(X) otherwise

The interested reader can check that our theorems in Sections 3, 4, 5 still hold with these
definitions. Moreover, we can for instance prove:

Theorem 6.1. Let X be a normed linear space. Then
i) 77(B) =1, the topology generated by the sets HY , where Hy s = {z € X : f(z) >
s}, s € R, is the half upper space determined by the linear map f;
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i) 7T (B,KCy) =Ty on the closed and convex subsets of X, when X is a reflexive Banach
space.

Proof. The first part of the theorem comes immediately from the inclusion

NHAF ) () Hf,, cNTAFr+e)
feF

where ) # A € CL(X), F € B, ry =infaf —r and ¢ > 0.

For the second part of the theorem, we appeal to the proof of Theorem 4.2.: the set
E={xe€ X: fi(x) >infy f; —r/2 for i = 1,...,n}, in that proof is weakly open for
{f1,..., fa} € B. Therefore we can conclude 77 (B,IKC,) < 7.

For the opposite relation, note that in the assumption of reflexivity of X, T]\—Z is generated

by the sets (K)T* for K weakly compact and convex. Suppose then ) # A € (P¢)" for
some weakly compact P. Hence, we can find a weakly compact and convex K such that
A€ (KTt c (P9)*. Let € > 0such that B.[K]NA =0, and let f be a continuous linear
function on X such that inf4 f > supg f +r, then N (A, {f},r, K) C (K)" C (P°)*.

O
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