Journal of Convex Analysis
Volume 3 (1996), No. 2, 245-254

On Almost Sure Convergence of
Vector Valued Pramarts and Multivalued Pramarts

Ahmed Choukairi-Dini

Université Ibnou-Zohr, Faculté des Sciences,
Departement de Maths, Agadir, Marocco.

Received January 6, 1994
Revised manuscript received June 20, 1994

Convergence of martingales, amarts, pramarts, mils, have been extentively studied in recent years by
a lot of authors: Bellow [3], Blake [4], Chatterji [10], Castaing [5], Castaing and Ezzaki [8], Choukairi
([11], [12], [14]), Daures [15], Bagchi [1], Hiai and Umegaki [20], Hess [19], Egghe ([17], [18]), Millet and
Sucheston [26], Lavie [22], Luu ([23], [24], [25]), Slaby [28], Derras [16], Neveu [27], Talagrand [29], and

many others. New convergence results for bounded pramarts in L}E and in the space L}UC (B) of integrably

bounded multifunction with convex weakly compact values are presented. The main purpose of this
paper is to obtain the Linear topology convergence (introduced by Beer [2]) and Mosco-convergence of
multivalued pramarts.
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1. Notations, definitions and preliminaries

Throughout this paper, (€2, F, P) denotes a probability space, F a separable Banach space

with the dual space E’, cw(E) the family of non-empty weakly compact convex subsets
of E; h is the Hausdorff distance.

Given A € cw(E), the distance function d(., A), and the support function §*(., A) are
defined by:

d(x, A) = inf{[lz —ylly € A} (z € E)

& (2, A) =sup{(2,z); ze€ A} (' € FE).
Let (A;,) be a sequence in cw(FE). If the two following conditions hold:
(i) limy—eo d(z, Ap) = d(z, A) VeeE
(i) limy_eo 6*(2/, Ay) = 0%(2',A) V2’ € E.
We said that (A,,) is convergent in the Linear-topology (see [2]) to A. We denote:
T — lim An = A.

n—oo
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Lemma 1.1. (Beer [2], Theorem 5.1) On cw(E), we have:

Th O TL O TM,
where 1y, 1is the Hausdorff topology, 1, is the Linear topology, and Tpr is the Mosco topology.

Given a sub-o-field B of F, and a F-measurable multifunction X with values in cw(FE)
such that the function d(o, F(.)) € L'(R); Hiai and Umegaki [20] showed the existence of
F-measurable multifunction £7(X) such that

SEB()()<B) = CI{EB(JC); IS S}(<F)}

where S% (F) denotes the set of all F-measurable selections of X and EZ(f) is the usual
B-conditional expectation of f the closure being taken in L}E. But S}((F ) is a convex
weakly compact set (see [21]), and E® is a linear continuous operator, so we have:

S};B(X)<B) = {EB<f)§ S S}(<F)}

Let (F,) be an increasing sequence of sub-o-fields, of F', such that F' = o(J, Fn). A
sequence (X,,) of measurable multifunctions with values in ¢W (F) is said to be adapted
to (Fy) if, for any n, X,, is Fj,-measurable. Let T be the set of all bounded stopping
times. Let 7 € T, we define the tribe F. = {A € F/AN|[r —n| € F,Yn} where
[T =n] ={w € Q,7(w) = n} and the multifunction X;(w) = X;(,(w), then (X;)rer is
adapted to (F;).

Definition 1.2. Let (X, F,,)n>1 be an adapted sequence. We say that (X,,)n > 1 is
an amart in probability (shortly pramart) if for every € > 0, there is o¢ € T such that:

Vo, €T, 7>0>00=P{|E"(X;)—X,||>e€) <e

If £ = R, we say that (X,,) is a subpramart, if for every € > 0, there is o9 € T such that:

Vo,r€T: 7>0>00= P{X,—E"(X;)>¢})<e

Now, let (X7, Fy,)n>1(m € N*) be a sequence of real subpramarts. It is called a uniform
sequence of subpramarts if for every € > 0, there is o9 € T such that:

Vo,r€T: 72>0>00= P({sup(X" — Ef*(X") > €}) <e
m

1) Every martingale is a pramart, and every uniform amart is a pramart.
2) Every sequence of submartingales is abviously an example of uniform sequence of
subpramarts.

Theorem 1.3. (Kadec-Klee) Let E be a separable Banach space. Then on E there exists
an equivalent norm |||.||| and a countable norming set DCE' such that if (z', xp(— (2, z)
for each ' € D and if |||xn||| = |||z]l| then x, — z in E.

Proof. See ([18], Theorem 11.2.4.4. p. 45).
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Lemma 1.4. (Egghe [18]. Lemma VIII.1.15. p. 298) Let (X", Fy)n>1 be a uniform
sequence of positive real subpramarts. Suppose that there is a subsequence (ny)k > 1 such
that:

sup/supX:L’}C < 00,
k m
then each subpramart (X', Fy)n>1 converges a.e. to an integrable function X™ and we

have:

lim sup X" =sup Xla.e.
n—+400 m

This lemma is a very important result. It will be used in proof of the main result of this
paper (see Theorem 3.3).

2. Convergence results

Now, we introduce a class of subsets of E, by putting

R={Cecf(E)/CNB(0,r) € cw(E), Vr > 0}

where B(0,7) denotes the closed ball of radius r and cf(F) the family non-empty closed
convex subsets of E (see [19]).
It is clear that R contains the members of cw(E) which are weakly locally compact. If E
is reflexive we have R = cf(FE).

Theorem 2.1. Let E be a separable Banach space. Let (X,) be a pramart with values
i E which satisfies the following two conditions:

(1) suprer [|X7| < 00 (ie. (Xy) of class (B)).
(ii) There exists a F-measurable multifunction L with values in R such that X, (w) € L(w)
for everyn > 1, and every w € 2.

Then (X)) converges strongly a.e.

Proof. Using a result of Millet and Sucheston (see [18], Theorem VII.2.8) and reduction
Lemma (see Castaing [5], Lemma 2.2), we can suppose that:

g = sup |Xn‘ S L}%<F)7
n
so, we have:

Xp(w) € Lw)Ngw)B  YweQ,Vn > 1.

B denotes the closed unit ball.
Further let us define the multifunction:
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Then I' is an F-measurable integrably bounded multifunction with values in ¢WW (FE), and
the set SE(F) is convex and o(LL, L%‘Z)—compaet (see Klei and Assani [21]). FE. is the
weak dual.

Since X, € SE(F), there is a subsequence (X, )g>1 which converges to Xoo € LL(F)
with o(LL, LOE‘Z )-topology.

Now, let D be a countable norming set in E’ such in Theorem 1.3 and 2’ € D. Since
((z', Xp), Fy)n>1 is an L'-bounded real pramart, it converges to (z’, Xoo) almost surely:
this can be viewed as a consequence of Hess’s Lemma ([19], Lemma 5.2). This Lemma
simply has to be particularized to the single-valued case.

Applying Lemma 1.4 to the uniform sequence of positive real subpramarts
({2, Xp)|, Fn)n>1 (2' € D) we obtain:

lim sup [{z/, Xp,(w))| = sup [(z/, Xeo(w))].
=0 pieD r’'eD

Therefore:
Jim [l X (@)l = [[Xeo (@)l a-e.

And Theorem 1.3 gives the desired conclusion.

Remark 2.2. In [26], assuming that E has Radon-Nikodym property, Millet and
sucheston proved variants of Theorem 2.1.

Remark 2.3. Using a vector version of Brooks and Chacon’s result (see Castaing and
Clauzure [7]), we can extend Theorem 2.1 to L!-bounded pramarts without class (B).

The next result concerns this.

Theorem 2.4. Let E be a separable Banach space. Let (X,,) be a pramart with values

in E which satisfies the following conditions:

(i) sup, [|Xn| < oo,

(i) there exists an F-measurable multifunction L with values in R such that X,(w) €
L(w) for every n > 1, and every w € ).

Then (X)) converges strongly a.e.

Proof. First observe that for every 2’ € E’, the real pramart ((z', X},)) converges a.e.
to an integrable function. Now applying Theorem 3.3 in [7], we can find a decreasing
sequence (Bp)p > 1in F' such that P([, Bp) = 0, a subsequence (Xy, )k > 1 of (X,) and

Xoo € LL(F) such that (X,,, | By)y is uniformly integrable, and
lim [ (w(w), Xy, (w))dP(w) = / (u(w), Xoo(w))dP(w)
k—oo J A A
for any u € L3, (F) and A € By N F. Where By denotes the complementary of Bj,.

For each p, the sequence (Xp, | By)i is uniformly integrable; hence for every o’ € E, for
every A € B, N I we have:

lim/(x’,Xnk> :/lim(x’,Xnk> :/(x’,XOO>.
ko Ja Ak A
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Then for every 2’ € D, every p, there is a negligible set N, ,» in By such that for w € By |

p,x’

li]£n<l’/,Xnk> = (7', Xoo).
Since lim, P(By) = 1, for fixed 2’ € D, we have
lim(z’, X)) = (2/, Xoo)  as.
n

thus, we can finish as in the proof of Theorem 2.1. O

Remark 2.5. 1In ([5], Theorem 3.5) Castaing proved results similar to ours, when (X,)
is a martingale.

3. The main result

In this section we shall present a convergence result for multivalued pramarts with values
in cw(E).

Definition 3.1. Let (X,,) be an adapted sequence of multifunctions. We say that (X,)
is a pramart (resp. w-pramart) if for every € > 0, there is o9 € T such that:
Vo, €T T>0>00 = PH(E"(X,),X,)>e}) <e
(resp. (0*(2', Xp,))n>1 is a real pramart V' € E’).
We begin by simple Lemma

Lemma 3.2. Let F # (), H C F, and f:F — R such that there exists xqg € H with
f(zg) =0. Then sup,cy f(z) = supyey [T (x) where fT = sup(f,0).

The next Theorem is the main result of this paper. It concerns the 77-convergence and
Mosco-convergence of multivalued pramarts.

Theorem 3.3. Let E be a separable Banach space. Let (X, Fy)n>1 an adapted sequence
with values in cw(E). Suppose that:

@(U Xnp(w)) € cw(E). a.e.

1) If (Xy) is a w-pramart such that sup,, [ [0*(2, X,)| < oo for every ' € E'. Then
there exist a measurable multifunction Xo:Q — cw(E) and a negligible subset N of
Q such that:

lim & (2, Xp(w)) = (2, Xoo(w)) VweQ|N; Vi'eF,

n—oo
2) If (Xy) is a pramart such that sup,, [ d(0,X,) < oo, then S _(F) =0, and

1 — lim X, (w) = Xo(w) a.e.

n—oo
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In particular, this yields:

M — lim X, (w) = Xs(w) a.e.

n—aoo

3) If the hypothesis in 2) is replaced by the stronger one:

sup/\Xn| < 00
n

then X« is integrably bounded.

Proof. 1) We denote by D7 a countable subset which is dense for the Mackey topology
in the closed unit ball B* of E'.

D* will denote the set of all rational linear combinations of members of Dj. It is clear
that D* is a countable dense subset of E’ for the Mackey topology.

Suppose that (X;,) is a w-pramart such that sup,, [ [6*(2/, X;,)| < oo for every 2/ € D*.
Since (0*(2', X;,))n>1 is a bounded real pramart, we deduce that it admits a limit. There-

fore, the Hess’s Lemma ([19], Lemma 5.2) shows that there is a measurable multifunction
Xoo: 2 — cw(F) and a negligible subset N such that:

lim 6 (2, Xp(w)) = 6" (2, Xo(w)) V2’ € B/, Vwe Q| N;.

n—oo

2) Now suppose that (X)) is a pramart such that sup, [d(0,X,) < co. Let D be a
countable subset which is dense for the norm topology in F, and fix x € D.
For every ' € ', n > 1, w € Q, we put:

on(w, ) = (&', 2) — 0*(2/, X (w)).

Let us prove that ((¢;f (., 2'), Fn)n>1.47ep+ is a uniform sequence of positive real subpra-

marts (see Definition 1.2), where o} = sup(¢y,0).
Given 7,0 € T with 7 > 0. By Jensen’s inequality there exists a negligible subset N,/ ,
such that:

BT (or)(w,2')| < BT (lor|(w,a'))  VYw € QNy g

Note that N, = Ux’eD; Ny 4, then for every w € Q| Ny

1
o — B (o) = Zlpo + ol — B (0r) — EF (|, ])]

2
1

- 5[900 - EFU(‘PT) + o] — EFU(“PTD]
1

- 5[900 ~ EBFe (r) + 0o — Bfe (or)]

= [po — EF ()]
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Hence,

sup [of (w,2) — EM (o) (w, 2')]
z'eDy

< sup [07(, B (X:)(w)) = 6*(a!, Xo(w))]T

< W(Xq(w), B (X;)(w)).

Since (X,,) is a pramart, there exists o9 € T such that:

Vr,oeT: >0 > oy
we have:
P(sup [(pf(,2") = E (1) (,a")] 2 ¢) < ¢
x'eD}
for every € > 0.

On the other hand, by 1) we have:

lim ¢ (w,2") = ¢ (w, ')

where p(w,2’) = (x,2") — 6*(2/, Xoo(w)).

Applying Egghe’s Lemma (see Lemma 1.4) to the uniform sequence of positive real sub-
pramarts ((¢;) (., 2'), F,)n > 1,2’ € D} we obtain for every w € Q | Ny U N,

. / /
lim sup ¢ (w,2’) = sup ¢t (w,2’).
N0 ple DY z'eDy

If we put N = N7 U [UxeD Nx], Lemma 3.2 show that:

lim d(z, X,(w) = lim sup ¢n(w,z’)

n—oo n—oo m’GDT

= lim sup ¢ (w,2)
=0 a’eDy

= sup ¢ (w,z)
z'eDy

= Sup cp(w,x/) - d(m7XOO(w))
z'eDy

for every x € D, and w € Q | N.
But the sequence (d(., Xy, (w)))n>1 being equicontinuous, for each w € Q | N, we deduce

that:

lim d(z, Xp(w)) = d(z, Xoo(w))

n—oo

remains valid for any = € FE.
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So

1, — lim X, (w) = Xoo(w) ace.

n—oo

In particular, this yields:

M — lim X,(w) = Xeo(w) ae.

n—oo

On the other hand, Fatou’s Lemma shows that:

/d(O,XOO) < lim [ d(0,X,) < sup/d(O,Xn) < 0.

n—oo

So Sk_(F) #0.

3) is an obvious consequence of Hess’s Lemma ([19], Lemma 5.2). O

Remark 3.4.  .Consider a subset K of cw(FE) which is separable for the topology
generated by the Hausdorff distance. If the values of pramart (X,,) lie in K, then Bagchi [1]
proved that:

lim h(X,(w), Xeo(w)) =0 ae.

n—oo

Remark 3.5. Since every martingale (and uniform amart) is a pramart, Theorem 3.3
generalises some results which were obtained before by Choukairi ([11], Theorem 2.11 and
[12] Theorem 4.3) Lavie ([22], Theorem 4.1) and Hess ([19], Prop. 5.7).

Remark 3.6. Now, it is natural to ask the following questions:
1) Isit possible to prove a version of Theorem 3.3 for unbounded pramart, or multivalued
mil (martingale in limit)?
2)  We know that any multivalued martingale (F},) has a martingale selection (f,) (i.e.
fan(lw) € Fy(w) a.e.).
Now, it is natural to ask the same question with multivalued pramart and mil.
Many of this problems were formulated by Professor C. Castaing during his visit to the
University of Sciences at Marrakech.

Acknowledgment. The author would like to express many thanks to Prof. C. Castaing for
suggesting the problem in Section 3. He is also grateful to the referee.
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