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Let f: X — R U {+o0} be a lower semicontinuous function on a Banach space X. We show that f is
quasiconvex if and only if its Clarke subdifferential 0f is quasimonotone. As an immediate consequence,
we get that f is convex if and only if Jf is monotone.

1. Introduction

It is a very natural question in nonsmooth analysis to search for a characterization of
the convexity of functions in terms of the monotonicity of their subdifferential operators.
In recent years, several contributions to this question have been made using the Clarke
notion of subdifferentiability. Let us just mention Clarke for locally Lipschitz functions
on Banach spaces [1], Poliquin for lower semicontinuous functions on finite dimensional
spaces [10], Correa-Jofré-Thibault for lower semicontinuous functions on reflexive Banach
spaces [2] and on (arbitrary) Banach spaces [3]. Except in Poliquin [10], the technique of
proof is based on a mean value theorem.

Now another natural question arises: does there exist an analogous characterization for
quasiconvex functions? In his thesis [5], Hassouni introduced the notion of a quasimono-
tone operator, and proved that a locally Lipschitz function on a separable Banach space
is quasiconvex if and only if its subdifferential is quasimonotone. There again the proof
relies on a mean value theorem.

The object of this note is twofold. First, we extend Hassouni’s characterization of qua-
siconvexity to the general case of lower semicontinuous functions on (arbitrary) Banach
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spaces (Theorem 4.1). The result appears to be an almost immediate application of Za-
grodny’s approximate mean value theorem [13] (the first use of this theorem in the study
of monotonicity goes back to Correa-Jofré-Thibault [2]). The key idea is to deal with
a more natural (though equivalent) definition of a quasimonotone operator taken from
Karamardian-Schaible [7].

Next, we show that the convex situation can be readily recovered from the quasiconvex
situation (Theorem 4.3). This relies on an elementary characterization of the convexity of
functions in terms of the quasiconvexity of their linear perturbations, and an analogous
characterization of the monotonicity of operators (Proposition 2.1).

Thus, our approach provides a significant simplification of the proof of Correa-Jofré-
Thibault’s result [3], as well as a new insight on the relationships between convexity,
quasiconvexity, monotonicity and quasimonotonicity.

The first draft of this paper was conceived in January 1993 while the last two authors were
still working in the Université Blaise Pascal. The draft was widely distributed and the
results were discussed at various places throughout 1993. During that time, we learned
that D. T. Luc independently obtained the quasiconvex—quasimonotone characterization
(Theorem 4.1) in [8], via the same method. On the same occasion we also learned of
another paper of Luc [9] dealing with the convex—monotone case (Theorem 4.3). However,
in these papers the link between the two cases is not evidenced.

2. Convexity and monotonicity

Throughout this note, X stands for a real Banach space with norm ||.||, X* for its topo-
logical dual, and (.,.) for the duality pairing. For u,v € X, we let [u,v] ={zx € X |z =
Au+ (1 — Ao for some A € [0,1] }, Ju,v] = [u,v] \ {u}, [u,v[= [u,v] \ {v}, and |u,v][=
[, v]\{u, v}; given A > 0, we set By([u,v]) ={z € X | [[x—y| < A for some y € [u,v] }.

Given a function f : X — R U {400}, the effective domain of f is denoted by domf =
{ue X | f(u) € R}. We recall that f is convez if

u,v € domf, w=Au+ (1 =ANv € [u,v] = f(w) < Af(u)+ (1 =N)f(v),
and quasiconvez if

u,v € domf, w € [u,v] = f(w) < max{f(u), f(v)}.

Let now A : X — X* be a multi-valued operator; the domain of A is domA = {u €
X | A(u) # 0}. The operator A is said to be monotone if

ut € Au), v* € A(v) = (V" —u",v—u) >0,
and quasimonotone (see [7]) if
u* € A(u), v* € A(v) and (u*,v —u) >0 = (v, v —u) > 0.

Obviously, convex functions are quasiconvex and monotone operators are quasimonotone.
The precise relation between convexity and quasiconvexity, monotonicity and quasimo-
notonicity is given in the following:
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Proposition 2.1.
(i) A function f: X — RU{+o0} is convex if and only if for each o € X* the function
ur f(u) + {a,u) is quasiconver.

(ii) An operator A : X — X* is monotone if and only if for each a € X* the operator
u— A(u) 4+ « s quasimonotone.

Proof. (i) This property is well known (see for instance Crouzeix [4]), however, for the
sake of comparison with the next property, we include the easy proof. Obviously, if f is
convex, then for each o € X* the function f 4 « is convex, hence quasiconvex. To prove
the converse, let u,v be arbitrary points in domf, and choose a € X* such that

(o, u—v) = f(v) = fu).
Since f + « is quasiconvex, for any w = v + A(u — v) with A € [0, 1], it holds
(f +a)(v) = (f + a)(w) (@, u—v)+(a,v)

(f(v) = () + (e, v),

(w

=/
=/
which gives f(w) < f(v) + A(f(u) — f(v)).

(ii) If A is monotone, then for each o € X* the operator u — A(u) + « is obviously
monotone, hence quasimonotone. To prove the converse, let u, v in domA with u # v, let
u* € A(u), v* € A(v), and let € > 0. Choose o € X* such that

)+ A
(w) + A

(U 4+ a,v—u) =¢ > 0.

Since u — A(u) + « is assumed to be quasimonotone, this inequality implies that (v* +
a,v—u) > 0, or equivalently (v* v—u) > —(a,v—u) = (u*, v—u)—¢, ie. (V*—u*,v—u) >
—e. Since € can be arbitrarily small, we conclude that A is monotone. O

Remark 2.2. The definition of quasimonotone operator used in this note is taken from
Karamardian-Schaible [7] (where only single-valued operators are considered). Part (ii) of
Proposition 2.1 is given in Hassouni [6] but with a different definition of quasimonotone
operator. However, it can be shown that both definitions are equivalent. Our approach
is the natural way to establish the result.

3. Properties of the subdifferential

Let f: X — RU{+o0} be a lower semicontinuous function. The Clarke subdifferential
of f is the operator 0f : X — X* defined for each u € X by

{u* € X* | (u*,v) < fl(u;v) Yoe X} ifucdomf
Of (u) =
0 if u ¢ domf,

where

fT(U; v) =sup inf sup inf flz+ty) — f(x)
e>0 >0 2E€B~(u) yE€B:(v) t

0>0
f@)<f(u)+o
A>0 te 10,A[
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is the Rockafellar directional derivative (see [1,11]).

Among the properties of this subdifferential operator, we quote those we shall need in the
sequel:

(a) For each u € domf, the value 0f(u) depends only on the values of f in some neigh-
borhood of u,

(b) If « € X*, then O(f + a)(u) = 0f(u) + « for each u € domf,

(c) The operator 0f satisfies an approximate mean value estimate (see Zagrodny [13]):
for any a,b € domf, a # b, there exist z € [a, b and sequences (x}) in dom Jf, (z})
in X* with z;, — x and z}, € 0f(xy), such that

f b) — a) < liminf (27,0 — z
( ) f( ) = Hb x” kl 1 < k> k)?

and

£(8) = fla) < limint (b a)

Our results will be deduced from the following lemma, which is a consequence of the above
mentioned mean value property.

Lemma 3.1. Let f: X — RU{+o0} be a lower semicontinuous function on a Banach
space X. Let u,v,w € X with v € [u,w] and f(v) > f(u), and let A > 0. Then, there
erist T € dom Of and T* € Of(Z) such that

T € By([u,v]) and (", w—1z) > 0.

Proof. Let r € R be such that f(u) < r < f(v). The function h : X — R U {400}
defined by
flx) ifx#wv
W) = { () 7

r fz=wv

is lower semicontinuous, finite in « and v, and Oh(z) = 0f () for all © # v. According
to Zagrodny’s approximate mean value theorem applied to the function h on the segment
[u, v] there exist T € B)([u,v]) with Z # v and z* € Oh(Z) = df(Z) such that

(z*,v—x)>0  and (@, v —wu) > 0.
We conclude that

(T w—I) = (T w—v)+ (T v —7) = ||||U_w|||| (50 —u) + (", v =) > 0.
v—Uu




D. Aussel, J.-N. Corvellec, M. Lassonde / Subdifferential characterization 199

4. The characterizations

The following are our main results.

Theorem 4.1. Let f : X — RU{+o00} be a lower semicontinuous function on a Banach
space X. Then, Of is quasimonotone if and only if f is quasiconvex.

Proof. We first show that if f is not quasiconvex then Jf is not quasimonotone: assume
that there are some u,v,w € X with v € |Ju,w[ and f(v) > max{f(u), f(w)}. Let A >0
be such that f(z) > max{f(u), f(w)} for all x € By(v). According to Lemma 3.1, there
exist = € dom Jf and z* € df(z) such that

z € By([u,v]) and (", w—1z) > 0. (4.1)

We claim that |z, w] N By(v) is not empty. This is clear if ||z — v|| < A ; otherwise,
any nearest point PZ to Z in [u,v] is different from v (because ||z — PZ|| < A) so that
v =1tPx + (1 —t)w for some 0 <t < 1 and then the point z = ¢tz + (1 — ¢t)w belongs to
|z, w] N By(v). Fix z € |z, w] N By(v). Tt follows from (4.1) that (z*,y — z) > 0 for every
y € [z, w], so there exists A’ > 0 such that

(T, y—x) >0  forall ye By([z, w]). (4.2)

Since f(z) > f(w), applying the lemma again we find y in dom Jf and y* in 9f(y) such
that
ye€By(zw]) and (75,7 —-7) >0.

But (z*,y — Z) > 0 according to (4.2), which shows that df is not quasimonotone.

Conversely, let us assume that f is quasiconvex and let us show that df is quasimonotone.
Let u* € Of(u), v* € df (v) with (u*,v—u) > 0. We need only verify that f1(v;u—v) < 0.
Let us fix € > 0 and 7 € |0, ¢[ such that

(u,y—wu) >0 forall ye B,y(v).

Now, fix y € B,(v). Since f!(u;y —u) > 0 we can find &’ € ]0,e —7[, € Bu(u) and
T € ]0,1[ such that f(x 4+ 7(y — z)) > f(x). From the quasiconvexity of f we infer that
f(x) < f(y), whence

fly+t(x—y)) < fly) foreachte]0,1],
so that

e W)~ fly) _ fly i —y) -~ fy)
wEBe (u—v) t - t

<0 foreachte]0,1].

Summing up, for any € > 0 there exists v > 0 such that

fly+tw) — f(y)

sup inf <0,
yeB, (v) w€EBe(u—v) t
te 10,1]

which shows that f1(v;u—v) <0. O
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Remark 4.2. In the special case where f is locally Lipschitz and X is a separable
Banach space, the characterization of Theorem 4.1 was established by Hassouni [5].

As an immediate consequence of Theorem 4.1 and Proposition 2.1, we obtain a subdiffer-
ential characterization of convexity:

Theorem 4.3. Let f : X — RU{+4o00} be a lower semicontinuous function on a Banach
space X. Then, Of is monotone if and only if f is conver.

Proof. The operator df is monotone if and only if for each a € X™* the operator u +—
Of(u) +a = 0(f + a)(u) is quasimonotone. According to Theorem 4.1, this is equivalent
to: for each a € X* the function f + « is quasiconvex, i. e., f is convex. O

Remark 4.4.  Theorem 4.3 is due to Correa-Jofré-Thibault [3]. Special cases were
previously established by Poliquin [10] (finite dimensional space) and by Correa-Jofré-
Thibault [2] (reflexive Banach space). Though indirect, our approach proves to be more
efficient.

The authors are grateful to one anonymous referee for pointing out that Theorem 4.1 (only
if part) and Theorem 4.3 also hold for any presubdifferential (in the sense of Thibault-
Zagrodny [12]) and hence for the Fréchet subdifferential in reflexive Banach spaces, the
proximal subdifferential in Hilbert spaces, and the limiting subdifferentials associated with
them. Indeed, it has been observed in [12] (see also [3]) that Zagrodny’s approximate mean
value theorem still holds for any presubdifferential.
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