Journal of Convex Analysis
Volume 3 (1996), No. 2, 329-347

Numerical Approximation of Relaxed
Variational Problems

T. Roubicek
Mathematical Institute, Charles University, Sokolovskd 83, CZ-186 00 Praha 8,
and Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic,
Pod voddrenskou vézi 4, CZ-182 08 Praha 8, Czech Republic.
e-mail: roubicek@karlin.mff.cuni.cz

Received January 8, 1995
Revised manuscript received July 3, 1995

Non-quasiconvex variational problems require, in general, a relaxation to ensure existence of their solu-
tions. Here a relaxation by (generalized) Young functionals is used and then a finite-element method for
a direct numerical approximation of the relaxed problems is developed. Beside a mere convergence, also
some error estimates are analysed and a comparison with other methods is discussed.

Keywords : Vectorial variational problem, relaxation, generalized Young functionals, finite-element ap-
proximation.

1991 Mathematics Subject Classification: 65N30, 49M99, 73V25.

1. Introduction

In this paper we will treat the multidimensional vectorial variational problem
minimize ®(u) = / o(x,u(z), Vu(z)) dz for ue WH(Q;R™) , (P)
Q

where 2 C R" is a bounded Lipschitz domain, ¢ : 2 x (R™ x R™") — R : (z,u, A) —
o(x,u, A) a Carathéodory function, min(m,n) < p < +oo , with m,n > 1, and
WLP(Q; R™) the Sobolev space of functions v : 2 — R™ with the norm [ullwp@rm) =
[ull o™y + VUl oo,y Throughout the paper, we will use the standard notation

concerning function spaces C, CY, C%®, and LP, standing respectively for continuous,
continuous bounded, a-Holder continuous, and p-integrable functions on the domains in-
dicated. Moreover, WP will denote the Sobolev (if «v is an integer) or Sobolev-Slobodecki
(if @ is an non-integer) space.

We are especially interested in the case when ¢(z,u,-) : R™" — IR is not quasiconvex (in
the sense of Morrey [19]) so that the minimum in (P) is generally not achieved. In other

words, (P) may have no solution in WP(€; R™) and a need of its relaxation immediately
follows. Here we will consider the relaxation not by weakly l.s.c. (=lower semicontinuous)
envelope of ® (which requires quasiconvexification of ¢) but the relaxation by continuity,
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using Young measures; cf. [2, 3, 9]. This relaxation has the advantages that it can avoid
the generally difficult quasiconvexification and keeps a certain “limit information” about
oscillations of the minimizing sequences for (P). Here we will use rather so-called general-
ized Young functionals, which are more appropriate especially in the case min(m,n) > 2,
and make the relaxation according to [25]. This is done in Sect. 2.

The aim of this paper is to propose a direct numerical approximation of the relaxed
problem and to compare it with the usual approximation which uses standard finite-
element discretization of the original problem (P) converging eventually to a solution
of the relaxed problem, cf. [6, 7, 8, 11, 12, 13, 14, 17, 21]. The formulation of the
approximate problem as well as the convergence analysis are performed in Sect. 3, while
a more detailed analysis supporting the actual implementation is made in Sect. 4. Finally,
some error estimates are obtained in Sect. 5 and a comparison is discussed in Sect. 6.
Another approximation involving element-wise homogeneous Young measures has been
recently proposed by Nicolaides and Walkington [20] but without any analysis. In view of
some results by Dacorogna [15], the scheme from [20] is relevant if the quasiconvexification
of p(z,u,-) coincides with rank-1 convexification, while our scheme will basically apply
if the quasiconvexification of ¢(z,u,-) is polyconvex. In particular, for scalar (m =
1) or one-dimensional (n = 1) problems, the approximation theory presented here is
fairly complete. The requirement of the polyconvex quasiconvexification is certainly very
artificial and thus, in the case min(m,n) > 1, our approximation theory is rather only
a first step towards a very complicated problem; nevertheless, sometimes it is possible
to verify experimentally that the polyconvex and the quasiconvex envelope do not differ
much from each other, cf. [16].

2. Generalized Young functionals and relaxation of (P)

Let us introduce briefly some notation and some results from [25]. Following the original
idea by L.C. Young [28], the generalized Young measures (or, more precisely, function-
als) will be considered as certain linear continuous functionals on a suitable space H of
Carathéodory integrands 2 x R™" — IR, cf. also [26, 27]. Though there is quite a large
freedom in the choice of H, we will take one particular and enough large space, namely

min(m,n)

H - {h0+ S ge@adi; hhe GOV, gseLp/(p’s)(Q;]R"(S))} , (2.1)
s=0

where G D C?(Q) is a separable subspace of L>(£2) closed under point-wise multiplication,

and adj, : R™ — R®) assigns each matrix A € R™" its cofactors of order s (i.e. the
determinants of all s X s-submatrices) with the convention ¢(0) = 1 and adj, = 1; clearly

o(s) = (™) = 8!(m! nl . Of course, g5 ® adj, abbreviates Z?:(i)[gs]l ® [adj,);

s /\s m—s)! sl(n—s)!

with “®” denoting the usual tensorial product of functions, i.e. [g @ v](x, A) = g(z)v(A).
Obviously, adj; = id : R™ — R™" is the identity on R™".
Furthermore, V in (2.1) is supposed to satisfy

V a linear subspace of C(IR™"), (2.2a)
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VoeV: sup [|[v(A)|/(1+]A]P) < +o0, (2.2b)
V1<s<min(m,n): adj, € Vo), (2.2¢)
{A—v(A)/(1+ |AlP); v € V} is separable, (2.2d)
YoeV: v # —oo = o7 is polyconvex, (2.2¢)

where v7(A) = infUEWOLOO(Q,Rn) Jov(A + Vu(z)) dz is the quasiconvex envelope of v.
Recall still that v is called polyconvex [1] if it can be expressed as a convex function of

(adj A)mm(m ™) For examples of V' satisfying (2.2) we refer to [24]. Note that the only
nontrivial condition (2.2e) is void if min(m,n) = 1.
We can introduce a (possibly only semi-) norm on H from (2.1) by

|h ( A)| min(m,n)

T

hllg = inf esssup sup o2l g )
H H h0+zsgs®adjs:h T€Q AcR™" 1+ ‘A|p ; ” sHLP/(p (IR

(2.3)

This norm makes H separable because of (2.2d) and of the separability of G. Therefore
the weak* topology of the dual space H* is metrizable when restricted to bounded subsets.
Furthermore, let us suppose that H contains a coercive integrand in the sense

The € HY(z,A) € Q x R™ : he(x, A) > |AP, (2.4)

and imbed LP(Q2;R™") (strong Weak*) continuously into H* via the imbedding ipg :
LP(; R™) — H* defined by (ig(y),h) = [ h( ) dz with h € H. The elements of
the set

YE(OR™) = whclg-ig(LP(Q;R™)) (2.5)

will be addressed as generalized Young functionals; it referes to the fact that for H =
LY(0,T; Co(R™™)) the elements of Y} (€2; R™") attainable by bounded sequences can be
identified with the classical Young measures. It was proved in [26, 27] that Y} (Q; R™")

is a convex, closed, weakly* o-compact, locally compact, and also locally sequentially
compact subset of H*.
Let us also denote the set of all so-called gradient generalized Young functionals by

(@ R™) = {n € Vh(uR™) (2.6)

3 a sequence {uy} ey € WP R™) : w* - klim ig(Vug) = 77} :
—00
Let us remark that G%,(Q;R™") is not convex when min(m,n) > 2. Indeed, this fol-
lows from [25, Corollary 2.1] when one realizes that e. g for h = 1®v € H with
v quasiaffine but nonconvex, the functional ®(u fQ x,Vu(x)) dz is weakly Ls.c.
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on W1P(Q;R™) but nonconvex, which can be seen if one makes a convex combina-
tion of uy,us € WHIP(Q;R™) in the form w;(x) = A;z with suitable A; such that
Rank(A; — Ag) > 2.

For k € IN we define the bilinear mapping (h,n) — hen : H* x H* — [G*]* by (hen,g) =

(n,g-h) for any g € G¥. We can understand he7 as a substitution of 7 into an R*-valued
integrand h. It can be shown [26, 27] that n — hen is an affine continuous extension of
the Nemytskii mapping y — h o y.

The important property of a particular n € Y}_’I(Q; IR™") is its possible “non-concen-
tration”: we say that n € Y} (€; R™") is p-nonconcentrating if there is a sequence {yj }reN
such that n =w*-limg_,ig(yr) and that the set {|yx|P; & € IN} is relatively weakly

compact in L'(€2). Every such 7 admits a representation in terms of the classical Young
measures, that means there is a (generally not uniquely determined) weakly™ measurable
mapping v : x — Uy, called a Young measure, from () to regular probability measures on
IR"™" such that

Vhe H: hen = (v, h) in the sense of L'(Q), (2.7)

where (v, h) abbreviates, as usual, the function = — (v, h(z,-)) = [gmn h(z, A)vy(dA);
cf. [25, Remark 4.2].
We will denote the extended potential by ® : WhP(Q;R™) x GF (€ R™) — R and
always suppose that

V(u,n) € w'-cl i(WHP(Q; R™)) : ®(u,n) = lim inf O(u) , (2.8)

i(u)—(u,n) weakly™*

where 7 : WIP(Q; R™) — WIP(Q; R™) x H* is defined by i(u) = (u,ig(Vu)). Then we
can define the relaxed variational problem:

minimize  ®(u,n)
subject to u € WH(Q;R™), n € G (Q;R™) , (RP)

For all our considerations we will also need the coercivity of (P), this means
Ja € LY(Q) 3b,e >0 p(z,u, A) > a(x) + blulP + c|A[P . (2.9)

Proposition 2.1.  Under the conditions (2.1), (2.2a-d), (2.3), (2.4), (2.8) and (2.9),
(RP) is a proper relaxzation of (P) in the sense that

a) (RP) has always a solution,

b) min(RP) = inf(P),

c) every cluster point of every minimizing sequence of (P) solves (RP), and
d) every solution of (RP) can be attained by a sequence minimizing (P).

Proof. See [25, Proposition 2.2 with Example 4.1] and realize that H is here supposed
separable, which allows us to work in terms of sequences in Y7, (Q; R™"). O
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3. Approximation of (RP)

We want to approximate (RP) directly. For this reason, we make a discretization of the
admissible subset of WHP(Q;R™) x G5 (Q; R™") on which (RP) is defined and change

the structure of the constraints to make them readily implementable.
We will use the finite-element technique, supposing, for simplicity, that €2 is polyhedral.
For any d > 0, let 7 be a triangulation of (2 consisting of elements (=simplexes) of the

diameter not exceeding d. For d > d’ > 0, we suppose that 7; C 7y, this means 7y is
a refinement of 7;. Furthermore, we suppose that the family {7;}4~¢ is regular in the
sense of [10], i.e. there is € > 0 such that each element of each 7; contains a ball of

radius ed. Our aim is to approximate W1P(Q; R™) by element-wise affine functions and
YE(Q;R™") by element-wise constant (=homogeneous) generalized Young functionals.
As for the former discretization, we put simply

Ug = {ue WP(Q:R™); VE € Ty : u|g affine} . (3.1)
The latter discretization is performed by the projection operator P;: H — H defined by

1

[Pgh)(x,y) = meas(E)

/h(i,y) dz it e Fel;. (3.2)
E

Note that this projector is continuous with respect to the norm (2.3), and so is the adjoint
projector Py : H* — H*. We put

Yy = PiYR(OQ;R™) . (3.3)

Proposition 3.1. Yy is convex, weakly™ o-compact, weakly™ locally compact subset of
YE(QR™). If V is also finite-dimensional, then Yy is strongly locally compact. More-
over, for alld > d' > 0, we have Yy C Y.

Proof. The (quite nontrivial) inclusion Yy C Y7(Q2; R™") was proved in [24, Lemma 3.2

with Sect. 4.1].
For the convexity and o-compactness of Yy we refer to [26, Section 3.5].
For the local compactness we refer to [27, proof of Theorem 2.1], if one realizes that

Ja he(z, y(x)) dz — +oo for [|yl| ppo;rmn) — 400 for he from (2.4). Also note that PgH
with H from (2.1) and P, from (3.2) is finite-dimensional provided V' is so.

The monotonicity of the sequence {Yy} follows, as in [26, Section 3.5], from Py = Pjo Py
which holds whenever d > d’ > 0 as a consequence of Ty C Ty. O

Supposing, for simplicity, that the extended potential ®(u,n) can be evaluated exactly
for every u and 7 which are element-wise affine and constant, respectively, we can define
our approximate problem:

minimize  ®(u,n)
subject to w € Uy, n €Yy, (RPy)
adj, Vu = (1®adjg)en foralll <s < min(m,n).
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For the convergence analysis, we must inevitably strenghten (2.8). The realistic (cf.
Remark 3.3 below) though a bit restrictive assumption seems to be the following:

vreRY: @: B, x G (QR™) —» R is weaklyxweakly* continuous , (3.4)

where B, = {u € WIP(Q;R™); [ullwip@rmy < 7} Note that (3.4) with (2.8) and
(2.9) make ® the extension of ® in the sense that ®(u,ig(Vu)) = ®(u) for every u €
Whr(Q; R™).

Proposition 3.2. Under the conditions (2.1)-(2.4), (2.8), and (2.9), (RPy) has a solu-

tion (ug,mgq). Moreover, there is a subsequence of {(ug,nq)}a=0 converging weakly™ with
d—0 and, if (3.4) is also valid, the limit of each such subsequence solves (RP).

Proof. First, let us demonstrate that every (u,n) € Uy x Yy satistying adj, Vu = (1 ®
adjg)en for all s = 1,...,min(m,n) is admissible for (RP). Indeed, it suffices to show

n € G%(Q;R™), which, however, follows from [24, Corollary 4.], using the fact that
n € Yy is p-nonconcentrating thanks to the coercivity (2.9), cf. [25]. Therefore, we have
proved inf(RPg4) > min(RP).

The coercivity (2.9) of ¢ implies that the set My(c) = {(u,n) € Uy x Yyg; ®(u,n) < ¢
& adjs Vu = (1 ® adj,)en, s = 1,...,min(m,n)} is contained in w*-cl i(B,) with B, a
sufficiently large ball in W1P(Q;IR™). Then My(c) is weakly* compact because w*-cl
i(B,) is weakly* compact, Uy x Yy is closed in w*-cl i(B,), ® is weakly* l.s.c., and the
mapping (u,7) — adj, Vu — (1@ adjy) en : WHP(QR™) x YA(Q R™) — LP/*(Q; R7®)
is weakly™ continuous; cf. [1, 22]. Also, My(c) is surely non-empty for ¢ sufficiently large,
e.g. for ¢ > ®(0) because (0,iy(0)) is certainly admissible for (RPg). As ® is weakly*

L.s.c., the existence of a solution to (RP4) as well as the existence of a weakly™ converging
subsequence of these solutions follow by the standard compactness arguments.

Now we want to prove that every (u,n) € WHP(Q; R™) x G5 (Q; R™") satisfying Vu =
(1®id) en can be approximated by suitable admissible pairs for (RP4) when d — 0. First,

there is a bounded sequence {uy} € WP(Q; R"™) such that iz (Vug) — n weakly™ in H*.

Also, {u} converges weakly (possibly as a subsequence only) to some @& € W1P(Q; R™).
Then i(uy — @ 4+ u) — (u,n). By mollifying (if necessary) each uj, we can even as-

sume {u} € C®(Q). Let Ilgup € Uy be the linear interpolant of w; on the trian-
gulation 7;. For k fixed and d — 0, we have Ilgu; — wuy strongly in W1HP(Q;R™)
because of the regularity of wg. Therefore iy (VIgug) — ig(Vug) weakly™ in H*
because [q [h(x, VIIgug(z)) — h(z, Vug(z))]dz — 0 for any h € H as a consequence
of the continuity of the Nemytskii mapping y +— hoy : LP(Q;R™) — LY(Q). At
the same time, the pair i(Ilgug) = (Igug, ig(VIgug)) is admissible for (RP;) because
(1®adj,)eig(y) = adj, y for any y € LP(Q; R™") and, in particular, also for y = VII u,
and because Ilgur € Uy hence ig(VIgug) € Yy Without any loss of generality, the

sequence {uy} can be considered bounded in W1P(Q;R™). Then also {Ilqu;} C B, for
r large enough and {ig (VI ui)} is bounded in H*. Realizing the metrizability of the
weak™ topology on i(B,) (recall that H is separable), we can select a subsequence such

that Igu, — u weakly in WIP(Q; R™) and iy (VIIgu,) — 7 weakly* in H*. Let us
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suppose that (u,n) is a solution to (RP). We have ®(Iguy, iy (VIlgug)) > min(RPy) >
min(RP). As @ : B, x G%,(Q;R™) — R is weaklyxweakly* continuous, we obtain
O(Mgup,ig (VIgug)) — ®(u,n) = min(RP), which shows min(RP;) — min(RP) for
d— 0.

The rest of the assertion follows immediately by the standard compactness arguments,
taking into account the coercivity of the problem. O

An example for ® satisfying (3.4) is

®(u,n) = (n,pou), (3.5)

where [p o u|(z, A) = p(z,u(z), A), provided

Vu e WH(QR™): pouec H &

Vre RT: wurs gou: (B,,weak) — (H,norm) is continuous .

(3.6)

Remark 3.3.  Sometimes it may happen that for {IIju;}, constructed in the proof
of Proposition 3.2, iy (VIlzug) converges to n not only weakly™ in H* but even in the
standard dual norm || - ||g=. Then Proposition 3.2 remains valid if (3.4) is weakened,
so that @ is to be continuous only from (B,,weak) x (G%,(Q; R™"),norm) — R. This
appears in a trivial but important case V' = {0} and min(m, n) = 1. Then Y7 (Q; R™") =
LP(£2; R™™) and our theory basically coincides with the standard finite-element approx-
imation of a convexified problem: minimize ®**(u) = [, ¢™* (2, u(z), Vu(z)) dz with
©**(x,u,-) being a convex envelope of ¢(z,u,-). Typlcally ©*ou & H and ®(u,y) =
Jo ™ (z,u(z),y(x)) dz is not weakly continuous but only norm continuous. More gen-

= Lp/(p_l)(Q;]Rm") ® {id} with min(m,n) arbitrary.
Then ®(u,y) = [, 9" (z,u(z),y(x)) dz. However, e.g. for the classical LP-Young mea-
sures (i.e. for H = LY(€; Co(R™"))) it is easy to see that the remainder Y7 (€ R™) \

ig (LP(Q;IR™")) cannot be reached from LP(2; IR™") with respect to the norm topology
of H* and therefore (3.4) cannot be weakened in general.

erally, the same effect is for H

4. Implementation of a solution to (RPy).

In principle, V' can be finite-dimensional and then Pj(H*) is also finite-dimensional and

therefore (RPy), being defined on a subset of the finite-dimensional linear space Uy X
Pj(H™), can be implemented directly on digital computers. In the opposite case when V'
is infinite-dimensional, we must (and may) use special properties of the solutions of (RP)
because our task is not to implement every admissible pair (u,n) for (RP4) but only a
subset of admissible pairs which contains (some of) the solutions to (RPg). The basic
tool here consists in enough selective and informative optimality conditions for (RPg).
Such conditions, of the Euler-Weierstrass type, were generalized for relaxed vectorial
variational problems in [25]. Here we will adapt them for our (semi)discretized problem
(RP4). Throughout this section d > 0 will be fixed.
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Let us introduce the “discrete” Hamiltonian Hd A€ Hy = Py(H) defined, for A =
(AL, s Amin(m,n)) With Ay € Lo(€; ]RU(S)) element-wise constant, by

min(m,n)
M (y) = —Palpow)+ Y A@adi, . (4.1)
s=1
Moreover, we will assume that
1 m 890 -~
Yu e WHP(Q; R™) - 500U W @€ By p CH bounded , (4.2a)

(e {g_go o u} @ (WHP(Q; R™), weak) — (H,norm)  equi-continuous (4.2b)
u

with respect to @ from the unit ball By of W1P(Q;R™).

Proposition 4.1. Let p > min(m,n), (2.9), (3.6) and (4.2) be valid, and (u,n) be
a solution to (RPy). Then there exists A\ = (A1, ..., Amin(mn)) With As € L>(; R’®))
element-wise constant such that the following integral identity is valid:

mln

/ Z )\ aad‘]S(Vu(x))~V’ZL(x) _ [(g—iou)on](x) @) | de = 0 (4.3)

Q

for all uw € Uy and the following “Weierstrass-type” mazimum principle holds:

[Hi)\on] (z) = max Hu)\(:c A) foraa. zeQ. (4.4)
AcR

Sketch of the proof. First, let us notice that (RP;) has the form

minimize ~ ®(u,n)
subject to uw €Uy, n€Yy C PJH", (RPy)
N(u) = Ln,

with Uy and P;H* Banach spaces, Yy closed convex, N: Uy — Hmm (m.n) Lq(Q; ]RU(S)) :
u — (adj, Vu)zmri(m ™ smooth and (for min(m,n) > 2) nonlinear with Lg(Q; R%®))

L>=(; R?)) denoting the space of element-wise constant functions Q — R®), and L :
min min(m,n)
Pi(H*) — Hszl(m’n) La(Q;R7G)) - ((1 ® adjs)on) ) linear and continuous.
K
Also, (4.2) make ® continuously Fréchet differentiable with & (u,n) = ((g‘i ou)en,po u)
€ Uj x H. Moreover, as in [25, Lemma 3.3], we can prove that L is surjective on

Yy. Identifying Ld(Q;]R"(S)) with its own dual, we can use the theorem by Zowe and



T. Roubicek / Numerical approzimation of relaxed variational problems 337

Kurczyusz [29], which gives the following necessary optimality conditions for (RP/): there
is A = (A1, s Amin(mn)) With As € La(€; R¢)) such that

[N (W)]*A+ @), (u,n) = 0 € UJ, (4.5)
VieYy: (L*A—®(u,n),n—17m)>0. (4.6)

After routine calculations, (4.5) gives (4.3). As for (4.6), notice that L*\ — (f;?(u,n) =
Zmin(m’n) As ® adjy —p ou and n = Pjn and ) = P;). Then (L*\ — CTD%(u,n),n —7) =

s=1

<n — 1, Pd(zrsn:hi(m’n) As ®@adjy —po u)> = <n — 7, HY )\>. In other words, (4.6) means

just <77, Hg )\> = maxjcy, <7~), HZ >\>. The Weierstrass-type maximum principle (4.4) fol-

lows from this “integral” maximum principle by a usual localization technique, using also
the assumption p > min(m,n); cf. [25, Theorem 3.2]. O

So far we have the linear combination fozl Oxmy. defined for n, € H* and 0, € R only.
However, we can generalize it naturally for 0, € G C L*°()) by means of the identity:

K

K
Vh e H : <Zeknk, h> =) (hem, Ok) - (4.7)
k=1

k=1

Of course, the left-hand-side duality is between H* and H while the right-hand-side one is
between G* and GG. Note that this extended definition has the previous meaning provided
0. are constant on €.

Corollary 4.2. Let the assumptions of Proposition 4.1 be satisfied and, for every x € €Q,
A= (A1, Amin(mn)) and u € Uy, let [HZ )\] (z,-) : R™ — R attain the mazimum at

no more than K points in R™", and let (u,n) solve (RPg). Then n can be written in the
form

K
n =Y Oim(y), OG>0, > O=1, (4.8)
k=1

with O € L (Q) and yp € L®(Q; R™") element-wise constant. In other words, n admits
a Young measure representation (2.7) with v element-wise constant and v, being a convex
combination of at most K Dirac measures.

Proof. Let (u,n) be a solution to (RP4). By the coercivity of the problem, 7 is p-noncon-
centrating (cf. [25]), and thus it admits a Young-measure representation n = v = {v, }.cq,
cf. (2.7), such that = — v, is element-wise constant. From the maximum principle

(4.4) we can see that [pmn HY | (2, A)vy( dA) = max gcgmn HY | (2, A). In particular,
the probability measure v, must be supported at the set on which ’Hg y(,-) attains it

maximum over R™" which is supposed to consist from no more than K points, let us
denote them by yi(x) € R™", k = 1,..., K. Moreover, these points are independent of

x € FE for each particular element E € 7; because Hg \(+, A) is element-wise constant.
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In other words, v, = Ele Ok (2)dy, () and both 6y and yj. can be assumed element-
wise constant, where d4 denotes the Dirac measure supported at A € R"™". As v, is a

probability measure, 6, > 0 and Zszl 0 = 1. Then (4.8) follows easily from the formulas
(2.7) and (4.7) via the identity: hen = (v, h) = Zle Orh(yg) = Zf:l Orp(heig(yg)) =
he (Zle HkiH(yk)), which holds for any h € H. O

Under the assumptions of Corollary 4.2 it is clear that every solution to (RP4) can be
implemented on digital computers because the number of elements in 7; as well as the
maximal number of Dirac measures needed on each of them are finite. For an example of
the implementation in the scalar case we refer to [23, Sect. 3].

However, it should be remarked that, especially in the case min(m,n) > 2, the condition
in Corollary 4.2 is not easy to be verified. On the other hand, mostly it is quite satisfactory
to implement at least one of the solutions to (RP,) because, even if we are actually able
to implement all solutions, the nonlinear-programming algorithms we have eventually to
use can normally find only one of them. From this standpoint, the following assertion
makes a satisfactory basis for implementation of the problem (RPg).

Corollary 4.3. Let the assumptions of Proposition 4.1 be satisfied. Then there always
exists at least one solution (u,n) to (RPg) such that n is in the form (4.8) with 0}, € L ()
and yp € L>®(Q; R™) element-wise constant and

min(m,n)

K =1+ Y o(s). (4.9)

s=1

Sketch of the proof. Take (ug, 7o) to be a solution to (RPg) and A = (A1, ..., Amin(m,n))
the corresponding Lagrange multipliers. Every pair (ug,n) € Uy x Yy satisfying (1 ®
adjy) en = adj, Vug for s = 1,..., min(m, n) and the maximum principle (4.4) with u = ug
solves (RP4). Indeed, such (ug,n) is obviously an admissible pair for (RPy) and also
®(up,n) = min(RPy) because

(npoug) = (Pin,poun) = (n, Pa(poup))
mln(m n) min(m,n)
= )\ ® adJs HUO )\> — n07 Z )\ ® a’dJS HUQ )\>
s=1 s=1

= (o, Palpoug)) = (Pymo,pouo) = (1o, oup) -
For this identity, we also used that
(717 )‘8 & adjs> = <(1 ® adjs) e, )‘8> = <adjs V’LLO, >‘8> = <(1 ® adjs) * 7o, )‘8> = <7707 )‘8 & adjs)

and

77,7'{“0)\ / HuOA”? dz = max HUO)\(x A) dx = / Huo/\°770 dz

0 4cR™
<7707Hu0, >
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min(m,n)

As aresult, 7 should only satisfy > ;""" o(s) conditions on the momenta (1®adj,)e7,

and also one additional momentum Hgo y 7 which is located however at the maximum of

min(m,n)

a1 o(s))-dimensional

HZO ), o that actually the investigated momenta range a ()
manifold. Then the assertion follows by the Carathéodory theorem applied to a Young-

measure representation of n; see [26, Proposition 4.3.9] for details. O

Let us remark that the estimate (4.9) cannot be improved in general; in other words, there

exist relaxed problems that have no solutions of the form (4.8) with K < ern:hi(m’n) o(s).

E.g., for m = n = 1, one has obviously Zgnziri(m’n) o(s) = 1 but a one-dimensional scalar

problem with a double well potential investigated in [11, 12, 18], having a unique two-
atomic solution, has apparently no one-atomic solution.

5. Some error estimates.

The error estimates we are able to establish here differ from the usual results for elliptic
equations mainly because the problem (RP) is not uniformly convex even if min(m, n) = 1;
for min(m,n) > 2 it is in general nonconvex. This fact implies that we are able to establish
only error estimates concerning | min(RP) —min(RP,)|, which can be considered however
as a significant indicator of the efficiency of the particular method.

In the literature one can occasionally find error estimates also for the solutions (in ap-
propriate dual norms on H* weaker than || - || g+) but it is always for special scalar (i.e.
m = 1) problems possessing a unique solution; cf. [11, 12, 17] for n = 1 or [7] for n > 1.
Besides, except [20, 23], the discretization described in the literature concerns the original
problem (P), hence the discrete problem looks as

minimize ®(u) = /ng(x,u(x),Vu(x)) dz for wueU;. (Py)

The first comparison of the standard discretization (Pg4) with our discretization (RPg)
can be based on the simple observation that

inf (P) = min(RP) < min(RPy) < min(Py) , (5.1)

which follows from the fact that every i(u) = (u,ig(Vu)) with u € Uy is admissible for
(RPg). Therefore our method cannot be worse than the standard discretization as far
as the rate of convergence of the minimum of the discrete problem towards the mini-
mum of the original problem concerns. Both methods lead to nonconvex mathematical-
programming problems, our method having slightly greater dimensionality but of the
same order O(d™") as the standard method provided Corollary 4.2 or 4.3 can be applied.
The theoretical effort behind its implementation and slightly greater dimensionality are
compensated by the fact that sometimes our method can give much faster convergence
than the standard method; cf. Sect. 6 below.

Our aim is to get the convergence min(RP;) — min(RP) of the order O(d*) with some

o > 0. We will consider a subspace H C H equiped with a norm stronger than the norm
of H, so that the imbedding H — H is continuous. Thus H* > H* and we can estimate
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the generalized Young functionals from Y7 (; R™") in the standard dual norm of H*.
Our error analysis will rely on the following general pattern:

Proposition 5.1.  Let (2.9) be valid, let the mapping u — ¢ o u map every ball B, in
WhP(Q; R™) into a bounded subset of H, i.e.

vre R" 3K, e R" Vue B, : |poullg <K, , (5.2)
and let it be (W1=P(Q;R™), H)-Lipschitz continuous on each B, i.e.
Vr e RY 3L, ¢ RT Vu, 0 € B, : |jpou—poillyg < Ly||lu— ully1-oprmy - (5.3)

Also, let us assume that, for every (u,n) € WIP(Q;R™) x YE(Q;R™) and every d > 0,
there exists an admissible pair (ug,nq) for (RPg) such that the sequence {ug}q~q is bounded
in WEP(Q; IR™) and the sequence {(ug,nq)}aso has the following approzimation property

lu = uallwr-anmrmy < Crd|ullyro@mrm) (5.4a)

1n = nall g« < Cad®|Inlla~ - (5.4b)
Then | min(RP) — min(RPy)| = O(d¥).

Proof. First, let us note that, thanks to (5.3), ®(u,n) = (1, ¢ o u) actually defines the
extension of ® which is weakly* continuous on B, x Y4 (Q;R™") for any r € R™.

As always min(RPy) > min(RP), we have only to estimate min(RP;) — min(RP) from
above.

First we will show that ® from (3.5) is (W'~ *P(Q; R™) x H* R)-Lipschitz continuous
on each B, x H* at any (u,n) € B, x H* in the sense

[B(u,m) = S| < Loy (lu—llwr-erqmm +In=7llz.)  (65)

for any (@,7) € B, x H* and some L, € R" depending possibly on r and 7. Indeed, for
u,u € B, and n,1 € H* we can estimate

|D(u,n) = ©(u,n)| = [(n,pou) = (N pow)| < |(n,pou—ypou)
+ln=neow)| < [nllullgou—woitln + |n—"1lglleouly
< Lellnlla=llv — @llywr-ap@rmy + Kelln—allg-

which gives (5.5) with L, , = max(L.||\n| g+, K;).

Eventually, let us take (u,n) a solution to (RP) and (ug,7y) as assumed. Putting r =
SUP0 || tallwip(o;r™) and using (5.4) and (5.5), we can estimate:

min(RPg) — min(RP) < ®(ug,1q) — P(w,n) < Lyyllu — uallyi-an@rm)
+ Leglln=nall g < LegCrd®llullwipommy + LrnpCod®nllm- = O(d) .
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Thus we have reduced the error-estimation problem to the verification of (5.2)—(5.4); in
fact, it suffices to verify (5.4) only for some solution to (RP).

Let us first treat the one-dimensional case, which is especially simple. Recall that through-
out this paper we suppose p > 1, hence we have now W1P(Q;R™) c C%Q;R™)
for Q@ ¢ R! and we can speak about an element-wise affine interpolation of a given
u € WHP(Q:;R™), denoted by Ilzu as usual. In this one-dimensional case, it suffices to
control the spatial smoothness only, using the parameter 0 < o < 1. Thus we define
naturaly the subspace H, C H by

min(m,n
Ho = {ho+ i )gs®adj5 € H; hg € C¥(Q) @V, gs € WP R7¥)) b,
- (5.6)
and endow it with the norm
min(m,n)
I, =, s~ | oholoegonamy + ; 1950 -1 oy | -
(5.7)

where Ry, : H — L*>(Q2 x R™") is defined by [R,h](x, A) = h(z, A)/(1+ |A]P).

Lemma 5.2. Letn =1 and let (u,n) € WIP(Q;R™)x H* be such that (1®id) en = Vu.
Putting ug = Hgu and ng = Pjn, we have ||[ugllyroormy < lullwioormy and (5.4)
fulfilled for H = H,. Moreover, (1 ®1id) eng = Vug, hence each pair (ug,nq) is admissible
for (RPy).

Proof. The identity (1 ®id)eng = Vug follows from (1®id) e Pjn = Ag((1®id)en) and
Vug = AgVu, where A; denotes the operator LP(Q; IR"™) — L*°(Q; R™) which takes the
mean over each element (here an interval, since n = 1). The estimate |[uqlly1oRr™) <
[ully1pormy follows by easy calculations, while (5.4a) can be obtained by interpolation

from standard results from the finite-element method; cf. [10]. The estimate (5.4b) follows
from

[h = Pahllg < Cod®||h| u, (5-8)

by transposition as in [26, Section 3.5]. In view of (2.3) and (5.7), the estimate (5.8) follows
from [lg — Aagllco) < Cd?(|gllco.aq) and from the estimates [|g — AdgHLp/(p,s)(Q) <

Cd*||gllyyer/w-s(q) for s = 0,1. The last estimate can be obtained by interpolation from
the four estimates created by a =0 or 1 and p/(p — s) = 1 or oo, which are obvious. O

Lemma 5.3. Letn =1, ¢ have the form o(x,u, A) = po(x,u) + p1(x, A) with p1 € H,
Jor some 0 < a < 1 and with po(z,-) : R™ — R Lipschitz continuous on bounded subsets
of R™ in the sense

Ve e RT 3L, € LP/P~(Q) Vo € Q Vu, i € R™ :

) ) ) (5.9)
lul <e ful<ec = |po(z,u) — oz, u)| < Le(z)|u — ul

and po(-,0) € LY(Q). Then (5.2) with H = H, and (5.3) are satisfied.
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Proof. For a given r € R" there is ¢ = ¢(r) € R" such that any u € B, = {u €
WHP(QR™); [lullyis@mrmy < 7} take values bounded (in absolute values) by c(r),
hence g can be supposed Lipschitz with a Lipschitz constant L), cf. (5.9).

As for (5.2), it follows from the estimates || o ullm, < [l¢o © ullwar(q) + ll¢1llm, and

d
oo ulwerey < Iewoulwine = [ (lau@)l+ | Lo uw)]) a

) @

[ (10 01+ L) + | uto ) 5o

< leo(@, 0)llLr) + I e | Loro- @ lullwre) -

IN

Furthermore, we can estimate
lpou—potully < llpoou—wooulrio)y < [[Leglpo-ngllv —tllrr@)

which already implies (5.3) thanks to the continuous imbedding W1=*P(Q) C LP(Q). O

Therefore, for n = 1, Proposition 5.1 together with Lemmas 5.2 and 5.3 yields the desired
estimate | min(RP) — min(RPy)| = O(d®). In the general case, this result is likely not
to be much improvable because the data qualifications in Lemma 5.3 are actually very
weak; e.g. we admit ¢(x,u, A) = g(x)v(A) with v € V only continuous and coercive.
On the other hand, in special cases this guaranteed rate of error can be still pessimistic;
sometimes even the convergence of the order O(d*°) can be achieved, cf. Section 6.

In the multidimensional case (i.e. n > 2) the construction 1y = P;n unfortunately does

not work because (1 ® id)e Pjn € LP(2,IR™") need not be the gradient of any function

from WHP(Q; R™) and, if also m > 2, P7n need not be any gradient Young measure even
locally on each element E € 7y, this means Pyn|g ¢ G%(E;R™") in general. Nevertheless,
in the scalar case (i.e. m = 1) a suitable 73 can be constructed by a more sophisticated
way, using a shift operator T), : H — H defined by [T),h](z, A) = h(z, A + y(x)) with
y € LP(Q;R™). Obviously, Ty makes a “vertical shift” of the integrands from H and,
for y € L°(Q;IR™"), it is a linear continuous operator with the continuous inverse 7, e

T_y; in particular, in view of (2.3) it is easy to verify

vr € Rt 3N, € RT Yhe H Vy <€ L®(Q;R™): (510)

Yl zoemmy <7 = (Tyhlla < Nellblla - '
The adjoint operator Ty : H* — H* maps Y;(Q; R™") onto Y};(©2; R™"), making a “ver-
tical shift” of the corresponding Young functionals. The philosophy of our construction of
74 is the following: first shift 7 in such a way that the first momentum of the shifted Young
measure vanishes, then apply the operator P; without falling out of the class G (€; R™"),
and eventually shift the resulted Young measure “almost” back; cf. (5.11) below. To re-

alize this “almost”, we will have to suppose a W1T®>®_regularity of a solution and a
stronger data qualification, requiring a certain weight-Lipschitz continuity of ¢(x,u, -)
weaker than the usual Lipschitz continuity, which would not be a realistic requirement.
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The corresponding subspace of H may be chosen as Hyy, = {h € H; ||l < +oo}
with the norm

|\h||fy,, = esssup  sup < el
P we gaerm [A— AL+ AP+ [AP)

We will use Proposition 5.1 with H = H, N Hyip equiped with the norm [|h|| g,nmy,, =
1P 2+ 12l s,

Lemma 5.4. Letm=1,0<a <1, and let (u,n) € W*>(Q) x YE(;R™) be such
that (1 ® id) en = Vu. Putting

ug = Hgu and  ny = Ty, PiT g,n, (5.11)

we have got [[ug|lw1piq) < llullwirq) and (5.4) with H = Hy N Hyyp fulfilled. Moreover,
ng € Yyg and (1 ®id) eng = Vug, hence each pair (ug,n4) is admissible for (RPy).

Proof. First, (1®id) eng = (1®id) e T, (P;T g,n) = Vug + (1®id) e Py T g, n = Vug
because (1®id) o T%,n = —Vu+(1®id) en = 0, and therefore also (1®id) ¢ P;T* ¢, 1n = 0.
Secondly, let us notice that 7}, and P; commute with each other provided y is element-
wise constant on 7;. In particular, Ty,, Py = Pj1v,, and we can write alternatively 7
= PjTéudevun = Py n. It shows that ng € Yj.

The estimate ||ugllyip) < [[ullprpq) is obvious. The estimate (5.4a) follows by inter-

(ug—u)

polation from the standard estimates [[u — ually1pQ) < 2[|ullwrr@) and [Ju—uqllLrq) <
Cd|lullwrp), cf. [10, Theorem 16.1]. As for (5.4b), we will estimate it as

17 = nalliganm, s < 10— 190wl oA

+ ”Té(ud—u)n - Pd*Té(ud—u)n”[HaﬁHLip]* =1+ Io.
Let us estimate /7. For any r € R™ there is C, such that
[A(z, A) = h(z, A+ A)] < AL+ AP+ A+ AP) k], < CrAIL+ [AP)]|Al|

for any h € Hyz, and A, A € R" provided |A| < r. This gives the estimate

||h—Tyh||H < sup sup |h($,A)—h($,A—|—y(QZ))|

< Crlyllpoemm 1]
2€Q AcR" 1+ AP Pl ooy 12| £

for any h € Hyip and y € L(Q; R") with ||y|| oo (;r7y < 7. From this, for y = V(ug—u),
we get by transposition I3 < ||77—T§(ud_u)77||HEip < G| V(ug—u)|| Lo (r™) |2l 1+ provided
V(ug —u) is small enough, namely |[V(ug —u)|| poo(qrmy < 7. Afterwards we can use the
estimate ||V(ug — ) oo @rmy) < Cd*||ulyy1+a,00(q), Which follows by interpolation from
[10, Theorem 16.1]. This shows I = O(d®).
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By transposition of (5.10), we get || Tyn| g+ < Ny||n|/g+=. Using (5.8), we can eventually
estimate the term [y as follows:

Iy < TS0, —w = PiTgue—willag < Cod®| 15, —pynllas < CoNed®|[n]la-

provided ||V (ug — )| o) < 7. It gives Iy = O(d*) whenever u € W1%(Q); recall that
even u € W1t®°(Q) had to be supposed. O

As for (5.2) and (5.3), we can use readily Lemma 5.3 also for n > 1 with H, replaced
by Ha N Hyip if p > n, which ensures WHP(Q) € L°(€2). Then, for m = 1, Proposition
5.1 together with Lemma 5.3 (modified as outlined) and Lemma 5.4 enables us to get
| min(RP) — min(RPy)| = O(d®) if (RP) possesses at least one solution (u,n) with u €
Witaoe(Q) and if ¢ fulfils the data qualification from Lemma 5.3 with H, replaced by
Hy N Hyp. If p < n, then (5.2) with H=H,n Hip and (5.3) must be verified for each
particular case. E.g., if ¢(x,u, A) = ¢1(z, A), then they reduce to the only requirement
1 € Hy N Hyp. Let us also remark that, supposing additionally (3.6), requirement (5.3)
can be weakened to [[pou—poulg < Ly|u—uy1pqrm) because, due to the regularity

assumption u € W1T%>(Q), we can use |u — ugllwipg) < Crd®||ullyrtapq) instead of
(5.4a).

The error estimates for the case min(m,n) > 2 remains open because no effective formula
to construct an admissible pair (ug,7y) sufficiently near to (u,7n) is known; however, in
very special cases some error estimates for (P;) have been obtained by Chipot, Collins
and Kinderlehrer [8], which yields via (5.1) certain (probably rather pessimistic) error
estimates for (RPy), too.

6. A comparison and concluding remarks.

Let us compare our approximation scheme (RP,;) with the standard scheme (Pg). As
already mentioned, we have always | min(RP) —min(RPy)| < |min(RP)—min(P,)|, hence
our method cannot be worse than (Pg) even in case min(m, n) > 2. Sometimes, it might be
even considerably better. The only analysis of (Py) in multidimensional scalar case under
data qualification similarly weak as in Section 5 was performed by Chipot and Collins,
see [6, 7]. For m = 1, Dirichlet boundary conditions, and ¢(z,u, A) = ¢1(A) + o (u) with
either g = 0 in [6] or some special ¢y having the growth at most O(|u|?) in [7], the error
| min(RP) — min(Py)| is of the order either O(d'/?) if ¢ > 1 or O(d?/4+V)) if 0 < ¢ < 1.
A similar result, namely the rate O(d'/?) for pg = 0, was obtained also by Brighi and
Chipot [5] in a bit different context. Let us remind that, in contrast to [5, 6, 7], we
admitted ¢ to be spatially dependent and our guaranteed rate was O(d%) with 0 < a < 1
depending on the spatial smoothness of ¢ and, if n > 2, also on W1t®>_regularity of at
least one solution to (RP).

Moreover, there are several results concerning the one-dimensional scalar case n =m =1,
see [4, 11, 12, 13, 17, 21]. For p(z,u, A) = v1(A) + ¢o(z,u) with a special g and
with @1 having two wells (=local minima) of the same value and a quadratic growth in
neighbourhoods of these wells, the rate of | min(RP)—min(P4)| was shown to be O(d?). It
is better than our guaranteed general rate, but (5.1) ensures in this special case the order
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also at least O(d?). Moreover, the problems in [11, 12, 13, 17] are so special that even
min(RPyz) = min(RP) because (RP) possesses in these special cases the solution (u,n)
with u affine and 7 homogeneous, which is apparently admissible also for our approximate
problems (RPy) for any d > 0; therefore, in fact, even the rate O(d*) was achieved.

A similar effect can happen even for multidimensional vectorial problems, where no rate-
of-error analysis is disposable for (RPy), neither for (P;). We can demonstrate it on the
potential proposed by Ericksen and James and used by Collins, Luskin and Riordan [13,
14] for numerical experiments in the case n =m = 2:

2
by — boy \ 2
o(z,u, A) = pi1(A) = ki(bry + bag — 2) + kob?y + k3 ((%) —52> . (6.1)

where B = ATA = bij] and ki, k2, k3, e are positive, ¢ < 1. It is known, cf. [13, 14],
that the relaxed problem completed by suitable Dirichlet boundary conditions possesses
the solution u(z) = (A1 + 3 A42)x and 1 homogeneous having a classical-Young-measure

representation as a two-atomic Young measure %5 A, T %5 A, With 64 denoting the Dirac
distribution at A € R**? and

A (vl—g 0 ) s <(1—|—5)\/1—5 evl—e )
1 ’ i —Vl+e (1—-e)Vl+e

Obviously, Rank(A4; — A2) = 1 and (1 ® id) en = Vu. It implies that (u,n) is actually

0 1+¢

admissible for (RP) and obviously also for (RP;) with any d > 0, as well. Therefore we
have got again min(RP) = min(RP4) = 0, hence the rate O(d*) was achieved.

One important remark should be however made to (RP4) with ¢ from (6.1) because it is
not known whether ¢ from (6.1) has a polyconvex quasiconvexification, thus pou = 1®¢;
need not be contained in any H from (2.1) with V' satisfying (2.2). Taking V' satisfying
only (2.2a-d) and containing @7, the extension by (3.5) is made possible but (RPg;) in
general does not approximate (RP) but only the following auxiliary problem

minimize  ®(u,n)
subject to  u € WHP(Q;R™), n € YL(Q;R™), (AP)
adj, Vu = (1® adjg)en for all 1 < s < min(m,n).

It may happen that min(AP) < min(RP) because not every n admissible for (AP) belongs
to G (€; R™) if (2.2¢) is not satisfied. However, by the results from [15] it can be shown

that, if (AP) possesses a solution (u, ) such that the poly- and the quasi-convex envelopes
of 1 from (6.1) coincides with each other at every point A = Vu(z) with x € Q, then
min(AP) = min(RP). This actually applies here because both the poly- and the quasi-

convex envelopes of ¢ from (6.1) are zero at A = LA+ %AQ = Vu.
Additionally, the exponents in (6.1) should be better modified a bit because the present

form of (1 ensures the coercivity in L*(Q; ]RQXQ) via the first term while the third term
can take values +00 on this space.
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