Journal of Convex Analysis
Volume 2 (1995), No.1/2, 69-85

A Derivation Formula for Convex Integral Functionals
Defined on BV (§2)

Andrea Braides
Dipartimento di Elettronica per I’Automazione, Universita di Brescia,
Via Valotti 9, 25060 Brescia, Italy.
e-mail: braides@itssissa.bitnet

Valeria Chiado Piat
Dipartimento di Matematica, Politecnico di Torino,
C.so Duca degli Abruzzi 24, 10129 Torino, Italy.
e-mail: vchiado@itopoli.bitnet

Received 6 June 1994
Revised manuscript received 3 January 1995

Dedicated to R. T. Rockafellar on his 60th Birthday

We show that convex lower semicontinuous functionals defined on functions of bounded variation are
characterized by their minima, and we prove a derivation formula which allows an integral representation
of such functionals. Applications to relaxation and homogenization are given.

Keywords : integral functional, lower semicontinuity, functions of bounded variation.

1991 Mathematics Subject Classification: 49J45, 49Q20, 49Q15

1. Introduction

In this work we study weakly lower semicontinuous integral functionals of the form

dDsu
G(u :/ z,Vu dI+/ | x, ) d|Dsul,
()= [ gtw.Vuyde+ | g (w5 ) dl Dy

defined on the space BV (2) of (scalar-valued) functions of bounded variation on an open
set Q of IR™ when ¢ is a discontinuous integrand in the space variable. For analogous
integrals defined on Sobolev spaces the lower semicontinuity with respect to the weak
topology is equivalent, under appropriate measurability and growth conditions, to the
convexity of the integrand (with respect to the gradient). The richer structure of the
functions of bounded variation yield that the hypotheses on g must be in general more
complex. In particular we have to take into proper care the fact that the singular part
of the derivative Dsu may charge sets of zero Lebesgue measure; hence, we have to
consider the values of g (or rather of its recession function ¢g*) also on sets of Hausdorff
dimension lower than n. The goal of this paper is to show that an integrand ¢ equivalent
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to the function g (that is, generating the same integrals) may be “reconstructed” from
the computation of some minimum problems for the functional G (Theorem 2.1) when g
is positively homogeneous of degree one in the second variable. The formula we obtain
for the integrand is of “derivation-type”, and it does not involve the pointwise behaviour
of g. In particular it can be used to compute the lower semicontinuous envelope with
respect to the L!(Q)-topology of integral functionals of linear growth also in the non-
one-homogeneous case (see Theorem 2.3 and Section 4), and to obtain a homogenization
formula for positively one-homogeneous integral functionals (see Section 5) defined on

WH(Q). We remark that our result utilizes only abstract properties of the functional G;
hence it can be thought of as an “integral representation” theorem (see Remark 2.2).
The paper is divided as follows. In Section 2 we recall the main definitions about functions
of bounded variation and sets of finite perimeter, and we state our main results. Section 3
is devoted to the proof of the derivation formula for positively one-homogeneous function-
als. We remark that, by the coarea formula and by a localization argument, it suffices
to prove Theorem 2.1 for characteristic functions of sets with C!-boundary. The proof
is then obtained by a direct construction. In Section 4 we apply Theorem 2.1 to give a
characterization of the integrand of the relaxation of functionals defined on W11(9), and
of functionals defined on “partitions of €2 in sets of finite perimeter”. Finally, in Section 5
we prove a homogenization formula for positively one-homogeneous functionals.

A study of the same type of functionals by duality theory methods can be found in
Bouchitté and Dal Maso [7]. For a comparison with a derivation formula for functionals
defined on Sobolev spaces WP(Q) with p > 1 we refer to Dal Maso and Modica [13].
Some results related to the present work can be found in [2], [3], [4], [5], [15], [16], where
different derivation formulas were given in the case of continuous integrands. Note that
all these formulas may not give the correct result when ¢ is discontinuous in the first
variable.

2. Preliminaries and Statement of the Main Result

Let Q be an open subset of R"; we will use standard notation for the Sobolev and
Lebesgue spaces W'P(Q) and LP(2). We denote by A(Q) (respectively, B(R)) the family
of the open (respectively, Borel) subsets of €, and if 2,y € R" then (z,y) stands for their
scalar product.

The Lebesgue measure and the Hausdorff (n — 1)-dimensional measure in R" are denoted
by L, and H" 1 respectively. Sometimes we use the shorter notation {u < t} for
{z € R" : u(z) < t} (and similar) when no confusion is possible. If F is a subset of
IR" then xg is its characteristic function, defined by

() = { 1 ifzxekl
XE\T) =0 ifzgE.
If f:R" — [0,400] is convex, we define the recession function f*° :R" — [0, +oc] by

£2() = tim L2

t—+oo ¢

We remark that f*° is a Borel function, and it is convex and positively homogeneous of
degree 1. If f: R"™ — [0,400] is a Borel function we denote by f** the greatest convex
and lower semicontinuous function less than or equal to f.
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Given a vector-valued measure p on €2, we adopt the notation || for its total variation (see
Federer [14]), and M () is the set of all signed measures on 2 with bounded total varia-
tion. If p is a (vector-valued) measure on €2, and f is a Carathéodory function, positively

one-homogeneous in the second variable we write [, f(z, ) in place of [, f(z, %)d“ﬁ.

We will use Besicovitch Covering Theorem in the following generalized form (which is a
particular case of Morse [18] Theorem 5.13): let i be a positive Radon measure on €2, and
let Q be a collection of closed cubes which covers finely Q (i.e., for p-a.e. x € £ we have
inf{|Q| : = € Q@ € Q} = 0); then there exists a (finite or) countable family (Q;); C Q
such that u(Q\ U, Qi) = 0.

We say that u € LY(Q) is a function of bounded variation, and we write u € BV (Q), if
its distributional first derivatives D;u belong to M(€2). We denote by Du the IR"-valued
measure whose components are Dju, ..., Dyu. For the general exposition of the theory
of functions of bounded variation we refer to Federer [14], Giusti [17], Vol'pert [19], and
Ziemer [20]. Next we just recall some results needed in the sequel.

The space BV (£2) is a Banach space, if endowed with the BV norm

[ullBv = [lulliiq) + [Dul(€).

We say that up — u in BV-w* (weakly™ in BV (Q)) if supy, |Duy|(Q2) < +o00 and up — u
in L1(Q). Recall that if  is bounded and 9 is Lipschitz, then every bounded sequence
in BV (Q)) admits a subsequence converging in BV-w*.

We denote by Vu the density of the absolutely continuous part of Du with respect to
the Lebesgue measure, and Dgu stands for the singular part of Du with respect to the

Lebesgue measure, so that
Du=Vu-L,+ Dsu.

We denote by S, the complement of the Lebesgue set of u. If w € BV(£), then the
Hausdorff dimension of S, is at most (n — 1).
We will say that a set E is of finite perimeter in €2, or a Caccioppoli set, if xg € BV ().

We will set 0* ENQ = Sy, NS the reduced boundary of E in €. For H" lae x € 0*F it
is possible to define a measure theoretical interior normal to E vg(x) € S™~1 such that

Dyp(B) = / V() dH" ()

BNO*E

for every B € B(f2). Remark that |Dyg|(Q) = H" 1(0*E N Q) for every E of finite
perimeter in 2. Moreover if E' is a set of finite perimeter, there is a countable sequence of
C' hypersurfaces T'; which covers H"1-almost all of 9*E; i.e., H" 1(0*E \ U2, ;) = 0.
The total variation of a function v € BV (Q2) and its level sets are linked by the coarea
formula

|Dul(A) = /RH"_l(a*{u >ttNA)dt = /]R | DX fusty|(A) dt

for all A € A(f2).
Finally, we recall the notion of relazed functional. Let F : X — IRU{+0c0} be a functional

on a topological space (X, 7). The relaxed functional F of F, or relazation of F' (in the 7
topology), is the greatest 7 lower semicontinuous functional less than or equal to F'. For
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a general treatment of this subject we refer to the books by Buttazzo [10] and by Dal
Maso [12].

The letter ¢ will denote throughout the paper a strictly positive constant, whose value
may vary from line to line, which is independent from the parameters of the problems
each time considered.

In order to state our main result we have to introduce some definitions. We say that a
function h : Q x R™ — [0, 4-00] satisfies a growth condition of order 1 if there exist ¢1, C;
strictly positive constants such that

alfl—Cy < h(z,§) < C1(1+(¢])  forall (z,£) € Q x R". (2.1)

Let z € R™, p >0, v € S"~!. We denote by QZ(x) an open cube centered in x, of side

length p and one face orthogonal to v. We suppose that fixed x and v for each p and
o > 0 the cube Qg () is obtained from @} (z) by an homothety of center z. We also

define the function u** by

v, )1 if{y—x,v)y >0

i.e., the characteristic function of the half space {y € R" : (y — x,v) > 0}.

Theorem 2.1. Let g: QxR" — [0,400] be a Borel function, positively 1-homogeneous
in the second variable, satisfying a growth condition of order 1, and let us suppose that
the integral functional defined by

G(u) = /Qg(x, Du) u € BV(Q) (2.3)

be lower semicontinuous with respect to the LY(Q) topology. Let us define the positively
1-homogeneous function ¢ : Q x R™ — [0, +-00[ by setting for all x € Q and v € S"~!

o(x,v) = limsup nlilq)(x, v, p), (2.4)
p—0+ P
where
O(z, v, p) = inf{Q(w,QZ(:c)) rw € BV(Q)(z)),w = u"" on 8@;(1’)}, (2.5)

and G(u, A) = [, g(y, Dw). Then we have

G() = [ ¢l D

for every u € BV (£2).

Remark 2.2. We can restate Theorem 2.1 as an integral representation result. Let us
consider a functional G : BV (Q) x B(Q2) — [0, +oo] satisfying the following properties:
(H1) for every u € BV () the set function B — G(u, B) is a Borel measure;
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(H2) for every A € A(Q) the function G(-, A) is convex, positively 1-homogeneous and
L1 (Q)-lower semicontinuous on BV (Q);
(H3) there exist positive constants ¢, C such that

el Dul(B) < G(u,B) < C1|Dul(B)

for every u € BV (Q2) and B € B(Q).
Then if we define the positively 1-homogeneous function ¢ : Q@ x R" — [0, +00[ as in
(2,4), (2.5), then we have for every u € BV (Q)

6(u.B) = [ (a.Du)

for every B € B(Q). In fact, it suffices to recall that by [7] Corollary 5.5 conditions
(H1)-(H3) assure that the functional G can be represented in an integral form, and then
apply Theorem 2.1.

As a Corollary to Theorem 2.1 we will obtain in Section 4 the following relaxation result
for integral functionals defined on W11(Q).

Theorem 2.3. Let f : Q x R" — [0,400[ be a Borel function, satisfying a growth
condition of order 1, and such that f(x,0) =0 for allx € Q, and f(z,&) > f*(x,&)—a(x)
for all z € Q and ¢ € R", with a € LY(Q). Then the relaved functional F with respect to
the L1(Q)-topology of the functional

] Jo fx, Vu(z))de  if ue WHLH(Q)
Flu)= { +Qoo if u € BV(Q)\ Wh1(Q) (2.6)
s given by
F(u) = /Qh(:c, Vu(:c))dx—l—/g)@f(x, Dgu), u € BV (Q) (2.7)

where @y is the positively 1-homogeneous function defined by setting for all x € Q, v €
Snfl

@(x,v) = limsup lim 1inf{/ fly, Vw(y))dy :
Qp(@)

po0t PV totoo t (2.8)

Lw e WHH(QY(2)), w =t on an@)},

and hz,-) = (f(z,) Aes(x, )™ If f is positively 1-homogeneous then we can take
h = h*> = ¢ equal to

: I
¢r(z,v) =limsup —— 1nf{/ fy, Vw(y))dy :
p—0+ P Qp(@)
Tw E Wl’l(QZ(:p)),w =u"" on GQZ(x)},

forallz € Q, ve S™ L
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Other relaxation results and an application to the asymptotic behaviour as ¢ tends to 0 of
integrals of the form [, f(£, Vu(z)) dz with f positively 1-homogeneous will be obtained
in Sections 4 and 5.

3. Proof of Theorem 2.1

Let G be as in Theorem 2.1. Note first that we can write by the Fleming and Rishel
coarea formula

G(u) = /}R Glx,) d, (3.1)

where E; = {u > t}. Hence, Theorem 2.1 is equivalent to the following one.
Theorem 3.1. For every set of finite perimeter in ) we have

| stwstanane = [ pla () ane 32

QNo*E QNo*E

where vg(x) denotes the interior normal to E.
Remark 3.2. In the introduction we mentioned the fact that integrands of functionals
defined on BV functions are not merely defined almost everywhere. The statement of
Theorem 3.1 specifies that for every fixed E of finite perimeter the function g must be

defined H" '-a.e. on 9*E, but only “in the direction” of the normal to E. For example,
the function g : R? x S' — [0, 400 defined by

1 if x1 #0or v=*e;
9z, v) = {any function if 1 =0 and v # +e; (3:3)

gives
/ oz, ve(2) dH = HY(Q N O°E), (3.4)
QNO*E
Note in fact that, by standard properties of the approximate tangent spaces, we have

vp = e Hl-a.e. on 9*FE N {x1 = 0} for every set of finite perimeter E.

Proof of Theorem 3.1
We localize the functional G by setting

Glu, A) = /A o(z, Du), (3.5)

for every A € A(Q) and u € BV(), in particular
G0cpA) = [ glavp(a)) ar! (3.
ANO*E

for every A € A(Q2) and E set of finite perimeter. Since the set function A — G(x g, A)
is a measure for every E, and 0*F can be expressed, up to a H" '-negligible set, as the
union of C! hypersurfaces, it will suffice to prove the equality

Gxs, )= [ plavsla)) ! (37

when 9*E N A is a C! hypersurface (see [1] Lemma 4.2).
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Fix E and A such that 0* FNA is a C! hypersurface. Note that if v € ANO*E, v = vg(x),

and we set
X in QY . (x
w = VEx : (Vp 02)( )y (38>
u”* in Q) (x \Q(p_pQ)(a:),
then w satisfies the boundary condition w = u"* in Q} (), and we have
[ oswuys [ glupan g (), 3.9)
Qp(x) Qp(x)No*E
so that by (2.4)
Pl vp(a)) < imsup —— | 9(y, V() aH". (3.10)
p—0+ P QY (z)NO*E

By Lebesgue derivation theorem applied to the measure

pu(A) = /AW?*E 9(y, ve(y)dH" !

(note that lim, o4 pl_”H”_l(QZ(:c)ﬂa*E) = 1) we obtain that for H" l-a.e. x € 9*ENA
the right hand side of (3.10) equals ¢g(z, vg(z)). Hence, we deduce the inequality

| elmp@)dn ! < Gl 4) (3.11)
ANO*E

The converse inequality will be proven with the aid of formula (2.4) and of the lower
semicontinuity of G. We will exhibit a sequence uj, converging to y gz in L'(A) such that

lim inf G(up, A) < / oz, vp(x)) dH" 1, (3.12)
h ANO*E

The construction of such uj, will be obtained via a proper combination of minimizers for
(2.5).
Let us denote by

F:{xea*E: lim

/ e P VB = ol )}
By Lebesgue derivation theorem we have H"~1(0*E\ T') = 0.

Fix h € N. Let u(z, p,v) € BV(Q}(x)), with u(z, p,v) = u"* on 9Q} (), satisfy
g1

2h

/ 9(y, Du(z, p.v)) < B(x, vp(x), p) +
Qp(x)

We extend u(z, p,v) to all A setting

u(x,p,v) = XE
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on A\ Qp(z).

Let us choose for each h the family Qj of all closed cubes m such that p < 1/h,
v el v=uvg(z), Q,(x) C A, the orthogonal projection of @} (x) N 0" E covers the faces
of QY(x) orthogonal to v (so that, in particular, p"~! < H"" 1 QY (x) N §*E)),

1
| Du(z, p,v)[(0Q,(z)) < EP" " (3.13)
1 no1 1
ol vp(@) < = Py vp) " + o (314
P L(z)NO*E
and
1 1

O(z,vp(2), p) < (e, ve(r)) + (3.15)

pn—l ﬁ
The family Qy, covers finely H™ !-almost all 9*E N A; hence, by the (generalized) Besi-
covitch covering theorem there exists a countable sub-family of disjoint cubes {Q} (z;) :

i € IN} still covering H™!-almost all 9* E N A. We define then

up(y) =1 1 if y € (B\U; @pi(z:))NA (3.16)
0 ify e (A\ E)\ U, QU ().

We have by (3.13)—(3.15) and the definition of u(z, p, v)

R Y S
:Z/u.( ) 9(y, Du(xi, pi, vi) +Z/ 9(y, Du(z, pi, vi))
i pi (Ti

8Qp Z;)

y7 D’U, xlu pl7 Vl))

< Zpinq (go(xi, ve(;)) + %) + Cy Z | Du(zi, pi, vi) (0@ (xi)) (3.17)
< sz oz, vp(r)) + %(1 +C) Zp?ﬂ
= Z/ oy, ve(y)dH" ™ + ~(2+C1) Zp?’l

a:z )NO*E

~
—_

>~

< / oy, ve(y))dH"t + —(2+ C1)H" 1 (AN J*E).
ANO*E

Letting h — +o00 we obtain then

i int Glun A) < [ plyvply)in
h ANO*E
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Since it is clear that u, — yg in L!(A), we have proven (3.12). Due to the lower
semicontinuity of G we have

G0 A < [ ey, (319
ANO*E
and we conclude the converse inequality of (3.11). a

Remark 3.3.  We recall that if g satisfies a growth condition of order 1, and the
functional G(u, Q) = [ g(z, Du) is L' (€2)-lower semicontinuous, then the direct methods
of the calculus of variations yield the existence for minimum problems of the form

min{/zg(x,Du) : uzCI)onQ\A}

if A is an open set with A CC Q and ® € BV},.(£2). Using this fact, it is easy to see,
proceeding exactly as in Theorem 3.1, that the function ¢ can also be given by

1
¢(r,v) = limsup — min{/y g(y, Dw) :
o0t P R (3.19)

cw € BV(Q),w =u"" on Q\ QZ(:L’)}

Note however that for some z, p, v, the minimum problem in (3.19) may be different from
O (z, v, p): take for example n = 2,

&l i f&] Vgl =1
9\x,q) =
4|¢|  otherwise.

r=0,v=e1,and p=1.

4. Relaxation

In this section we prove Theorem 2.3, and we give a relaxation result for functionals
defined on “partitions of €2 into sets of finite perimeter”.

We recall that if f, g satisfy a growth condition of order 1, for every open subset A of 2
the functional G(u, A) = [, g(x, Du) (u € BV (1)) is the relaxation (in the L!-topology)
of the functional

Flu, ) = {fAf(x,Vu)dx if u e WhHi(A)

400 otherwise,

and ¢ € L'(0A), then by a standard cut-off argument near A we have
inf{G(u, Q) u =¢on 89}: inf{F(u,Q) © u=¢on 89}, (4.1)

where ©~ denotes the inner trace of v on 0A.



78  A. Braides, V. Chiado Piat / A derivation formula for convez integral functionals

Proof of Theorem 2.3
Let us localize the functional F setting

Fu, A) = { {A Oéf(x,vu(x))dx if u € Whi(A)

otherwise,

if A is a open subset of Q. By Theorems 4.1 and 5.1 in [7] we obtain the representation

F(u, A) :/Ah(x, Vu(zx)) d:v+/Ag0f(:E,D5u), u € BV(A)

for every open subset A of €2, for suitable functions h and ¢, with h(x,-) convex, and
h*°(z,-) = ¢s(x,-) for almost every » € €. We have to prove that h and ¢y can be

represented as in (2.8) and (2.9).
We can suppose, up to changing h on a Lebesgue negligible set, that ¢ (z,§) = h*(z,§)

and h(z,§) < f(z,§) for every z € Q, £ € R". Note that from f(z,0) =0 we obtain also
h(z,0) = 0, and that the sequence of functions

1
ht('ru g) = ?h(ﬂf, t£>
converges increasingly to h®>° as t — +o0o. Notice also that for all A open subset of 2
H(u, A) = / bt (x, Vu)dz + / h*>(z, Dsu)
A A
is the relaxed functional of
1
Fl(u, A) :/ —f(z,tVu)dx.
at
Moreover, by the Lebesgue monotone convergence theorem
sup H'(u) = / h>(z, Vu) dx + / h>(x, Dsu),
t Q Q
and we conclude that the functionals u +— [, h°°(z, Du) are lower semicontinuous since
they are the supremum of a family of lower semicontinuous functionals. Hence, for every

@y (x) we have

inf{/Qy( My, D) w € BY(@)a) w0 = o on oQy ()}
P x
= lim inf{/ Rt (y, Vw) + / h*>(y, Dsw) :
t——+o00 Q4(x) QY (x)

rw € BV(Qp(x)),w = u"" on GQZ(x)} (4.2)

_ : : 1 . 1,1 v . VT v
= tl}inoomf{/Qu(x) tf(y,ti)dy rw e WHH(Q)(x)), w =u"" on 8QP(ZL‘)}

. : 1 . 1,1 v _ v,x v
= tl}inoomf{/Qu(x) tf(y, Vw)dy : w e W (Q)(z)), w = tu”" on GQp(x)}.
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We can apply Theorem 2.1 with g = h°°(= ¢y), and obtain formula (2.8).
As h(z,0) = 0 we have h < h*® = . Since h < f, the convexity of h(z,-) yields

h(ZL‘, ) < (f(I, ) A ng(:L‘, ))** (43)

for a.e. € (L
From the hypothesis f(z,-) > f*(z,-) — a(z) we deduce

(W™ ()" < [z, ) Vpp(e, ) < (h(x, )" + alx),

hence, in particular, domg* = domgp} = dom(h>)*. Since h*> gives a lower semicontinu-
ous functional on BV (Q2), this condition yields, from [7] Theorem 4.4, that the functionals

G(u,A):/Ag(x,Vu)dx,

where

g(x>£> = (f(SU, ) A ¢f<x7 )>**<§)>

are L'(A)-lower semicontinuous on W (A) for every open subset A of Q. As g < f, we
deduce also, by definition of relaxation, that

/ g(z, Vu)dr = G(u, A) < F(u, A) = / h(z, Vu)dx
A A

for every open subset A of 2, and u € Wh!(A). Hence, we must have

9(x,€) < h(x, ), (4.4)

for a.e. z € Q and every £ € R", and (2.9) is proven. O

If T is a finite subset of R then we denote by BV (§2;T) the set of BV (Q2) functions u
such that u € T a.e. on Q. Note that if u € BV(Q;T') then it can be written as

u = ZtXEH (4.5)

teT
where (Fy) is a partition of 2; hence, these functions can be thought of as finite partitions

of Q into Caccioppoli sets indexed by T. We denote by P(£2) the set of all possible finite
Caccioppoli partitions, namely

P(Q) = {BV(®T): T C R finite }. (4.6)

For the properties of these spaces we refer the reader to Ambrosio and Braides [1], [2],
Congedo and Tamanini [11].
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Theorem 4.1. Let f: Q x R" — [0, +00[ be a positively 1-homogeneous Borel func-
tion satisfying a growth condition of order 1, and let @ be the positively 1-homogeneous

function defined by

1 . |
T mf{/@g(x) fy, Vu(y))dy :

@ f(r,v) = limsup

p—0+ P (47)

TwE Wl’l(QZ(:p)),w =u"" on GQZ(x)}

forallz € Q, v € S"~1. Then the relavation of the functional F defined in (2.6) coincides
with the relazation of the functional J defined by

x,Du) ifu Q
j(u):{fgspf( 7D) GP( ) (4.8)

400 otherwise.

Proof. By Theorem 2.3 the relaxed functional F of F can be represented on BV (Q) by

f(u):/ﬂgof(x, Du). (4.9)

Hence, we have F < J, so that F < J. On the other hand, since it is not difficult to
prove hypotheses (H1)—(H3) of Remark 2.2 (see [1] or [9] for a proof of (H1)), we can

represent 7 in an integral form

j(u):/gwj(:c,Du), (4.10)

where ¢, is given by

(2, v) =
= lim sup ! inf{/ o (x,Dw):w e BV(Q),w =u"" on 8QV(ZL‘)}
oo P 05 (@) VASE ’ p
1
= lim sup inf / oz, Dw) :w e P(Q),w =u"" on 0Q%(x) ¢,
msup o inf{ D () "(2) )

where the second equality follows as in (4.1) by a standard use of the coarea formula (see
[1], [9]). Proceeding then as in the proof of (3.11) (see (3.8)—(3.11)) we obtain

@j('rv VE('T» < pr('rv VE(.T»,

for every E of finite perimeter and H" !-a.e. € 0*F, and then J < F by the coarea
formula. O

We end this section with a lemma that will be needed in the sequel.
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Lemma 4.2. Let Q be a Lipschitz open set. If g : Q x R"™ — [0,400] be a positively
1-homogeneous Borel function, x € Q, v € S" 1, then we have

inf{/gg(x, Dw) :w € P(Q),w =u"" on 89} (4.11)

= inf{/ g(x,vg)dH" ! : E is a Caccioppoli set, xg = u”® on 89}.
QNO*E

Proof. It suffices to prove that for every finite set 7 D {0, 1} we have the inequality
inf{/ g(x, Dw) :w € BV(;T),w =u"" on GQ} (4.12)
Q
> inf{/ g(x,vg)dH" ! : E is a Caccioppoli set, xp = u”* on 89}.
QNO*E

Let us take w € BV (§;T') satisfying the boundary condition in (4.12); we have to show
then that there exists a set F of finite perimeter, with the same trace on 0f2, such that

/ gz, vg)dH" ! S/g(w,Dw). (4.13)
QNo*E Q

We prove it by induction on #(7T'). If #(T) = 2 then we must have T'= {0, 1} and there
is nothing to prove. Let us suppose that #(7°) = N + 1. Since |D((w A 1) V 0)|] < [Duw|
and g(z,-) is positively 1-homogeneous, the second integral in (4.13) clearly decreases
substituting w by (w A 1) V 0, we can suppose that 7' C [0, 1], and we can write T = {a; :

i=0,1,..., N}, withO=qp<a; <...<ay=1. Ifwzzi]ilai)@i,letusdeﬁne

N N
/ "
w = ZCM‘XEZ-, W' = agXE; + ZaiXEi
i=2 i=2

(w” and w” are obtained from w by changing a; into ag = 0, and a1 into as, respectively).

We have then

/Q g(z, Du') = /Q g(z, Dw)

N
+ a1 (Z/ g(z,vg,)dH" —/ g(x, yEl)danl),
i—2 o*E;No*E1NQ 0* EgNno* E1NQ

| st Dy = [ gte.Dw

N
+ (a1 — CLQ)(Z g(z,vg,)dH" ! — g(z, l/El)dHn_l)
S Eino* EinQ '

/8*E0ﬂ8*E1ﬂQ
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Hence, either [, g(x, Dw') < [ g(x, Dw) or [, g(z, Dw") < [ g(x, Dw). Since w’,w” €
BV (Q,T\ {a1}) the inequality (4.13) is true by induction. O

5. Homogenization

In this section we use the previous relaxation and integral representation results to obtain
a homogenization formula for positively 1-homogeneous functionals.

Let f = f(z,§) : R" x R" — [0, +o0o[ be a periodic (in x), positively 1-homogeneous
(in &) Borel function satisfying a growth condition of order 1. It is well-known (see for
example Bouchitté [6]) that the functionals

Fo(u, Q) = / FE Vul)de  we WH(©) (5.1)
Q
[-converge, with respect to the L1 (2)-topology, as e — 0+ to a functional

Fo(u, Q) = /QQ/J(DU) u € BV (9Q), (5.2)

where 1 is a positively 1-homogeneous convex function. We refer to [12] for an introduc-
tion to I'-convergence and to its applications to the theory of homogenization.

The function 1 can be characterized by a minimum value problem on a space of periodic
Whlfunctions. In this section we are going to prove an alternative formula and express
1 as a minimum value problem on sets of finite perimeter.

v,0 3

By the convexity of v it is easy to see that u” = u”" is a local minimum on BV (2;T') for

each T finite (see [2]), so that we have

V() = min{/ oy W) 0 € P00 = on 2Q1(0) ). (5.3)

1

Hence, by Theorem 4.1

V() = min{/@;(@ U(Dw) - w € BY(QY(0).w = u” on QY(0) }. (5.4)

Recall that the I'-convergence of a sequence of equicoercive functionals (which is the case)
implies the convergence of minima. By standard cut-off arguments it is easy to see that
[-convergence is maintained also after addition of boundary conditions (see [12]); hence,

Y(v) = lim inf{/Qll’(o) f(g,Vw)dx cw e WHH(QY(0)),w = u” on 8@’{(0)} (5.5)

e—0+

= lim i
T—+oo TN

inf{/ f(z, Vw)dz : w € WH(Q4(0)),w = u” on 8@%(0)}.
Q7(0)
By Theorem 4.1 we get then

: I
Y(v) = TEIEoo Tr=T 1nf{/u @ ¢(r, Dw) :

L w € P(Q4(0)),w = u” on aQ;(O)}.
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By Lemma 4.2, given w € P(Q%(0)) such that w = u” on 0Q%(0), there exists a set of
finite perimeter £ such that xg = v” on 0Q%.(0) and

/ ¢(x, Dxg) < / ¢ ¢(z, Dw). (5.7)
Q4.(0) Q4.(0)

Hence, we have proven the following representation result.

Theorem 5.1. Let f = f(z,£) : R" x R" — [0, +o0o[ be a periodic (in x), positively
L-homogeneous (in &) Borel function satisfying a growth condition of order 1, and let v
be the integrand of the homogenized functional given by (5.1), (5.2). Then we have

1
i inf / z,vp(x))dH 1
T—>—|—oojﬁn_1 { Q%(O)ﬂ@*wa( ( ))

: E is a set of finite perimeter, yp = u” on 8@%(0)},

(5.8)

where @ is given by (4.7), and v’ = u* is given by (2.2).

Remark 5.2. We remark that in order to characterize v it is sufficient to compute
this formula for rational directions v (we call v € S"~1 a rational direction if there exists
t € R such that tv € Z™), since 1 is continuous and rational directions are dense in S™~!.

Example 5.3. Let n = 2. We can apply Theorem 5.1 to obtain the characterization of
the homogenized functional of

Fulu, Q) = /Qa(g)wuwx, (5.9)

where a is defined by
1 if [z] + [y] is even
a(z,y) =
2 otherwise,

and [t] denotes the integer part of t € R. The relaxation of functional F. can be expressed,
by Theorem 2.1 and taking into account Remark 3.2, by changing the coefficient a into

1 if [x] + [y] is even
a(r,y) =<1 ifreZ oryeZ (5.10)
2 otherwise.

We can apply then formula (5.8) to compute ?. In this case it is immediate to see
(by Pythagoras’ Theorem) that the boundary of the minimal set £ in (5.8) “avoids”

the set {a = 2} as much as possible. If & = Tv € Z? then the minimum problem
in (5.8) is reduced to finding the path of minimal length through {a = 1} from the
point (0,0) to the point (£2,—¢§1). By a symmetry argument we can suppose that 0 <
& < —&1, so that the minimal path is the union of the two segments [(0,0), (&2, &2)]
and [(&2,&2), (&2, —&1)]). We infer then that the minimum value in (5.8) is given by
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(vV2 — 1)min{[& |, |&2|} + max{|¢1], |€2]}, whenever ¢ = Tv € Z2. Letting T — +oo we
obtain that
Y(v) = (V2= Dmin{|n], [ve]} + max{[va], |va]} (5.11)

when v is a rational direction. By Remark 5.2 this formula determines ).

Remark 5.4. In the case n = 1 formula (5.8) reduces to ¥ (v) = minps(-,v) =
essinf f(-,v).
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