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Let U be a Hausdorff locally convex topological vector subspace of D’(IR™) verifying suitable structure
conditions. A characterization of the sets K C U that can be described as K = {u € U: —(u, Dy) € C
for every ¢ € D(R™) with ¢ > 0, [pn @(x)dz = 1} for some closed convex subset C of R™ is proved. As

corollaries characterizations of the sets K that can be described as K = {u € Wﬁ)’f (R™): Du € C for a.e.
z in R"} or K = {u € BV}.(R"): meas(A) ! J4dDu € C for every nonempty bounded open set A of
IR™} for some closed convex subset C' of IR™ are obtained. Similar results for subsets K of D'(R"), &,
L{’OC(]R”), CO(R™) are also proved.

1. Introduction

Some variational problems (cf. for example [3], [8], [9], [12]+][15], [12]+[14], [27]) naturally

select some subsets of the Sobolev space Wllo’f

and of which it would be interesting to look for abstract characterizations.

(R™) pointwise constraints on the gradients

In a recent paper, cf. [23], some characterizations of the families of subsets of certain
function spaces whose elements are subject to pointwise constraints on the gradient have
been established.

For example, in the case of WP functions, given a family {K(2):Q bounded open set}

of subsets of Wli’f(IR”), necessary and sufficient conditions on the family have been given
so that

K(Q)={ue Wlif(]Rn): Du(x) € C for a.e. z in Q},

(1.1)

for every bounded open set {2 with Lipschitz boundary.
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C' being a closed convex subset of R".

On the other side, fixed an open set  in R” and given a single subset K (€2) of W,"* (IR™),

loc
necessary and sufficient conditions in order to characterize K ({2) as in (1.1) generally look

to be rather elaborated, unless Q2 = R".
This is just the case treated in the present paper.

In order to describe the results obtained let us first recall that for every subset E of IR"
the characteristic function yg of E is defined by xg(x) = 1 if z € E, xg(x) = 0 if
x € R"\F and that a piecewise affine function u on R" is a continuous function that can
be expressed as

m
u(z) =Y ((zj,2) + 5;)xp,(x) z€R"
j=1
where z1,..., 2, € R", s1,...,5m € Rand Py, ..., P, are pairwise disjoint polyhedra of

IR"™ with nonempty interiors such that U;nzl P; =R"

In the case of WP functions with p € [1,4oc[, we first observe that if C is a closed
convex subset of R" and

K = {u € W,""(R™): Du(z) € C for a.c. z in R"}, (1.2)

loc
then K verifies the following conditions

wekK, ceR, yeR"= (i) u+ceK,
(i) u(-+vy) €K,

(1.3)
1
(iii) ;u(t) € K;
K is convex; (1.4)
K is I/Vli’f(]R”) closed; (1.5)
n
U= Z(<Zj’ ) +8j)xp, piecewise affine function on R" (16)
, 1.6
j=1

with (zj,-) € K forevery je{l,..., m}=uec K.

Then we prove that the above conditions are indeed sufficient in order to characterize the
subsets of Whlj’f(]R") that can be described as in (1.2).

In fact we prove that if K is a subset of Wi}’f(]Rn), with p € [1, +o00[, verifying (1.3)-(1.6)
and if C' is the subset of IR" defined by

C={zeR"(z) € K}, (1.7)
then C' is closed, convex and (1.2) holds.
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The above result is deduced as a particular case by a more general characterization result
(Theorem 6.3) holding for subsets of a Hausdorff locally convex topological vector subspace
of the space D’ of the distributions on IR" verifying suitable structure conditions.

As corollaries of Theorem 6.3, some characterization results for subsets of BV},.(IR"), of
LP (R"), of the set of the Radon measures on R", of §’'(IR") and of D'(IR™) are also

loc
proved.

For example we prove that if K is a subset of BVj,.(IR") verifying (1.3), (1.4), (1.6) and

K is w* — BVjo.(R") sequentially closed, (1.8)

then the set C' in (1.7) is closed convex and

1
K = BVige(R"):——— [ dD C
{u < 100( ) meas(A) /A S (19>
for every nonempty bounded open subset A of R"}
(Theorem 7.4).
Analogously, if K is a subset of D'(R") verifying (1.3), (1.4), (1.6) and
K is w* — D'(IR") sequentially closed, (1.10)

then the set C' in (1.7) is closed convex and

K = {u e D(R"): —(u, Dy) € C for every ¢ € D(R") with ¢ >0 a.e., /]R" e =1}

(1.11)
(Theorem 7.1).

In both cases it is observed that, given a closed convex subset C' of R", the set K given by
(1.9) (respectively by (1.11)) verifies conditions (1.3), (1.4), (1.6) and (1.8) (respectively
(1.10)).

In conclusion we observe that our results might be applied, for example, to the study of
homogenization problems in elastic-plastic torsion theory, we refer to [23] for a discussion
of this topic in a context very similar to our one.

2. Notations and preliminary results

For every p € [1, +oq] WP respectively LP | CY denotes the space Whlj’p (R™), respec-

loc? loc? C

tively LI (R"), C°(R™); D denotes the space D(R") of the C™ functions with compact
support in IR" and D’ the space D'(IR") of the distributions on R".

w* — W (R") (weak* — W,o>°(IR™)) denotes the projective limit topology on WL> of

loc loc

the spaces W1 (Q), Q bounded open set, endowed with their w* — W1°(Q) topologies
with respect to the embedding mappings of Wéé’o in Whe(Q).
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In a similar manner the topologies Wli’p(IPL"), w—WEP(R") (weak-W,-?(R™)), LF. (R™),

C loc loc loc
w— LY (R") (weak-L} (IR")) and w* — L (R") (weak® — L (IR")) are defined.

loc loc

Moreover Cﬁ)c(]R”) denotes the projective limit topology on C of the spaces C°(€2), Q
bounded open set, endowed with their uniform convergence topologies with respect to the
embedding mappings of C in C9(Q).

As usual S denotes the set of the rapidly decreasing functions, 08 the set of the continuous
functions on IR"™ with compact support, C& the set of the continuously differentiable
functions on R"™ with compact support, &’ the set of the tempered distributions and
Mo the set of the Radon measures on IR", i.e. the set of the regular measures defined
at least for every Borel subset of R™ and with locally finite variations.

D(R™), respectively S(IR"), denotes the usual topology of D, respectively of S, and
w* —D'(R"), respectively w* —S'(IR"), the weak* one of D', respectively of §’. Moreover
CJ(IR™) denotes the usual strict inductive limit topology on CJ) that makes it a LF-space;
we recall that, by using Riesz representation theorem (see e.g. [42] 7.18), the dual space
of CF, endowed with the C§(IR™) topology, is isomorphic to Mj,.. The weak* topology
of Mg is denoted by w* — Mo (IR").

Let © be an open set, by BV (2) we denote the set of the functions in L'(Q2) having
distributional partial derivatives that are Radon measures with finite total variations on
Q.

w* — BV(£2) denotes the weak* — BV (Q2) topology on BV () (cf. e.g. [23] for a precise
description of this topology).

BV, denotes the set of functions in LlloC that are in BV (A) for every bounded open set

A and w* — BVjp(IR") the projective limit topology on BV, of the spaces BV (),

bounded open set, endowed with their w*— BV (Q2) topology with respect to the embedding
mappings of BV}, in BV ().

For a wide exposition about BV functions we refer to [36], here we only recall that BVj,,
endowed with its w* — BV}o.(IR") topology, is a sequentially complete Hausdorff locally
convex topological vector space.

For every measurable subset E of R" |FE| denotes the Lebesgue measure of E and, for
every z in R", u, the linear function u,(x) = (z,z), z € R".

Furthermore we recall that a subset of IR" is said to be a polyhedron if it is the intersection
of a finite number of half-spaces.

Let (U,7) be a topological space and let X be a subset of U; (U,7) — cl(X) denotes
the closure of X in U, i.e. the set of the points in U that can be approximated by
generalized sequences in X, and by (U, 7)seq — cl(X) the sequential closure of X in U,
i.e. the set of the points in U that can be approximated by sequences in X. Obviously
(U, T)seq — cl(X) C (U, 1) — cl(X) for every subset X of U.

Let V' be a vector space and let S be a subset of V', conv(S) denotes the convex hull of
S, i.e. the set of the finite convex combinations of points of S.

Given a subset C' of R", ¥(C) denotes the affine hull of C, that is the smallest affine
subset of R" containing C'.
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We now recall the notion of integral of a function taking values in a topological vector
space (cf. [41]).

Let (U, 7) be a Hausdorff locally convex topological vector space and let {p,}.ca be a
family of seminorms defining 7.

Let E be a Lebesgue measurable subset of R" and let f be a function from E to U.

Definition 2.1. The function f is said to be 7-integrable on F if there exists u € U
such that for every 7 > 0 and a € A there exists a partition A, , = {Byq,j}j=1,....m of E
into measurable sets such that

m
j=1

The vector u is the value of the integral of f on E and is denoted by [ f(y)dy.

We recall a property about the behaviour of the integral of a vector valued function with
respect to duality (cf. [41] Corollary 5.2).

Theorem 2.2. Let f: E — U be T-integrable on E and let L € U*.
Then (L, f(-)) is Lebesque integrable on E and [ (L, f(y))dy = (L, [ f(y)dy).

By Theorem 2.2 and well known subdifferentiability properties of convex functions (cf.
for example [34]), the following Jensen type inequality is soon deduced.

Proposition 2.3. Let E be a Lebesque measurable subset of R"™ with nonzero finite

measure; let f: E — U be T-integrable and such that for every open subset A of U f~1(A)
1s Lebesque measurable.
Let ®:U — [0, +00[ be convex, then ® o f is Lebesque measurable on E and

P (ﬁ/Ef(y)dzO < |fl|/E<I>(f(y))dy- (22)

The following result yields an integrability condition (cf. [23] Proposition 2.4).

Proposition 2.4. Let E be a Lebesque measurable subset of R"™, let (U,T) be a se-
quentially complete Hausdorff locally convex topological vector space and let f: EE— U be
continuous with compact support.

Then f is T-integrable on E and fE f(y)dy is the limit of the sequences of the Cauchy
sums of f, i.e. [ f(y)dy = limy Z;n:hl |Q§L N E|f(y]h) whenever, for every h € IN, {Q?}j
is a partition of R™ made up by half open cubes with sidelength +, spt(f)N Q;-l # 0 if and
onlyifj € {l,...,mp} andy? € Q"N E, ... s Yy, GQﬁlhﬂE,

For every distribution u in D', y € R", ¢t > 0 the translation of u by the vector y T[y]u

and the homothety of u by coefficient ¢ Oju are the distributions defined by (cf. [39],
Chapter 1, §2.6).

(T[ylu, v) = (u, (- —y)) ¢ €D, (2.3)
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(Ofu, ) = tin<u,so (%)> peD. (2.4)

In the following it will be useful to introduce the “rescaled” homothety Osu of u by
coefficient t defined by

1
Opu = gO,'fu (2.5)

Obviously, in the case of real functions on R", T'[y] and O; turn out to be the operators
defined on the function u by T[ylu = u(- +y), O = Tu(t:).

For every r > 0 B, denotes the open ball of R" centered at the origin and of radius r.
Let o be a symmetric mollifier, i.e. a nonnegative function in C°*°(IR") such that spt(«) C

By, [gr @ =1 and a(—z) = a(z) for every x in R".
For every € > 0 and x in R" set a9 (z) = e "a(x/€) and define, for every distribution u
in D', the regularization u, of u by

ue(z) = (u* o' (z) = (u, 0z —-)) zeR™ (2.6)

Obviously if u € Llloc, the regularization u. of u turns out to be given by the classical
formula

ue(x) = / . oz = yuly)dy =R (2.7)
It is well known, see for example [47] VL.3, that for every u € D’

uc € C*(R"), Duc=ux (D) = (D%)xal®

2.8
for every € > 0 and every multiindex # € (N U {0})"; (28)
ue —u inw* —D'(R")ase— 0" (2.9)
and
(e, ) = (u, @) for every ¢ € D, € > 0. (2.10)

We also recall that the regularization of a distribution can be described by means of the
integral of its translations.

Proposition 2.5. Let a be the mollifier appearing in (2.6).
Then for every u € D', € > 0 the function y € R" — a(y)T[ey]lu € D' is w* — D'(R")
integrable on R"™, the integral [pn o(y)Teylu dy is indeed a function and

(/ . a(y)T[eylu dy) (x) = ue(x) for a.e. x in R". (2.11)

In order to get informations about the left hand side of (2.11) let us consider a Hausdorff
locally convex topological vector subspace (U, 7) of D’ such that



A. Corbo Esposito, R. De Arcangelis / A characterization of sets of functions ... 173

welU, ye R"= Tylue U. (2.12)

Proposition 2.6. Let (U, T) be a sequentially complete Hausdorff locally convex topo-
logical vector subspace of D' verifying (2.12).

Let a be the mollifier appearing in (2.6), w € U and € > 0; assume that spt(«) is convex
and that the function y € R" — Tylu € U is T-continuous on R"™. Then it results

/ . a(y)Teylu dy € (U, T)seq — cl(conv({T'[y|u,y € Bc})). (2.13)

Proof. For every h € IN let {Q? }jen be a sequence of pairwise disjoint half open cubes

of R"™ with sidelength % and U?Zl Q? = IR" such that for some my, € IN Q? Nspt(a) #
if and only if j € {1,...,mp}.

Since for every j € {1,...,my} the set Q;L Nspt(a) is connected, let ygl € Q;L Nspt(a) be
such that

/ a(y)dy = a(y™)|Q" N spt(a)], (2.14)
Q"nspt(a)

then by Proposition 2.4 we get that the integral f]Rn a(y)T[eylu dy exists and that

Z \Qh N spt(a |a(yj eyj u— / Tleylu dy. (2.15)

By (2.14), once observed that E;n:’ﬁ thmspt(a) a(y)dy = 1, we soon deduce that
J

Z Q% Nspt(a)|a(y!) T eyt u =
(2.16)

hence by (2.16) and (2.15) condition (2.13) follows. O

In conclusion we recall the following results, see [23] Proposition 4.3 and Proposition 4.4.

Proposition 2.7. Let C' be a convex subset of R"™ and let ¢ be a function in (Li,.)"
such that

Y(z) € C for a.e. x in R". (2.17)

Then for every € > 0 it results

VYe(z) € C for every x in R". (2.18)
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Proposition 2.8. Let G be a convex subset of R™ such that G # () and B, C G° for
some r > 0.
Let t €]0, 1[, then

dist(tG, 0G) > r(1 —t). (2.19)

3. Distributions with constraints on the gradient

Let C' be a subset of R"™. In this section we study some properties of the sets of the
distributions on R" verifying a constraint on the gradient determined by C'.

Such sets are defined by

Ko ={ueD:—{u,Dy) € C for every p € D with ¢ > 0, /]R” v =1} (3.1)

In order to describe in some significant cases the sets in (3.1) let us introduce, for every
p € [1,+0o0], the following sets

Kclj’p ={uce I/Vlif Du(x) € C for a.e. zin R"}, (3.2)

1
KBV ={u € BWiy: ] /AdDu €C

(3.3)
for every nonempty bounded open subset A of R"},
K2 :{UGC’O:—/nudDgoeC
R (3.4)
for every ¢ € BVjy. with compact support, ¢ > 0 a.e., / v =1}
Rn
and, being p’ the conjugate exponent of p,
K7 ={ue Lj : _/]R” uDyp € C
/ (3.5)
for every ¢ € VVli’f with compact support, ¢ > 0 a.e., /]R” © =1}
Moreover we set
Kg ={u € Mjp: —/ . Dpdu € C
R (3.6)

for every ¢ € C’& with compact support, ¢ > 0, / p=1}
Rn

and
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K2 ={ue S (Du,p)cC
(3.7)
for every p € S with ¢ > 0,/ © =1}
Rn

We have

Proposition 3.1. Let C be a closed conver subset of R", p € [1,400] and let K¢ and

Ké’p be defined respectively by (3.1) and (3.2).
Then

KP = Kenw,.? (3.8)

loc *

Proof. Let u be in Ko N V[/hlj’f, then by the divergence theorem we have

n

/ wDu € C for every ¢ € D with ¢ > 0,/ =1, (3.9)

whence we soon deduce that

1, 1,
Ko nWhP C K}, (3.10)

C

On the other side, being C' closed and convex, there exists a family F = {(as,bs)}oes €
IR" x IR such that

z€C & (ag,2) + by > 0 for every o € S, (3.11)
therefore by (3.11) we get for every w in K, é’p

(ag, Du(x)) + by > 0 for every o € S, and a.e. z € R". (3.12)

Let now ¢ be in D with ¢ > 0, [gn¢ = 1, then by multiplying both sides of (3.12) by
©(x), integrating over R" and the divergence theorem we get

— <ag,/ uDg0> + b, > 0 for every o € S. (3.13)
Rn
By (3.13) and (3.11) we deduce

KiP C Ko n WP (3.14)

loc

hence by (3.10) and (3.14) equality (3.8) follows. O
Proposition 3.2. Let C be a closed and convex subset of R"™ and let Ko and ng be
defined respectively by (3.1) and (3.3).

Then

KBV = Ko N BV, (3.15)
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Proof. Let u be in Ko N BVjyc.
Let A be a nonempty bounded open set and let {¢p,}n, € C5°(A) be such that 0 < ¢, <

ope1 and @p(x) — xa(x) for every x € R"™.
Being u in BV}, by the closedness of C' we get

1 / 1 1
— [ dDu = lim — ppdDu = — lim udD <—g0h) eC (3.16)
Al Ja hoAl R b JRe Jaen

hence by (3.16) we deduce

Ko N BV, € KEY. (3.17)

In order to prove the reverse inclusion in (3.17) we first observe that if u € K g V' then by
approximation it follows that

1
E/ dDu € C for every bounded Borel set E such that |E| > 0. (3.18)
E

Let u € ng, 1 € D be such that ) > 0, v € IN; let us consider a partition of R" made

up by half open cubes Q, 7 € IN, of sidelength % and let S, = {j € N: Q7 Nspt(y) # 0},

then by (3.18) we have that @ fQV dDu € C for every j € Sy, hence, being C' convex,
J J

we have

1 1
- _— vdDu =
Jrn ¥ /]R" J%;V(\Q?\ /Q;.’ ¥)xaydDu

_ Z fQ;w 1
= fRnw@ﬂ @y

(3.19)

dDu € C for every v € N, j € S,.

Let us now observe that the sequence of functions Eje s, (@ fQV 1/1) XQy converges
i

uniformly on R" to 1) as v — oo, hence, being Du a measure with finite total variation
on spt(¢), by taking the limit as ¥ — oo in (3.19) we obtain

—(u, Dp) = / wdDu € C for every ¢ € D with ¢ > O,/ =1, (3.20)
Rn n
that is
KBV € Ko n BV (3.21)
By (3.17) and (3.21) equality (3.15) follows. O

Proposition 3.3. Let C be a closed and convex subset of R" and let K¢, Kg, Kg,

p € [1,+00], and K} be defined respectively by (3.1), (3.4), (3.5) and (3.6).
Then
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K2 = Kon oY (3.22)

K. = KcN LY . for everyp € [1,+00]; (3.23)
M _

KM = Ko 0 Mige. (3.24)

Proof. Let us prove (3.22), the proof of (3.23) and (3.24) being similar with obvious
changes.

It is clear that

K& C Ken (3.25)

In order to prove the reverse inclusion let u be in Ko N CY and let ¢ € BV (R") with
compact support, ¢ > 0 a.e. and f]Rn p =1
For every € > 0 let ¢, be the regularization of ¢ given by (2.7), then ¢, € D, v > 0 in

R", [rn we =1 and [pn ¥ Dpe — [pn ¥dDy for every ¢ in Co.
Being u in K¢ N C° we have

—/ uDyp, € C for every € > 0, (3.26)

hence by the closedness of C, as ¢ — 07, we deduce by (3.26) that

KencCY C KQ. (3.27)
By (3.25) and (3.27) equality (3.22) follows. O
Proposition 3.4. Let C be a closed and convex subset of R" and let K¢ and Kg be
defined respectively by (3.1) and (3.7).
Then

K2 =KcnS'. (3.28)

Proof. Let us recall that (see e.g. [47] VI.1)

(u, Dp) = —(Du, ) foreveryue S peS, '
whence we soon have
K2 CKenS'. (3.30)

In order to prove the reverse inclusion in (3.30) let {15}, € D be such that 0 < ) <1,
Yp(x) = 1, if |2| < h and sup,cge |D%(z)| < 1 for every h € IN and every multindex
6 € IN", then it is easy to see that
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o — @ in S(R™) for every p € S. (3.31)

Let u e KcNS', p € S with ¢ >0 and [pn ¢ = 1, then by (3.29) and the closedness of
C' we deduce that

1
Du,p) = —(u,Dp) = —lim( u, D | —— eC 3.32
(D) =~ D) =~ (.0 (v ) ) (3.32)
and
KcnS' C Kp. (3.33)
By (3.30) and (3.33) equality (3.28) follows. O

We now go back to the general case.
Proposition 3.5. Let C be a subset of R"™ and let K¢ be given by (3.1). Then

ue Ko, ceR,yeR", t >0= (i) u+c€ K¢,
(ii) T[y]u € K¢, (3.34)
(iti) Oyu € K¢

C conver = K¢ conver; (3.35)

C closed = Ko w* — D'(R") closed; (3.36)

m
E Uz, + 55) Xp; piecewise affine function on R"

=1 (3.37)
such that u,; € K¢ for everyj € {1,...,m} = u € Kc¢.
Proof. Conditions (i) and (ii) in (3.34) can be easily obtained.
Let us prove (iii) of (3.34).
LetuGKc,t>0andletwGDwithngOandﬁRngp:L
Let us observe that
O1/t(D90) = tD(Ol/tS‘J)a (3.38)
hence by (3.38) we have
1
—{Ow, D) = =5 {u, 011(Dy)) =
1
= o1 (. D (O19)) = (3.39)

1
=—(u, D <W01/t9@>>'
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By (3.39), once observed that the function #Ol/tcp is in D with #Ol/tgo > 0,
f]Rn tn%Ol/tgo = 1 and once recalled that u is in K¢, we get that

—(Ou, Dp) € C for every ¢ € D with ¢ > 0 and / o =1 (3.40)

By (3.40) condition (iii) in (3.34) follows.
Condition (3.35) is trivially verified.

Let us prove (3.36). To this aim let u € D" and let {u)} ca be a generalized sequence in
D' that converges to u in w* — D'(R").

For every ¢ € D with ¢ > 0 and fRn ¢ =1, by using the closedness of C, it follows that
—(u, D) = liin —(uy, D) € C (3.41)

and (3.36) comes.

In conclusion let us prove (3.37).
Let u = E?Ll(uzj +55)Xxp; be as in (3.37), then by Proposition 3.1 applied with p = 400
it follows that

zj € Cfor every j € {1,...,m}, (3.42)
therefore by (3.42) we deduce

Du(z) € C for a.e. x in R". (3.43)
By (3.43) and again Proposition 3.1 applied with p = +o0, (3.37) follows. O

4. A representation result

Let C be a closed convex set in R" and (U, 7) a topological vector subspace of D', in the
present section we want to prove a representation result for the set (U, 7)seq — cl(K éioo),

Ké’oo being defined by (3.2) with p = 400.
We assume that

7 is finer than w* — D'(R") (4.1)

and that, being for u € D" and € > 0, u, the regularization of u given by (2.7),

{ (i) ue € U for every u € U, € > 0 small enough, (42)
( :

i) ue — uin 7 as e — 07 for every u € U.

Proposition 4.1. Let (U, 1) be a topological vector subspace of D" verifying (4.1) and
(4.2).
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Let C be a closed convex subset of R", Ké’oo be defined by (3.2) with p = +o00 and K¢
by (3.1).
Then

(U, 7) = (K5 NU) = (U, 7)seq — AE5CNU) = Ke N U. (4.3)

Proof. Let us preliminarily observe that by Proposition 3.1 with p = +00 we have

K™ =KenWhX C Ke. (4.4)

By Proposition 3.5 the set K¢ is w*—D'(IR") closed, therefore by (4.1) KcNU is T-closed.
From this and (4.4) we infer

(U,7) — (K5 NU) C KenU. (4.5)

In order to prove the reverse inclusion in the sequential case, let u be in Ko NU and let,
for € > 0, ue be the regularization of u given by (2.7).

For fixed ¢ > 0 and z in R" the function o(9(z — -) is in D with o(9(z —-) > 0,
e o9z —y)dy =1 and

(Da'))(z — y) = =D (a9 (z — ))(y) for every y € R", (4.6)

the gradient in the left hand side of (4.6) being taken with respect to the set of the
variables of a(9); therefore by (2.8) and (4.6) it results

Due(z) = D(ux ' (z) = (u, (Do) (z =) = —(u, D@z —))) e C (4.7
that is, by (4.2) (i),

Ue € Ké’oo N U for every € > 0 small enough. (4.8)

As e — 07 by (4.2) we deduce that

KoNU C (U, T)seq — A(EE°NU). (4.9)
By (4.5) and (4.9) the thesis follows. O
By applying Proposition 4.1 to some particular cases we obtain the following results.

Proposition 4.2. Let C be a closed convex subset of R".
For every p € [1,+00] let K% be defined by (3.5), K& by (3.4) and Kclj’oo by (3.2).
Then

p p p
(Lloc ’ Lloc Lloc

(R")) = cl(K5™) = (I}

loc?

(R"))seq—Cl(E5) = KL if p € [1,+00[; (4.10)

* 1, * 17 .
(Lige: w" = Lige(R™)) = el(KE™) = (Lige, w”™ — Lig.(R"))seq — l(K ™) = K7 (4.11)
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(€ C0 (R™)) — cl(K5™) = (C°, CL (R™))seq — (K 5°) = K2. (4.12)

Proof. Let us prove (4.12), the proof of (4.10) and (4.11) being similar with the obvious
changes of spaces.

We observe that the space (CY, CP _(IR™)) satisfies conditions (4.1) and (4.2), hence by

Proposition 4.1, once observed that K é’oo NoY = KévOﬂ we get that
(CO, Cl%(:(]Rn)) — Cl(Ké’OO> — (CO’ Cl%c(Rn»seq . Cl(Ké’OO) _

(4.13)
:{uECO:—/ uDgoGCforeverygoéDwithngO,/ gp:l}.

Therefore the thesis follows by (4.13) and Proposition 3.3, although the first equality in
(4.12) can be deduced by standard general topology arguments. O

Proposition 4.3. Let C be a closed convex subset of R".

For every p € [1,+00] let Ké’p be defined by (3.2) and K5V by (3.3).
Then

(BVige, w* — BVioe(R™)) — cl(K ™) = (BVige, w* — BVioe(R™))seq — /(K 5°) = KEY;
(4.14)

1, 1, 1, 1, 1, 1, lp .
(Wlof, WIOf(R”))—CI(KCOO) = (Wlof, Wlof(]R”))seq—cl(Kcoo) = ch if pell,+oof;
(4.15)

1, « 1, 1, 1, « 1, 1, 1,
<I/V10((?>O’w - VVIO((:)OGRn)) o CI(KCOO) = (VVIO((:)O’ w = WIO(?O(Rn))Seq - CI(KCOO) = KCOO'
(4.16)

Proof. Let us prove (4.14).
We observe that (BVjge, w" — BVjo.(IR")) satisfies conditions (4.1) and (4.2) and that

Ké’oo N BVige = Ké’oo, hence (4.14) follows by Proposition 4.1 and Proposition 3.2.

The proof of (4.15) and (4.16) are similar to the one of (4.14) with the obvious changes
and by using Proposition 3.1 in place of Proposition 3.2. O

5. The characterization result in a particular case

Let K be a subset of D', in the present section and in the next one we give necessary and
sufficient conditions on K for the existence of a closed convex subset C' of R" such that
K = K¢, K¢ being defined by (3.1).

Having in mind Proposition 3.5 we assume that K satisfies the following assumptions

ueK,ceRyeR" t>0= (i) u+ceK,

(i) Tlylu € K, (5.1)
(iii) Ou € K
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K convex; (5.2)

u = Z(uzj +55)x p; Plecewise affine function on IR" such that Uy € K

m
=1 (5.3)
for every j € {1,....,m} = u € K.

Let us now observe that, given a closed convex set C' in R", by Proposition 3.1 with
p = +o0 it soon follows that

2eCeu, e Ke, (5.4)

hence it is natural to deduce by the set K the constraint C' in the following way
C={zeR"u, € K}. (5.5)

Proposition 5.1. Let K be a subset of D' and let C' be defined by (5.5).
Then
a) if
K N W2 is W (R™) closed, (5.6)

loc lo

C s closed;
b) if (5.2) holds, C is convex.

Proof. Let z € R" and let {2,}; C C with 2z, — 2z, then u,, € KN VVIE’COO for every
h € N and

Uy, — U in WL (R™). (5.7)

loc

By (5.6) and (5.7) we soon deduce that u, € K, that is z € C; by virtue of this the
closedness of C' follows.
Finally the convexity of C' trivially follows by (5.2). O

In order to verify that K is indeed a set of distributions defined by the constraint on the
gradient described by C' in (5.5), we assume that

K NWE s w* — W (R™) sequentially closed. (5.8)

loc loc

Proposition 5.2. Let K be a subset of D' verifying (5.1), (5.8); let C be defined by
(5.5) and Ké’oo by (3.2) with p = 400.
Then

L L
KNWh> c K5, (5.9)

Proof. Let u € K NW"® let us prove that

loc 7

Du(zg) € C for a.e. zg € R". (5.10)
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For every 9 € R", ¢t > 0 by (5.1) we have

o) _ u(zo + (- — x0)) — u(zo) c KNWh>™. (5.11)

u
T 20O Tl — : p

Being v in Wlifo, by Rademacher theorem, u is differentiable a.e. in R", i.e.

uleo +H = 20) = ul®0) 1y 4) - g in €O (RY)

/ (5.12)
ast — 01 for a.e. zg € R™;
moreover, if zq is a Lebesgue point for Du, we have
DT U(ZL‘()) . * S n +
[—20]O¢T'[xo]u — — Du(zg) in w* — L5 (R") ast — 07. (5.13)
By (5.12) and (5.13) we get
T[0T [xwolu “(fO) — (Du(o), - — xo) in w* — W,2(R") 5.1
ast — 0% for a.e. 29 € R",
hence by (5.14), (5.11) and (5.8) we deduce that
(Du(xg),- —x9) € KN Wlicoo for a.e. 29 € R™. (5.15)
By (5.15) and (i) of (5.1) condition (5.10) soon follows.
Finally by (5.10) we deduce the thesis. O

The remaining part of this section is devoted to the proof of the reverse inclusion in (5.9).
A first step in this direction is made by using condition (5.3), in fact if K is a subset of

D’ verifying (5.3), C'is defined by (5.5) and Ké’oo by (3.2) with p = 400, then

u piecewise affine function on R" u € Ké’oo = ueKnNW->. (5.16)

loc

In order to extend (5.16) to wider classes of functions let us assume that K verifies
(5.1)+(5.3) and (5.6), then, by virtue of Proposition 5.1, the set C' defined in (5.5) is
closed and convex.

Let 3(C) be the affine hull of C and let v (< n) be its dimension, then C' possesses interior
points in the topology of 3X(C') and, if C' # 0, it is not restrictive to assume that 0 € C
(in fact if this is not the case it is sufficient to consider, for zg € C, the sets K — u,, and
C' — zp). Moreover, by using the same argument as before, it is not restrictive to assume
that

0 € C° the interior being taken in the topology of ¥(C'). (5.17)

Let R:IR" — IR" be the identity transformation if v = n, and, if ¥ < n, an orthogonal
linear transformation such that

R(%(C)) = R” x {00} (5.18)
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05—, being the origin of IR™"™".

For every u € K, (17’00 we define the functions v’ and 4 as

u'(y) =uw(R'y) yeR", (5.19)
R w(y1, .-, Yn) ifv=n )
u(yl,...,yu) = (yl,...,y,,) e R". (5_20>
ul(yla'-'ayV70n—V) lfl/ <N

Since R~! = RT we have that

Dy (y) = Dyu(Ry)R™ = Dyw(R1y)RT = (RDyu(R™'y)")T for ae. y € R,
(5.21)
that is
Dyu/(y) € R” x {0,,—,} for a.e. y € R", (5.22)
hence by (5.22) and (5.18) it follows that ' effectively depends only on (yi,...y,) when
(y1,...,yn) varies in R" and that
Du(yi,...,yy) € Pr,(RC) for every (y1,...,y,) € R, (5.23)

Pr, being the projection function from R" to R” defined by Pr,(y1,...,yn) = (Y1, -, y»)
for every (y1,...,yn) € R™.

In conclusion by (5.17) and (5.18) we can also assume that 0,, the origin of R”, belongs
to the interior (in R") of Pr,(RC), i.e.

0, € (Pr,(RC))°. (5.24)
We have

Lemma 5.3. Let K be a subset of D' verifying (5.1) (i), (5.2), (5.3) and (5.6); let C' be
defined by (5.5) and Ké’oo by (3.2) with p = +o0.
Then for every u € Ké’oo

uwe CyP(RY) = ue K. (5.25)

Proof. Let u be in Ké’oo and ¢ in |0,1[.

Let R be the above defined mapping, then by virtue of (5.2) and Proposition 5.1, Pr,(RC)
turns out to be convex; moreover, being Du(z) € C for a.e. x in R", by (5.24) we infer

tDu(y1, ..., yv) € (Pry,(RC))° for every (y1,...,y,) € R". (5.26)

By (5.23) and Proposition 2.8 applied with m = v and G = Pr,(RC'), using the convention
that dist(z, ) = +oo for every z € R™, we get that there exists § > 0 such that

dist(tDu(yi, ..., yy), 0 Pr,(RC)) > ¢ for every (y1,...,y,) € R". (5.27)
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Since @ € C§°(IR"), let {ay,}y, be a sequence of piecewise affine functions on R” such that
up € L*°(R”) for every h € IN,
Up — tu uniformly on R” (5.28)
Duyp, — tDu  in (L*°(R"))¥

(see for example Proposition 2.1 at page 309 in [34]), then by (5.26), (5.27) and (5.28) it
follows that for h large enough

Dip(y1,...,yv) € Pr,(RC) for a.e. (y1,...,y,) € R". (5.29)
By (5.28) if we define the functions u) and uj, by

(1, ..., =1 e Yy
n(H1 /yn) n(y1 : Yv) (5.30)
un(y) = up(Ry), yeR
we deduce that {up}p, is a sequence of piecewise affine functions on IR" such that
up, — tu in WHe(R™), (5.31)
moreover by (5.29) we have that for h large enough
Duy(z) € C for a.e. x € R™. (5.32)
By (5.32) and (5.16) we deduce that for h large enough
up € K (5.33)
hence by (5.33), (5.31) and (5.6) we get
tu € K for every t €]0, 1]. (5.34)
Ast+— 17 by (5.34) and (5.6) the thesis follows. O

By Lemma 5.3 we deduce the following result.

Lemma 5.4. Let K be a subset of D' verifying (5.1) (i), (5.2), (5.3), and (5.6); let C
be defined by (5.5) and Ké’oo by (3.2) with p = +oo0.

Then for every u € Ké’oo

i€ C®(RY)NLY(RY) = u € K. (5.35)

Proof. Let u bein Ké’oo and ¢ in |0,1[.
As in the proof of the Lemma 5.3 there exists 6 > 0 such that (5.27) holds.

For every h € IN let ¢, € C°(IR”) be such that

0 <op <1,¢p(x) =1, for every x such that |z| < h
_ 5 (5.36)
Y= Nl pemry + 1

1 Denll oo (R
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and define the functions w;, as

Whyrs - w) = en(yn - y)ulys - u) (s eoy) € R (5.37)
By (5.36) we soon have

tDy,(y1, - - - yy) € Pry,(RC) for every (y1,...,y,) € R, (5.38)
hence, if we define the functions w;l and wy, in the same way of (5.30), by (5.38) and
Lemma 5.3 we deduce that

twy, € K for every h € IN. (5.39)
By (5.36) and (5.37) we soon have that

wy, — w in W (R™), (5.40)

ocC

hence by (5.40), (5.6) and (5.39) we obtain that

tu € K for every t €]0, 1]. (5.41)
As t+— 17 by (5.41) the thesis follows. O

Lemma 5.5. Let K be a subset of D' verifying (5.1) (i), (5.2), (5.3) and (5.8); let C' be
defined by (5.5) and Ké’oo by (3.2) with p = +o0.
Then

K5 NL®(R") C K. (5.42)

Proof. Let u € Ké’oo N L>®(R"), e > 0 and let u, be the regularization of u given by
(2.7).

Since Du(z) € C for a.e. z in R", by b) of Proposition 5.1 and Proposition 2.7 it turns
out that Due(z) € C for every x in R"; therefore we have that

ue € K5 NC®(R™) N L®(R™). (5.43)

By (5.43) it soon follows that 4. € C*°(IR”) N L*>°(IR"), hence by (5.43) and Lemma 5.4
we deduce that

ue € K for every € > 0. (5.44)

By (5.44) and (5.8) it follows that u € K, that is the thesis. O

We can now prove the characterization result in the case of Lipschitz continuous functions.
Theorem 5.6. Let K be a subset of D' verifying (5.1)+(5.3), (5.8); let C' be defined by
(5.5) and Ké’oo by (3.2) with p = 4o0.
Then

KNWo™=K5%. (5.45)

loc
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Proof. By virtue of Proposition 5.2 we only have to prove that

K5® C Knwo™. (5.46)

loc
To this aim take u in K (17’00. For every h € IN we define the functions uy, as
up(z) = max{—h, min{u(z),h}} xin R", (5.47)
then we soon have
Dup(x) = Du(z) if |up(x)| < h, Dup(z) = 0if |up(z)| > h. (5.48)
By (5.48) and (5.17) we have

up € K5 N L%(R™) for every h € N, (5.49)
hence by (5.49) and Lemma 5.5 we deduce

up € K for every h € IN. (5.50)
By (5.50) and (5.8) inclusion (5.46) and the thesis follows as h — +o0. O

6. The characterization result in the general case

In the present section we complete the results of the previous one by characterizing the
set K when it is contained in a topological vector subspace U of D'.

We assume that (U, 7) is a Hausdorff locally convex topological vector subspace of D’
such that

velUceRyeR"t>0= (i)u+ceU, (i) Tyju e U, (iii) O € U, (6.1)

{ (i) 7 1is less fine than w* — I/Vlifo(]R”) onU N M/ﬁcoo’ o)

(i) 7 is finer than w* — D'(R");

for every u € U the function y € R" — Ty|u € U is continuous. (6.3)
We first need to deduce some properties of the regularizations of the elements of U.

Lemma 6.1. Let (U,7) be a sequentially complete Hausdorff locally convex topological
vector subspace of D' verifying (6.1) (ii), (6.2) (ii) and (6.3).

Let a be a mollifier in (2.6), assume that spt(«) is convex and let, for everyu € U, € > 0,
ue be defined by (2.6).

Then

e € (U, T)seq — cl(conv({T[ylu:y € Be})) for everyu € U, e > 0; (6.4)

e —uin T ase — 07 for everyu € U. (6.5)
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Proof. Let us first prove (6.4).

Let u € U and € > 0, then by (6.3) it follows that the function y € R" — a(y)T[eyju € U
is continuous with compact support hence, by Proposition 2.4, it is 7-integrable on R".
By (6.2) (ii) it follows that the above function is also w*—D’(IR") integrable on R™ hence,
by Proposition 2.5, the distributions ue and [n a(y)T[ey]u dy agree; by virtue of this,
(6.1) (ii) and Proposition 2.6 we deduce (6.4).

Let us prove now (6.5).
Let u € U, let {pq}aca be a family of seminorms on U generating the topology 7 and let
B be a bounded open set containing the support of «.

By using (6.4) for every a € A the assumptions of Proposition 2.3 are satisfied with
E =B, f=a(-)T[e]u and ® = p,, hence by Proposition 2.3 we deduce

o ([t dy—u) =pa ([ at)Tisu—way ) <

6.6
< /Ba(y)pa (Tleylu —u)dy for every a € A. o
By (6.3) we get that
sggpa(T[ey]u —u) — 0ase— 07 for every a € A, (6.7)
y
hence by (6.6) and (6.7) we obtain
/ . a(y)T|eylu dy — uin 7 ase — 0T, (6.8)

At this point we observe that by Proposition 2.5 the distributions u, and [n a(y)T[eylu dy
agree, hence (6.5) follows by (6.8) and Proposition 2.5. O

About the set K we assume that K is contained in U and that

K is 7-sequentially closed. (6.9)

Lemma 6.2. Let (U, 1) be a sequentially complete Hausdorff locally convex topological
vector subspace of D' werifying (6.1) (ii), (6.2) (ii), (6.3) and let K be a subset of U
satisfying (5.1) (ii), (5.2) and (6.9).

Then

K = (U, 7)seq — (] N W2, (6.10)

loc

Proof. Since K NW"> C K, by (6.9) we soon deduce that

loc
(U, T)seq — WK NW,o°) C K. (6.11)

We now prove the reverse inclusion in (6.11).
Let ue K, e>0and y € B..
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By (5.1) (ii) it follows that

Tlylu € K, (6.12)
hence by (6.12) and (5.2) we get

conv({T[ylu:y € Be}) C K, (6.13)
therefore by (6.13), (6.1) (ii) and (6.9) we conclude that

(U, T)seq — cl(conv({T[ylu:y € Bc})) C K. (6.14)

By (6.4) of Lemma 6.1 and (6.14) we obtain, provided that the mollifier in u, has convex
support,

ue € K NWE> (6.15)

loc

hence by (6.15) and (6.5) of Lemma 6.1 we get as e — 0%

K C (U, T)seq — cl(K N W), (6.16)
By (6.16) and (6.11) equality (6.10) follows. O

We now prove the main result of this paper.
Let us recall that given a subset C' of IR", the set K¢ is defined by

Ko = {u € D': —(u, D) € C for every ¢ € D with ¢ > O,/ Y= 1} . (6.17)
Rn

Theorem 6.3. Let (U, T) be a sequentially complete Hausdorff locally convez topological
vector subspace of D' verifying (6.1)+(6.3).

Let K be a subset of U satisfying (5.1)+(5.3) and (6.9).

Let C' be given by (5.5) and K¢ by (6.17).

Then C' is closed, convex and

K=KcnU. (6.18)

On the contrary, given a closed convex subset C' of R"™ and defined the set K¢ by (6.17),
it turns out that conditions (5.1)+(5.3) and (6.9) are satisifed by K = KcNU.

Proof. By (6.9) and (6.2) (i) condition (5.6) holds, hence by Proposition 5.1 C' turns
out to be closed and convex.

Let us now observe that by (6.2) (i) condition (5.8) holds, hence by Theorem 5.6 we
deduce that

KNWo™ = K5 =K5°nU, (6.19)

Ké’oo being given by (3.2) with p = +o0.

At this point, by (6.2) (ii) and Lemma 6.1, the assumptions of Proposition 4.1 are fulfilled,
hence by Lemma 6.2, (6.19) and Proposition 4.1 equality (6.18) follows.

Finally the last part of the thesis follows by (6.1), (6.2) (ii) and Proposition 3.5. O
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7. Applications to some spaces

In the present section we apply Theorem 6.3 when U agrees with the most common spaces
in Analysis.

Theorem 7.1. Let K be a subset of D', respectively of S', verifying (5.1)=(5.3) and
(6.9) with (U, T) equal to (D', w* — D'(R")), respectively to (S',w* — S’ (R")).
Let C be defined by (5.5), K¢ by (6.17) and K2 by (3.7).

Then C' is closed, convex and

K = K¢, (7.1)

respectively

K = K}, (7.2)

On the contrary, given a closed convex subset C' of R"™ and defined the set K¢ by (6.17),
respectively K2 by (3.7), it turns out that conditions (5.1)+(5.3) and (6.9) with (U,T)
equal to (D', w* — D'(R™)), respectively to (S, w* — S'(R™)), are satisfied by K = K¢,
respectively by K = Kg.

Proof. The thesis follows by Theorem 6.3 applied with (U, 7) equal to (D', w* —D'(R")),

respectively to (S, w* — §’(IR")) and by Proposition 3.4, once observed that the above
function spaces verify conditions (6.1)+(6.3) and are sequentially complete. O

Theorem 7.2. Letp € [1,+00] and let K be a subset of LY. wverifying (5.1)+(5.3) and

loc
(6.9) with (U, T) equal to (LfOC,LfOC(]Rn)) if p € [1,400] and to (LS, w* — LS (R")) if
p = +00.

Let C be defined by (5.5), K¢ by (6.17) and K7, by (3.5).

Then C' is closed, convex and

K = K. (7.3)

On the contrary, given a closed convex subset C' of R"™ and defined the sets Kg by (3.5),
it turns out that conditions (5.1)+(5.3) and (6.9) with (U,T) equal to (L} , L (R"™)) if
p € [1,400[ and to (LS., w* — L2 (R™)) if p = +oo are satisfied by K = K7,

Proof. The thesis follows by Theorem 6.3 applied with (U, 7) equal to (L} ., L} (IR")) if
p € [1,+oo[and to (LS, w* — L (R")) if p = 400 and by Proposition 3.3, once observed
that the above spaces verify conditions (6.1)+(6.3) and are sequentially complete. O

Theorem 7.3. Let K be a subset of C°, respectively of Miqe, verifying (5.1)=(5.3) and
(6.9) with (U, 7) equal to (C°,CY (R™)), respectively to (Mige, w* — Mioe(R™)).

loc

Let C be defined by (5.5), K& by (3.4) and K} by (3.6).

Then C' is closed, conver and
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K = Kp, (7.4)

respectively

K=K} (7.

5)
On the contrary, given a closed conver subset C of R"™ and defined the set Kg by (3.4)
and the set KM by (3.6), it turns out that conditions (5.1)+(5.3) and (6.9) with (U, )
equal to (CY, C’l%c(]Rn)), respectively to (Mige, w* — Mo (R™)), are satisfied by K = Kg,
respectively by K = K]CW.

Proof. The thesis follows by Theorem 6.3 applied with (U, 7) equal to (C°, C (R"™)),
respectively to (Mjge, w* — Mjpe(IR™)) and by Proposition 3.3, once observed that the

above spaces verify conditions (6.1)=(6.3) and are sequentially complete. O

Theorem 7.4. Let K be a subset of BVio. verifying (5.1)=(5.3) and (6.9) with (U, )
equal to (BVige, w" — BVipe(R"™)).
Let C be defined by (5.5) and KEY by (3.3).

Then C' is closed, convex and

K =K§V. (7.6)

On the contrary, given a closed convex subset C' of R" and defined the set ng by (3.3), it
turns out that conditions (5.1)+(5.3) and (6.9) with (U, ) equal to (BVipe, w* —BVio.(R"))
are satisfied by K = ng.

Proof. The thesis follows by Theorem 6.3 applied with (U,7) equal to (BVie,w* —
BVio(R™)) and by Proposition 3.2, once observed that this space verifies conditions
(6.1)=(6.3) and is sequentially complete. O

Theorem 7.5. Letp € [1,+00] and let K be a subset of Wl(lj’cp verifying (5.1)=(5.3) and
(6.9) with (U, T) equal to (I/Vli)’cp, I/Vli)’cp(]R”)) if p € [1,+o0[ and to (W/i)’coo,w*—l/[/lifo(]Rn))
if p= +00.

Let C be defined by (5.5) and Ké’p by (3.2).

Then C' is closed, conver and
K=K (7.7)

On the contrary, given a closed convex subset C of R"™ and defined the sets Ké’p by (3.2),
it turns out that conditions (5.1)+(5.3) and (6.9) with (U,7) equal to (W;-?, W5 (R™)) if

loc® "' loc

p € [1,+00[ and to (W2, w* — Wi (R™)) if p = +o0 are satisfied by K = K2,

loc 7 loc

Proof. Let us observe that if p € [1, +oo[, by (5.2), the set K is Wlif(]R”) closed if and
only if it is w — I/Vlif(]R") closed, hence the thesis follows by Theorem 6.3 applied with
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(U, 7) equal to (WoP w — WEP(R™) if p € [1, +oo[ and to (W22, w* — W= (R")) if

loc » loc loc loc
p = +oo and by Proposition 3.1, once observed that the above spaces verify conditions
(6.1)+(6.3) and are sequentially complete. O
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