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1. Introduction

Functionals depending on curvatures arise in different contexts, such as differential ge-
ometry [30], integral geometry [28], and singular perturbations in the theory of phase
transitions [12]. The study of minimum problems related to functionals of this type is
meaningful in some applications, for instance in the segmentation of images in computer
vision [24,25].

In this article we study the Ll(IRN )-lower semicontinuity and the approximation, via
[-convergence, of a functional F' defined on the class Cgo(]RN ) of all bounded open sets

E eC™ (]RN ), and consisting of two parts: the perimeter of F and an integral over OF
of a suitable function f of the curvatures of OF. If F' reduces to the perimeter functional
then it is lower semicontinuous and it turns out [13,22,23] that the measures defined by

(WYY + W (v)] da, (1.1)

where v is a smooth function, W (t) = t>(1 —t)? and h € N, provide an approximation of
the perimeter as h — +o00. This result has been widely generalized [1,6,26].

The presence here of the curvatures in the energy F'is clearly source of new difficulties. We
start by expressing the curvature term through the signed distance function dg from OF,
and this reflects on the choice of the approximating functionals F},. To be more precise the
following result is a consequence of Theorems 4.2 and 4.3. Let F, F}, : LY(RY) — [0, +o¢]
be the maps defined by

Flu) = / [1+ f(z,Vdg, V3dg)] dHY ™1 ifu=1g, E e C(RY), (1.2)
oE
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and, if v € COO(]RN) has compact support,

Vv Po, V2P,
Fv:/ 1+ f(z, , Y Vol dpug (). 1.3
K0 = fon o O o )] @) (13)

Here HYV~1 is the (N — 1)-dimensional Hausdorff measure, f is a non-negative contin-

uous function, 1p is the characteristic function of E, V2v is the Hessian of v, Py, =
Id —|Vv|™2Vv ® Vv, and j;, (which depend on v) are as in (1.1). Let us extend F and
F}, with value +o0 on the whole L'(IR™). Then, if F is L'(R")-lower semicontinuous on
C°(RY), we prove that

I — lim Fj, =2c¢F  on LY(RY), (1.4)
h—+400

where ¢p = fol VW (t) dt, F denotes the L' (IR™)-lower semicontinuous envelope of F, and

the I'-limit is computed with respect to the Ll(]RN )-topology. More in general, we prove

that (1.4) holds if the measure H™ ! is replaced by a suitable anisotropic surface measure
(see (4.1) and Section (2.1)), provided that the measures py in (1.3) are consequently
modified (see (4.2)).
Our results apply, in particular, to the elastica functional F' (see [14] and [20]) defined, in
dimension N = 2, by

F(1,) = /aEu k[ dH, (1.5)

where £(z) is the curvature of OF at the point z. Since F is L'(IR?)-lower semicontinuous

on CEO(IRz) [2], by (1.4) it can be approximated by the sequence of functionals

2
2
— 1Ay — -3 WV .0V
Fh(v)_/]RQ\{Wm—O} [1+‘|VU| Av — |Vv| Z VZUVJUVUU} } dup(x),

i.j=1

where Vv = (Vqv, Vav) and (V?v);; = V?jv.
Thanks to (1.4) the approximation problem is reduced to study the lower semicontinuity

of F. Conditions on f ensuring that F = F on Cg’o(]RN ) are partially investigated in the
last part of the paper, in which the cases N = 2 and N > 3 are separately considered.
In particular, if N = 3, using a slicing argument [9] we prove the lower semicontinuity
of F' when f is a suitable quadratic form of the principal curvatures (Proposition 6.1).
Moreover, if N > 2, we prove that F = F on Cr° (IRN ) provided that f is a convex
function of the length of the second fundamental form (Theorem 6.3).

The outline of the paper is the following. In Section 2 we give some notation. In Section 3
we give some preliminaries concerning the signed distance function and we recall the notion

of geometric integrand f (next used in the definition of the approximating functionals
F}p), and we show some examples. In Section 4 we define the functionals F' and F}. In
Theorems 4.2 and 4.3 we show the relations between F' and the I'-limit of the sequence
{Fp}. In Section 5 we find, in dimension N = 2, some necessary conditions on f that
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guarantee the lower semicontinuity of F' (Theorem 5.2). Finally, in Section 6 we exhibit
some examples of lower semicontinuous functionals in dimension N > 3.

2. Notation

Let E be a subset of RY, N > 2; we denote by 1 the characteristic function of F, i.e.,
ly(x) =1ifz € E, and 15(z) = 0if 2 € RV \ E. We write F € Cg’o(]RN) if £ is
bounded, open, and near each point x € OF the set E can be written as the subgraph of
a function of class C*°. If £ € C;;O(]RN) its boundary OF is oriented by the inner unit

normal vector field vg; moreover, we say that u : RY - Ris a defining function of OF
if u is of class C*° in a neighbourhood of OF, OF = {u = 0}, £ = {u > 0}, and |Vu| # 0
on OF.

Given p,q € IRN, by p ® ¢ we mean the matrix whose entries are (p ® q);; = piq;, for

i,j=1,...,N. Weset alsop©qg=(p®q+q®0p)/2.
If p e RV \ {0}, by P,: RY — R" we mean the projection matrix on the orthogonal
subspace to p, i.e.,

P,=1d—[p| *pap. (2.1)

Note that if ¢ € RY we have

P,p®q P,=0. (2.2)
We denote by Sym(/V) the space of the real Nx N symmetric matrices. For notational
simplicity we set

T =RY x (R \ {0}) x Sym(N). (2.3)

2.1. Definitions of ¢, ¢°, 6, dg, dg, m, and PN~1

We denote by | - | and d the norm and the distance in RY (in the euclidean sense),
respectively.

In what follows ¢ : ]RgcV X ]RéV — [0, +00] is a symmetric convex Finsler metric, that
is a continuous function which is locally equivalent (uniformly with respect to z) to the
euclidean norm and such that ¢(z,-) is positively one-homogeneous and convex on RY.
We denote by ¢° : RY x ]Ré\i — [0, +00[ the dual of ¢ with respect to £ [27, p. 128],

defined as ¢°%(z,&*) = sup{€ - & : ¢(x,£) < 1}. One can show that ¢° is a symmetric
convex Finsler metric.
We indicate by 0 the distance on RY induced by the metric ¢, and by dz the & signed

distance function from OF positive inside £ C RN , 1.e.,
op(z) = 6(x, RN\ E) — 6(x, ). (2.4)

By dr we mean the euclidean signed distance function from 0F positive inside F.
In the sequel m : RY — ]0,+o00[ is a function of class C'(IR™Y) such that 0 < infm <
sup m < +00.

We denote by H* the k-dimensional Hausdorff measure, for k € IN, 0 < & < N, and
by PV~1 the (N — 1)-dimensional measure associated to ¢ and m, defined, on a smooth
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compact boundary OF, as the restriction to OE of HN~! with density ¢°(xz,vg)m(z),
see [5].
2.2. Definitions of [-convergence and lower semicontinuous envelope

Let Fy, : LY(IRY) — [0, +00] be a sequence of functionals. For any v € L*(RY) set

(I' — liminf F},)(v) =inf {lim inf Fj,(vg): {vp} € LYRY), vy, "2E v in Ll(]RN)}
h—+00 h—+o00

(I' = limsupF},)(v) =inf {lim sup Fy(vp): {vp} CLYRY), vy, "2E yin LI(IRN)}.
h—+o00 h—+o00

We say that the sequence {F}} is I-convergent with respect to the L'(IR™)-topology if

[ —liminf Fj, = T — limsup Fj, =: T' — lim Fj, [13,11]. If F}, = F for any h € IN, the
h—+00 h——400 h—+o00

r - lim F}, is denoted by F and is called the Ll(]RN )- lower semicontinuous envelope of
——+00

F[8).

3. Preliminaries

We recall that if £ € Cp° (]RN ) then there exists a neighbourhood U of OF such that
dp € C®(U) and |Vdg| = 1 in U; moreover, on 0, Vdg = vg and —(N — 1)1 Adg is
the scalar mean curvature of OF (see [18, 14.6]). Since Vdg € Ker(V2dg) in U, we have

Py, V?dgPgy, = Vg onJE. (3.1)

The following lemma, which is useful for the definition of }: in (3.3), shows the relations
between V2dg and V2u, where u is any defining function of OF.

Lemma 3.1. Let F € Cgo(]RN) and suppose that u,v : RY — R are two defining
functions of OF. Then

\Vu| "t Po, V2uPg, = |Vo| t Py, V*Pg, = V3drp  ondE. (3.2)

Proof. Fix z € OE. By [4, Lemma 3.2] we have
Vu(z)| ' V2u(z) = V()| 7' Vo(z) + Vu(z) © g,

for a suitable ¢ € R™. Then (3.2) follows from (2.2) and (3.1). O

Let us recall the definition of the geometric integrand jf associated to f [17].

Definition 3.2. Let 7 be as in (2.3) and let f : 7" — R be a continuous function. We
define the function f : 7T — IR as follows: if (z,p, X) € T we set

~ _ ¥ PpXPp)
fle.p X) =1 ( ) (3:3)

where P, is defined in (2.1).
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The following properties are consequences of (3.3), (2.2) and (3.2).

Lemma 3.3. The function ? 1S continuous, }E = }E and

(i) for any (x,p, X) €T, any A >0, and any q € R”Y we have
F@ A, AX +poq) = f(o,p, X); (3.4)
(i) of E € Cg’o(]RN) and u is any defining function of OF then

f(z, Vu, V?u) = f(z,Vdg, Vdg) = f(z,Vdg, V3dg)  ondE.  (3.5)

Let E € CEO(RN ) and let u be any defining function of OF.
Example 3.4. Let o € [1,+oo[ and let f1, fo : T'— [0, +00o[ be defined as

f1<£L’,p,X) = f1<X>
f2<£L’,p,X) = f2<X>

(N = 1) [ex (X)]*,
(N = 1))~ (X2) ]2

Then fl(Vu, V2u) equals |H|“ on OF, where H is the scalar mean curvature of OF, while
(N = 1) fo(Vu, V2u))? equals, on OE, the sum of the squares of the principal curvatures

2
of OF, and (f2(V?dx))> = (N = 1) SN, [V ds]

Example 3.5. Assume that ¢2, (¢°)? are of class C? and that (¢(z,-))?, (¢°(z,-))? are
strictly convex. Let f: T — [0, +oo[ be defined as

(.. X Z @) + VH) 0 5)X + Vel wrp) - Vllogam)|

Then one can show that f = ?; f(z,Vu, V*u) represents the absolute value of the
anisotropic scalar mean curvature of dE with respect to ¢ and m [5,4].

4. Definitions of the functionals. I'-convergence result

Given the continuous function f : T — [0, 4-00[ we define the map F : L'(RY) — [0, +o0]
as

F(u) = /aE [1+ f(x, Vdg, V2dg)] dPV ! (4.1)

if u is the characteristic function of a set E € C;° (RY), and F = +oc elsewhere. The
integral in (4.1) will be also denoted by F'(F), thus emphasizing the dependence of F' on

the set F rather than on its boundary 0F. Note that by (3.5) we can replace f by }E in
(4.1) without affecting the result.
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4.1. The approximating functionals I,

For any v € C(RY) (the space of functions of class C*°(IR") with compact support)
and h € IN we define the non-negative Radon measures pp on RN by

dup(w) = [h™H(¢(2, Vv))? + hW (v)] m(z) dz, (4.2)

where W : R — [0, +-00[ is defined by W (t) = t2(1 — ¢)? and dz stands for the Lebesgue
measure. For simplicity of notation we omit the dependence on v in the notation of the

measures [j,. We set ¢g = fol VW (t) dt.
Let f : T — [0,400] be a continuous function; for any h € IN we define the map
Fy : LYRY) — [0, +00] as

Fp(v) = /]RN\{W ) [1 + f(x, Vo, VQ’U)] dpp(x) if v € C(RY), (4.3)

and Fj, = +o0o elsewhere. Note the presence of f in (4.3).

The following remark is a consequence of (3.5) and the definition of F', and will be useful
in the proof of Theorem 4.2.

Remark 4.1.  Let {E;} be a sequence in C{°(R") converging in L'(R™) to E with
1p € LY(RY). For any k € N let uy, be a defining function of dE),. Then

lim inf/ [1+ f(x, Vug, VZuy,)] dPY 1 > F(E).
k—4o00 OE),

The main result of this section is contained in the following two theorems.

Theorem 4.2. Let T be as in (2.3), let f : T — [0,+00[ be a continuous function

and let [ be defined as in (3.3). Let F, F}, be the functionals defined in (4.1) and (4.3),
respectively. Then

[ — liminf £}, > 2coF on LY(RM).
h—+o00

Proof. Let u € L'(RY) and let {v;} be a sequence in C°(RY) converging to u in

LY(RYN) such that liminf Fj,(vp,) = (I' — lim inf F)(u) < 400. Passing to a subsequence,
h—+o00 h—+o00

we may assume that the liminf, ., is a limp_, o and that {v;,} converges to u almost
everywhere. We have [pn W (vp) da < O(h™1), so that u is the characteristic function of

some measurable set £ C RY.
As h=Y¢%(x, Vup))? + AW (vy) > 2¢°(x, Vup)/W (vp,), using the fact that ¢°(x,-) is

one-homogeneous and the coarea formula [16] we have

Fh(vh) Z 2/
{IVvy |#0}

1
> 9 / VW (@) / [1+ Tz, wh,v%h)} dPN=1dt.
0 {on=t}N{IV 0 |20}

. Vvh
" [V

|Vop|/ W (vp) [1 +?(ZE,V1}}L, V2vh)} gbo( ) mdz
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Observe that, given h € IN, 9{v;, > t} is compact for every ¢t € ]0,1[. Moreover, Sard’s
theorem [16, 3.4.3] implies that |Voup| # 0 on {vy, = t} for almost every t € ]0, 1], hence

{vh =t} = 0wy > t} and {v, > t} € C°(RY). Let I, C ]0,1[ be such that the
Lebesgue measure |I| of Ij, is zero and {v, > t} verifies the properties listed above for
any t € |0, 1[ \Ip. Letting I := (J; e In we have |I| = 0 and, for any h € N,

Fp(vn) > 2/

V() / 147 (@, Von, Vo) | aPN Tt (44)
0,101 o{n>1}

Using the Cavalieri formula there exist a subsequence {v} of {v,} and aset J C |0, 1[ with
|J| = 0 such that 1p, <4y — 1y = Ein LY(RYN) as k — +o0 for any t € 10, 1[\(I U J).
Fix t € ]0,1[\(/ U J) and set up = vy — t. Using (4.4), Fatou’s lemma, applying Remark
4.1 with E}, replaced by {u; > 0} and observing that Vuy = Vuy, VZu, = Vv, we
obtain

(I' = liminf Fp,)(u) = lim Fp(vp) = lm  Fi(vg)
k—+o0

h—+400 h—+400

> 2/ VW (t) liminf/ [14—7(3}, Vuk,V%k)] apN-1lat
10,1[\IUJ k—+00 Jo{u,>0}

> 2F(E) / VW (t) dt = 2cgF(E).
10,1[\(LUJ)

This concludes the proof. O

Theorem 4.3. Assume that ¢ does not depend on x and that 2, (¢°)? are of class C®
and strictly convex. Let F' and F}, be as in the statement of Theorem 4.2. Suppose that

F is LYRN)-lower semicontinuous on C°(RY). Then
b

[ — limsup F), < 2¢oF on LY(IRM). (4.5)
h—+o00

Proof. Let u € LY(IRY); we can assume that F(u) < 400, so that v = 1p for some
measurable set £ C R™. Let us first suppose that E € CEO(RN), so that F(E) = F(E).
Denote by 7 the minimizer of the one-dimensional functional [ (|¢'|* + W (¢)) d¢ under
the constraints ¢ € H} (R), lim ¢(t)=1, lim ((t) =0, ¢(0) = 1/2. With our choice
t—+00 t——00

of W' it turns out that y(¢) = (tgh(¢/2) + 1) /2. For any h € N let ¢}, = log h. Denote
by xp : [0, +oc[— [0,1] a function of class C* with the following properties: y; = 1 on
[0, 4], Xn = 0 on [2t4, +00], X}, < 0 in Jtp, 2tp[ and [|X, [ oo (s, 26,)) = O(1/logh). Let

Oxn(t) +1—yu(t) ift >0,
inlt) = {7( Panl®)+ 4=l () = n(ht),

1 — A (—t) ift <0,

and
un(r) = w(0p(x)  VoeRY, (4.6)
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where §p is defined in (2.4). One can show that up — 1p in LY(RY) as h — 400 and
that, under our assumptions on ¢ and ¢°, the function dg is of class C* in a suitable

neighbourhood of E. Hence uy, € C°(RY) for any h large enough. Set
Ap={zx € RV : |0p(x)| < hilth}, By ={z € R : hilth < |op(z)] < thlth}.

Using the definition of F}, we have

Putun) = [ dm(e)+ [ Fa Fun, V2un) dino)

+ / din(@)+ | Fla, Vun, V2up) dun(a)
By, By,

= FD(up) + F2 (up) + F2 (up) + F ().

We shall show that

Jim (0 ) + B () = 200 (E), (4.7)
Jim (B () + B () = 0, (4.8)

and this will conclude the proof of (4.5) when E € C;;O(]RN ). We recall a basic property
of 8 [5, Theorem 3.2]: if £ € C;°(R™) then

$°(Vog) = 1 (4.9)

in a suitable neighbourhood of OF, which implies, in particular, that the infimum of |V g|
in this neighbourhood is strictly positive.
Let us prove (4.7). First it is well known [5,6,26] that

lim £V (up) = 2c0 / apN-t, (4.10)
h—+o00 OF

By (4.6), for h large enough we have
Vuy =, (0)Vog,  Viu, =1 (05)VE @ Vg + v, (05)V3iE. (4.11)

Hence by (4.9) and since v' = /W (7), on A;, we have

WY@ (Vup))? + hW (up) = h=" (1(68))* + hW (14(68))
= 29,(6) VW (.(dR)).

In addition, using (4.11) and (3.4) (for z € Aj) applied with A = ~} (dg(z)) > 0, p =
Vép(z) € RV \ {0}, and ¢ = 7% (05 (x))Vig(x)/2, we obtain that

(4.12)

?(az, Vupy, Viup) = }E(:c, Vég, V30g) on Ay, (4.13)
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By (4.12) and (4.13), the fact that |Vép|~! = ¢0<|¥§§|> in a neighbourhood of OF (see

(4.9)) and the coarea formula we get, for h large enough,

Vg
Vig|

B (up) = 2 /A V051 (65) VW (1 (08)) F(z, Vi, V25m)0"( oo )m da

e, _
_9 / O T D) (o, Vou, V255) dPNLdt.
7h_1th {0p=t

We observe now that for any A large enough

/ f(2,Vop, V35g) dPN !
r=t) (4.14)
= | f(a,Vép,V?5E) dPN"1 4 o(h~ty)

oF

for any ¢ € [~h~1t,, h=1ty]. Indeed, if t € [-h~1t,, k1], z € {6 = t} and if 7(z) is
the (unique) projection of x onto JF with respect to the metric ¢, we have z = m(z) +
t(Ve°)(vp(n(2))) [4], Vop(r) = Vip(n(z)) + O(h~'ty), Vidp(z) = Viip(n(z)) +
O(h~'3), and similar relations hold for ¢° and m. Hence, as all A, are contained (for h
large enough) in a fixed neighbourhood of OF where dp is of class C*° and inf |Vég| > 0,
and since ?, ¢° and m are continuous, we have

~ Viég(zx)

5 25 R
(e, V(@) V3op(@)0° (5 7))
Vip(r(r))

= T(rte). Vhp(ae)), Van(r(e)o (omrtl.

Jm(()) + o(h~"ty)

for any x € Ay, and this, together with a change of variables, implies (4.14). We then get

h—l

173
Yo (VW (v (t)) dt

7h71th

h~ e,
o) [ OVIVORD) dt = 1y + 1,

—h_lth

F (up) =2 aE}?(x, Vg, V2g) dpN ! /

Now

h™ V(tn)
/ VOV W (y(t)) dt = / VWI(T)dr — ¢y ash — +o0.
Y(=tn)

—h_lth
Therefore limy,_, 4 o I, = 0, and using (3.5)
lim I,=2c | flz,Vig,V2g) dPN 1 =2¢ / f(x,Vdg, Vidg) dPN -1,
h—+o0 OE OE

Then (4.7) follows recalling (4.10).
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Let us prove (4.8). One can check that

19 = Ul neeqen20) = O, Ahllzec(, 2, = o(h ). (4.15)
Applying (4.9), the coarea formula and (4.15) we have, for h large enough,

Vo
A ) = [ 198100 (o) duno)

2h71th

<o) [ RO + AW (u(0) dt = o(0)
hilth

It remains to show that limp_, 4 FfE4) (up) = 0.

Reasoning as in (4.13) we have }E(:c, Vuy, VZuy) = }E(:c, Vép,V25E) on By. As 6p €

C>®(By,) and infp, |Vog| > 0 for h large enough and since f is continuous, we then have

FY () < i Fa, Vg, V2g) dun(z) < O(1) /B dpp, () = o(1).

The proof of (4.8) is concluded.

We have showed that (4.5) holds for E € CEO(RN). If u=1p € LY(RY) we can find a
sequence {Ej} in C°(RY) converging to u in L'(R™) such that F(E},) — F(E) < +oo
as h — +oo. Then (4.5) follows from the previous case and a diagonal procedure. O

Using Theorems 4.2 and 4.3 we have the following result, which shows that the ['-approxi-
mability of the functional F is reduced to study its lower semicontinuous envelope F.

Corollary 4.4. Under the assumptions of Theorem 4.3 we have

T — lim F), =

2c0F  on Cgo(]RN),
h—+o00

2c0F  elsewhere on L'(RY).

Remark 4.5. Let ¢ € [0,400[ and assume that {vj} is a sequence in L*(RY) such
that Fj,(v,) < ¢ for any h € IN. Then {v;} admits a subsequence converging in L'(RY)
to a characteristic function of a set F of finite perimeter such that F(E) < +oo.

Indeed, as ¢ > Fy(vp) > O(1) [~ h=Y|Voy|? + hW (vy) dx, we have [22] that {v;,} has
a subsequence converging in Ll(]RN ) to a characteristic function of a set E of finite

perimeter. Reasoning as in the proof of Theorem 4.2, one then obtains F(E) < +oo.

5. Lower semicontinuity of F' in two dimensions

In this section we find some necessary conditions on f which ensure the L'-lower semi-
continuity of F' in two dimensions. In view of Corollary 4.4, F' can be approximated via
I'-convergence. A particular case has been illustrated in Section 1, see (1.5).
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Let N =2;if p= (p1,p2) € R? we set pt = (—p2,p1)-
Remark 5.1. If N =2 we have

Vidg = Adg(Vdg)t ® (Vdg)t  on 0F. (5.1)

Proof. It is enough to observe that if p € R?, |p| = 1, and X € Sym(2) is such that
P,XP,= X, then X = tr(X)p™ ® p*. Letting z € 0F, p = Vdp(z), X = V2dg(z) and

using (3.1), the assertion follows. O

Let E € C°(IR?) and let 7y : [0,1(7)] — IR? be an oriented parametrization by arc length of

a connected component of OF (here [(7y) denotes the length of 7). Then at x = v(s) € OF,
we have

Vdp = ()%, Adg=—k, Vg =—-rky®7%, #=rVdg,
where x is the curvature (with sign) of OF.
If f: T =R*x (R*\ {0}) x Sym(2) — [0, +o0[ is a continuous function, using also (5.1)
it follows that at z = v(s) € OF we have

f (2, Vdg,V2dg) = g(v,%,4), (5.2)

where g : R? x (R%\ {0}) x R? — [0, +o0] is the continuous function defined by
g(@, &) = flz,65 6@ n). (5.3)

Theorem 5.2. Let f : T — [0,400] be a continuous function such that f = f (see
(3.3) ) and satisfying the following properties:

«

tr(P, X Pp) for any

(i) there exist constants ¢ > 0 and o > 1 such that f(z,p, X) > ¢ o

(:L‘apa X) € T;
(i) for any = € R? and any p € R?\ {0} the function ¢ — f(z,p*,p® qF) is convex on
R”.
Then the map F defined in (1.2) (with N = 2) is L'(R®)-lower semicontinuous on
C(R?).

Proof. Let F € CgO(IRz) and let {Ep} be a sequence in C’EO(IR2) converging to E in
LY(R?) as h — +oo. We must prove that
F(F) <liminf F(E}). (5.4)

h—+400

We can suppose, possibly passing to a subsequence, that the right hand side of (5.4) is a
finite limit. For simplicity, this subsequence (and any further subsequence) will be still
denoted by {Ep}. Using assumption (i) we then have

sup/ |Adp, |* dH' < ¢ tsup f(x, VdEh,VQdEh) dH! < 400,
nJoE, n Jog,
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so that the L% ,-norm of the curvature of OF}, is uniformly bounded with respect to h.

Since also {H'(0FE},)} is bounded, possibly passing to a subsequence, for any h the set OE},
has a finite number m of connected components [2], and m is independent of h. Let Ay,

be an oriented parametrization of 0E}, [2, Definition 3.2]; then Aj, = {'yflL, e ,7}?}, where
7}; are closed regular simple smooth disjoint curves parametrized with constant velocity
n [0,1]. Let {721, e ,72"} be the H?*%equibounded sequence and let {7*,... v} be

the limit system of curves of class H>® constructed (starting from Ap) in the proof of
Lemma 3.3 of [2]. Then m > n,

O ) D OE, (5.5)

and for any j = 1,...,n we have that 7}? — 7% weakly in H>%([0,1]) as h — 400 (in
particular hlim l('y,ilj) = 1(7%)). Recalling m > n, (5.5) and (5.2), we obtain
——+00

iminf F(E,) > i f[ d
it 1) 2 it 310 +§3/ 90 57 ds

(5.6)

th) e
> HYOE)+ ) liminf / 9V A A7) ds.
]_ h—-+o00 0

By assumption (i), for any = € R? and ¢ € R? \ {0}, the function  — g(z,&,n) is
convex on IR?2. Consequently the functional v — J79(v,%4,%) ds is weakly H 2 (T)-lower
semicontinuous (see, for instance, [8, Section 2.3]), where I C [0,1(~y)] is an open interval.

For any j = 1,...,n let 0 < A; < I(v%). We have Z(V;Lj) > )\j forany j = 1,...,n
provided that h is large enough. Therefore by (5.6)

1 f F(ER) > H (OF) A ds.
pmint 1) 2 008+ [ 009404

Since this inequality holds for any A; < (%) we have

lim inf F(E}) > H(OF) —1—2/ ’YZ] ,Yljj,:}'/ij) ds. (5.7)

h——o00

Using (5.5) and reasoning as in [2, Lemma 3.4] we also have
Z/ g (Y9,449,5%) ds > | f(x,Vdg,Vidg) dH". (5.8)
— Jo OF

Then (5.4) follows from (5.7) and (5.8). O
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Example 5.3.  The function f(p, X) = |p|~*|tr(F,X P,)|* for a > 1 (which corresponds

to }:1 of Example 3.4) verifies the assumptions of Theorem 5.2. Indeed given p = (p1,p2) €
IR‘2 \ {0}7 we ha‘ve7 for q = (C.ha (12) € R27

forp@at) = p| " tr(p® ¢ P,)|" = |pl~*Ip201 — prg2]®,

so that the map ¢ — f(p, p ® ¢*) is convex on R2.

The case in which the integrand f has linear growth at infinity is useful for some appli-

cations, see [25]. In particular the functional F(E) = [;.[1 + ((k)] dH?, where ((t) =
cl|t|21{|t|§7}+ [ealt| — 03]1{|t|>7}, for 7 > 0, 1 >0, 172 = o7 — ¢3, 3 = 2¢17, is
lower semicontinuous on Cp° (R?), see [3, Theorem 6.1]. Hence by Corollary 4.4 F is
the T-limit of the sequence in (4.3) where m = 1, ¢(z,€) = [¢], and f(X) = ¢; [tr(X)[?

Lixesym(@):fie(x)|<ry T(c2l tr(X)] = €3) Lixesym@)|er(x)[>7)-

6. Lower semicontinuity of F' in dimension N > 3

In this section we show some examples of functionals F' in dimension N > 3 depending on

curvatures and which are Ll(]RN )-lower semicontinuous on smooth compact boundaries.
In the proof of the following proposition we use a slicing argument [9].

Proposition 6.1. Let N = 3, let f1, fo be as in Example 3.4 with a = 2, let a,b €
10, +00[, and set

Fp. X) = afi(p, X) +b(f2(p, X)?  VpeR*\ {0}, VX € Sym(3). (6.1)

Then if b > 2a the map F defined in (1.2) (with N = 3) is L' (R®)-lower semicontinuous
on C°(R?).

Note that, if k1, k2 are the principal curvatures of OF, letting H = (k1 + k2)/2 and
K = R1kg, then the functional F in (1.2) corresponding to f in (6.1) can be written as

3
a b
F(E) :/ 1+ 21adpl? + 7 > [Vhdpf?|ar?
OF 4 42.7j:1

b b
— / 1+ g|/-@1 + kol? + = (K3 4 K3)]dH? z/ 1+ (a+b)|H]? — =K] dH?.
OF 4 4 OF 2

Proof of Proposition 6.1.

Let £ € C°(R?) and let {E}} be a sequence in C{°(IR*) converging to £ in L'(IR?)
as h — +o0o. We must prove inequality (5.4). We can suppose, possibly passing to a
subsequence, that the right hand side of (5.4) is a finite limit. Hence, in view of [7,
Remark 29.4.9 with N — 1 = m = 2], possibly passing to a further subsequence, we can
assume that each JFE) has a finite number of connected components independent of h.
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We recall now a particular case of a kinematic formula due to C.-S. Chen [9, Section 5] :

if 7 denotes a plane in IR?, one has

/ [6|H> — 2K] dH* = C2// k* dH' dr, (6.2)
oF m JTNOE

where dr denotes the density for the planes in R? [28, 11.12.5], c2 > 0 depends only on
the dimension, and x denotes the curvature of the curve 7 N JE (note that for dmr-almost
every 7 the curve m N OF is of class C*° by Sard’s theorem, and 7 NJFE = d(r N E)).
Moreover

H?(OE) = 1 / HY(m N OE) dr, (6.3)

where ¢; > 0 depends only on the dimension (see [10, formula (81) with e = 0]).
Observe now that if Ej, — E in L'(IR?), then by Fubini’s theorem for dr-almost every 7
we have 7N By — 7N E in L'(7).

Let us first suppose that b = 2a. For any h denote by Jj, the complement of all planes 7 so

that 7NOE), = (N E}) and 7N Ej, is of class C*°. Using the L!(7)-lower semicontinuity
on Cp°(m) of the map

TNE — / [c1 + cok?] dH1
o(rNE)

proved in [2, Theorem 3.2|, using Fatou’s lemma, letting J = UpJp, (which has zero
dm-measure), and denoting by kj, the curvature of d(w N E},), by (6.2) and (6.3) we have

liminf F(E}) > g/ lim inf / [c1 + cord] dHY dr
h—+00 m\J h—=+oo Ja(rnEy,)

> / / [c1 4 cor?] dHY dr = F(E).
~\J Jo(nE)

(RS

If b > 2a split F as
F(E) = /a ) [% +a{((V2dg) + 2 (Vdg))PY| dH?
+ /8 ) 5+ (b= 20)((V2dp))?] dH> =: Fy(E) + Fo(B)

Then F7 is lower semicontinuous by the previuos case and Fy is lower semicontinuous by
Theorem 6.3 below. This concludes the proof. O

The next remark shows the connection between the second fundamental form of OF and
V2dg, and is useful in the proof of Theorem 6.3.

Remark 6.2. If ij,

with respect to the canonical basis of RY , then ij = —V%jd gVdg on OF. In particular

i,7,k € {1,..., N}, denotes the second fundamental form of OF

N N
D> |ij|2 = > |Vl2jdE|2 on OF.
i,5,k=1 2,j=1
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Indeed, following [19, Proposition 5.1.1 (i)], if d;; is the Kronecker delta, summing over

repeated indices from 1 to N and using the fact that Vdg € Ker(V?dg) on 0F, we get,
at x € OF,

B}y = (81 — V,dpV,;dg) (8, — VideV,4de)(VipdeVide + Vi,dpVide)
= —(6j — VidpV;dp)(VideVidp + VidpVide) = —Vi5dpVidg.

Theorem 6.3. Leta > 1 andlet ¢ : [0, 4+o00[— [0, +oo[ be a strictly convex function such

that ct® < ((t) for any t € [0, +oo|, for some constant ¢ > 0. Let F : C3°(RY) — [0, +o0]
be the map defined by

N-1

1/2
F(E) :/ ([ w2 )] ar, (6.4)
OF i=1
where k1,...,kn_1 are the principal curvatures of OE. Then F is Ll(]RN)-lower semi-

continuous on C;;O(IPLN).

Proof. Let E € C°(RY) and let {E}} be a sequence in C°(IR™) converging to E in

Ll(]RN ) as h — +00. We must prove inequality (5.4). We can suppose, possibly passing
to a subsequence, that the right hand side of (5.4) is a finite limit. Set

— h\2 1/2 N-1
roB) = [ ([t ") an
OFEy, i—1
where K{L, el “?V—l are the principal curvatures of 0F},. We have
sup HY 1 (9E),) < 400, sup L(OE}) < 400, (6.5)
h h

hence, if Hj, denotes the scalar mean curvature of 0E},, by the Holder inequality and the
properties of ( we deduce that

1/d

/ 1] an < o) (K om) e = 0).  (66)
OE),

where a1 4 (a/)~! = 1. We need now some tools of geometric measure theory and we
refer to the book of Simon [28]. We associate to each OF}, the integer (N —1)-dimensional

rectifiable varifold (0FE},15E, ), which can be seen as a measure V), on RY times the

Grassmannian of the (N — 1)-dimensional linear subspaces of R”. The weight \j, of V}

is the measure defined as the restriction of HV~! to 9E),. Using (6.6) and [28, Theorem
42.7 and Remark 42.8] there exists an integer (N — 1)-dimensional rectifiable varifold
V = (M, 0) with weight A}, and a subsequence (still denoted by {V},}) such that V}, = V'
in the sense of varifolds. We claim that

OF C M. (6.7)
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Indeed, let = € OF and let B,(z) be the open ball centered at = with radius r > 0. Since
Vi, = V we have A\, — X, weakly as measures. Using [15, Section 1.9], for any r > 0

such that Ay, (0B, (z)) = 0 (hence for all 7 > 0 up to a countable set) we have

A (Br(@) = lim X(B,(@) = lim HY (B, (@) NOEy) = WY (B, (x) NOE),

where the last inequality follows by using the L!-lower semicontinuity of the perimeter of
a set relatively to B, (z) [15, Section 5.2.1]. Since M = spt(\,), we have € M, and this
proves the claim.

Observe also that by (6.5) and [19, Theorem 5.3.2] V' is a varifold with generalised second
fundamental form in L% in the sense of Hutchinson, and

lim inf L(9E;) > L(V), (6.8)
— 400

where

N
L(V) = /Mm SO IBEEY2)0 arN

ijk=1

and ij are defined in [19, Definition 5.2.5].

Recall now that the Ll(]RN )-lower semicontinuity of the perimeter implies that

lim inf HNYHOE,) > HYL(OE);
— 400

hence, in view of (6.8), to prove (5.4) it is enough to show that

N

L(V) > L(OE) = /a YD B an (6.9)

ij k=1

We firstly remark that M is a measurable countably (HY !, N —1)-rectifiable set. Hence
by (6.7) the tangent space T:?E to OF at x € OF coincides with the approximate tangent
space Té‘/f to M at x € OF for HN~l-almost every z € OF. Therefore the orthogonal
projection Py on TxaE coincides with the orthogonal projection P,, on Té‘/f for HN1-
almost every x € JF. We recall now that each ij(x), xr € M (resp. = € OF) can
be obtained by tangentially differentiating in the A -approximate sense (resp. in the
classical sense) the function Py, (resp. P,j), see [21, Theorem 5.4] and [19, Proposition

5.1.1 (i)]. Since P,z and Py, coincide H™ ~1-almost everywhere on OE N {0 = n}, n € N,
n > 1, they must have on OE N {# = n} the same approximate tangential differential
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HN~1-almost everywhere. Hence by (6.7) and Remark 6.2

N

L)z [ Y B 6 dr
oE el
27.]7
S /
=3 S IBEPI2) an!

Z OEN{0— n} i k 7

; /8Eﬂ{0—n} ijl le
which yields (6.9) and concludes the proof. O

Remark 6.4. In view of Corollary 4.4 we have the following approximation results.
Assume that F is as in Theorem 5.2, (6.1) and (6.4) respectively. Then

(U= lim F)(u) =

200F (u) ifu=1g, F € CEO(IRN)a
h—+00

2coF(u) elsewhere in L'(RY),

where N =2, N =3, N > 2 respectively, Fj, is defined in (4.3) with m = 1, ¢(z, &) = ||
and, concerning (6.4), ? =(((N — 1)?2), where fy is defined in Example 3.4.
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useful discussions.
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