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By adopting the variational point of view, the constitutive equations of a non linear elastic plate are
deduced under kinematical constraints on the admissible deformations.

1. Introduction

A classical approach to the study of thin structures in elasticity consists in starting
from three-dimensional models and deducing the behaviour of two-dimensional or one-
dimensional thin elastic bodies by passing to the limit when one or two dimensions go to
Zero.

Though the two-dimensional linear model of an elastic plate has exhaustively been studied
from different points of view (see [1], [3], [8], [9]), to our knowledge it doesn’t exist a
rigorous theory which permits to deduce a non linear model of elastic plate as a limit (for
instance, in the sense of [3]) of non linear three-dimensional thin elastic bodies.

The most difficulty which arises in treating these problems is that, without some kinemat-
ical constraints on the deformations, no information about the compactness of minimizers
of the energy functional of the three-dimensional elastic bodies can be expected and there-
fore it is very difficult to formulate any reasonable conjecture about the “limit” functional,
that is the energy functional of the limit plate.

The simplest method to avoid this difficulty is that of Kirchhoff, which consists in the
linearization of the Green-St.Venant energy functional

/Q <M|E|2 + %(tr E)z)d:c (1.1)

(where £ = %(TDgngo — 1), ¢ being the deformation), thus obtaining the classical func-
tional

/Q (,u\e(u)\Q + %(tr e(u))2> dx (1.2)
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with u(x) = ¢(x) — 2. When one of the dimensions of €2 goes to zero and p, A become
greater and greater in a suitable way (see [1]) the limit functional can be calculated
explicitly.

In this paper we adopt another point of view: we start again, roughly speaking, from the
Green-St.Venant energy functional, but we impose a different kinematical constraint on
the deformation ¢, which will be assumed sufficiently regular.

More precisely, if > is the reference configuration of the three-dimensional elastic body
having ¥ as middle surface, we assume, following Podio-Guidugli [14] that “material fibers
orthogonal to the middle surface before loading remain approximately orthogonal to it
after loading”; this restriction takes the form E(¢)(n) = 0 in 2., where n is the normal
unit vector to X.

In the two dimensional case this is enough to obtain the required compactness properties
of the minimizing sequences of the energy functional, while in the case n = 3 (the elastic
plate) another internal constraint which takes into account some symmetry properties of
the deformation must be assumed.

The method we used here is closely related to I'-convergence, already used in similar
situations; nevertheless, for the reader’s convenience, all results are stated and proven
without using any specific knowledge about I'-limits. For a more precise setting of the
problem in this framework we refer to [1].

2. The bidimensional case: notations and statements

Let us set ¥ = [0,1] and %, := {(z1,22) € R?: 21 € ¥, |x2| < €}, which will be viewed as

the reference configuration of a two dimensional elastic body. For every ¢ € L?(%,; IRQ)
we set

P(x1) = L /E o1, 22)dTo

2e J_.

and for every ¢ € C?(X.; ]RQ) we denote by C the right Cauchy-Green strain tensor:
C =TDyDyp
and by F the Green-St.Venant strain tensor:
E = 1(C —1I).
2
We denote by e;, ¢ = 1,2 the canonical basis in R? and we define:
A(2:) = {p € C%(2e;R?) : E(¢)(ez) = 0,det Dy > 0,0(0, ) = (0,z2) }.
For every € > 0 and ¢ € C%(2.;R?) we set:

Js. W(E(p))dz  if ¢ € Ac(Zc)
F5<<,0) =
400 otherwise,

where the deformation energy density is supposed of the form:

W(E) = ulEP + 5 (tx B 2.1)
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A p € L®(%,]0,400)), p(z1) > @ > 0 ae. on [0,1] are called the Lameé moduli of the
material; we set also A(z1) = (1 + 3)(z1).

Let f € C°(21;R?) and g € CY(X1;R?) be given functions, corresponding to the applied
load system; we set from now on fo = fiz and go = g|x.

For every £ > 0 we define the functionals G : L*(¥.;R?) — R U {400}:

Fu(p) - & /Z (f, @)z — & /E y :}<g,so>dx1].

The presence of the rescaling factor % is essential in proving some compactness properties
3

Gz—:(@) = 8_3

on the admissible deformations, as we shall see in proposition 3.2.

Since F is not polyconvex neither quasiconvex (we refer to [9] and [11] for more details)
we cannot expect that GG. has an absolute minimum since it is not l.s.c. in the weak
topology of H(X.,R?). A sequence ¢° € L?(3.;R?) will be called a minimizing sequence
for G; if lim._o {G:p® —inf G.} = 0; our goal is to study the asymptotic behaviour of
such sequences and to our aim we are led to introduce the set of limiting admissible
deformations

AR = {v e H(S;R?) : [i(z1)]* =1 for every z1 € [0,1],0(0) = 0,9(0) = ¢, }.
For every v € L?(2;R?) let us define:

Fo(v) = §/ZA(371) ‘U\Qdfﬂ if v e A(Y)

+00 otherwise,

and also the functional Gy : L?(3;R?) — R U {+oc}:

Golv) = Folv) — 2 /E (fonv)di — /E (g0, vy,

which will be the limit functional. Indeed the main result of this section is the following:

Theorem 2.1.  Let (¢%).9 C L*(2:;R?) be a minimizing sequence for Ge. Then
the sequence (p%)eso is compact in L*(X;R?) and, if vy is one of its limit points, then
vg € A(R), @ — v in H(2;R?) and

Go(vg) = min{Gp(v) : v € AX)} = glil(l) Ge(¢°).

3. Some preliminary lemmas

We shall prove in the following lemma that the deformations ¢ that belong to the set
A (3:) admit a particular representation.
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Lemma 3.1. If ¢ € A.(3.), then there exist v e C2(2;R?), w € C*(2: R?) such that:
o(x1,x2) = v(r1) + z2w (1), |0(21)] # 0 for every z; € [0, 1],

1
o)

Moreover, ifv € C?(Z;R*)NA(X), the deformation field ¢ defined by p(x1, 29) = v(x1)+
xow(x1), where w = (—va, V1), belongs to Az(Xe).

w(wy)

(—va(x1),v1(x1)) for every z1 € [0,1], v(0) =0, w(0) = e,.

Proof. Let ¢ be in C?(X.;1R?). The condition (T DpDy —I) - eg = 0 yields:

<90$17 30302> =0 (3'1)
|as|* = 1 (3.2)

Deriving (3.1) with respect to z2 and (3.2) with respect to x1, we obtain:

(Pa122, Pas) + (Pars Pagws) = 0 and (Payey s Pas) = 0.

It results therefore (pu,, Yuoz,) = 0 and also (Yu,, Yroz,) = 0, because |g0m2|2 = 1. Having
in mind the condition (4, ¥sz,) = 0, we conclude that ¢,,,, = 0, that is:

p(r1,22) = v(21) + T2W(21),

for some v, w : ¥ — R2.

We remark that v € C2(3;R?), because ¢ € C?(X.;R?) and that from (3.1) and (3.2) it
follows:

lw(z1)|?> =1 for every z1 € [0,1] (3.3)
(0(x1),w(x1)) =0 for every z1 € [0, 1] (3.4)
We define now: w = (wg, —wy).

The constraint det Dy > 0, that is: (9 + zow,w') > 0, implies in particular that
(0, wr) > 0and |o(z1)| # 0 for every 1 € [0,1]. We can therefore set by (3.3) and (3.4):

(—v2(z1), 01(71))
|[0(21)]

w(ry) =

for every x; € [0, 1]. O
In the following for every ¢ which belongs to A:(X:) we shall write:

p(r1,22) = v(21) + 22w(71),
with v, w such as in lemma 3.1 and we observe also that if ¢ € A.(X) we have ¢ = v.

In the following proposition some compactness properties on the sequences (v¢) and (w®)
are proven, which shall permit us to demonstrate the main theorem and also provide a
“a posteriori” justification of the choice of the means @°.
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Proposition 3.2. Assume that (¢)e>0 C A:(Z:) and F.(¢?) < Ce3 for some C > 0.
Then:

i) (v%)es0 is compact in HY(2; R?) and (w®)esq is relatively weakly compact in H'(2; R?);

ii) if v° — v in L2(2,R?), then v € A(X) and w® — (=09, 01) in H(3;R?);

iii) the sequence ((0°,1WF)) o is bounded in L*(%; R?) and, if v° — v in L*(%,R?), then
(0, ) — (0,w) in L*(X).

Proof. First of all, we observe that if ¢ € A.(%;), then:

(tr B(9))* = |E(9)]*.

We get therefore:

(3.5)

4

where U® = /T DpeDy* is defined as the unique symmetric and positive definite matrix
such that (U¢)* =T Dy D,

By the polar factorization of an invertible matrix, for every ¢ > 0 we may find a positive
rotation R® such that Dy = R°U*, from which it follows:

1
Fe(¢) = Z/ Aa)["R.D¢® — T1TR.D¢® + I}*dx.

€

It is easy to prove that there exists C' > 0 such that ‘TREDQOE + I|2 > (' for every € > 0,
therefore we get:

1 2
F.(¢%)>C- Z/ A(z1) ’TRgDsOE — 1) dzidas

€

1
=C- 1/ A(z1) | Dyf — RE[*dxydus.
e

By applying the Cayley-Hamilton theorem to the matrix U® = /T D¢ Dyf we can de-
termine the matrix R°. We obtain:

(#1)., "

RE = |‘P5€c1|
(05)., .
wy
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and by the uniqueness of the rotation R® we conclude that:
wy - wi
R = )
—wi  wy

c : : : .
> Z/ A(x1)<lv§ - pif — wh| + |05 + w2 + wil? )da

We get now:
Ce® > Fe(¢%)

c . . . .
S (155 = w? g 155+ 0l 4 na? 03 )dz (30)
Ye

>
By integrating with respect to xa, we obtain : fz }w5‘2d:p1 < (C, for some C' > 0;
since w®(0) = ey for every £ > 0, the sequence (w®)e~¢ is relatively weakly compact in
H(%; ]RQ) and then there exists a subsequence, which we always denote with w®, such
that w® — w = (wy, wy) in H(X;R?).
By using inequality (3.6) we get 9§ — wg and 05 — —w; in L*(%;R?), therefore (v°) is
relatively compact in the strong topology of H*(3; ]RQ) and if v° — vin L%(%, ]RQ) we have
1 = wo and vy = —w1, then ¥ =: (91, iig) = (w9, —tv1) € L*(X,R?) and v € H%(X; R?).
We observe now that |i(z1)[> = 1 for every z; € [0,1], since w® converges, up to a

subsequence, to (—is, v1) uniformly on ¥ and |w®(z1)|* =1 for every z1 € [0, 1].
To prove iii) we observe that:

IS 1 T € € 2
Eef) = | A@) ["De" D" — 1| do

I
N e S SN
M\»gﬂ\»m\»mg

™

2
A(:cl)( 165 + 20w |? — 1) dz

m

2
A(:cl)( 16512 — 1 + 229(0°, ) + 292 |w€|2) dx

>
=

(

|67 = 1+ wo? i) + dag? | (%, %) | da

Az1) - 222 |(0°, 0°)|*da

v
P

29?|(°, w°) P d.

AV
=I

e

By the hypotheses F.(¢°) < Ce? we obtain now:

AS)

2
5“/2 |(0, w)|?dzy < C. (3.7)

Recalling that o° — @ in L2(2; R?) and @® — w in L%(2;R?), it is easy to verify that
(0%, w") — (0, w) in the sense of distributions and therefore by using (3.7) we get iii). O
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4. Proof of the main result

Proposition 4.1.  For every v € LQ(E;]RQ), for every sequence (¢%)e>o such that
P° = v° — v in L*(2;R?) we have:

lim i(r)lf Ge(¢®) > Go(v). (4.1)
E—

Proof. We may suppose G(¢°) < C, since otherwise (4.1) is obvious. Then we have
©° € A (X;) and:

F.(¢) <Ce + 82/ (f,¢%)dz + 53/ (9,¢%)dry

Ye Zgﬂ{l’gza}

§C(63+€2/ \<p5|2dx+82/ |fI da
Ye e

e N Rl Y
YeN{xzo=c} YeN{zo=e}

SC(53+52/ |va+x2w5|2dx+z—:3/ v° + ew®|? day)
e by

< C(€3+€3/ |v5|2d:p1dx2+55/ |w5|2dx1dx2)
by by
< Ce?,

because v° — v in L2(2;R?), |wf®> = 1 on ¥ and f and g are continuous; hence by
proposition 3.2 it follows that v € A(X). As in proposition 3.2 we get now:

1 11, AL r 2
8—3F5(4P6) =3 /EE Z(M+ 5)@1) D¢ Dy —I| dx

1
ZQ/A@y@mﬁwWw

€

2

= - x1) (0, W) | da
—5 [ A 09 do

z%LMmmwwW+wmm«ww%—mwmmL

Recalling that ({0, 10°)).., converges weakly in L*(X; R?) to (v, ), we get finally:

o1 2 2
hgl_)l(l)lf gFg(apE) > 3 /2A<x1) |(0, w)|” dzy
2

:g/Augm%m,
>

where the last equality follows from the fact that (w,9) = 0 by proposition 3.2 and

(0,5) = 0 because |0]* =1 on X.



228  V.Casarino, D. Percivale / A variational model for non linear elastic plates
We can now conclude:

1
liminf G (¢%) = liminf — [Fs(gos) —&? / (f,v° + z3w®)dx
e—0 e—0 ¢

£

— 53/ (g,v° + 5w5>daz1}
Egﬂ{xgzs}
2 ..
> g/A(xl)\v\del—Q/ <f0,v)d:c1—/ (g0, v)dzy.
5 ) )

O

We are going now to prove that the limit functional G is as good as possible, with respect
to the convergence of the means introduced above.

Proposition 4.2. For every v € L3(%;R?) there exists a sequence (¢%)eso C A-(3:)
such that
v® = ¢ — vin L*(2;R?) and liIT(l) Ge(¢®) = Go(v).
E—

Proof. For every v € L*(3;R?) we set:

GT(v) = inf{limsup G.(¢°) : ¢° € L*(8.,R?), v° = §° — v in L*(X;R?)}.

e—0

It can be proven that the infimum is actually a minimum by the growth condition on the
functional, therefore by proposition 2.1 we need only prove:

Gt (v) < Go(v) (4.2)

for every v € L*(%; R?).
We observe first that inequality 4.2 is obvious when v doesn’t belong to A(X) since for
such a v we have Gy(v) = +o0.

When v € C%2 N A(X) we define for every ¢ > 0
ws(xhx?) = U(l‘l) + $2w(x1)7

where w = (—02,01).
We get now:

N e S SN

— — 5—

A(:cl)( 16+ zow|® — 1>2daz

™

.. 2112 2
A(xl)(2x2<v,w>+x2 |w] ) dx

8 3,,. . 2 5.
M) [5e® ({0, @) + el Ty
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and finally, since v € C?(2; R?):

1 2
limsup < F.(¢°) = —/ Azy) |62 dar
em0 € 3.y
which yields GT(v) < Go(v) for every v € C?(X) and then recalling that G* and G are
weakly Ls.c. in L2(X,1R?) and that C? is dense in L?(X,R?) inequality 4.2 is proven.
(]

Proof of Theorem 2.1 If m® = inf{G(¢) : ¢ € A(3;)} and u* denotes the identity

function in R? we get:

1
me <Gty =2 [ (fayde - | (g, ")z < C(f,g)
€ e Egﬂ{mgzs}
and therefore:
F.(¢%) < 3ms + 52/ (f, ¢ )dx + 53/ (g, 0% )dx + et
Ye Zgﬂ{xgzs}
< C(f.9)

The same argument described in proposition 3.2 shows that the sequence (¢) is compact
in H'(3;R?) and the limit point v belongs to H2(%; R?).
We have therefore only to prove:

Go(v) > Go(vg) for every v € A(X). (4.3)

By prop.4.2 there exists a sequence (¢)z>0 such that ¢, € A (%), Y. — v in HY(%; ]RQ)
and

lim G () = Go(v) (4.4).

Let us now observe that G(1e) > G:(¢°) — ¢, from the hypotheses on (¢°); hence by
prop.4.1 we have:
lim iglf Ge(e) > lim i(I)lf Ge(¢®) > Go(vo).
gE— E—>

Finally by (4.4) we get (4.3). O

5. Comparison with the linear approach

We approach in this section the same constrained problem by using the linear strain
measure instead of the non linear one (for the unconstrained case we refer to [3]).

We recall that, if u denotes the displacement, that is p(z) = z+u(zx), the linearized strain
tensor is defined as:

e(u) = %(TDU + Du), (5.1)

and it is easy to verify that E(u) = e(u) + %TDuDu.
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Neglecting the second order term we shall determine a limit functional Folm, defined on

a suitable class of functions X" (), which is different from Fp.
To deal with this case, we introduce the set of admissible displacements:

A(5) = {u e C*HSe: R?) :e(u) - (e2) = 0, u(0,z2) = (0,0)},

and we define then W, F; and G as in section 2, with e = e(u) at the place of E = E(yp).
Finally we introduce the limit functionals. We set

A(E) = {2z € HY(S;R?) : z1(21) =0, 22(0) =0, 3(0) =0 }.

For every z € H?(X;R) we define:

2 .12 . ;
~ = Axy) |27 dzy if 2 € Al(E
piny - L5 [ A0 P d ()

400 otherwise,

and
Gol™(z) = '™ (2) - Q/Efzzzdm - /292Z2d$€1 if z € Aln(%)
+00 otherwise.

We observe that the condition e(u)(e2) = 0 is equivalent to:

8UQ 6u1
4 — 2 =0
81‘1 + aZEQ

8u2

. R

82132 ’

thus obtaining the following representation for the displacements u in A (3,):

Lemma 5.1. Ifu e A" (X.), then there exist h, us € C%(3;1R?), such that:

u(z1,22) = (h(r1) — w202(21), u2(71)),
h(0) = 0, u2(0) = 0, i2(0) = 0.

Let us now define the means as in (2.2); if u € A" (2,) we get : @ = (h,uz).
We give now a compactness result analogous to proposition 3.2:

Proposition 5.2. Assume that (uf)es0 C AP (S:) and F.(u®) < Ce3 for some C > 0.
Then, up to a subsequence, U° — z in LQ(Z,]RQ) and z € A" (Z). Moreover h® — 0 in
HY (2, R?) and u§ — 2 in H*(X, R?).

Proof. If u® € A"(%,), it results:
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hence (tr <9(u5))2 = |e(u)|* and

€ 2 F() = [ [lewd) P+ 5 on ()] d

€

2
’dx

:/A@wﬁ—m@

€

:/EEA(“)(
ZM/Z(2E he

In particular ¢ converges to 0 in L2(X;R?). Since h%(0) = 0 we deduce that h® — 0
in H'(3;R?) and finally, recalling that u5(0) = #5(0) = 0 we get that (uj) is weakly
compact in H2(3, R?). O

. 12
h® +x22|il§|2dx>

2 2
4—§|ua2)de

Proposition 5.3. For every z € L?(; ]RQ), for every sequence (u®)s>o such that u§ —
zin L2(2,R?) we have:
lim i(r)lf Ge(uf) > Gol™(2).
E—

Proof. We may suppose that G.(u®) < C for every € > 0, otherwise the thesis is obvious
and as in proposition 4.1 we have: F(uf) < Ce? for every € > 0 and for a suitable C' > 0,
hence, by proposition 5.2, h* — 0 in H(; ]R2) and u5 — 2.

We have now:

1 1
im it 5 Fo(u) > timint 5 [ Aon)a? 5

2 .
> / M) [ da,
P
and finally:
limiélf Gg(u8> Z F()lm<22) — 2/ fQZQdSL’l — / ggszxl.
e— % %

Proposition 5.4. For every z € L*(3;R?) there exists a sequence

(uF)e>0 € A (Ze)

such that j
5 = uj — 2 in L*(5R?) and lim G (u”) = Go"™(2).

Proof. If z ¢ A" () it is easy to find a sequence u® € L?(X.,R?) such that @€ — z
in L2(2;R?) and G.(uf) = +oo, thus proving the thesis. When z € A"*(X) the proof is
analogous to that of proposition 4.2, choosing:

u (1, x2) = (—w22(21), 2(21))

for every (x1,22) € ¥ and for every € > 0. O
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Remark 5.5. By arguing as in the previous section it is now easy to prove that
minimizing sequences of the functionals GG. are compact in the sense of theorem 2.1, that

every limit point is a minimizer of the functional GE™, while a direct computation shows

that Gf)m < Go. We observe that in [1] it has been proven that the “limit” of the sequence
of functionals

lin : 1 2
Gf(u):{GE (u) ifue H (X, R*)
+o00 elsewhere in L?(2., R?)

is Go'™ that is, roughly speaking, the constraints don’t modify the limit.

6. The elastic plate

In this section ¥ will be an open bounded subset of IR? having Lipschitz boundary, I' a
subset of 0% having non zero one-dimensional Hausdorff measure; we set for every ¢ > 0

Se i={z = (v1,22,23) € R’ : (w1,22) € 8, |w3| < e},

which will be considered as the reference configuration of a three-dimensional elastic body.
As in section 2 if ¢ € L?(.;R?) we set:

g

P(w1,22) = i/ p(1, 22, 23)dT3
2e J_;

and if ¢ € C%(X; ]RS) is a deformation we may define the right Cauchy-Green strain

tensor C' = T DDy and the Green-St.Venant strain tensor: E = %(C —1I).

For every a,b, ¢ € R? we will denote by (alb|c) the matrix whose columns are a, b, ¢; by

Si we mean the set of all symmetric, positive definite 3 x 3 matrices.

We denote by e;, i = 1,2, 3 the canonical basis in R? and we define the class of admissible

deformations of X.:

A(Se) = {p € C*(S,R?) : E(p)(e3) =0, det Dy > 0,

Py A Prizs = Prozs A Pro in 2_67 gO(.ﬁC) =xonl X {_57 5]}

It is worth noticing that this class contains an additional constraint with respect to the
two dimensional case. As we shall prove in proposition 7.2, however, this additional
constraint is automatically satisfied by the admissible limit deformations if the metric
associated to the coordinate system is euclidean. Moreover, in remark 7.3 we exhibit
a class of deformations that satisfy this constraint and also allow us to consider the
bidimensional case just studied as a particular case of this, more general, problem.

For every € > 0 and ¢ € L*(X; R?) we define:
fEa W(E(p))dx if p € A (%)
Fe(p) =
400 otherwise,

where W(E) = p|E|? + (tr B)?, A\, € L>®(X,[0,+00)) being the Lame moduli of the
material and p = p(z1,22) > > 0 a.e. on X.
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As in the previous section let f,g € C%(3y; IRS) be given functions, corresponding to the
applied loads and let fj, go be their restrictions to the “middle plane” X.

For every € > 0 and for every o € L?(%., ]R?’) we set now

1
GS(QD) - 5_3

Fip) - / (f ) — /Z y _}<g,so>das1dx2]

and as in section 2 a sequence ¢ € L?(%., ]R?’) will be called a minimizing sequence for

Ge if
lim [Gs(gos) — inf Ga(go)} = 0.

e—0

In order to study the asymptotic behaviour of such a sequence we introduce now the set
of limiting admissible deformations:

AX) = {ve HY(Z;R?) : |vm1|2 =1, |11302|2 =1, (Vgy,Vgy) =0o0n %,
W= vy, ANy, € HY(D;R?), v(z1, 22) = (21, 22,0), w(zy, 29) = €3 on T}
For every v € L?(2;R?) let us define:

2 Ao .
Fo(v) = g/z [(M + §)H - QMK] dridre if v € A(X)

400 otherwise,

where K = (04, We, }(Vgy, Way) — | (Vg wa, )|* and H = —(Dw, Dw) represent respectively
the gaussian and the mean curvature. We define also the functional:

Go(v) = Folv) — 2 /E (fonv)di — /Z (g0, v)dr.

We shall prove the following;:
Theorem 6.1.  Let (¢%)c~0 C L3(3.,R?) be a minimizing sequence for G.. Then
the sequence (%)eso is compact in L*(X:R>) and, if vy is one of its limit points, then
vo € A(Z) (in particular vog, A vog, € H'(Z; R?)), ° — vy in H'(Z;R?) and

Go(vg) = min {Go(v) : v € A(X)} = lim G (¢°).

e—0

7. Some preliminary lemmas

We prove now the analogous of lemma 3.1.

Lemma 7.1. Ifp € A.(X.) then there exist v € C%(X;R?), w € C1(Z;R?) such that
VAN

o(x1, 22, 13) = v(21, T2) + T3W(TY, T2), |W|* =1, W = Yoy A Uy

|,Ul’1 /\Ux2|
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Vg AWz, = Way AUz, for every (z1,22) € X, v(x1,22) = (21, 22,0) and w(z1,x2) = (0,0,1)
for every (x1,x9) € T.

Moreover, if v € C*(3;R*) N A(X), the deformation field ¢ defined by o(x1, 9, x3) =
v(x1,x2) + x3w(x1, T2), where w = vy A Ug,, belongs to Az ().

Proof. Let ¢ be in C?(2.;R?). The condition (" DpDy) - (e3) = 0 implies:

<90-’617 90-’83> = O, (7.1)
<90-’E27 90563) =0,
|90x3|2 =L (7-3)

Deriving again (7.1) and (7.2) with respect to z3 we obtain now:

<903013037 90$3> + <90$17 90303303> =0
<90:c2:v37 ‘Px3> + <90x27 90x3x3> =0. 7.5)

Deriving equation (7.3) with respect to x1 and x2 we have that:

<§0x3:c1 9 801'3> =

0
<909C2:E37 ()0373> 07

therefore it follows from (7.4) and (7.5) that (¢z,, Prses) = 0 and (Pry, Pagzs) = 0.
From (7.3) it results also (@uy, Pusas) = 0; because of (7.1), (7.2) and the orientation-
preserving condition detDy > 0 it must be: g2, = 0, that is ¢(z1, 22, x3) = v(z1, 22) +

xzw(xy,xe), for some v, w; ¥ — R3, with:

(Vg ,w) =0
(Vgy, w) =0 (7.6)
\w(xl,x2)|2 =1 V(x,22) €X

We remark that v € C%(2; R?), because ¢ € C%(3.; R?).

We have now: det Dy = ((vg, + 23wz, ), (Vz, + T3wa,) A w). If det Dy > 0, for x3 =0
we obtain in particular (vy, A vg,,w) > 0.

By (7.6) we can therefore define:

Uz N\ Ugy

B |Uﬂc1 A U902|.

We have now that: @ A @pies = (Vg + T3Ws, ) A Wy, = Uy AWy, and
Way N (Vgy + T3Wge,) = Wy, A Ugy. Finally, the boundary conditions on v and w are easily
deduced from the boundary conditions on ¢. O

We observe that if ¢ € A-(X:) and p(z1, 22, 23) = v(x1, 22) + x3W (21, T2), then @ = v.
In the following if ¢ € A.(3:) we shall write p(z1, z2, x3) = v(x1, 22) + x3w(21, T2), With
v, w such as in lemma 7.1.
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We will now prove that the internal constraint v, Awg, = Wz, Avy, is satisfied by a wide
class of functions. Indeed we have the following:

Proposition 7.2. Letv: ¥ — R? a C? function such that:

2
|'Ul’1|2 =1, |Ux2| =1, <Um1>vx2> =0. (77)
Then, if w = vz, N Vgy, we have:

Vg N Wey = Wyy N Ugy.

Proof. By the conditions (7.7) we get:

0= <Uﬁ717vx1-’61> = <U€E27U-’E2$2> = <U-’817U-’E1-’62> = <Uﬁ?27vx1-’61>7
hence there exist a, (3, 7, 0, # : X — IR such that:
Ugyzy = QUgy + ﬁvxl N Ugy

Uggzy = YVVz; T 5Ux1 N Vg,

Vgyag = OUgy A Vg
We get now:

Way = (Vg A VUgy)zy = Bz — OUgy, (7.8)

Way = (Vgy A Vsy)gyg = =0z, — 004,. (7.
We get now from (7.8) and (7.9):
Vgy N Wey = 0V A VUgy = Way N\ Vg

O

Broadly speaking, the previous result shows that, if the metric associated to the coordinate
system is euclidean, then the internal constraint is always satisfied.

Remark 7.3. It is interesting to observe that also the functions of the type:

v(x, x2,x3) = (vi(21), T2, V2(21))

verify vy, A Wz, = Wz, A vUg,, because this allows us to consider the case studied in the
previous section as a particular case of the threedimensional problem. In particular if we
take ¥ = (0,1) X («, #) simple computations show that:

2

Fy(v) = E/ZA(xl,xQ)|(vx1,wm1)|2dx1dx2

]2 we have:

and, since in this case (vy,, Wy, ) = |V

Fy(v) = %fol A(z1) |5)*dzy, where A(zy) = ff Az, x9)dxs.
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Lemma 7.4. Let a°, b°, ¢: ¥ — R? be such that: |0L5|2 = |b5|2 =1, (a®,b°) =0,
¢ =a N If & — ¢ in L2(X;R?), then a5 — a and b5 — b in L*(X;R?) for some
subsequences (a°7); and (b°7); of (a®)e and (b°)e..

Proof. It holds for every € > 0:
a® =0b" A (a® AN D).

There exists a subsequence (b%) of (b°) such that 6% — b and a® A b* — ¢, therefore

afi converges weakly to b A ¢ in L*(X;1R?). Moreover it results a = b A ¢ and also:
aNb=((bANc)Nb=c.

We have now that for every measurable subset A C ¥ a — a in L?(A) so that by the
lower semicontinuity of the norm we deduce:

/ la|*dx < liminf/ a5 [*dz = | Al
A A

1
W/A la|®dz < 1

1
W/A b)%dz < 1

It results therefore:
and also

for every A € 3, A measurable.
This implies |a|* <1 and [b|* < 1 a.e. on X.
We have now that:
1=land <la|-|b] <1,
that is |a| = |b| =1 and (a,b) = 0.
We get finally

/ la®7 — a|2 dridre = / (\aaj|2 + \a\2 —2(a%7, a))dr1dry = 2/ (1 — (a7, a)),
5 )

%

hence a%i — a in L?(X;1R?). Analogously we obtain b% — b. O

Proposition 7.5. Assume that ¢° € A.(X:) and F.(¢°) < Ce3. Then:

i) (v9)e is relatively compact in H'(3;R?) and (wf) is relatively weakly compact in
HY(S;R?);

i) if v° — v in L*(2,R?) then v e A(X);

iii)

in L*(%).
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Proof. Exactly as in proposition 3.2 by applying the polar factorization of the invertible
matrix Dy® we get:

F.(¢%) > C/ |Dy® — R°[Pda,
e
where R¢ is the rotation such that:
Dy = RE/T D D=,

We represent now R¢ as: R° = (af|b°|c®), with |af|* = |b°]* = |¢]* = 1, ¢ = a° A ¥ and
we observe that the matrix :

(a%,95,) (0%, ¢%,) (a°,u®)
TRED® = | (b5,¢5,)  (0F,¢5,) (b5, wf)
<a€’w5> <b6’w€> <C€,w6>

belongs to S‘f’r as square root of a symmetric and positive definite matrix.
Since T R Dy® = /T D Dipe we get (af,w®) = 0, (b°,w®) = 0 and (c*, w®) = 1, therefore
¢ = w* for every € > 0.
The symmetry condition yields:

(a%, pg,) = (b5, ¢%,) for every e > 0.
Recalling that b = w® A a® we get:

(P — oy AN, a%) =0.

We observe first of all that the vector:

£ £ e __ € € e e e e
g@x2_90x1/\w _(ng_vxl/\w )+x3(w$2_wx1/\w)

is orthogonal to a® and to w® and also that there exists ¢ = o(x1,z2) such that:
Oy = Py AW = [1+x30(71,22)] - (v5, — Vg, A WE). (7.10)

In fact the vectors vy, — vz, Aw® and wg, —wg, A w® are both orthogonal to w® and also
satisfy:
(v, — Vg, AwT) A (wg, —wz, Aw®) =0. (7.11)

T2

To prove (7.11) we observe first of all that:

0 = <w87 U;2>x1 = <wx17 ng) _'_ <w57 Ux2x1>

0 = <w€’ v:il)xQ = <wi'2’ viil) + <w€’ v;ﬂtz)'
Since v° belong to C%(X.; R?) we have:

<w§17v§'2> = <w8 va >
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We get now:

(Vg = Vg AW) A (W, — Wiy ANw') = vg, Awg, — wi, (Vg,, w") + w(vg,, wg, )+

€

v§1<w5,w§2> — w5<vx1,w§2> + wil(vfcl Aw®, w) — wa(vil A wE,wfcl> =

g E E E E E _ g g _ E g £ E\ __
Uy N Wey — W (le/\w ,wx1> = Uy, N Wy, — W <wx1/\vx1,w ) =

& 3 & g _
Ugy AWy — Wy, ANz =0

and (7.11) is proven.

Because of the orthogonality between ¢f, — ¢ A w® and a® and w®, we get that vy, —
vz, A w® is orthogonal to a® and w®. Moreover it holds: v;, — v, A w® # 0, because, if
vg, — vz, Aw® =0, it would be:

det Dg0€|m3:0 = (vg,, Vg, ANw®) = —(vg , W ANvg,)) = —\021\2 <0,

a contradiction. We have therefore:

€ € €
b Vg — Uy AW
E __ )€ g
|vx2 le /\ w |
and also:
15 e e
aE:bE/\wE vx1+vx2/\w

g g g
|,U$1 + Ul’g /\ w |

We get now as in proposition 3.2:
3 € € |2 € € |2
Ce” > / (\vxl +T3W,, —a } + }vm + x3w,, — b
Ye
+ Jw® — cg\Q)dx
(18, =y oy 0
Ye
€ |2 € |2 2 3 2
=2¢ | (|vg, =@+ [og, = 0% )dwrdus + 227 | |Dwl*dardrs.
P P

We have [s we |2y day + Js | Dwf|*da1dzy < C, for some C > 0; there exist therefore
w € H'(Z;R?) and a subsequence of (w?), always indicated by (w®), such that w®
converges weakly in H!(3;R?) to w.

In particular, w® converges strongly to w in L?(X%, ]Rg); therefore ¢¢ — w in L(%, ]R3).
By using Lemma 7.4 we obtain vy, — a and v;, — b in L3(%, ]R3), possibly passing to
a subsequence, with |a|2 = |b|2 =1 and (a,b) = 0, therefore (v%) is relatively compact in
HY(3;R?), with |vg,|? = 1, |vg,|? = 1 and (v, vz,) = 0 a.e. on .
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To prove iii) we observe that:

Re) = [ [menn 1B + 5

JNCERE
Ye

/E[(}¢§1}2—1)2+(\¢§2\2—1)2+2}<s0§1,90§2>}2]dx

2 2
/2 {( ‘vil + x3w;1‘2 — 1) + ( ‘viQ + x3w§2‘2 — 1)

+2[(05,v5,) + wa((U5, wS,) + (05, w5,))

x1, x2)(tr E(@E))z} dx

I v
=I

>~ =

>~ =

+x3<wx1,w )}2}dx

2 2
AT s, P [ 1 o

4y (05, 0, ) [ 4?05, 0, [* 2] (05, 05,)

=

2
(s, s ]+ 2nt g, 0t + 05, 5

/45532”(”98017 } +} Ugys W 2>‘2]

_'_21:3}( xlvw;2>+<wx17 } dr.

>

AN ]

By the hypothesis F. (%) < Ce? it results therefore that (||(v,, wg )l 2) ({05, ws )l 2)
and (||(vg Vg x2> + <w§1, 272>HLQ) are bounded. Since (vxl,wil), <v§2,w ) and (v xl,w§2>+
(wg,,vg,) converge in the sense of the distribution respectively to (vay, We), (Vay, Way)
and (v, We,) + (Wey, Vz,), and D — Dy and Dw® — Dw in L*(3;R?), we get the

thesis. m
8. Proof of the main result
Proposition 8.1. For every v € H'(Z;R?), for every sequence (¢%)esq such that
©° € A-(%.) and ¢F = v° — v in HY(Z; R?)
we have:

lim i(r)lf Ge(¢®) > Go(v). (8.1)
e—

Proof. Exactly as in proposition 4.1 we may suppose G:(¢°) < C' and we get F.(¢°) <
Ce3, hence v € A(X) by proposition 7.5.
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We have now:

i it 5 F.(¢*) = lim it 5 | [ 1BGP + G, o)t B

= lim inf (I +13).

E—

As in proposition 7.5 we get:

1
hmmf[1 > hmmf—/E —{4:632[ ’(Uil,wil)}Q + }(v;Q,w;QHQ]

e—0 e—0 g3

+ 203 | (05, wS,) + (ws,, v5,) | Ya

1 2 2
Zg/ﬂ[2<|<vx1awx1>| + [{Vay, we,)| )
p)
+ |<Ux17w$2> + <wx1,vx2>|2]dl‘1dl‘2.
We have moreover:
1 A £\\2
12 = liminf — 285(331,932)@1" E(¢%)) dx
... 1 2 2 2
“ii s [ Sl Pl o e
> Tim inf — 2 > )
mipt 5 [ {5 [lenl + ea -2

+2(Ja P + s = 2) - 165,12 = lomi [P+ 105,12 = o] i
= limi(l)lf (J2+J3).
E—>

We have:

1 A
liminf J! > lim inf — / 3 |:2:L‘3<DU, Dw) + 23 | Dw|?
e

e—0 e—0 &3
1 A
> lim inf —3/ Za3? |(Dv, Dw)|*dx
e—0 ¢ S 2
1

= —/ A|(Dv, Dw)[*dzydzs.
3 /s
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We get finally:

1 [ A
liminf J2 = lim inf 5_3/ Z(ml\? + [y |? — 2) : (\D<p6|2 - |Dg0|2)dx
Ye

e—0 e—0
.1 A 2 2 22 2
=liminf — [ —(223(Dv, Dw) + x3° |Dw|” | - | [Dv°|" — [Dv[” +
e—=0 €7 Jy, 4

+ 225((Dv, Dw?) — (D, Dw)) + 22(|Dw|? — | Duwl|? )] dz

1 A
= lim inf —3/ —{4]}%<DU,DU)> - [(Dv®, Dw®) — (Dv, Dw)]
e—=0 € e 4

+ 23 |Dw|? (|1Dv[* = [Dv[* ) + 5?| Dw|?( | Du|* - |Dw\2)}daz.

The minimum limit of the first integral is 0 because (Dv®, Dw®) — (Dv, Dw) in L?(%);
for the second one we observe that

liminf/ |Dw|*(|Dve|* — |Dv|2)dx+1iminf/ |Dw|?(|Dw|* = |Dw|? )dx
e—0 » e—0 »

zliminf/ |Dw|2\Dv6|2dx1d:c2—/ | Dw|? | Dv|*dayday
by b))

e—0

+1im151f/ | Dw|? | Dw® |*day das —/ |Dw|? | Dw|*dx1dzy > 0
e~ by by

by the lower semicontinuity of the functional: 7 — [ |Dw|? |n|*dz1day with respect to
the weak topology of H!(X), hence

1
lim inf I? > 3 /Z AV, Way) + <vx2,wx2>)2dx1dx2

e—0

and we can conclude as in proposition 4.1.

Proposition 8.2. For every v € L2(X;R?) there exists a sequence

(¢%)e>0 C Ac(Xe)

such that
V¥ = @° — vin L*(X;R?) and lir% Ge(¢®) = Go(v).
£—

Proof. Exactly as in proposition 4.2 we define for every v € L?(%; ]RS) the functional
G (v). The inequality G (v) < Gy(v) is obvious if v doesn’t belong to A().
When v € C2 (N A(X) we define for every £ > 0

O (21, w2, x3) = v(x1, T2) + 3w (21, X2),

where w = vz A vUg,.
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We obtain now:

1 2
FE(Sog) = Z/E {N[(2$3<Um1awx1> +IE§ |wm1|2> + (2$3<Um27wx2>

2
2 2
 f fwnsl* )+ ey + Tt vy + 2102,) |
A 2 1 2_1|lq
+ B Vg, + 23ws, | — 1+ |vgy + T3wa,|” — T.

With the same computations of propositions 7.5 and 8.1 we get finally:
lim G.(¢%) = Go(v).

e—0
o
Proof of Theorem 6.1 The proof is exactly the same of Theorem 2.1.
Remark 8.3. It is possible generalize with slight modifications the previous result

to the physically significant case, in which the energy becomes infinite when the volume
locally vanishes.
If we suppose that the deformation energy density is of the form:

A
W(E) = ©(det(2E+1)) - [ul B]* + S (tr B)?),
where the function © : (0, +o00) — [0, 4+00) satisfies the conditions:

i) O is continuous;

ii) O(s) > O(1) > 0 for every s € (0,400);
iii) limg_,g+O(s) = 400,

then all results continue to hold.
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