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1. Introduction

When dealing with minimization problem for the given functional I: X — R = R U
{+o0}, X being some Banach space of admissible functions, it is important to know the
behavior of its solutions (i.e. minimum values and points of minima) with respect to small
perturbation of parameters of the problem. In other words, we are to study the problem
of I'-convergence of the functionals I,, to I.

This paper is concerned with minimization problem for functional with deviating argu-
ment defined by the relationship

[<w> = O/f(t7 w(hl(t»a cety w(hk‘<t>>7 "'t(gl(t))? s >:b(gl<t>>> dtv (Voo)
x(t) =0, z(t) =0, whenever ¢t ¢ [0, 1].

where t € [0, 1], (t) € R" is a vector function, {k,l} C N, h;: [0,1] = R, g;: [0,1] = R

and f: [0,1] x R™ x R™ — R. The problem of continuous dependence of its solutions on
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parameters can be stated as follows: suppose we have a sequence of perturbed functionals
of the same type

1

L (x) = O/fu(taw(hf(t))a---758(’12(15));@(9?(15));---@(gzy(t)))df? W)
x(t) =0, ¢(t) =0, whenever ¢ ¢ [0, 1],

hi: 0,1] = R, g7: [0,1] = R, fo: [0,1] X R™ x R™ — IR tending in certain sense to h;,
g;j and f respectively as v — 0o. One is interested in finding out whether in this case the
solutions to the minimization problems (V) (minimum values of the functionals 7, and
the points of their minima @, ) approach the solution to the minimization problem (V)
(respectively, minimum value of I and the points @ of minimum of the latter).

The concept of I'-convergence was introduced in the 1970s by E. De Giorgi (see, e.g., [1])
and afterwards received significant contributions by many authors. In the sequel we
mainly follow its recent developments in control theory by G. Dal Maso and G. But-
tazzo [2,3].

It happens that the standard Sobolev space W1» ((0,1);R"), being defined as the space
of equivalent classes of vector functions, is not well adapted to the study of nonlocal
problems of the above type, and it is much more convenient to conduct the study in the
spaces of absolutely continuous vector functions. In this paper we use the spaces of abso-
lutely continuous functions with the derivatives in some Orlicz spaces, which allow also
to consider the functionals with rapidly (e.g. exponentially) growing integrands. After
reiterating with minor changes and generalizations for this case the standard auxiliary
results for classical functionals (without transformation of the argument) in section 4,
we start with introducing the inner superposition (composition) operators which play the
key role in the further discussion and study various types of their convergence in sec-
tion 5. In the last section we relate the properties of convergence of inner superposition
operators with I'-convergence of the functionals with deviating argument thus solving the
above-posed problem of stability of solutions. Developing the technique introduced in the
paper we consider also some generalizations, e.g. for the functionals with impulsive con-
straints, which most often appear in the optimal control problems for impulsive functional
differential equations.

2. Notation and preliminaries

Recall that the Fenchel conjugate I': X' — R U {£oo} for the functional I: X' —
IR U {+o0} is defined by the formula

1@’y = sup((r, ') ~ 1(x).

For the general properties of the conjugate the reader is referred to [4, p. 35]. In what
follows we also use the Fenchel conjugate in finite-dimensional space referring to it as the
Legendre transformation.

Let LP(0, 1) stand for the standard Lebesgue space of functions integrable on the interval
(0,1) with the power 1 < p < co (or essentially bounded when p = o0). In the sequel we
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make an extensive use of the space L? ((0,1); IR") (further on denoted by L} for the sake
of brevity) of R"-valued vector functions with the components in LP(0,1), equipped by

its usual norm. By ACE denote the space of vector functions with absolutely continuous
components and with the derivatives in L}, equipped with the norm ||z|| ace = |z(0)[ +
||&||p, where |-| stands for the norm in R" (upon the necessity to emphasize the dimension
of the space, the latter will be also denoted by |- |,,). Also by Cy,[0,1] (Cy, for short) we
denote the space of all IR"-valued vector functions with continuous components.

When dealing with rapidly increasing (e.g. exponential) nonlinearities, it is often conve-
nient to use Orlicz spaces. While introducing them here we follow the lines of [5, chapter 4].
Let P: R — [0, +00) be the Young function (i.e. even, convex, lower semicontinuous with
P(0) = 0). Of course, the trivial situations P(x) = 0 and P(z) = +oco are excluded.

In the sequel we denote by LY the Orlicz space of vector functions x: [0,1] — RR", the

components of which are from the Orlicz space LY (0,1) generated by P(z). Equip LY
with the usual Luxembourg norm

||a:||p::mf{A>o: /01P<|a:<T>|/A>drgl}.

Recall that the Lebesgue spaces L% are particular examples of the Orlicz spaces intro-
duced. The corresponding space of absolutely continuous vector functions AC’T]LD is intro-
duced in the same way as ACH. In what follows we will use as well the notion of the

subspace Aé’f (resp. AOCﬁ) of ACT (resp. ACP) consisting of the functions satisfying the
restriction (0) = x(1) = 0.

Consider the associated Young function P’ obtained by the Legendre transform of P [5,
p. 122]. Tt generates the associate Orlicz space Lﬁ " which is closed in the topological dual
(LP)" and coincides with the latter if and only if P(z) is a Ag-function, that is, for each
A > 0 there is & > 0 such that P(\z) < aP(z). For the particular case LY = L one
gets LP = LZ/, where 1/p + 1/p’ = 1. Furthermore, LY is reflexive if both P and P’ are

Ag-functions [5, pp. 124-125]. Another important property of Orlicz spaces generated by
As-functions is their separability.

Note that ACI c C), (as sets). Using the standard arguments involving Young’s in-
equality and the estimate for the Orlicz norm of a characteristic function of the set (for-
mula (4.40) in [5]) one can easily show that the latter immersion is compact provided that

P~Y(z)/z — 0 when z — +oco. This surely holds when P’ is a As-function. It is also
worth noting that the inclusions L € LT C Ll hold for any Young function P(x).

3. Basic facts about I'-convergence

Throughout this section let (X, 7) be a topological space with a topology 7, I,: X — IR,
v € N be a sequence of functionals, I: X — R.
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Definition 3.1. [ is called the (sequential) I'"(7)-limit of I, over X (written I =
I~ (7)lim, 1), if

I =17 (7)lim inf, I, = I'" (7) lim sup, [,,, where
' (7)lim inf, I, (x) := inf {lim inf, [, (z,) : T, 5},

'™ (7)lim sup, I,(xz) := inf {lim sup, I, (x,) : T, 5z},

From now on we restrict ourselves to the following 3 situations:

(C1) X is a Banach space with 7 the topology of its norm.

(C2) X is a reflexive Banach space with separable topological dual X', 7 is the weak
topology.

(C3) X = V' is the topological dual of a separable Banach space V, 7 is the xweak
topology.

In the case (C1) we speak about strong I'~-limits, in the cases (C2) and (C3) about weak

and sweak I'"-limits, respectively. The reference to the topology 7 will be omitted in

the sequel whenever it cannot cause misunderstanding.

Recall that the functional Iy: X — TR is said to be coercive, when Iy(z) — +oo as

l|z||x — oo. The sequence {I,} is then called equicoercive, if I,(x) > Iy(x) for each

v € IN. We will make an extensive use of following criterion for the I'"-convergence which
is the reformulation of the propositions 1.2 and 1.4 from [6].

Proposition 3.2. In the case (C1) I = I'" lim, I, if and only if two conditions are
satisfied simultaneously:

V{r,} X, ze€X, z, >z = I(x) <liminf [,(z,); (1)

Ve e X, H{x,} € X, 2, — x such that I(x) = lim [,,(x,). (2)
The same is true in the cases (C2) and (C3) under the additional requirement that the
sequence {1,} be equicoercive.

The proposition below gives the well-known main property of I'~-limits (see [2], corol-
lary 7.20 and theorem 7.8, corollary 1.25).

Proposition 3.3. Let I =1~ lim, I, and {z,} C X be such that

lim [, (z,) = lim(igl(f L).

I. Ifx, — x, then x provides global minimum for I on X, while

lim(inf 7)) = min 1.
v X X

II. If{I,} is equicoercive, I # +o0, then I is coercive, while there exists a subsequence
Ty, — ¥, the above being valid. Moreover, if I has unique point of minimum x, then
Ty, — T.
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Remark 3.4. In particular, for z, one can take the points of global minima of the
respective [, over X.

It is well-known that the weak I'~-convergence of a sequence of functionals in a reflexive
Banach space with separable dual is closely related to the strong I'"-convergence of their
Fenchel conjugates. To state the exact assertion to be used in the sequel, recall first
that the functional I: X — R U {£o00} is said to be proper, if I(z) # +oo, and lower
semicontinuous, if r, — z in X implies [(z) < liminf, I(x,).

Proposition 3.5. Let X be a reflexive Banach space with the separable dual X', while
the functionals I, I,,, Ip: X — R and their Fenchel conjugates I', I},, I}: X' — RU{+o0}
satisfy the following assumptions:

(i) I and all I, are convex and lower semicontinuous;

(ii) I,(x) > Ip(x) for all x € X, where Iy is coercive, 1)) being proper;

(iii) limy, I},(2") = I'(2) for all 2’ € X', the sequence {I],} being equicontinuous.

Then I,, — I I'" -weakly in X.

Remark 3.6. In the condition (iii) it is enough to require that lim, I},(z") = I'(z") only
for each 2/ € D', where cl D' = X', whenever {I],} is equilipschitzian.

Proof. The condition (ii) implies, by virtue of the proposition 5.9 of [2], that the point-
wise convergence of I}, to I’ over X’  provided by (iii), is equivalent to the I'~-convergence
of I, to I’ in the strong (normed) topology of X’. From condition (i) follows that the
second conjugates I” = I and I] = I,,. Thus, using the fact that all I/, are proper and
the theorem 3.2.4 of [7], one yields the desired result. O

4. Auxiliary lemmata

Recall that g: [0, 1]xIR" — IR is said to be a Carathéodory function, if g(¢, y) is continuous
iny € R" for a.e. t € [0, 1] and Lebesgue measurable in ¢t € [0, 1] for all y € R". Consider
its Legendre transform

J(ty) = sup (yy' — g(t.v)).
ycR"

Introduce the functional J: LY — IR U {#o00} by the relationship

1
J(y) = /O o(t, y(t)) dt. (3)

The statement below which gives the representation of its Fenchel conjugate, is the slight
variation of the proposition 2.1 in [8; chapter IX].

Lemma 4.1. Let g(t,y) be a Carathéodory function, while the functional J given by

(3) be proper in LY. Then the conjugate J': (LYY — R U {+o0} of the latter admits

representation J'(y') = 01 g'(t,y'(t))dt.
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Proof. According to the conditions, there exists y, € LI such that J(y,) # +oo. Given
y € (LY, consider the functions

gj(t) == sup (yy'(t) — g(t, ).
[YI<3lyo(®)]
One observes that the sequence {g;} is nondecreasing and convergent for a.e. t € [0, 1]
to ¢'(t,y'(t)). Moreover, g%(t) > yo(t)y'(t) — g(t,yo(t)) for all j € N, the right hand
side being integrable due to the original assumption. According to the Krasnosel’skii-La-

dyzhenskii lemma on measurable selections [5, theorem 6.2], for each j € IN there is a
measurable vector function y;: [0, 1] — IR", such that |y;(t)| < jlyo(t)| and

g5(t) = y; ()Y (t) — g(t,y;(1)).

Noting that ¢'(¢,4/(¢)) is measurable as a limit of measurable functions and bounded from
below by an integrable function, it is easy to conclude that

/ymwmmzsw /@wawwmw@»ﬁ
0

The analogous upper estimate J'(y') < fol g'(t,y/(t)) dt follows from Young’s inequality.
(]

Consider the sequence of functionals .J,: LE — IR U {00} defined by the formula

1
uwzéawmmﬁ. (4)

Another auxiliary assertion to be used in the sequel concerns its pointwise convergence

to a functional J: LT — IR U {#o0} given by the relationship (3), and follows closely
lemma 3.1 of [6].

Lemma 4.2. Let g,, g, go, ¢°: [0,1] x R" — IR be Carathéodory functions satisfying

the assumptions

(i) For a.e. t €[0,1], for all y € R™ holds one has ¢°(t,y) < g,(t,y) < g0(t,v), g (¢, ")
and g(t,-) being convex, while ¢°(-,y), go(-,y) € L1(0,1);

(it) gv( ) = g(- y) weakly in L(0,1).

Then J,(y) — J(y) for each y € C,,.

Proof. First observe that as ¢°(t,-) and go(t,-) are finite, then g,(¢,-) and g(t,-) are
equilipschitzian according to corollary 2.4 of [8, chapter I, that is, from |y,| < R, |y,| < R
follows that for a.e. ¢t € [0, 1]

l90(t, Y1) — 9u(t,y2)| < Igr(t)|y; — yo|, where
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maXy|<Ro 90(t,y) — min|y|§R0 go(t, Y)
Ry—R
Obviously Iz € L1(0,1). It is also easy to show that g(,y) has the same upper and lower

bounds, and therefore, it has the same estimate for a Lipschitz constant.
For y € C), consider the finite e-net {y;}1”; C R" of y([0,1]) and the respective open

balls B:(y;): |y —y;| < € covering the latter. Let {h;(t)} stand for the partition of unity

on y~}(B:(y;)) and denote Q; := [0,1] Ny~ 1(B-(y;)). Also let R stand for the radius of
the ball covering all y([O, 1]). The estimate

, Ry > R.

Ir(t) =

onlt910) = ot 9O () dt\ <

m

223( /Q (ot 9(0) = byt + | [ (00.90) = ot (0t +
| tatt.vt0) = ate. ity ] ) < 21+ 1)
for sufficiently large v shows the statement. O

5. Convergence of sequences of inner superposition operators

In this section we discuss various notions of continuous convergence of a sequence of
mappings A,: X — Y between two Banach spaces. In the sequel we will be particularly
interested in studying the convergence of sequence of linear inner superposition operators
{Sgv} acting on some space of vector functions «: [0,1] — IR"™ and defined formally by

the relationships
x(g” (1), ¢"(t) €10, 1],
(Spa)l) = { T )
0, g"(t) € [0,1],

where g,: [0,1] — R U {#o00}. Denote by S, the operator
{w(g(t)), g(t) €10, 1],

0, g(t)£[0,1],
with ¢g: [0,1] — R U {zo0}. From now on we assume that both g¢(¢) and all g¥(¢) are

(Sy@)(t) = (6)

almost everywhere finite and measurable. For the sake of brevity we denote ¢° := g.
On the o-algebra of measurable subsets e C [0, 1] define for all v € INU {0} the functions

pgv(e) = meas (g") " () and, when the latter are absolutely continuous with respect to

the Lebesgue measure, the respective Radon-Nikodym derivatives d(l;—g;. The methods of

the explicit calculation of the latter in various particular cases are given in [9, pp. 21-
23]. In an analogous way, for each 7 € [0,1], v € IN U {0} consider the set functions

pgv (T, €) == meas (g")"* (e) N[0, 7] and their Radon-Nikodym derivatives

dug”(7'> (t) = lim /ig’“(Ta [t - g, t+ 5])’
dm e—+0 2¢e

for a.e. t € (0,1).
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Further on we as usual omit the superscript if v = 0. To calculate the above functions
one can use the relationship

d:ug;iﬂ (1) = % meas (g’/)_1 ([0,£)) N[0, 7).

dugl;fl) = d:é’;. Also for every 7 € [0, 1] consider the sets

It is also worth noting that

&) = (") ([0, 7]).

Further on we will write £(7) instead of £y(7) and omit the reference to 7 when 7 = 1.
Let from now on F(X,Y’) denote the set of all mappings between two Banach spaces X
and Y, L(X,Y) stand for the space of linear bounded operators acting in the same spaces.
If X =Y, we write as usual F(X), £(X) respectively.

5.1. Pointwise and continuous convergence

Definition 5.1. The sequence of maps A, € F(X,Y) is said to converge continuously
to Ae FX,Y), AySA, if {o)) C X, 2y — 2 € X = Ayt — Az €Y.

One notes that whether A, are continuous or not, AygA implies that A is continuous
(see Kuratowski [10], Chapter II, § 20, Section VII). Moreover, if all A, are linear, then
it also implies their boundedness as well as the linearity and boundedness of the limit
operator A. Furthermore, it is well-known that for linear operators between two Banach
spaces continuous convergence is equivalent to the strong (pointwise) convergence.

Turn now to the particular case of a sequence of inner superposition operators. At first,
we study the strong (pointwise) and, therefore, continuous convergence of the sequence
Sgv: Cp — LE to the S;: C,, — LE. Observe that for these operators to be well-defined

by the formulae (5) and (6) respectively it suffices to require the measurability of all g,
and g. The assertion below extends the analogous one for Lebesgue space (see theorem 2.1
in § 4.2 of [9]).

Proposition 5.2. Let the Young function P satisfy the Ag-condition. The sequence of
operators Sgv: Cp — LE defined by (5) converges pointwise to Sg: Cp — LE defined by
(6) if and only if the following two assumptions hold as v — 0o:

(i) ¢¥ — g in measure on &;

(ii) meas& AE — 0, where A stands for symmetric difference between the sets.

Remark 5.3. The same result is valid for L7 = Lo if the assumptions are replaced by
(i) ¢¥ — g in L* norm on &;
(ii) meas & AE = 0 starting from some v € IN.

Proof. The necessity has been proved in the theorem 2.1 in § 4.2 of [9]. To prove
sufficiency recall that according to the same theorem Sy — Sy in measure for any

x € Cp, under the conditions (i) and (ii). To show the norm convergence note that

||Sgvx — Sgz||p = inf A,
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where infimum is taken over all A > 0 such that

[ Pusp@1n der [ A 01/ di+

ENE E\EY

l/PW%WNW%%@@UMﬁSL

ENEy

For each fixed A > 0 the first two integrals in this sum tend to zero when v — oo due to the
the boundedness by the value P(max( ) |(t)[/A) meas EAE,, the last one tending to zero

by virtue of the Lebesgue monotone convergence theorem, which shows the statement. O

For the sake of completeness we mention here that the strong convergence of the sequence

of inner superposition operators acting between two Lebesgue spaces has been studied in
[11].

5.2. Weak pointwise convergence

Definition 5.4. The sequence of maps A, € F(X,Y) is said to converge weakly
pointwise to A € F(X,Y),ifforallz € X Ayx — Az €Y.

This type of convergence is clearly strictly weaker than the pointwise convergence unless
Y is a finite-dimensional space. However, for a sequence of linear operators it still implies
their boundedness as well the linearity and the boundedness of the limit operator A. One
notes also that the weak pointwise convergence of the linear operators A, to A is equivalent
to the weak pointwise convergence of their adjoints Al: Y — X' to A" Y/ — X',

We discuss now the case of inner superposition operators.

Proposition 5.5. Let the Young functions P and Q satisfy the Ag-condition, while
®(x) = P(QY(x)) be the Young function with the Legendre transform ®'. The sequence
of operators Syv: Lﬁ — Lg defined by (5) converges weakly pointwise to Sg: Lﬁ — Lg
defined by (6), if

(i) 3A4: Hdd”—

g¥
m

o < A for allv € NU{0};
(i) meas&,(T)AE(T) — 0 when v — oo for any T € [0, 1].

Remarks 5.6.

1. Under the conditions of this proposition necessarily LY Lg .

2. The same result holds when instead of @ its Legendre transform Q' satisfies the
As-condition. In this case weak convergence should be replaced by the %-weak one.

Proof. It is enough to show that
(I)  The sequence Sy has uniformly bounded norms;
(II) Spx — Sy for all z € X, where span X is dense in LL.

Clearly, (I) follows from (i). One should demonstrate also that (ii) implies (II). For this
purpose take

Xo={xpon€e | 7€0,1,j=1,...,n} c LV,
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where x|, stands for the characteristic function of the interval [0,7], e; is the j-th

coordinate unit vector in IR". Observe that clspan X = Lﬁ , because P is a Ao-function.
Taking into account that

SgvX[0,r)€j = Xe,(r)€j and  SgX[o.1€j = Xe(r)€j)

and that for any f € LQI(O, 1)

+

— 0,

1
dt— Al t)dt| < t) dt t) dt
' / \ouir | xew®r ' / N / g

according to (ii), one shows (II). O
It is clear from the proof that condition (ii) of the above proposition is also necessary for
the weak pointwise convergence of the sequence of inner superposition operators between
two Orlicz spaces. In fact, the choice & = x|y -)€; implies then x¢, ;) = Xg(7) In L9(0,1),
wherefrom (ii) follows. On the contrary, condition (i) is only sufficient. For instance if
P =Q, then L?(0,1) = L>=(0,1),
erally speaking not necessary for the uniform boundedness of the operators Syv. However
for the particular case of Lebesgue spaces we can improve at this point proposition 5.5.

Corollary 5.7. The sequence of operators Sgv: Ly, — L, 1 < q < p < oo, defined by
(5), converges weakly pointwise to Sy: L, — L} defined by (6) if and only if

(i) 3A4: H g

< A;
p/(p—q)

(il) meas&,(T)AE(T) — 0 when v — oo for any T € [0, 1].

Proof. One observes that if LT = L}, Lg =L} 1< q<p< oo, then L‘I’/ = Lp/(pw)
It remains to note that the condltlon (i) is also necessary for the unlforrn boundedness of
the operators Sgv (which is an immediate consequence of theorem 1 of [12]). a

5.3. Weak continuous convergence

Definition 5.8.  The sequence of maps A, € F(X,Y) is said to converge weakly
continuously to A € F(X,Y), AV%A, if {x,} C X, 20p~2€X=> Az, ~AzeY.

Obviously this type of convergence implies weak pointwise convergence. The reverse
however is not true even for linear operators. Consider for example, the sequence of linear
operators A,: L?(0,1) — L2(0,1), (Ayz)(t) = z(t) sinvnt. It converges weakly pointwise
to the zero operator, while does not converge in the weak continuous sense. To show the
latter, take the sequence x,(t) = sinvnt (to be more precise, the restrictions of the above
functions to the interval [0,1]), and observe that A,z, does not converge weakly to zero

in L?(0,1). One also notes that due to the statement of Kuratowski ([10], Chapter II,

§ 20, Section VII) from AV%A follows the weak continuity of A (i. e. A maps any weakly
convergent sequence into a weakly convergent one).
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For linear operators it is obvious that for AV%A in £(X,Y) it is sufficient that A, — A’
strongly (pointwise) in £(Y’, X'). If, in addition, X is reflexive and Y is uniformly convex
(in particular, Hilbert) space, then this condition is also necessary. To show this, assume

AV%A in £(X,Y) and consider an arbitrary subsequence of a sequence of operators
{A,} (for brevity we will use the same index v). As ALy’ — A’y for each 3/ € Y, then
I|A"Y|| x < liminf, ||ALy|| x7. On the other hand, according to the Hahn-Banach theorem
there is such a sequence {z,} € X, that ||z,||x = 1 and < x,, ALy >= ||ALY||x".
Extracting a weakly converging subsequence z,, — =, |[z||x < 1, and recalling that the
continuous convergence of a sequence of operators implies the continuous convergence of
any its subsequence to the same limit ([10], Chapter II, § 20, Section VII), one sees that

|43, 9l xr — (2, A'y") < [|A'Y'||x+ and hence A}, y" — A’y'. Therefore, the whole weakly
convergent sequence {Ay'} C X' is compact and thus Ay’ — A'y/.

Now return to the particular case of inner superposition operators acting between two
Orlicz spaces.

Proposition 5.9. Let both the Young functions P, Q) and their Legendre transforms
P!, Q' satisfy the Ag-condition, while ®(x) = P(Q~(x)) be the Young function with the
Legendre transform ®'. If the following requirements are satisfied

(i) 34> 0: || % g < A for all v € NU{0};
(ii) Hdufli;jnm o Hdlég—n(;) . for each T € [0, 1];

(i) meas & (T)AE(T) — 0 when v — oo for each T € [0, 1],

then Sgu%Sg in E(LE,LS). Moreover, if LY = Lk, Lg =Lk, 1 <q<p< +oo, then
also the reverse is true.

Proof. We will show that the adjoint operators S;u: Lg — Lﬁ/ converge strongly
(pointwise) to S;: Lg — Lﬁ " For this purpose it is enough to prove that
(I)  The sequence Sy has uniformly bounded norms;

(IT) S;uy' — S;y’ for all y € Xg C Lgl, where X is defined in the proof of the
proposition 5.5.

Obviously (I) holds due to the fulfillment of the condition (i). Now note that the operators
Sgv converge to Sy weakly pointwise due to the proposition 5.5, and thus

dpgv (7) dpg(7)
SgvX[o.71€j = jm ej — din ej = SyX[0.r)€j

which together with (ii) implies (II).

It is clear that the conditions (ii) and (iii) are also necessary for the weak continuous
convergence of the operators Sgv to ;. However, condition (i) is necessary only in the
case of Lebesgue spaces, which can be proved with reference to theorem 1 of [12]. O
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5.4. Strong continuous and uniform convergence

Definition 5.10. The sequence of maps A, € F(X,Y) is said to converge strongly
continuously to A € F(X,Y), AygA, if{x,} C X, 2p—~2ve€eX= Az, - Az ey.

Of course, the strong continuous convergence implies all the other types of convergences
discussed before. The reference to Kuratowski ([10], Chapter II, § 20, Section VII) also

shows that from AVgA follows the strong continuity of A (i. e. A maps any weakly
convergent sequence into a norm convergent one). In particular, if X is reflexive, then
A is necessarily compact and continuous. Furthermore, one can easily show (see again
[10, p. 109]) that in the case of reflexive X the strong continuous convergence implies the
uniform convergence.

It has been shown (see Theorem 3.3 in § 1.3 of [9]) that an inner superposition operator
acting between two Orlicz spaces cannot be compact and continuous unless it is identically
zero. Hence one concludes that the sequence of inner superposition operators defined on
a reflexive Orlicz space cannot converge strongly continuously to an inner superposition
operator different from zero.

Finally we point out that if the sequence {A,} is compact in totality (i. e. Uy A, (B) is

compact in Y for any bounded B € X)), then AV&A implies AVgA.

5.5. Condition T

In the sequel we need also the following property of the sequence of mappings {A,} C
F(X,Y), closely related to the property of weak continuous convergence:

Ayxy —~yeY =dre X : z, > (T)

The statement below concerns the verification of this condition for the sequence of oper-
ators { Sy} defined by the expression (5) and acting in some Orlicz space.

Proposition 5.11. Assume that the Young function P and its Legendre transform P’
satisfy the Ag-condition. Let for the operator Sg: Lﬁ — Lﬁ and the sequence of operators
Sgv: LY — LE the following conditions hold:

(i)  There is a measurable function v: g(&) — & satisfying v(g(t)) =t for a.e. t € &,

while
e C g(£), mease =0 = measy ' (e) = 0;

(ii) There are numbers a, A such that for allv € N a.e. on [0,1] holds

digy d
0<a<™ <4 0<a<s, 29 <a
dm dm

(iii) Conditions (ii) and (iii) of proposition 5.9 hold.

Then the sequence {Sqv} satisfies property (T').

Remark 5.12. The condition (i) is usually referred to as the w-condition (see [9, pp.
42-44)).

Proof. Let Spx, — y € LP for some {x,} C LI. Thus there is a constant C' > 0
satisfying ||Sgva,||p < C. It is easy to show that condition (ii) implies the uniform
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boundedness from below of the operator norms of Sgv and thus the uniform boundedness

of the sequence {z,}.
On the other hand, it is easy to show by the method used in [13], that due to the conditions

(i) and (ii) the operator S, is continuously invertible in LY. Set then = = Sg ly.
According to the conditions Sgu%Sg in LY. Furthermore, since {x,} is bounded and

thus weakly precompact, (Sg» — Sy)x, — 0. Minding that Sprx, — Syx, we obtain
Sg, — Sgx, which implies x, — x due to the continuous invertibility of S. O

6. I'-convergence for functionals with transformed argument

We start this section with a simple abstract statement which relates various types of con-
vergence of mappings introduced in section 5 with the weak ['~-convergence of functionals
with transformed argument. Let X, Y be reflexive Banach spaces with separable duals
and consider the functionals I, I,: Y — IR. Recall that the linear operator A: X — Y is
called correctly solvable, if ||Ax|ly > C||z||x for all z € X and for some constant C' > 0.
Proposition 6.1. Assume that the sequence I, be equicoercive and equicontinuous (in
norm), while I,, — I T'™-weakly over Y. If the sequence of linear uniformly in v correctly

solvable operators A,: X — Y with dense images in'Y satisfies AV%A in L(X,Y) and
condition (T'), then I,(A,(+)) — I(A(-)) I'™-weakly over X.

Remark 6.2. It will be clear from the proof, that if in addition every A, is surjective,
then the statement is true without the requirement of equicontinuity of 7.

Proof. From proposition 3.2 follows that

yy —yinY = I(y) <liminf I, (y,), (a)

Nt CY, 9 —yinY = I(y) = hlI/n L,(yy) (B)

for every y € Y. The weak continuous convergence of the operators A, to A and the

property (a) imply
r, = xin X = [(Az) <liminf [, (Az,). (aq)

On the other hand, given z € X, according to () there is a sequence y, — Ax satisfying
I(Azx) = lim,, I, (y,). Using the density of the images of each A, in Y, one finds a sequence
{z,} C X, such that ||A,Z, —y,||y — 0 when v — oco. Obviously A,z, — Az. Moreover,
the estimate

[[(Az) — I,(Ayzy)| < [I(Az) — L(yo)| + [L.(AvZy) — L(yo)]|
together with condition (7") provide that z,, — z and

I[(Az) = lim I,,(Ay2,). (B1)

To verify the equicoercivity of I,,(A4,(+)), it is enough to check according to proposition 7.7
of [2] that the sublevels of the latter are uniformly bounded in X. This can be observed
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as an immediate consequence of the uniform correct solvability of A,. To conclude the
proof, it remains to refer to proposition 3.2. O

One should point out that the conditions on the sequence {A,} used in the above result

are in general not necessary for the I'"-convergence of the respective functionals with
transformed argument. To illustrate this consider a particular example of a functional J
and the sequence of its perturbations J,

1 1
J(z) = /O (Syz)2 (t)dt,  Jy(z) = /0 (Sgv)? (t) dt,

where z € L%(0,1), Sgv and S, are the inner superposition operators as introduced by
the relationships (5) and (6) respectively. Changing the variable under the integration
sign and applying proposition 3.5 with lemmata 4.1 (representation of Fenchel conjugate)
and 4.2 (pointwise convergence of the conjugates) one obtains that for .J, to converge

I'~-weakly to J on L?(0, 1) it is sufficient that

dpgv dpgr\ ! dug\ ™"
Ja : d—g >a>0 and < 7 ) — <—g) weakly in L(0,1) (7)

m dm dm

which is certainly much less than required by proposition 6.1.

6.1. Functionals with deviating argument

Now return to the original problem (V) and its perturbations (V,). The Legendre
transforms of f,, f in the last variables are given by the expressions

Fltud) = swp (o0 = f(tu,v)),
veR"

it u,v) = supl('v'v' — fu(t,u,v)),
veR"

Introduce the following set of conditions.

(PO) The Young functions P, @ and their Legendre transforms P’, @) satisfy the Ao-
condition. B
Q1) f, fu: [0,1] x R™ x R™ — R are Carathéodory functions, such that fu(t,u,-),

f(t,u,-) are convex, while for a.e. t € [0,1], for all (u,v) € R™ x R™, v ¢ R

and for some © € R™, a; >0,7=1,...,1, Zé’:l a? >0, b < L'(0,1) holds

l
folt,w, v, 0) > aiP(lvg]) + b(t),

where ¢: [0,1] x R™ — R is some Carathéodory function, ¢(-,u) € L*(0,1).
(Q2) For a.e. t €[0,1], for each {u, us} € R™, v € R™ holds

|fo(t,ur,v) — fu(t,uz,v)| < w(t, |ur — uzlnr),
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where w: [0,1] x [0,4+00) — [0, +00) is a Carathéodory function nondecreasing in
the second variable, with w(t,0) = 0, w(-,u) € L'(0,1) for each u > 0.
(Q3) For any u € Lgk the functionals

1

1
Jy(v) = / ot u(t), v(t)) dt and J(v) = / F(t,u(t),v(t)) dt
0

0

are proper in the space LZ;

(Q4) f1(-,u,v') = f'(-,u,v') weakly in L'(0,1) for all {u,v'} € R™ x R™.

In the sequel we denote for the sake of brevity h? = g, g? := gj. The notations below
refer to v € INU{0}. Define the inner superposition operators Tgv: Cp — Lg, i1=1,...,k
and Sg]y: Lﬁ — Lﬁ, j=1,...,1 by the relationships

x(hi(t)), hi(t) € [0,1], x(g7 (1), g;(t) €10,1],
)(t) = {

Thrx)(t) = Sgy
(Tuy)(1) { o wmepy 0 N OE (Y

7

Also denote

Ty x € Cy— (T;ﬁw,...,Thzw) ELgk, Sqg: €L5|—> (Sgifw,...,Sgluw> ELZ.

Let for each 7 € [0,1],i=1,...,k, j=1,...,1,

g = (W)Y([0,1]), EY(r) == (¢¢)"" ([0,7]).

Again we omit the reference to 7 when 7 = 1 and to v when v = 0.
For the above-introduced operators consider the following assumptions.

(R1) Forany j =1,...,1 the functions g;, g7: [0,1] — RU{=£o0} are almost everywhere
finite and measurable, while

du v
A(a,A): 0<a< dg] (t) < Aae on|0,1], v € NU{0} and
m
dﬂg}’ (1) dpig,(T)
— || ——= as v — 00.
dm ) dm || ps
(R2) meas E]” = 1, while there are measurable functions ’ij: R — [0,1], j =1,...,1,

-1
v € INU {0} such that e C [0, 1], mease = 0 implies meas <fy;’> (e) =0, and
75 (g5 (t)) =t for a.e. t € E.

(R3) Foralli=1,...,k the functions h;, hY: [0,1] — RU{=£oo} are almost everywhere
finite and measurable, while hY — h; in measure on &;.
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(R4) measEYAE; — 0 for each i = 1,...,k and meas EY(7)AE;(7) — 0 for any 7 €
0,1,7=1,...,1.

Theorem 6.3. Consider the functionals I, I,,: AC’f—> R defined by the expressions
(Voo) and (V) respectively. Under the assumptions (P0), (Q1)—(Q4), (R1)-(R4) the fol-

lowing statement holds: if {x,} CACE is such that

lim [, (x,) = lim( inf 1,).
v 14 o
ACFP

(in particular, when each &, is the point of global minimum of the respective I, over ACE)

and x, — x, then
lim( inf [,) = min [ = I(x).

v
AcCP AcCP

Remarks 6.4.

1. If the sequence {x,} is bounded, then it contains a weakly convergent subsequence
{z,, } for which the statement of the theorem is valid.

o

2. The statement is valid in particular in AC%, 1 < p < oo.

Proof.
Step 1. Consider the functionals G, G: Lgk X Lﬁk — IR defined by the formulae

1 1
GV(u,v):/f(t u(t),v(t))dt and G(u,v) :/f (t)) dt.
0 0

We will prove (see, for instance, the analogous results of G. Buttazzo and G. Dal Maso
[3]) that due to conditions (P0), (Q1)-(Q4) from u, — u in Lgk follows

v, ~vin LY = G(u,v) < liminf G, (u,, v, ); (A)

3w, } € LE such that v, — v € LE; and G(u,v) = lim G, (u,,v,), (B)

where in (B) the the sequence {wv,} is independent of the choice of {u, }. These properties
will be proved below in step 4.
Step 2. Turn now to the original functionals I,,, I and prove properties (1), (2) of propo-

o
sition 3.2. Suppose x,, — x in AC;;. Let then
vy 1= Sgvky, v := Sgx, u, = Tprx,, u:=Thx.

From conditions (R1)-(R4) and proposition 5.9 follows that v, — v in LY and u, — u
in Lgk, and hence (A) implies that /(z) < liminf, [,,(z,), proving (1).
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On the other hand, proposition 5.11 provides the validity of condition (7") for the sequence

of operators {Sgv}. Therefore, if a sequence {Sgva,} is weakly convergent in L, then

so is {#,} in L, and thus {x,} is weakly convergent in ACY’. Conditions (R1) and (R2)
provide the continuous invertibility of Sgv, Sg. Hence (B) implies that there is a sequence

SgvTy, = v, — Vg in Lﬁl such that given Tprx, = u, — up in ng the relationship holds

G(’u,(), 'v()) = lim [,/(:13,/).

Observing by our previous discussion that &, — x in AC’éD , we obtain vy = Sgx,
uog = Tpx and I(z) = lim, I, (x,), which proves (2).
Step 3. At this moment we are going to show that I = ' (w) lim, [,,, where w stands for

the weak topology of ACT’. For this purpose it is enough to prove that the sequence {I,}
is equicoercive and refer to proposition 3.2. To prove equicoercivity, use conditions (Q1)
and (R1), observing that

l l
I,(x) > by +;aj /0 P (| (7) ®]) dt = 1o M;% /O P (o)) dt > I(lellp).

where by € R and Ip(z) — +oo for z — +o0.

At last, having established that [ is the (weak) I'"-limit of the sequence {I,}, it remains
only to conclude the proof referring to proposition 3.3.

Step 4. We prove (A) and (B). Let u, — u in Lgk and consider the functionals .J,, J:
LY — R introduced by the formulae

Jy(v) == Gy(u,v), J(v) == G(u,v).

Proposition 3.5 with the help of lemmata 4.1 and 4.2 implies that .J, — J I'"-weakly over

Lﬁl. This according to proposition 3.2 provides the following two conditions:

(A" Ifv, = vin L, then J(u) = G(u,v) < liminf, J,(v,).

(B') There is a sequence {v,} C L,
J(v).

To prove (A), use (A’) and the lower semicontinuity of each G, (-, v,), concluding

and v € Lfl satisfying v, — v, such that J,(v,) —

G(u,v) < liminfliminf G, (u,, v,) < liminf Gy (u,, vy).
v m v

Property (B) is proved by (B’) and the estimate

1
|G, v) = Gu(uy, )| < [J(v) = Ju(vy)| +/O w(t, [u(t) = wy (t)|n) dt.
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6.2. Nonlocal perturbations of the classical functional

In this section we apply theorem 6.3 to the analysis of the typical situation when the
unperturbed functional (V) has the classical form, that is, does not involve the argument
deviation:

1
/ Pt (1), (1)) dt. (V)
0

where f(t,x(t), z(t)) :== f(t,z(t),...,z(t),&(t),...,&(t)). In this case the Buler equa-
tions written out for the functional (ffoo) are the ordinary differential equations, as it is
usual for such well studied variational problems. Thus one may formulate in other words
that the purpose of this section is to analyze the stability of solutions to the classical
problem of the calculus of variations with respect to the nonlocal perturbations. It is
particularly interesting to note that such a setting can be regarded as the “dual” to the
well-known situations, when the homogenization of the local problems leads to a nonlocal
one (see for instance [14, 15, 16] and references therein).

Replace the conditions (R1)—(R4) by the following ones:

(R1") For any j = 1,...,[ the functions 97 [0,1] — R U {£o0} are almost everywhere
finite and measurable, while

dpigv
A(a,A): 0<a< dg (t) < Aae. onl0,1], v € NU{0} and
m
dpgy (7)
;J — 7P Y1/7) as v — oo0.
m
P/
(R2') meas EY = 1 and there are measurable functions 7;: R — 0,1], 7 = 1,...,1,

-1
v € IN such that e C [0, 1], mease = 0 implies meas (7}’) (e) =0, and
v (g5 (t)) =t for ae. t € EY.

(R3') For all i = 1,...,k the functions hY: [0,1] — R U {#oco} are almost everywhere
finite and measurable, while hY — h, h(t) = ¢, in measure.

(R4') meas&” — 1 for each i = 1,...,k and meas EY(T)A[0,7] — 0 for any 7 € [0, 1],
j=1,...1

Now we claim the following direct corollary from theorem 6.3.

Theorem 6.5.  Consider the functionals I, I,: ACT — R defined by the expres-
sions (Vao) and (V,)) respectively. Under the assumptions (P0), (Q1)—(Q4), (R1')—(R4')

the assertion of theorem 6.3 remains valid.

6.3. Functionals with impulsive constraints

In this section we show how the technique developed can be used to tackle the problems
of I'"-convergence for a sequence of functionals defined on some space different from the
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the standard space of absolutely continuous functions. Such problems most often arise in
applications from optimal control theory. In particular, here we deal with an important
example of '™ -convergence of a sequence of functionals with deviating argument subject
to impulsive constraints, which very often appears when analyzing continuous dependence
on parameters of optimal solutions to controlled impulsive differential equations. To apply
the general scheme used in the proof of theorem 6.3 we construct some special space of
piecewise absolutely continuous functions with prescribed behavior at discontinuity points.
Let the original functional (V) be restricted by the system of impulsive constraints:

Aaz(tl) EiB(ti) —Zl’:(ti—O) :Q‘, 1= 1,...,m, (Coo)

where the points of discontinuity {¢;}/",, 0 =ty < t1 < ... <tp < tpmg1 = 1 are fixed,
while ¢; € R"™ are given vectors. Introduce the space PACE[{t;},] (for short, PACL)
isomorphic to LY x R™™" by the relationship

t
J: (z,0) € LY x R™™" g = Az + D = / z(1)dr +w(t)3 € PACL, (8)
0

where w(t) is the n X (n + mn) matrix

w(t) = (Em X[tl,l]Ena Ty X[tm,l]En) )

E,, is the unit n X n matrix, y(t) is the characteristic function of the set A C [0, 1]. The
inverse of (8) is determined by the equality

Jl: x e PACY — (2,8) = (6z, px) = (&, Ax) € LT x R"T™, 9)

where Az := col{z(0), Ax(t1),...,Ax(ty)}. Thus any element of PACY is uniquely
representable in the form

t m
a:(t):/o (1) dr+x(0) + ) X Aw(ti).

1=1

Introducing the norm ||z||pac = ||&||p + |AZ|ntmn one turns PACT into a Banach
space. The isomorphism J given by the expressions (8) and (9) was first suggested by A.
Anokhin (see [9, § 6.3]). One easily observes that PACYT is exactly the desired space of
piecewise absolutely continuous vector functions @: [0, 1] — IR" continuous from the right
at the given points {¢;}/", and satisfying the impulsive conditions (C) at these points.
It is reasonable to expect that the perturbations of the original problem affect also the set
of constraints, and therefore, we have to deal with the sequence of perturbed variational
problems (V,) restricted by additional conditions

Ax(t]) =x(t]) —x(ty —0) = ¢/, i1=1,...,m, (C))

where again the points of discontinuity are ordered: 0 = tf <17 <... <ty <ty ;=1
Reiterating the above construction we obtain for each functional 7, the respective space
of piecewise absolutely continuous vector functions PACE [{t/}7,] (for short, PACE (v))
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isometrically isomorphic to Lﬁ x R These spaces are however different and so to
study the problem of stability of minimizers of (V) subject to (Cs) as the problem of

['-convergence in PACf one needs extra constructions. For this purpose denote
- t ¢
1 — 1
0= (64 P N0, 101

It is easy to verify that the inner superposition operator S,»: LY — L is continuous and
continuously invertible, while S,vax € PACE whenever © € PACYT (v).

Definition 6.6. The sequence of functions x, € PACh(v) is said to be weakly P-
convergent to & € PACY wyﬁw, if Spva, — @« in PACYE.
Denote by PAC’E , PACS(I/) the subspaces of PACEY  PACF (v) respectively, consisting

of the functions satisfying the constraints (0) = (1) = 0. One can now claim the
following extension of theorem 6.3 to the case of functionals with impulsive constraints.

Theorem 6.7. Lett! —t; and ¢/ — (; when v — oo. Then under the conditions (PO0),

(Q1)~(Q4), (R1)—~(R4) if {x,} € PAC. (v) is such that

lim [, (z,) =lim( inf 1,).
v Y PAC, (v)

(in particular, when each x, is the point of global minimum of the respective I, over

PACS(I/)) and azyga:, then

lim( inf [,)= min [ = I(x).
Y PACK () PACS,
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