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This paper presents necessary and sufficient conditions for the existence of solutions to cone-constrained
linear equations in some function spaces. These conditions yield, in particular, the classical Fredholm
alternative for compact operators. We use a formulation that under some conditions permits to apply
the Generalized Farkas Theorem of Craven and Koliha. The Poissson Equation for stochastic (Markov)

kernels, the Volterra and Fredholm equations for non-compact operators in L, spaces, are among the
particular cases of potential application.
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1. Introduction

In this paper we are concerned with the existence of solutions to the linear equations
Az =1 (1.1)

and
Az =b, z €8, (1.2)

where A : X — X is a linear operator, X is a Banach space, and S C X is a convex cone.
Of course, the unconstrained equation (1.1) is a particular case of (1.2) with S := X.
Other particular cases are the integral-type equations [7, 10, 11], the Poisson Equation
9] in L, spaces and the Hilbert-Schmidt-type operators.

The Generalized Farkas Theorem of Craven and Koliha [3] permits to characterize ex-
istence of solutions to (1.1) or (1.2) provided the condition “A(S) is closed” is satisfied
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in some appropriate topology. However, this condition is rarely met in practice. For
instance, consider the Poisson Equation (I — P)h = g for a Markov chain with associated
stochastic kernel P, viewed as an operator on X := L,(Q, B, ) (see [9]). The images
(I — P)(X) or (I — P)(S) (where S is the positive cone in X') need not be closed. How-
ever, the case of compact operators P is a notable exception and we will show that the
Fredholm alternative theorem (see e.g. [2, 10]) is an immediate consequence of the Gen-
eralized Farkas Theorem of Craven and Koliha [3]. In addition, we will also show that
our conditions for existence of a solution to (1.1) also reduce to the standard Fredholm
alternative for compact operators when X is a reflexive Banach space.

To circumvent the non-closedness of A(S), and in the same spirit but differently from [12],
we formulate the problem in such a way that, by introducing some appropriate constraint,
one may apply the Generalized Farkas Theorem to the modified system, which yields a
new Generalized Farkas Theorem without this closure condition (see Theorem 2.4). We
then apply this result to the particular case of L, (€, B, i) spaces.

The case X := L1(€, B, i) needs a special treatment and interestingly enough, although
the proof is different, the resulting (necessary and sufficient) conditions of existence can
be represented in a single theorem (Theorem 3.2) that covers all the spaces L, (€2, B, 1),
1 < p < oo. Another slightly different Farkas-like theorem is also given for L;(€, B, i)
when identified with a subspace of M (€2), the space of bounded signed Borel measures
on ).

The paper is organized as follows. In Section 2, after some preliminary results, we present
the new Farkas Lemma without a closure condition. We also consider the special case of
compact operators and show that our conditions then reduce to the Fredholm alternative.
In Section 3, we consider cone-constrained linear equations in the spaces L, (2, B, 11), and
particularize the results obtained in Section 2 in a single theorem (Theorem 3.2 below)
that covers all the cases. In Section 4, we present the proof of Theorem 3.2 with special
attention to the case L. Finally, Section 5 is an appendix summarizing some basic results
that we extensively use.

2. Notation, Definitions and Main Result

Let X be a separable Banach space with topological dual X*. The duality bracket between
X and X* is denoted (.,.). For a convex cone S in X we denote by S* its dual cone, i.e.

S*i={ye X" (x,y) >0 Vx € S}, (2.1)
and for a convex cone 2 in X* we define
QO ={r e X (z,y) >0 VyeQ} (2.2)

and

QF ={r e X|(z,y) >0 Vyec} (2.3)

Remark 2.1. Note that with the natural embedding of X into X**, QT =Q*NX. In
addition, if S is strongly closed, then (S*)* = S (see e.g. [3]). Moreover, (X x R, X* x R)
is viewed as a dual pair with duality bracket ((x,7), (v, p)) := (z,y) + rp.



O.Hernandez-Lerma, J.B.Lasserre / Cone-constrained linear equations in Banach spaces 151

2.1. A preliminary result
In the sequel we will use the following lemma:

Lemma 2.2. Let ' C (X* x R) be the cone {(y,r) € X* x R| ||y|]| < r}. Then T is a
weak* closed convex cone, and I'™ = Q, where

Q:={(z,2) € X X R| ||z|]| < z}. (2.4)

We also have

(0H)* =T, de QF=T. (2.5)

Proof. The fact that I" is a convex cone is trivial. Now, to prove that it is weak™ closed,
from Theorem 5.2 (d), consider a sequence (yn,7,) in I' such that (y,,r,) converges in
the weak™ topology to (a,b) in X* x R, i.e.,

Yn Ba, rn—b as n — oo, (2.6)

where 23 denotes the o(X*, X) (weak*) topology in X*. We want to show that (a,b) € T'.
From (2.6), b > liminf, ||y,|| > ||a|| (see e.g. [2]) so that (a,b) € T'. Since T is weak™*

closed, then (I'")* = T (see e.g. Proposition 1 in [1]) which yields (2.5). We shall now
prove that 't = Q.

1. QCTI7T. It is obvious that
(z,2) € Q= ((y,r), (x,2)) = (z,y) + 7220 Y(y,r) €T,
since (note that both  and z are nonnegative)

(@, )] < [l=[[-][yl] < 2,

yields (z,y) + rz > 0.

2. TtCq.
(v,2) € T = (x,y) + rz > 0 for all (y,7) € I. For any x € X, Jy(z) € X*
such that ||z|| = (y(x),z) and ||y(z)|| = 1 (see e.g. [2]). Thus, for any (z,z) € T'",
(£y(x),1) € I' so that

(z,xy(x)) + 2.1 > 0= [(y(z),z)| (=|lz|]) < 2= (v,2) € Q,
which is the desired result. O

Remark 2.3. Note that if X is a reflexive Banach space, then in Lemma 2.2, (I'*)* =
I'. Let H be a locally convex space with topological dual H’ equipped with the weak*
topology o(H', H). If C' and D are two convex cones in H with closures C' and D, then
(CND)* =C*+ D* (see e.g. [1]).
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2.2. A Farkas Lemma without a closedness condition

In this section, we consider the general linear system
Ar=0b, z€S* (2.7)

where A : X* — Z is alinear mapping, X and Z are Banach spaces and S is a convex cone
in X. W is another Banach space such that (Z, W) is a dual pair. Existence of solutions to
(2.7) can be characterized via e.g. the Generalized Farkas Theorem of Craven and Koliha
[3] (see Theorem 5.1 below). However, in addition to the usual continuity assumptions on
the mapping A, a (restrictive) closure assumption is required on A(S). The purpose of
this section is to present a new Farkas-like theorem without such a restrictive assumption.

Theorem 2.4. Let X be a separable Banach space with dual X*, equipped with the weak
topology o(X,X*) and the weak™ topology o(X*, X) respectively. Let (Z,W) be a dual
pair of Banach spaces, Z (resp. W) being equipped with the weak topology o(Z, W) (resp.
o(W,Z)). Let A: X* — Z be a weakly continuous linear mapping and S C X a strongly
closed convex cone in X. Let A*: W — X be the adjoint mapping of A, and let T" be the
convez cone {(z,r) € X* x RT| ||z|| < r}. Then,
(a) the following two propositions are equivalent for b € Z:
(i)  the system Ax = b has a solution x € S* C X'*.
(i) [weW, ze R and (A*w,z) € (CN(S* x R))t] = (byw)+ Mz >0, for some
M > 0.
(b) If, in addition, X is reflexive, or if the cone 2+ (S x {0}) is strongly closed (where
Q:={(z,r) € X x RT| ||z|| < r}), then the following two propositions are equivalent
forbe Z:

(i)  the system Ax =b has a solution x € S* C X'*.
(i) weW, se S = (bw)+ M||A*w — s|| >0, for some M > 0.

Proof. (a) The system {Az =b, x € S*} has a solution if and only if the system
Ax =b; r=M;||z|]| <r; x € 7 (2.8)
has a solution for some M > 0, or equivalently, if and only if
T(x,r)=(b,M), (x,7)el’'N(S* x R) (with T(z,r):= (Az,1)) (2.9)

has a solution for some M > 0.
We first prove that T'(I' N (S* x R)) is weakly-closed. Let (z4,74) be a net (v € D for

some directed set (D, >)) in I'N (S* x R) such that T'(zq, ) converges weakly to some
(al,ag) in Z x R, i.e.,

Az, converges weakly to a;, and r, converges to as. (2.10)

If ap = 0, then obviously, since (z4,74) € I, ||24|| converges to zero so that Az, converges
weakly to a; = 0, and 7'(0,0) = (0,0).

Now, if ag # 0 then, from (2.10) and the fact that (z4,74) € I' there exists some ag € D
such that for all & > «y, ||za|| < 2a2. Since X'* is the dual of a separable Banach space,
the set {x| ||z|| < 2a2} is weak™ sequentially compact (see Theorem 5.2 (b),(c)). Thus,
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from the net {z,}, one can extract a sequence {z,, } that converges to some z in the weak™
topology o(X*, X'). Moreover, since A is weakly continuous, Az,, converges weakly to
Az = a1. In addition, since 74, converges to ag and liminf; ||z,|| > ||z|| (see e.g. [2]),
we get ||z|| < ag i.e. (z,a2) € I'. Finally, noting that S* is weak™ closed, then z € S*
so that (z,a2) € (I'N (S* x RT)). This combined with T'(z,as) = (a1, az) implies that
T(I'N(S* x R)) is weakly closed.

Since T'((I' N (S* x R)) is weakly-closed, we can appply the Generalized Farkas Theorem
(Theorem 5.1 below) which states that the system {T'(z,r) = (b, M), (z,7) € TN(S*x R)}
has a solution if and only if

[(w,2) €W x R, T*(w,z) € (T'N(S*x R))T] = (byw) + Mz >0, (2.11)

where T*(w, z) = (A*w, z), which yields part (a).

(b) To prove part (b), note that from Lemma 2.2, T" is the dual cone of the strongly closed
convex cone 2 := {(z,z) € X x R| ||z|| < z}. Note also that S* x R is the dual cone of
the strongly closed convex cone S x {0}. Thus, as (0,0) € 2N (S x {0}),

TN (S* x R) = (Q+ (S x {0}))*. (2.12)

As X is reflexive, the cone 2 + (S x {0}) is strongly closed in X x R. Indeed, consider
any sequence (T, Sp, ) with (z,,7r,) € Q and s, € S, such that

Ty + 8, —a and r, — 71 (2.13)

for some (a,r) € X x R and where the first convergence is in the strong topology of
X. From (2.13) and the fact that ||z,|| < 7, we conclude that both z, and s, are
uniformly bounded. From the weak™® sequential compactness of the unit ball in X’ (since

A is reflexive), there is a subsequence (xy,, Sp;, n;) such that z, Y 2 and Sn, % 5. Both
2 and S are weak™ closed (as dual cones of I' and S* respectively) so that (z,7) € 2 and
s € S. Combining this and (2.13) yields (a,r) = (z,7) + (s,0), i.e. (a,r) € Q+ (S x{0}),
which proves that 2+ (S x {0}) is strongly closed.

Thus, by (2.12) and Remark 2.3,

TN (S*x R))T = (Q+(Sx{0})™* =Q+ (S x {0}). (2.14)
Hence, (2.11) reads

(w,2) e WX R, (A'w,z) = (u+s,z2), ||lul| <z se8 (2.15)
= (byw)+ Mz>0 '
for some M > 0, or, equivalently,

weW, seS = (bw)+ M||A*w —s|| >0,

since it suffices to check (2.15) for z := ||A*w — s||. O
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2.3. Compact operators

Let A:= (I — P) where P : X* — X is a compact operator, i.e. P maps the unit ball of
X* into a relatively compact set in X*. We show that the Fredholm alternative (see e.g.
[2]) is a particular case of the (Generalized Farkas) Theorem 5 of Craven and Koliha in
[3]. We then show that our condition in Theorem 2.4 (b)(ii) also reduces to the Fredholm
alternative when X is reflexive.

Note that if P is a compact operator then range(A) is closed (see e.g. [2] Th. VL.6). In
addition, A is also strongly continuous. Thus, one may apply Theorem 5.1 below, with
X =XY=X"5:=X% A:= (I — P) so that, since S* = {0}, we obtain

Corollary 2.5. Assume that P : X* — X* is compact. Let A= (I — P). Then

Az =b has a solution x in X* iff [A*w=0, we X]= (byw) =0, (2.16)

which is the Fredholm alternative.

We now prove that our condition in Theorem 2.4 (b)(ii) also reduces to (2.16), assuming
that X is reflexive.

Corollary 2.6. Assume that X is reflexive and let P and A be as in Corollary 2.5.
Then the condition in Theorem 2.4 (b)(ii) reduces to (2.16).

Proof. As P: X" — X, in Theorem 2.4 let (Z, W) be the dual pair (X*, X).
With S := {0}, the condition (b)(ii) in Theorem 2.4 now reads

(b,w) + M[|A*w|[ >0 Ywe X, (2.17)

for some M > 0, with A* = — P*.

Let V := N(A*) = {w € X| A*w = 0}. As P is compact then so is P* (see Schauder
Theorem in e.g. [2]) and thus V has finite dimension (see [2] p. 90). Therefore, it admits
a topological supplement V¢ such that V¢ is closed, VN V¢ = {0} and X =V + V¢
Note that if w € V, then —w € V so that from (2.17) we must have (b, w) = 0. Hence it
remains to show that

(b,w) + M||A*w|| >0 Ywe V° (2.18)

is always satisfied for some M > 0, so that (2.17) reduces to the Fredholm alternative.
Without loss of generality we may and will assume that ||w|| = 1 in (2.18). Let § :=
inf{||A*w|| | ||lw|]| = 1, w € V¢} and consider a minimizing sequence {w,} in V¢ such
that ||wy|| =1 and ||[A*wy,]|| | 6. We prove that § > 0.

By the weak™ sequential compactness of the unit ball in X (recall that X is separable
and reflexive, and see Theorem 5.2 (c)), Jw and a subsequence {n;} such that wy,, > w

and also A*w,, =5 A*w, where ™2 denotes the (weak* or weak) o(X, X*) convergence.
As V€ is closed, it is also weakly-closed (i.e. o(X, X*)-closed). Thus w € V¢ Let us now
consider the two cases, w # 0 and w = 0.

e If w # 0 then A*w # 0 and as A*w,, Y A*w we have § = liminf; || A wp,|| >
[|[A*w]|| > 0.

e Consider now the case where w = 0. Since P* is compact and ||wp,|| = 1 for all
i, {P*wpy,} is in a relatively compact set for the strong topology in X. Thus, for a
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subsequence again denoted {wy,}, P wy, 2 ¢ in X. Moreover, P*wy, ZPw=0
and thus ¢ = 0, which implies ||P*wy,]|| | 0. Now, from

A wn, || 2 [Jwn, || = [|PFwn, ]
we conclude that de > 0 such that for ¢ large enough
A wn, || 2 [lwn; || —e=1—¢
so that 6 > 0.
Moreover, [(b, wp,)| < ||b]].||wn,|| = ||b]| so that for M large enough, and w € V¢
(b, w) + M||A*w|| > 0.
Hence, in Theorem 2.4, the condition (b)(ii)
(b,w) + M||A*w|| >0 YweX
for some M > 0 reduces to
weX, A'w=0= (byw) =0,

and the proof is complete. O

3. Linear systems in L, spaces

General assumption. (X, B, u) is a o-finite complete measure space, with X a topo-
logical space, and B the completion (with respect to p) of the o-algebra of Borel subsets
of X. In addition, for the particular case of L1, we assume that X is a locally compact
separable metric space.

For 1 < p < o0, let ¢ be the exponent conjugate to p, i.e. (1/p)+(1/q) = 1. We write L,
for L,(X, B, 1), and L; denotes the convex cone of nonnegative functions in L,. Recall

that L, is a Banach space for every 1 < p < oo, with topological dual L, when 1 < p < oo,
the corresponding “inner product” being

(u,v) = /Xuvdu, ue Ly ve L.

In this section, we are concerned with the existence of solutions h € L, to the equation
(I — P)h =0, (3.1)

and

(I-P)h=b, hes, (3.2)

where P: L, — L, is a linear operator, b € L, a given function, and S a convex cone in
L
-
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For instance, in solving equation (3.2) with S := L; , one looks for nonnegative solutions
h € L, to (3.1). The following examples show that (3.1), (3.2) include well known
equations in analysis and probability.

3.1. Examples

P: L, — L, is alinear operator and there exists a measurable function K (x,y) on X x X
such that

Pu(zx) = /X K(z,y)u(y)p(dy) =€ X, Yue Ly

Among particular cases of the above type of linear operators, let us mention:

Fredholm-type kernel. In this case, take for instance X := [a,b] a closed interval on
the real line, and p the Lebesgue measure. Then, define

b
Pu(z) == )\/ K(z,y)u(y)dy, xe€X (3.3)

where )\ is some fixed scalar.

Volterra-type kernel. Again, take for instance X := [a, b] a closed interval on the real
line, and p the Lebesgue measure. Then, define

Pu(zx) := )\/l’ K(z,y)u(y)dy, =xeX (3.4)

The Poisson Equation. Let P be a stochastic kernel on (X, B), ie. P(z,.) is a
probability measure on X for every z € X, and P(., B) is a measurable function on X
for every B € B. Let

Pu(z) == /P(x,dy)u(y), € X, (3.5)

and suppose that P(x,.) is absolutely continuous with respect to u, with density K(z,.),
ie.

Pu(z) == /X K(x,y)u(y)u(dy), r e X. (3.6)

3.2.  Existence of solutions in L,
With P asin (3.1), (3.2), we suppose that for some given p € [1, 0ol

Assumption 3.1.

(a) P maps L, into itself.

(b) The adjoint P* of P maps Ly into itself.

(¢) In addition, ifp =1, P* maps Co(X) into itself, where Co(X) is the separable Banach
space of real-valued continuous functions on X that vanish at infinity, endowed with
the sup-norm (see e.g. [4] or [13]).

We now state the following main result:
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Theorem 3.2. Suppose that Assumption 3.1 holds for a given p € [1,00]. Then:
(a) the equation (3.1) has a solution in L, if and only if

(b,w) + M||(I — Pwllg >0 Yw € Ly, (3.7)

for some M > 0.
(b) The equation (3.1) has a solution in L.} if and only if

(b, w) + M||min[0, (I — P*)wl||; >0 VYw € Ly, (3.8)

for some M > 0.

The proof of Theorem 3.2 requires different arguments depending on whether p = 1 or
1 < p < oo. The proof is given in the next section.

4. Proof of Theorem 3.2

4.1. The case 1 <p < o0

Suppose that p € (1,00] is fixed and b is a given function in L,, and we wish to find a

solution h in L, (case (a)) or a nonnegative solution h in L, to (3.1) (case (b)).
Then, Theorem 2.4 with the identification

X' =Ly, X:=Ly Z:=Ly; W:=Ly; A:=(I—P)

and S* := X* (case (a)) yields Theorem 3.2 (a) in the case 1 < p < oo. Similarly, to
obtain part (b) for 1 < p < oo, let S* be the positive cone in L, with dual cone S = the
positive cone in Lg, and recall that the spaces L, are reflexive when 1 < p < oo.

For the case p = oo, although L is not reflexive, the cone 24 (S x {0}) in Theorem 2.4,
is strongly closed when X := L.

Indeed, let (fn, gn, ™) be a sequence in Lj such that

| fullt <7y rp — 1,gn >0 and liTILn||fn—|—gn—uH1:0.

Then, using the standard notation u™ := max[u, 0] and v~ := max[—u,0], we wish to
prove that u = u™ —u~ is in the cone Q+ (S x {0}), for which (as u™ > 0) it is sufficient
to show that ||[u”|[; < r. To prove this, let {m} be a subsequence of {n} such that
fm + gm converges to u p-a.e., so that, in particular,

(fm+9m)” —u p-ae.
This, in turn (as g, > 0 implies (fi + gm)~ < f,,), yields
v~ <liminf f,,,
and we get ||u”||1 < r since, by Fatou’s Lemma,

[lu™ |l < lminf||f,,||1 < lminf||fp]]1 <7
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This proves that 2+ (S x {0}) is strongly closed and, therefore, Theorem 2.4 (b) is valid.
To see that (3.8) in Theorem 3.2 is equivalent to Theorem 2.4 (b)(ii), note that if S is the
positive cone in L, then 2.4 (b)(ii) with b € Ly, is true if and only if

(b,w) + M|| min[0, A*wl||; > 0 VYw € L,
since for any s € S, [|[A*w — s||; > || min[0, A*w]||, and thus it suffices to check the
condition for s := max[0, A*w].

4.2. The case p =1

We now consider the special case of L; where (X, B, i) is a o-finite complete measure
space, X is a locally compact separable metric space, and B is the completion (with
respect to ) of the o-algebra of Borel subsets of X.

As Ly is not the dual of Ly, we cannot use the weak™ topology as we extensively did in
the proof of Theorem 2.4.

Suppose that b is a given function in L, and we wish to find a nonnegative solution A in

L1 to (3.1). Then, (3.1) has a solution in Lj if and only if the following system
(I—-P)h=0b, (h,1) <M, helLf (4.1)
has a solution for some M > 0, or equivalently, if and only if the system
(I —P)h=0, (h,1)+r=M, (4.2)

has a solution (h,7) in L{ x R for some M > 0.
The dual pair (L1 X R, Lo X R) is endowed with the inner product

((h,7), (u, p)) := {hyu) +7p

where (h,u) := [ hudp for h € L1 and u € L.
Thus we now consider the linear operator A; : L3 x R — L; x R and its adjoint
A7 Lo X R — Ly X R given by

Ar(hyr) == (I = P)h, (h,1) +7), (4.3)

A(u,p) = (I = P*Yu+ p.p). (4.4)

Note that, by Assumption 3.1 (b), A; is weakly continuous and, on the other hand, (4.1)
is equivalent to

Aq(h,r) = (b, M) has asolution (h,r) in L{ x RT (4.5)

for some M > 0. Similarly, if we wish to find solutions h = h™ — h™ in Lq, we consider
the operators

Aq (L1)2><R—>L1><R, and AJ : LOOXR—>(LOO)2><R

given by
Al(hl, hg, 7“) = (([ — P)(hl — hg), <h1 + hg, 1) + 7‘), (4.6)
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Ai(u,p) o= (L= Pyt pp— (I = P*)u, p). (4.7)

Again, A; is weakly continuous, and (3.1) has a solution in Lj if and only if
Ay (hy, ha,7) = (b, M) has a solution (hq, he,r) € (LT)? x RT (4.8)
for some M > 0. Thus Lemma 4.2 below and Theorem 5.1 yield the following proposition

= Theorem 3.2 for p = 1.

Proposition 4.1. Suppose that b € L1 and Assumption 3.1 holds. Then:
(a) The equation (3.1) has a solution in Ly if and only if

(U € Loo,pE R, and —p < (I — P*)u < p] = (b,u) +Mp >0
for some M >0, or, equivalently, if and only if
(byu) + M||(I — P*)ullc >0 Yu € Ly
for some M > 0.
(b) The equation (3.1) has a solution in L] if and only if
[u€ Loo,p€ R, and (I — P*)u > —p|] = (b,u) + Mp >0
for some M > 0, or, equivalently, if and only if
(b,u) + M|| min[0, (I — P*)ul|lscc >0 Yu € Lo

for some M > 0.

Lemma 4.2.
(a) With Ay as in (4.3), Ai(LT x RT) is weakly closed.
(b) With Ay as in (4.6), A1((L])? x RY) is weakly closed.

Proof. The proof of Lemma 4.2 requires in particular Lemma 5.3 (a) in the appendix,
which is an extension of the Vitali-Hahn-Saks theorem.

Remark 4.3.  We use below the following notation: M(X) denotes the Banach space
of finite signed measures on (X, B), endowed with the total variation norm. By the Riesz
theorem (see e.g. [13] p. 130) M(X) is the dual of the separable Banach space Cy(X) in
Assumption 3.1 (c).

Proof of Lemma 4.2 (b). We first give the proof of part (b), and then show that it
also contains the proof of (a). Let us write the convex cone (L{)?x RT as Sy, and for some
directed set (D, <), let {(va,wq, 7o), @ € D} be a net in Sy such that Ay (ve, Wa,Ta),
with Ay as in (4.6), converges to (a,b) € L1 X R in the weak topology o(L1 X R, Loo X R);
that is, for all (u, p) in L X R:

(I = P)(va = wa), u) + ((va + wa, 1) +7a)p — (a,u) + bp. (4.9)
We wish to show that (a,b) is in A;1(S1), i.e. there is (h1, ha,7) in S with

(I — P)(h1 — h2) =a, and (hy+ ho,1)+7r =0. (4.10)
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Now, in (4.9) take p = 0, and then p = 1,u = 0 to get
(I — P)(vg —wgq),u) — (a,u) Yu € Ly, (4.11)

and
(Vo + Wa, 1) + 74 — b (4.12)

respectively. If b = 0, then we are done because in such a case 14, (va, 1) and (wq, 1)
— 0 and we may take h; = hg = 0 and = 0 in (4.10) since a has to be 0.
Let us now consider the case b > 0. By (4.10), there is ap € D such that

0 < |vall1 + l|walli + 70 <20 Va > ay, (4.13)

where we have used that (ve,1) := [vadp = |[vall1 and similarly for w,. For every
a > ag consider the (nonnegative) measures g, ¥, defined as

va(B) ::/ Vodpt, and 1y (B) ::/wad,u, B e B, (4.14)
B B

which, by (4.13), are uniformly bounded by 2b. Therefore (see Remark 4.3), by Theorem
5.2 (b),(c), there is a sequence {a;} in D, such that {yq,} and {1} converge in the
weak™ topology o(M (X)), Co(X)) to measures ¢ and 1 respectively, i.e., Yu € Cy(X):

(ba;,u) = (p,u) and (Yo, u) — (¢, u). (4.15)

From (4.14)—(4.15) and Lemma 5.3 (together with the Radon-Nikodym Theorem and the
fact that ¢, and 1), are uniformly bounded, finite measures) there exist functions h; and

ho in Lf such that

SO(B):/BhldM and ¥(B) :/Bhgdu VB e B. (4.16)

Moreover, (4.15)-(4.16) yield Yu € Cy(X):
(Va;, w) — (h1,uw) (4.17)

since

(o) = [ i = (g0} = ) = (b, ).

Similarly,
(Way, u) — (he,u) Yu e Cy(X). (4.18)

In addition (as p = 1), Assumption 3.1 (c) yields, Vu € Cy(X):
(Pvg,, u) — (Phy,u) (4.19)
since

(Pvag; u) = (vay, PTu) = (pay, Pu) — (@, Pru) = (h1, P*u) = (Phy, u).



O.Hernandez-Lerma, J.B.Lasserre / Cone-constrained linear equations in Banach spaces 161

Similarly,
(Pwq,,u) — (Pha,u) Yu € Cp(X). (4.20)

Thus combining (4.18)—(4.20) and (4.11)—(4.12) we see that hi, hg and the nonnegative
number 7 := b — (hy + ho, 1) satisfy (4.10). As hy, he are in L] this completes the proof

of part (b).
In fact, the latter also yields part (a), taking wo = ho = 01in (4.9)—(4.20) - - i.e. “deleting”
wq and hg (in which case note that (4.6) reduces to (4.3)). O

4.3. The case p = 1: another Farkas-like lemma

In this section we provide another Farkas-like theorem for linear systems in L;. We now
identify L; with the linear subspace N of finite signed measures in M (X) which are
absolutely continuous with respect to u, and we shall use again Remark 4.3.

Note that by Theorem 5.2 (d) and Lemma 5.3, N is weak™ closed in M (X). Moreover,
with p = 1, consider the case where P has a kernel K(z,y) on X x X. Let P(B|z) :=

[5 K(z,y)p(dy), B € B, and assume that Pv(B) := [ P(B|z)v(dz) is finite for all
BeB, ve M(X).
Then, P may be viewed as a linear operator on M (X) and (3.1) (with p = 1) is equivalent
to

(I-Plo=u, g N, (421)
with v, € M(X) and v(B) := [gbdu VB € B; moreover, if we look for a nonnegative
solution, (3.2) is equivalent to

(I -Plp=w,, p€ ANN, (4.22)

where now A is the positive cone in M(X).

The orthogonal complement of N, i.e. Nt := {f € Co(X)| (f,) = 0 Vp € N}, is
(weakly) o(Co(X), M(X))-closed and thus strongly closed. In addition, (N+)+ := {p €
M(X)| {f,¢) = 0 ¥Vf € Nt} coincides with the (weak*) o(M(X), Co(X))-closure of N

(see [2] p. 24) and therefore (N1)* = N since N is weak* closed. Then, we can apply
Theorem 2.4 with

X :=Cy(X); X' :=M(X); Z:=MX), W:=Cy(X); A:=(I—-P)

(X being equipped with the sup norm ||.||) and S* := N = (N+)L = (N1)* in the case
of equation (3.1) or S* := AN N = AN (N+)* in the case of (3.2), which yields
Theorem 4.4. Suppose that b € L1 and Assumption 3.1 holds. Then:
(a) The equation (3.1) has a solution in Ly if and only if

u,w € Co(X), we Nt = (b,u) + M||(I — P)*u—w|| >0

for some M > 0.
(b) The equation (3.2) has a nonnegative solution in Ly if and only if

u,w,h € Co(X), w>0, he Nt = (b,u) + M||(I — P)*u—w — h|| >0



162  O.Hernandez-Lerma, J.B.Lasserre / Cone-constrained linear equations in Banach spaces

for some M > 0, or equivalently, if and only if
u,h € Cy(X), h € Nt = (b,u) + M||min[0, (I — P)*u] — h|| >0
for some M > 0.

Proof. Because of Assumption 3.1, the hypotheses of Theorem 2.4 (a) are satisfied. In
the case of (3.2),

S*=(ANN)=(G+NbH)*
with G := {f € Co(X), f > 0}. As X is not reflexive, it remains to show that Q+(Sx{0})
is strongly closed in Cp(X).

We first consider the case S = N*.
Let (fn, gn,mn) be a sequence in Cp(X) x N+ x R* such that

||fn|| < Th; gneNL§ rp — r and 1i7£n||fn+gn_f|| =0,

where ||.|| denotes the sup norm in Cy(X).
Co(X) with the sup norm is complete so that f € Co(X). Let By :={z € X| f(x) > r}
and By := {x € X| f(z) < —r}. Assume that p(Bj) > 0. Then as strong convergence

implies weak convergence, and ¢, € N+, we have

/(fn+gn)d90:/fnd90—>/fdg0, Vo € N.

In particular, take a nonnegative measure ¢ in N with ¢(B;) = 1 and ¢(Bf) = 0. We
would have [ fndp — [ fdp =r+46 for some § > 0. On the other hand, as || f,|| < 7, Vn,
for n sufficiently large, ||fp|| < r+d/2so that | [ fnde| <r+8/2 < r+§ a contradiction.

Therefore, we must have p(Bj) = 0 and similarly u(Bz) = 0.

In addition, {z € X| |f(x)] > r} is compact as f € Cp(X). Consider the functions
fi(z) = f(x) if |f(x)] < r and sign(f(z))r otherwise, fo(z) := f(z) — r if f(z) > r,
f(z) +7if f(z) < —r and 0 otherwise. Both are in Cy(X). In addition, f; is in N+, and
f = f1+ fo. It then suffices to note that || f1]| < r.

For the case where S = G+N+ consider a sequence (fy,, A, gn, ) in Co(X)xGx N+ x Rt
such that

||fn|| < T gneNJ_S rp — 7 and h;Lann‘th‘an_fH =0,

fn = fT+f7 with [|f || < rn. Rewrite f,,+hy, as wl +w, so that as hy, > 0, ||w,, || < rp.
Again consider the set By as above. u(B2) = 0 for the same reasons. Indeed, with ¢ such
that ¢(B2) =1 and ¢(BS) =0

/<fn+hn+gn>dso:/(wmwn)dw/fdgoz—r_a

for some § > 0. But [(w;f 4w, )de > [w;, dp > —r—4/2 for n sufficiently large. Consider
the functions fi(z) := f(z) if —r < f <0, —rif f < —rand 0if f > 0; fo(x) := f(x)+7r
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if f < —r and 0 otherwise; f3(z) := max[0, f(x)]. Again f; € Co(X), Vi; f = f1+ fo+ f3,
fo € Nt f3>0, and || f1]| < r, which proves that Q + (S x {0}) is closed in Co(X). O

Note that with this Farkas-like theorem, one uses functions in Cy(X) and the sup-norm
rather than functions in Lo, with ||.||c as in Theorem 3.2.

5. Appendix

For ease of reference we collect in this appendix some results used in the paper, including
Theorem 5.1 below that is a special case of the Generalized Farkas Theorem of Craven
and Koliha ([3], Theor. 2).

If X is Banach space with topological dual X*, the weak topology on X is denoted o (X, X'*)
and the weak™ topology on X* is denoted o(X*, X'). U denotes the closed unit sphere in
X* ie U:={feX* ||fl| <1} If Sisa convex cone in X, its dual cone is

S*={fe X" (f,x) >0 Vz e S}

Theorem 5.1. (cf. [3] Theor. 2). Let X and Y be Banach spaces with topological duals
X* and Y* respectively. Let S be a convexr cone in X, and let A : X — Y be a weakly
continuous linear map with adjoint A* : Y* — X*. If A(S) is weakly closed, then the
following are equivalent conditions on b € Y:

(a) The equation Ax = b has a solution x in S.

(b) A*y* € §* = (b,y*) > 0.

Theorem 5.2. Let X be a Banach space with topological dual X'*.

(a) If x, converges to = in the weak topology o(X,X*), then ||xy|| is bounded and
liminf ||z, || > ||z||.

(b) The unit sphere U in X* is compact in the weak™ topology.

(c¢) If X is separable, then the weak* topology of U is metrizable.

(d) If X is separable, then a convex subset K of X* is closed in the weak™ topology if and
only if

(xy € K and (x,z;) — (z,2") Ve € X)=a" € K.

Theorem 5.2 (b) is the so-called Alaoglu (or Banach-Alaoglu-Bourbaki) theorem. For a
proof of Theorem 5.2 see e.g. [2] or [6].

Lemma 5.3. Let (X, B, ) be as in Section 3. Let {pn} and ¢ be o-finite measures on
(X, B) such that
(pn,u) — (p,u) Yu e Cy(X), (5.1)

where (p,u) == [udp. Suppose, in addition, that every o, is absolutely continuous (a.c.)
with respect to p. Then

(a) ¢ is a.c. with respect to p.
Moreover (by the Radon-Nikodym theorem), let uy, and u be nonnegative measurable func-
tions such that

gon(B):/ Unpdp, and @(B):/udu VB e B.
B B
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(b) If (for a given 1 < p < 00) up € Ly Vn, and liminf, ||u,||, < M for some constant
M, then u is in L.

For a proof of Lemma 5.3 see [8].
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