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Starting from the results of [27],the Lavrentieff phenomenon for the functional F(Q2, o, ): v € BV () —

Jo f(Va)dat [o f= (A5 dI D ul+ [oq f (00 = Yo (u))n)dH™ ! between BV (Q) and BV (2)NCH(R2)

is studied, where f: R™ — [0, 4o0[ is convex, f is its recession function, ¢y € L'(9Q), and ~q is the
trace operator on 0€2. The occurrence of the phenomenon is first discussed by means of an example, and
then completely characterized. Sufficient conditions implying the absence of the phenomenon are also
proved, and some relaxation properties of F(€, pq,-) are also established.

1. Introduction

In a paper of 1926, (cf. [36]), in connection with Tonelli’s partial regularity theorem for
the minimizers of one dimensional Dirichlet variational problems, (cf. [42]), M. Lavrentieff
observed the occurrence of the surprising feature of some Dirichlet variational problems for
integral functionals to depend critically on slight variations of the set of admissible func-
tions. He produced an example of a rather elaborated one dimensional integral functional
of the type

u € WH(]0,1]) — /0 fr(z,u(z),u (x))dx

whose minimum on the class {u € W1(]0,1]) : u(0) = 0, u(1) = 1} is strictly smaller
than its infimum on sets of smooth functions, for example on {u € C*([0,1]) : u(0) =
0, u(l) =1}.

It is to be emphasized that this feature is surprising since f;, is globally continuous and
strictly convex in the last variable, the integral u € W11(]0, 1[) — fol fr(z,u(z), v/ (x))dx
is sequentially lower semicontinuous with respect to the weak W1(]0, 1[)-topology, and
C*([0,1]) is dense in W1(]0, 1[) endowed with its strong topology.

Starting from Lavrentieff’s work, many paper have been devoted to the study of the
phenomenon in order to simplify the original example, (cf. [38, 35, 8]), and to give
sufficient conditions for its non occurrence, (cf. [5, 17, 20]).

More recently Buttazzo and Mizel, (cf. [13], and also [25]), proposed an abstract in-
terpretation of the Lavrentieff phenomenon by means of relaxation. Given a topolog-

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



272 R. De Arcangelis, C. Trombetti / On the Lavrentieff Phenomenon

ical space (U,7), a 7-dense subset V' of U, and a 7-lower semicontinuous functional
F: U —] — 00, +00], they considered the 7-lower semicontinuous envelope Fy of

F if %4
Fy:uelUw () 1u€.
+o00  otherwise

defined by
Fy:u €U sup{G(u) : G: U —] — 00, +00], G 7-lower semicontinuous, G < Fy },

and observed that, being inf{F(u) : v € V} = inf{Fy(u) : u € U}, the non occurrence
of the Lavrentieff phenomenon for F', U and V, i.e. the equality inf{F'(u) : v € U} =
inf{ F'(u) : uw € V}, can be deduced by the equality Fy, = F.

In this framework the occurrence of the Lavrentieff phenomenon for Neumann minimum
problems has been studied in many papers also for multiple integrals of the Calculus of
Variations defined in Sobolev and BV spaces, (cf. for example [1, 2, 9, 14, 19, 21, 25, 26,
44]). We recall that, given an open set §2, BV () is defined as the set of the functions
in L'(Q) having distributional partial first derivatives that are Borel measures with finite
total variations in 2, and that, for every u € BV (), Vu is defined as the density of the
absolutely continuous part of the vector measure Du with respect to Lebesgue measure,

D?u as its singular part, and V*u (: d‘Tgi;) as the Radon-Nikodym derivatives of D*u

with respect to its total variation |D*ul.

For example, in [21], the case has been treated in which 2 is a smooth bounded open subset
of R f: R™ — [0, +o0[ is convex, U = BV (), 7 is the L'(Q)-topology, V = C'(R"),
and F'is the classical Goffman-Serrin integral defined as

F:ue BV(Q)— / f(Vu)dz + / f(Veu)d| Déul
0 0

(as usual we have denoted by f*° the recession function of f defined by f>*: z € R"
lim; o2 f(%)), and it has been proved the non occurrence of the Lavrentieff phenomenon

for F', BV(Q) and C*(R™).

The study of relaxed Dirichlet minimum problems in BV spaces has been first performed
in [32] where, also in more general settings, given f: R" — [0, 00| convex and verifying

|z| < f(z) < M(1+]z|) for some M > 1 and every z € R", (1.1)

a smooth bounded open set 2, and ¢y € L'(99), the functional

F(Q,¢0,): u € BV(Q) — /Qf(Vu)dx —i—/QfOO(VSu)d|DSu|—|—

+ mfoo((wo—%z(U))n)alH"_1 (1.2)

has been introduced in connection with the minimization in {v € WHH(Q) : yq(v) = ¢}
of the variational integral u — [, f(Vu)dz, (in (1.2) we have denoted by n the exterior
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unit vector normal to 99, by H"! the (n — 1)-dimensional Hausdorff measure, and, for
every u € BV (Q), by vq(u) the interior trace of u on 0f2).

More recently in [27] the relaxation properties of the functional in (1.2) have been in-
vestigated under general assumptions on the data, and it has been proved that, if f is
just convex, Q has Lipschitz boundary, ¢, € L'(99), and uy € W,>(R") is such that
Ya(uo) = po and

f(tVug) € L}, (R™) for every t € R, (1.3)

then F(£, ¢p,-) is the L'(Q)-lower semicontinuous envelope on the whole BV (Q) of the
functional

we BY(O {fQ F(Vu)dz if u € ug + C2(Q)

—+00 otherwise,

(cf. Theorem 2.5 in [27]). Moreover, if in addition uy € C*°(2), it has also been proved
that F(Q, o, -) is the L'(Q)-lower semicontinuous envelope on the whole BV () of the
functional

otherwise,

ue BY(Q {fQ f(Vu)dz if ue WH(Q) N C=(Q), va(u) = o

(cf. Theorem 3.1 in [27]).

In the present paper we want to study some aspects of the Lavrentieff phenomenon for the
functional in (1.2), BV spaces and sets of smooth functions, under general assumptions
on the data and, in particular, when (1.1) is dropped.

To do this we consider a convex function f: R” — [0,400[, a bounded open set with
Lipschitz boundary €2, ¢y € Ll(ﬁﬁ) ug € W (R™) verifying vo(ug) = o, and, first of
all, we observe that, since F(Q, o, u) = [, f(Vu)dz for every u € WH(Q) N C>(Q) with
Ya(u) = ¢o, by the above recalled results of [27] the non occurrence of the Lavrentieff
phenomenon for F(€2, ¢y, ), BV () and ug + C5°(R2), or for F(£2, ¢o, ), BV (2) and {u €
WEH(Q) N C®(Q) : ya(u) = po} follows, provided the relative assumptions are fulfilled.

On the other side, the presence in (1.2) of the boundary integral, that allows F'(£2, ¢, -)
to be defined and possibly finite on the whole BV (Q2), suggests the consideration of the
Lavrentieff phenomenon also for F'(€2, ¢, ), BV () and sets of smooth functions with no
fixed boundary traces.

A first choice in this direction could be C*(R™) as in [21]. This choice however seems to
be not interesting from the point of view of Lavrentieff phenomenon, since in general one
could have [, f*((vo — va(u))n)dH" " = 4oo for every u € C'(R").

On the other hand if v € L'(0Q) is such that [,, f>*((¢o — va(v))n)dH" " < +oo, it
is well known that there exist functions in WH1(Q2) N C*°(Q), (that clearly agrees with
BV (Q2)NC>(Q)), whose traces on 0f2 are v, (cf. [30]). This actually avoids a too violent

influence of the boundary integral on F(£2, ¢y, -), and therefore suggests the study of the
Lavrentieff phenomenon for F(€, o, ), BV (§2) and BV (Q2) N C*(Q).

In this framework we first of all propose an example exhibiting a surprising and unexpected
phenomenon, namely that Lavrentieff phenomenon may be produced in an integral on a
bounded open set €2, having functional dependences on the admissible functions only
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through their gradients in €2 and their values on 02, just by weak local summability
constraints on the values of the admissible functions and not by the properties of their

gradients. For every n > 3, p € ]%,n— 1[, and ¢ € }%,—i—oo} we produce a

bounded open set with Lipschitz boundary 2 C R", a convex function f: R" — [0, 400,
and o € L'(09Q) so that

min{ F(Q, po,u) : u € BV (Q)} = min{ F(Q, po,u) : u € WP(Q)} <
< inf{F(Q, po,u) : u € WH(Q) N LL.(Q)} =
= inf{F(Q, po,u) : u € BV(Q)NLL (Q)} = +o0,

loc

(cf. Example 3.3).
Obviously, being C1(2) C L (), the same example also proves the occurrence of the

loc
Lavrentieff phenomenon for F (2, ¢g, ), BV(Q2) and BV (Q2) N C*(2), (cf. Example 3.4).
It is clear that Lavrentieff phenomenon is strictly linked to the regularity properties of
the solutions of variational problems, and the examples in section 3 also show that the
proposed functional cannot have solutions whose ¢-th powers are locally summable. Nev-
ertheless it is to be pointed out that actually we prove even more, namely that there is an
infinite gap between the infima taken into account. We refer to [31] and [39] for examples
on the non regularity of the solutions of some partial differential equations connected to
functionals of the type in (1.2).

Finally, in section 4, given a convex function f: R" — [0, 400], a bounded open set with
Lipschitz boundary Q, and ¢y € L'(d9), the study of the non occurrence of Lavrentieff
phenomenon for F(€, ¢, ), BV (£2) and BV (Q2) N C*(Q) is carried out, and it is proved
that it can be characterized in terms of the finiteness of F'(£2, ¢y, -) on suitable subspaces
of BV (Q).

First of all it is observed that obviously
inf{ F'(2, o, u) : u € BV(Q)NC*®(Q)} = inf{ F(Q, po,u) : w € BV(Q)} = +00

if and only if
inf{ F(Q, ¢o,v) : v € BV(Q)} = +o0. (1.4)

Then, in order to treat the nontrivial case of the functionals not identically equal to +oo,
it is proved that, under the following assumption on f

for every w € (L*(]0, 1[*))" verifying f(w) € L'(]0, 1[") (15)
there exists t,, €]1,4+oc[ such that f(t,w) € L*(]0,1["), '

it results that
inf{ (2, o, u) : w € BV(Q) N C*(Q)} = nf{ F(2, @0, u) - u € BV(Q)} < +00

if and only if
inf{ F(Q, po,v) : v € BV(Q)NL.(2)} < +oo, (1.6)

(cf. Theorem 4.8).
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As corollary it turns out that, if (1.5) holds, the Lavrentieff phenomenon for F(2, ¢y, ),
BV (Q) and BV (Q2) N C*(Q) occurs if and only if inf{ F/(Q2, pg,v) : v € BV(Q)} < +o0
and inf{ F(Q, ¢g,v) : v € BV(Q) N C>®(Q)} = 400, (cf. Theorem 4.9).

Such results are deduced by working in the above described framework of relaxation by
performing the following steps.

First of all it is observed that both F(£2, ¢, ) agrees on the whole BV () with the
L' (92)-lower semicontinuous envelope of the functional

F(Q,po,u) ifue BV(Q)NC>®(Q)

. (1.7)
400 otherwise

u € L'(Q) |—>{

and is identically equal to o0 if and only if (1.4) holds.

Then it is proved that, under assumption (1.5), both F(€,pg,-) agrees on the whole
BV () with the L'(Q2)-lower semicontinuous envelope of the functional in (1.7) and is
not identically equal to +oo if and only if (1.6) holds, (cf. Theorem 4.7).

We also point out that, if p € [1, +00[ and
f(z) < M(1+ |z|P) for some M > 0 and every z € R", (1.8)
then in theorems 4.7 and 4.8 condition (1.6) can be replaced by

inf{ F(Q, wo,v) : v € BV(Q)N L]

loc

(Q)} < +o0. (1.9)

Finally some sufficient conditions implying (1.6) are proposed, and the consequent results
on relaxation and absence of Lavrentieff phenomenon are proved. For example if n = 1,
or if g € L*®(0N), or if the right-hand side of (1.1) holds, or if there exists ug € BV ()N
L% () such that yo(uo) = o and [, f(Vug)dx + [, [*(Viue)d|D*ug| < +00, then the
Lavrentieff phenomenon for F(€, g, v), BV () and BV (Q2) N C*°(Q2) cannot occur. In
particular it cannot occur if there exists ug € C*(§2) with ~vq(ug) = o verifying (1.3).

2. Notations and preliminary results
For every € R™ and r > 0 we denote by B, (z) the open ball centred at x with radius r.

For every Lebesgue measurable subset E of R” we denote by L£"(FE) the n-dimensional
Lebesgue measure of E.

Given two open subsets of R® A and B, we say that A CC B if A is a compact subset of
B.

We now recall some properties of BV spaces, we refer to [29], [33] and [45] for complete
references on the subject.

For every open subsets () of R” we denote by BV},.(2) the set of the functions in L; ()
that belong to BV (A) for every open set A such that A CC €.

Let © be an open set, we recall that W11(Q) C BV(Q), that D*u = 0 for every u €
W) and that, consequently, [, f*(V*u)d|D%u| = 0 for every u € W"'(Q) and every
convex function f: R™ — [0, 4o00].
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We also recall that BV (Q) C L=1(Q), (BV(Q) C L®(Q) if n = 1).

If u e BV(Q), we denote by |Du| the total variation of the vector measure Du, and by
S, the set of the points in {2 where u has not an approximate limit, i.e. € Q\ S, if and
only if there exists @(z) € R such that for every € > 0

Ly € By() : July) — ()] > =)

r—0 rn

=0.

It can be proved that (cf. Theorem 15.2 in [43], and 3.2.29 in [29]) S, is H" '-rectifiable,
and that (cf. 2.9.13 in [29]) the function @ is Borel and equal to u L"-a.e. in Q2. Moreover

the vector measure Du can be splitted as Du = Du + Ju, where Du(B) = Du(B \ S,,)
and Ju(B) = Du(B N S,) for every Borel subset B of (.

For H" '-a.e. x € S, it is possible to define (cf. Theorem 9.2 in [43] and 3.2.26 in [29])
two real numbers ™ (x) and u™(z), called the upper and the lower approximate limits of
u at x, and a unit vector v,(x) € R™ such that for every € > 0

o £ry € Bi(2) : (y — 2) - vu(2) > 0, [uly) —u ()| > £})

li =0,
i £ € Br(@) : (y — 2) -wul2) <0, July) —u” ()| > }) _

For H" l-a.e. x € S, the triplet (u™(z),u ™ (x), v, (z)) turns out to be uniquely determined
up to an interchange of u*(z) with v~ (z) and to a change of sign of v, (z).

The upper and lower approximate limits of u at point  which is not in S, coincide with
u(z), moreover, (cf. Theorem 15.1 in [43])

Ju(B) = / (ut —u”)v,dH™ ! for every Borel subset B of (). (2.1)
BNS,,

If 2 is an open set with Lipschitz boundary, u € BV(€) we denote by u the null
extension of u to R™ defined by

w0y () = u(z) ife e _  for L"ae. xR,
0  ifzeR"\Q

then it turns out that we) € BV(R"), and we define (cf. Definition 5.10.5 in [45]) the
trace yo(u) of u on OS2 as

Ya(u) = (u©)" + (u@) "

It turns out that (cf. Theorem 5.9.6, Remark 5.10.6 and Remark 5.8.3 in [45]) for H"!-
a.e. x € J€) the vector v, (z) agrees with the exterior (interior) normal n(z) to 99 at
7, moreover (o)) (x) = 0 or (te)) () = 0 and Ja(u)(@) = (uo)*(z) ot 20(w)(x) =
(u) ™ (2)-

Finally we recall that (cf. [45] Theorem 5.14.4) it results that

lim —/ lu(z) — yo(u)(zo)|"Tdz =0 for H" -ae. z € 9, (2.2)
QQBT(:E())
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from which it also follows that, when u € W'1(Q), yq(u) agrees H" '-a.e. in 9Q with
the usual Sobolev trace of u.

The following result is proved in [4].

Proposition 2.1. Let u € BV (Q), and let g: R — R be Lipschitz with g(0) = 0, then
g(u) € BV () and

Tg(u)(B) = / (o) = g

By Proposition 2.1 we deduce the following result.

Proposition 2.2. Let Q) be a bounded open set with Lipschitz boundary, w € BV (), and
let g: R — R be Lipschitz with g(0) = 0, then va(g(u)) = g(ya(u)).

Proof. Let E C 02 be a Borel set, and let u) and g(u)) be the null extensions of u
and g(u) to R™.

By using the fact that g(0) = 0, it is soon verified that g(u)) = g(w()), hence, by virtue
of this and by Proposition 2.1, we get that g(u)) € BV (R") and that

Jg(u)oy = Jg(uq)) = [E (9((u)™) = 9((w(©)) 7)) VugeydH" . (2.3)
)

Let us recall now that for H" '-a.e. x € 9Q the vector v, (r) agrees with the exterior
(interior) normal n(z) to 9Q at x. Moreover, if x € E'\ Sy, (u()) " (z) = (u())~(z) =0,
consequently, being also g(0) = 0, it follows that g((u())"(z)) = g((u@)) (x)) = 0 and,
by (2.3), that

Jg(u) Z[E(g((wo>)+(fﬂ))—g((u(m)(SC))) ndH""". (2.4)

On the other hand, by (2.1), and arguing as above we get that

Tatu)o, = [ ((a(0)* = (glu)a) ndr (2.5)
therefore from (2.4) and (2.5), being £ an arbitrary Borel subset of 02, we conclude that

(9((u))* () — 9((u)) ™ (x))) n(x) = ((g(w) )" (x) — (9(w)@))~ (z))n(z)
for H" -a.e. z € 0. (2.6)

Finally, being ¢(0) = 0, it turns out that g((w))")—9((u©))~) = g(va(w)) and (g(u) )" —
(9(u)0))” = va(g(u)), and the thesis follows by (2.6). O

We now recall the following lower semicontinuity results, (cf. [41] and [27] respectively).
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Proposition 2.3. Let f: R" — [0,+00[ be converx, then for every bounded open set €2
the functional

U € BVigo(Q) / F(Vu)dz + / F2°(Vou)d|D*u
Q Q

is L .(Q)-lower semicontinuous.

Proposition 2.4. Let f: R" — [0, 4+00] be convez, Q be a bounded open set with Lipschitz
boundary, po € L'(09), and let F(2, g, ) be given by (1.2), then F(2, vy, ) is L*()-
lower semicontinuous.

Given a mollifier p, i.e. a function in C§°(B1(0)) such that p > 0 and fBl(O) ply)dy =1,
we denote, for every open set 0, every u € L} (), e > 0, and z € Q with dist(z, dQ) > &,
by (p- * u)(z) the regularization of u at x defined by (pe * u)(2) = & [o. P(ZE)u(y)dy.
We recall that u. € C*({x € Q : dist(z,0Q) > €}), and that p. x u — uw in L},.(Q) as
e — 0.

Let us recall the following result, (cf. Lemma 3.3 in [15]).

Lemma 2.5. Let Qg be a bounded open set, Q an open set with Q@ CC q, ¢ €]0,
dist(2,0Q0)[, f: R" — [0, +0o0] be convex, and u € BVi,.(S), then

|1V andn < [ pvwdn s [ pHvewdp
Q Qo Qo

By Lemma 2.5 we deduce the following result.

Lemma 2.6. Let )y be a bounded open set, 2 an open set with Q CC o, f: R" —
[0, +00] be convez, and u € BV,.(Q) such that

f(Vu)dz + [ f*(Viu)d|D*u| < +o0,
QO QO

then
limsup/gf(V(pa*u))dx§/Qf(Vu)dx%—/Qfoo(Vsu)d|Dsu|.

e—0

Proof. Let €' be an open set such that Q CC Q' CC € then, by Lemma 2.5 applied to
Q' and €2, we get

lim/ﬂf(V(pE xu))dr <

e—0

f(Vu)dz + | f*(Vu)d|Dul.
o

Q/
If Q' decreases to € the thesis follows. O

Finally we recall some results of technical nature, the first one being proved in [22], (cf.
Lemma 2.2 in [22]).

Lemma 2.7. Let Q be a bounded open set, f: R" — [0, 400 be convex, {wp} be bounded
in L®(Q;R™), and w € L®(Q;R™) be such that w, — w L™-a.e. in §), then

hgrfoo/gf(wh)dx:/gf(w)dx.



R. De Arcangelis, C. Trombetti / On the Lavrentieff Phenomenon 279

Lemma 2.8. Let f: R" — [0, +00[ be convex, E be a measurable set with L"(E) < 400,
and w: E — R" be measurable, then the limit lim, 1+ [, f(tw)dx exists.

If in addition [, f(tow)dz < +oo for some toy €]1,+o00[, then

lim ftwdx—/f

t—1t

Proof. If [, f(tw)dz = +oo for every t €]1, +00[ then clearly lim, i+ [, f(tw)dz exists.

It [ f [ (tow)dr < 400 for some ty €]1, 4-o00[ then, by the convexity inequality

t t
fltw) < = fltw) + (1= ) f(0) for every t €]1, 1],
0 0
and Lebesgue Dominated Convergence Theorem, the thesis follows. O

Lemma 2.9. Let f: R™ — [0, +00[ be convex and verifying (1.5), then for every bounded
measurable set E, and every w € (L*(E))" verifying f(w) € L'(E) there exists t, p €
]1, 4+o00] such that f(t,gpw) € L*(E).

Proof. Let E, w be as above, and extend w to the whole R"™ by setting w(z) = 0 for
every v € R"\ E.

Since E is bounded, we can find z,...,2, € R™ such that the cubes x1+]0, 1[",

T, +]0, 1[" are pairwise disjoint and £™(E \ UJL, (x;+]0, 1[")) = 0, consequently set w; =
w4 x1)ye s wm = W+ @), let ty,, ..., te,, €]1,+00[ be given by (1.5), and define
twr =min{ty,, ..., tw, }.

m

By the convexity of f it follows that
/ f(topw)de < / [t pw)ds = Z/ f(topw)ds =
E Um:l(xj+]071[n) 7=1 xj+]071[n

m tw
—Z f wEwJ :Z/Ol[n ( .tijj'—i-(l—t—’E)O)dl'g

10,1[» -

from which the thesis follows. O

3. The example

In the present section we show by an example that, provided n > 3, for some p €

}%17 n— 1[, q € ] il T )z, —i—oo[ some bounded open set with Lipschitz boundary €2, some

convex function f: R™ — [0,+oo|, and ¢y € L'(0N) the Lavrentieff phenomenon may
occur for the functional F(£2, ¢y, -) in (1.2), WHP(Q) and WHP(Q)NLE,
that

min{ F (2, @o, u) : u € WP (Q)} < inf{F(Q, po,u) : u € W"(Q)N L (Q)} = +oo0.

(€2). More precisely
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By virtue of this we will deduce that the same phenomenon may occur for F(£, ¢y, -),

BV () and BV (2) N L (Q), for F(,p,-), WHP(Q) and WHP(Q) N C>(Q), and for

loc

F(Q,¢0,-), BV(Q2) and BV N C>().

Example 3.1. Let n > 3, Q =] — 1,1[*, p € ]”T’l,n—l[, then 0 < "_p# < 1 and
fln__ll_)g > n — 1, therefore, taken ¢ € } %, +00 [, it results that ¢ > n—1and 0 < ”T_l <
nolop <,

P

f: (217"‘7zn) ER"— |Zl|q+ ‘22’p+"'+ |ZTL|p7

wo: (z1,...,2n) €0( — L1\ {(1,0,...,0),(=1,0,...,0)} — (x5 + ...+ 22) "2,
ug: (21,...,2,) €ER"\ (R x {(0,...,0)}) — (224 ... +2%)7%,
then @, € L'(0Q) and uy € W'P(R®). Moreover, being p > 1, it results that

loc

(21, hzn) = 0if (21,...,2,) = (0,...,0), f(z1,...,2,) = 400 if (z1,...,2,) #
(0,...,0).

Obviously we have that

min{ F(Q, o, 1) - u € W(Q)} < F(Q, o, 1g) — /Q F(Vu)de < 400, (3.1)

We now want to show that

inf { F(Q, o, u) :u € WP(Q)NLL(Q)} = +oc. (3.2)

On the contrary, let us assume that there exists v € WhP(Q) N L]

loc

(©) such that

/ F(Vu)Ydz + [ 2 ((po — Yalv))n)dH" ' < +oo, (3.3)
Q G

then clearly vq(v) = .

Let us fix a €]0,1[ and set P = {1} X [—a,a|""!, K = [—a,a]", then it is easy to prove
that

1
goo(l,xg,...,xn)—v(xl,xg,...,mn)—i—/ Vyu(t, zg, ..., x,)dt

1

for every x; €] — a,al and £ -ae. (29,...,1,) €] — 1, 1"},

from which, by Holder inequality, we deduce that

|(,00(17ZL’2, s 7'In>|q S
1
<217 Nw(zy, @g, . ) |1+ 20711 — Il)q_l/ Viv(t, @a, ... @) |*dl

-1
for every z; €] — a,a and L *-a.e. (va,...,2,) €] —1,1["1. (3.4)
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We integrate both sides of (3.4) with respect to z1 in [—a, a] getting

2a|po(1, 22, ..., x,)|* <

a a 1
§2q_1/ |v(x1,x2,...,xn)|qdm1+2q_1/ (1—$1)q_1/ IVio(t, @, ..., 2,) | dtdz, <

a —a 1
a 1
< 9171 / lv(21, 29, . . ., ) |2y + 2% a IViv(t, zo, ..., x,)|%dt
—a —1
for L7 tae. (2q,...,2,) €] —1,1[*,

]nfl

from which, by performing an integration over [—a, a]”', we infer

2“/ |pol9dH" ! < 2q1/ |v\qu—|—22q1a/ |V 1v|%dz <
P K Q
§2q_1/ |v|qd1’+22q—1a/f(Vv)dx. (3.5)
K Q

By (3.5) and (3.3), being v € LY(K), we deduce that ¢y € L] (P), contrary to the fact

loc
that, being o > "T_l, @o cannot be in L} (P).

By virtue of this (3.2) holds.

In conclusion both (3.1) and (3.2) are fulfilled, and the described Lavrentieff phenomenon
actually occurs.

Remark 3.2. It is clear that if in Example 3.1 we would take g smaller than the Sobolev

aﬁ:;
not be any Lavrentieff phenomenon for F'(Q, ¢, ), W'?(Q) and WH(Q)NLI(2). On the
contrary the example shows that the phenomenon occurs if ¢ is greater than the Sobolev

exponent of p, namely ¢ € [1 L }, then, by Sobolev Embedding Theorem, there would

exponent of p but in the space dimension n — 1, namely ¢ € ] S:?i ,+00 [

Example 3.3. Let n, Q, p, ¢, f, vo be as in Example 3.1, and F'(, g, ) be given by
(1.2), then, once observed that, by using Poincaré-Wirtinger inequality, it is not difficult

to prove that min{ F (€, o, u) : u € BV (Q)} = min{F (£, o, u) : u € WLP(Q)}, and that
inf{F(Q, po,u) : u € WP(Q)N L (Q)} = inf{F(Q, po,u) : w € BV(Q)N L (Q)}, by
Example 3.1 we conclude that
min{ F(Q, po,u) : u € BV(Q)} = min{F(Q, po,u) : u € WP(Q)} <
<inf{F(Q, o, u) : u € WP(Q)NLL ()} =
= inf{F'(Q, po,u) : u € BV(Q) N LL ()} = +oo,
and hence that the Lavrentieff phenomenon occurs also for (€2, o, -), BV (€2) and BV (Q2)
N L ().

loc

~~  ~—

Example 3.4. Let n, Q, p, q, f, vo be as in Example 3.1, and F(€2, ¢, ) be given by
(1.2), then, once observed that C'(Q) C LI (Q), by Example 3.3 we deduce that the

loc

Lavrentieff phenomenon occurs also for F (£, ¢g, ), WH(Q2) and WP(Q) N C*(2), and
for F(2, 0, ), BV(Q) and BV (2) N C*(Q).
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4. Conditions for the non occurrence of Lavrentieff phenomenon

Let f: R" — [0,400] be convex, © be a bounded open set with Lipschitz boundary,
0o € L1(09Q), and let F(£2, ¢y, ) be the functional defined in (1.2).

In the present section we study some conditions in order to forestall Lavrentieff phe-
nomenon for F(2, g, ), BV (2) and BV (Q) N C*(Q).

We start by recalling that the L!(2)-lower semicontinuous envelope F(£2,¢g,-) of the
functional in (1.7) is also given by

F(Q7Q007 ) UAS LI(Q) =

inf{lgmjan(Q,goo,uh) HAup}y CBV(Q)NC™(Q), up — u in LI(Q)} . (4.1)

Consequently, by Proposition 2.4, we deduce that

F(Q, @0, u) < F(2,9,u) for every u € BV (Q). (4.2)
Remark 4.1. If f: R" — [0,+o0[ is convex, (2 is a bounded open set with Lipschitz
boundary, @y € L'(0Q), F(, @o,) is defined in (1.2) and F(Q, o, ) by (4.1), then it is
clear that o
F(Q, p0,u) = F(Q,pp,u) = +oo  for every u € BV ()

if and only if (1.4) holds. Moreover
inf{ (2, go, u) : uw € BV(Q)NC>®(Q)} =inf{F(Q, po,u) : u € BV(Q)} =400
if and only if (1.4) holds.

In order to treat the remaining case, in which F(£2, ¢y, -) is not identically +oo, by using
the relaxation arguments exposed in the introduction, we will first introduce a general
framework in which there is no Lavrentieff phenomenon for F'(€2, ¢y, ), BV(2) N LY ()
and BV (©2)NC>(2) for some p € [1, +00], and then we will give some conditions in order
to prove the same result for F(Q, ¢q, ), BV(Q2) and BV (Q) N LY (Q).

loc
Also in this case we will furnish a characterization of the non occurrence of the Lavrentieff
phenomenon for F(£2, g, ), BV (2) and BV (Q2) N C*>(Q).

First of all we recall that, being f*° 1-homogeneous, it results that

[ v el =t [ (v uapa
0 0
for every u € BV (Q), t € [0, +oo[. (4.3)

Lemma 4.2. Let f: R" — [0, 400 be convex, p € [1,+00], and assume that, if p < +o0,
(1.8) holds. Then for every bounded open set with Lipschitz boundary 2, uw € BV (Q) N
LY (Q) there exists {up} € BV () N C>®(Q) such that up, — u in L'(Q), vo(un) = ya(u)

loc

for every h € N, and

lim /f (Vuy)dz < lim f(tVu d:c—l—/foo (Veu)d|D*ul.

h—+o00 t—1t
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Proof. Let €2, u be as above, and let us preliminarly observe that we can clearly assume
that there exists 1y €]0, +o0o[ such that

/ (14 n)Vu)dz + / f(Veu)d|D*u| < +o00  for every n €]0, 1. (4.4)
0 0

For every n > 0 let f,, = f +n[-|, and set f° = (f,)>.

Let n €]0,no[ and, by virtue of (4.4), for every j € NU{0} let A; be an open set such that

Aj CC Ajpy CC Q, URA; = Q, dist(A;,00) > S0 £7(9A;) = |Dul(94;) = 0,

and
/an((l +n)Vu)dz + (1 +n) /Q [ (Viu)d| D*ul| — % <

g/Aj £+ n)Vu)de + (1 +7) /A]. F2(Vou)d|Doul. (4.5)

Let us also consider a partition of unity {v;};enufoy relative to the covering {A4;4; \
Aj_1}jenugoy, (where we have set A_y = (), i.e. for every j € NU {0} a function 1; €
Cgo(Aj+1 \Aj—l) with 0 S 770]' S 1in © and Z;i[) @ij =11in Q.

Let {e,,} be a decreasing sequence of positive numbers such that limj, ., ., £, = 0, and let,
for every h € N, p., * u be the regularization of v defined in section 2.

Let us fix j € NU {0}, then

pe, *u — u in LP(A;) and L"-a.e. in Aj. (4.6)

By the properties of A;, Lemma 2.6 and (4.3) we get

lim sup / (14 ) e, + ) = limsup / T ey (1 ) <

h—+o00 h—+o00

< /A £o(1+ ) Va)de + (14 1) /A [ (VPu)d| D). (A7)
In addition, by Proposition 2.3 and (4.3), we have that

/A_ (L +n)Vu)dz + (1 + 1) /AA £2(Viu)d| D] <

h—+4o00

< liminf/A. (L + 1)V (pe, *u))dz. (4.8)

By (4.6) we deduce the existence of hyi(n, j) € N such that e, (, ;) < dist(A;41,08) and

/ [(pe, * u) —uldz < ﬂ for every h > hy(n, 7). (4.9)
Ajri\Aj 1 2
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By (4.7) we deduce the existence of hy(n, j) € N such that ep,(, ;) < dist(A;;1,08) and

/A_ Fo((L 40V (p2,, * u))dz <
< /Aj+1 fol(L+n)Vu)dz + (1 +n) /Aj+1 ff(vsu)d|Dsu| i %

for every h > ho(n,j). (4.10)

By (4.8) we deduce the existence of hs(n, j) € N such that ep,(, ;) < dist(A;_1,0€) and

| s %0, wyde >

2 [ ps Ve [ oDt - o

for every h > hs(n,7), (4.11)

moreover, by collecting together (4.11) and (4.5), we obtain

PR (I

> [ 1 ade+ () [ oD - 3

for every h > hs(n,j). (4.12)

Let us observe now that, if j # 0, it results > > ¢ = ¥j_1 +¢; = 1 in A; \ A;_4,
consequently

Let us prove that

1
T R S Pt R R
ANA; n

(h,k)—(+00,+00)

= f(0)L"(A4;\ Aj1). (4.14)

On the contrary there would exist € > 0 and two increasing sequences {h;}, {k;} C N
such that

[ (B o, 09001+ (o, 5 0095] ) o = PO\ T
ANA; n

>z

for every ¢ € N,
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contrary to the fact that by (4.6), (4.13) and Lemma 2.7 if p = 400, or by (4.6), (4.13)
and Lebesgue Dominated Convergence Theorem if p < +oo, it would result

i [ (S (o, 090+ (o, o0V ) e = FOL° 4\ )
oo JANA; n

By (4.14) we deduce the existence of hy(n, j) € N such that e, ;) < dist(A;, Q) and

1
/ 7f77 ( Rl [(psh * u)ij—l + (Psk * U)V?ﬂ]]) dr <
AN\A 1 n

< fO)L"(A;\ A1) + % for every h, k > hg(n,7). (4.15)

Finally, for every j € NU{0}, let h(n, j) € N be such that h(n,j) > max{hi(n, ), ha(n, ),
hs(n,7), ha(n, j + 1)} and h(n, j +1) = h(n, j), and define

Wy = ij<105h(n,j) * u) (4'16)
=0

Since ey < dist(A;41,00) for every j € NU {0}, and for every x € €2 the series in
(4.16) has at most a finite number of non zero terms, it turns out that w, € C*°(2).

By using the properties of {¢;} and (4.9), we have

|wy — ullLr ) = <

u) — Z Y
=0

L)

< Z/ [(Peniy,y * w) — uldz < 21, (4.17)
J+1\AJ 1

J=0

from which we conclude that w, € L'(1).

By the convexity of f,, we obtain

/fn(an)dx—
Q
- N =147
N /ﬂf" (1 I ;OO TV e * )+ el WPercns * U)WJ) =
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—= 1+n/z¢jf7] 1_’_77 psh(ny) ))dm+

1+n
LR 1_'_77 fn( Z Penn.g) * )ij> dx <

1
< -
L+nJa

e [ B )T, s )

1+ j=1 Y Aj+1\Aj—1

Jo((L+ 1)V (pe,(n,0) * w))da+

1+
+ 1 +77 f77 < d Z pa,””) )V@/)]) dx. (418)

Let us observe that, for all j € NU {0}, we have Vi; = 0 in Ay, S (Pepiysy * W)V =
(Peniysny * WY1+ (Pey,,, * W)V in Ay \ A;_;. Consequently

400
/ fn (H—n Z<p5h(mj) * u)vw]> dr =
Q n =
0)L"(Ao) +Z/

T+n
( [(p‘fhm*l) UV (e, * u)ijD o

(4.19)

\AJ 1

By (4.18), (4.4), (4.10), (4.12), (4.19), and (4.15) we get

/Q £, (V) <
< [ 0 nade+ () [ fET 0D+

o0

+2Ufn 1+ n)Vu)dz + (1+17) /f°° (Vou) d|D5u|+——
- [ mvude -1+ /Q f2 (P w)d| D*ul + 2—] "
+${ +§;{ AT ;}}_
= [ H@ Ve + (1) / 7 (Vud D*ul +

(1 + )| Dul () + 4 + 11—77]”(0) (L£7(Q) + L(Q — Ag)} < +oo. (4.20)
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Therefore by (4.20), (4.4), and the first part of Lemma 2.8 we conclude that

1
/ |Vw,|dx < — / fn(Vwy)dz < 400,
Q nJa

ie. w, € BV(2)NC>(Q), and that

limsup/ f(Vw,)dz < hmsup/ fn(Vwy)dzr < lim f(tVu da:—l—/foo (Viu)d|D*ul,

n—0 n—0 t—1+

from which the thesis will follow once we prove that vo(w,) = ya(u) for every n €]0, /.

To do this let us take n €]0, no[, and observe that, since u, w, € BV (Q), by (2.2) it follows
that

' 1
i [ e a(enlde =l [y~ aa(w,)a)lde = 0
QNBy (20) r—0 7" QNB;-(zo)
for H" t-a.e. o € 09,

from which we deduce that

1
P 0) =0 @) < Iy s | oyl

for H" t-a.e. xy € ON.
Therefore, to complete the proof, it suffices prove that

1
lim / \w,, — uldx =0 for every z € 9. (4.21)
) JonB, ()

r—0 En(Q N BT<SC0

Let zo € 0S2. For every r > 0 let us set j(r) = min{j € N: A; N B,.(zo) # 0}, then, by

the properties of {A;};enugoy, it follows that r > dist(A;(), 02) > w and therefore

that j(r) > M — 1. By arguing as in (4.17) and by using (4.9), we have that

|w, — u|dz < / |(pe, . . *u) —u|lde <
/S;ﬂBr(xo) Z rma)

j=j(r) (Aj+1\A4;—1)NB(z0)

n_ - Ui

S 2]'(7.)_1 — 2dist(ATO,8Q)_2

. (4.22)

therefore, once recalled that €2 has Lipschitz boundary and hence that there exists Cq > 0
such that £"(Q N B,(xg)) > Cqr™ for every r small enough, by (4.22) we deduce (4.21)
and the thesis. O]

Lemma 4.3. Let f: R" — [0,400[ be convex and verifying (1.5), p € [1,4+00], and
assume that, if p < +oo, (1.8) holds. Then for every bounded open set with Lipschitz
boundary 2, u € BV (Q2) N LY (Q) there exists {u,} C BV (2) N C>®(82) such that u, — u

in LY(Q), va(un) = va(u) for every h € N and

lim / F(Vup)dz = /Q F(Vu)dz + /Q £°(Vu)d| D).

h—+o00 Q
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Proof. Follows by Lemma 4.2, (1.5), Lemma 2.9, Lemma 2.8, and Proposition 2.3. [

Proposition 4.4. Let f: R" — [0,400] be convex and verifying (1.5), p € [1, +00], and
assume that, if p < +o00, (1.8) holds. Let 2 be a bounded open set with Lipschitz boundary,

©o € LY(09), F(Q, o,-) and F (2, @y, ") be defined by (1.2) and (4.1), then

F(Q, po,u) = F(Q,¢0,u) for every u € BV(Q)N L ().
Proof. Follows immediately by (4.2), and Lemma 4.3. O

In the sequel we will make use of the following assumption.

inf{ F(Q, po,v) : v € WH(Q)N LY

loc

(Q)} < +00. (4.23)

Lemma 4.5. Let f: R" — [0, 400 be conver, p € [1,+0c], Q be a bounded open set with
Lipschitz boundary, po € L'(09), and F(S2, g, ) be defined by (1.2). Let us assume that
(4.23) holds, then for every uw € BV () there exists {wp,} € BV(2) N LY () such that
wy, — u in LY(Q) and

hhm F(QﬂOOawh) = F(QaSOmU)-
——400

Proof. Let u € BV (Q2), e > 0.
If A CC 2 we have by Lemma 2.5 that

lirnsup/Af(V(ps*u))da:S/Qf(Vu)da:+/Qf°°(Vsu)d]Dsu|. (4.24)

e—0

By (4.23) let v € WHH(Q) N LY

loc

(Q) be such that

/Qf(Vv)d:r; + - (g0 — ya(v))n)dH" ! < +o0, (4.25)

and let us set, for every h € N, w, , = max{min{p.*u,v+h},v—h}, w, = max{min{u, v+
h},v —h}. Tt result that wy, € BV (Q)N LY (Q) for every h € N, w.;, — wy, in L'(A) and

loc
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L™a.e. in A, therefore by Proposition 2.3 and (4.24) we have
[ #Fwds+ [ @) <
A A

< lim inf/ f(Vw.p)dx <
A

e—0

< limsup/Af(V(p8 *u))dr+

e—0

+ lim sup

/ f(Vv)dz+
e=0  J{yeA:(pexu)(y)>v(y)+h}

+ lim sup f(Vv)dx <

e—0 /{yeA:(pg*u)(y)<U(y)_h}
< / F(Vu)de + / = (Vu)d| Doul+
0 Q

—i—/ f(Vv)d:I:—i—/ f(Vv)dx
{yeQuu(y)>v(y)+h} {yeQu(y)<v(y)—h}

for every h € N,

from which, taking into account also (4.25), we deduce that

limsup{/gf(th)d:L‘—l—/Qfoo(vswh)d|Ds’wh\} <

h——o00

< /Q F(Vu)d + /Q Fo(VEu)d| D] (4.26)

In order to treat the boundary integrals [, f*°((wo — Ya(ws))n)dH"!, let us set, for
every h € N, A, = {z € 9Q : yq(u)(z) > yo(v)(x) + h}, By, = {x € 09 : yo(u)(z) <
va(v)(x) — h}, and observe that by Proposition 2.2 we have

wo(x) — yo(u) () if x € 0Q\ (A, U By)
vo(z) — va(wn) () = { po(z) —Ya(v)(z) —h ifz € A,
o)(x)+h ifz € B,

for every h € N and H" *-a.e. x € 09,

©
=
2
|
)

therefore
| 50— atun)mar =
=/ 2o = (a(v) + h))n)dH" " + ; 2 ((po = (va(v) — h))n)dH" '+

+ / (g0 — va(u))n)dH" ' for every h € N. (4.27)
8Q\(AhUBh)
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Let us estimate the first term in the right-hand side of (4.27). By the 1-homogeneity of
f°° we have

(0o — (va(v) + h))n)dH" " =

Ap,

/ (o — (ya(v) + h))n)dH" '+
Apn{y€0Q:po(y) 2o (v)(y)+h}

+ / (20 — (o) + h))m)dH "t =
Apn{y€dQ:po(y)<ya(v)(y)+h}

/ vo — (7o (v) + h)
Ann o0 ) 20w +hy  Po — 1a(v)

/ o — (va(v) +h)
An{yEd o) <o) @) +hy  Po — Ya(u)

F2((po — 10 (v))n)dH" '+

_|_

(g0 — va(u))n)dH" " <
= A /= (0 = VQ(U))n)dHn_l + B (w0 = ’YQ(U))H)dHn_l

for every h € N.  (4.28)

Analogously we also have
F=((po = (ra(v) — h))n)dH" " <
By,

By,

< 1= ((¢o — ya(v))n)dH" 1 + ; (g0 — ya(u))n)dH™ " for every h € N.
' (4.29)

Therefore, by (4.27)-(4.29), it follows that

(o = valwn)mdH"™" < | f*((po = a(u)n)dH" "+
onN 20

+ [ e - Ya(v))n)dH" " + ; £ (0 = ya(v))n)dH"
for every h € N.  (4.30)

By (4.30) and (4.25) we conclude, as h diverges, that

limsup [ f*((po — vo(ws)n)dH"™" < F=((po = va(w)n)dH" . (4.31)
h—+oo Joq o0

Finally, by (4.26), (4.31), and Proposition 2.4 the thesis follows. O

The following result yields conditions in order to fulfil (4.23).
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Lemma 4.6. Let f: R" — [0,+00[ be convex and verifying (1.5), p € [1,+00], and
assume that, if p < 400, (1.8) holds. Let Q be a bounded open set with Lipschitz boundary,
0o € LY(09), and let us assume that (1.9) is fulfilled, then (4.23) holds.

Proof. Follows directly by Lemma 4.3. O

We can prove now the main results of this section.

Theorem 4.7. Let f: R" — [0, 400 be convex and verifying (1.5), p € [1,+00], and
assume that, if p < +o00, (1.8) holds. Let 2 be a bounded open set with Lipschitz boundary,

o € LYOQ), F(Q,po,-) and F(,@o,-) be defined by (1.2) and (4.1), then both the
conditions

F(Q, p0,u) = F(Q,pg,u) for every u € BV (Q) (4.32)
and F (8, @o, ) is not identically +00 hold if and only if (1.9) is fulfilled.

Proof. Let us assume that (1.9) is fulfilled then clearly F(€2, ¢y, -) is not identically +oo.

Let u € BV(Q), then by (1.9), Lemma 4.6, Lemma 4.5, Proposition 4.4, and the L'(Q)-
lower semicontinuity of F(€2, ¢, ) we deduce the existence of {w,} C BV (Q) N L} (Q)
such that wy — u in L'(Q2) and

F(Qv 5007u) lim F(Q7 ‘;007wh) - hETmF(Qa @wah) > F(Qa (,OQ,U>,

o h—+4o00

from which, together with (4.2), identity (4.32) follows.

Let us assume now that (4.32) holds and that F'(€, ¢, ) is not identically +oo, then
being C*(Q) C L (), it soon follows that (1.9) is fulfilled. O

loc

Theorem 4.8. Let f: R" — [0,+00] be conver and verifying (1.5), p € [1,+0o0], and
assume that, if p < 400, (1.8) holds. Let Q be a bounded open set with Lipschitz boundary,
0o € LY(09Q), and F(, ¢o,-) be defined by (1.2), then

inf{ F(Q, po,u) :u € BV(Q)NC®(Q)} = inf{F(Q, g, u) : u € BV(Q)} < 400
if and only if (1.9) holds.
Proof. Follows by Theorem 4.7. [

By the previous result we deduce the following description of the circumstances in which
Lavrentieff phenomenon for F(€2, o, ), BV (£2) and BV (Q) N C*>(Q2) occurs.

Theorem 4.9. Let f: R" — [0, +oo[ be conver and verifying (1.5). Let Q be a bounded
open set with Lipschitz boundary, po € L*(00), and F(Q, @, ) be defined by (1.2), then

inf{ F(Q, po,u) : uw € BV (Q)} < inf{F (£, ¢o,u):u € BV(Q)NC*(Q)} (4.33)
if and only if

inf{ (2, po,u) : u € BV(Q)} < +oo, inf{F (2, go,u) : u € BV(Q)NC™(N)} = +o0.
(4.34)
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Proof. It is clear that (4.34) implies (4.33).

Conversely, if (4.33) holds, it must necessarily result inf{ (2, ¢o, u) : u € BV ()} < +o0,
moreover, by Theorem 4.8 applied with p = +o0, inf{ F/(2, o, u) : w € BV (Q)NL2.(2)}
+o00 and consequently inf{ F'(Q2, g, u) : u € BV (2) NC>®(Q)} = +o0.

oo

Remark 4.10. We emphasize that the function f in the examples of section 3 verifies
condition (1.5).

Remark 4.11. We remark that if f: R* — [0,4o00[ is convex, p € [1,+00], 2 is a
bounded open set with Lipschitz boundary, ¢, € L'(99), and F(, ¢o,-) is defined by
(1.2), then it directly follows by Proposition 2.4 and Lemma 4.5 that if (4.23) holds, then
F (9, ¢, ) is not identically +o0o0 and

F(Q, po,u) = inf{lim inf F(2, po, up) : {up} € BV(Q)N LY

h— 00 loc

(Q), up, — uin Ll(Q)}
for every u € BV ().

Consequently
inf{ F(Q, wo,u) : u € BV(Q)} = inf{F(Q, po,u) : u € BV(Q)N LY,

loc

(Q)} < +o0.

The following results yield sufficient conditions in order to fulfil (1.9).

Proposition 4.12. Let f: R" — [0,+o0[ be convex and verifying (1.5), p € [1,+o0],
and assume that, if p < +o00, (1.8) holds. Let Q be a bounded open set with Lipschitz

boundary, po € LY(0), F(Q,vo,-) and F(, o, -) be defined by (1.2) and (4.1), and let
us assume that there exists v € BV(Q) N LY (Q) such that

Ya(v) = @0, / f(Vv)dz + / F(Vev)d|D*v| < +o0, (4.35)
Q Q
then B
F(Q, o, u) = F(, ¢o,u) for every u € BV (Q)
and F (82, @o, ) is not identically +oc.

Proof. Follows by Theorem 4.7, once observed that the described assumptions imply
(1.9). O
Proposition 4.13. Letn =1, f: R — [0, +oo[ be conver and verifying (1.5). Let a, b,

a ifr=a

ﬁ ifl’ _ b: F(]av b[? @07') and F(]av b[a 9007'> be

a, B € R with a < b, goozxe{a,b}H{
defined by (1.2) and (4.1), then

F(la,b[, o, u) = F(]a,b], po,u) for every u € BV (Ja,b])
and F(]a,b], vo,*) is not identically +oo.

Proof. Follows by Proposition 4.12 applied with p = 400, once observed that it is always
possible to find an affine function v verifying (4.35). O
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Theorem 4.14. Let f: R" — [0, +00] be convex and verifying (1.5). Let Q be a bounded

open set with Lipschitz boundary, po € L>®(0), F(Q, o, ) and F (£, @o,-) be defined by
(1.2) and (4.1), then

F(Q, po,u) = F(Q,po,u) for every u € BV(Q).
Proof. By virtue of Remark 4.1 we have to treat only the case in which F'(£2, ¢, -) is not

identically +oo.

Let v € BV (Q) be such that F(£2, g, v) < +00, take k € [0, 4o00[ with k& > ||@o|| L= (00),
and set vy = max{min{v, k}, —k}, then by Proposition 2.1 we infer that v, € BV (Q) N
L>(Q).

We first observe that, by using Lemma 2.5 and Proposition 2.3, it is easy to prove that
Jo F(Voda + [y f=(Vu)d|Duil < [y F(Vo)da + fiy f=(V0)d| D] + F(0)[€2] < +oo.
Let us now set Ay = {z € IQ : vq(v)(z) > k}, By = {z € 0Q : yq(v)(x) < —k}, then by

Proposition 2.2 we have

—k if x € By.

Moreover, by the 1-homogeneity of f°°, we also have that
F2((eo — ya(ve))n)dH" ! = / 2 ((v0 — Yo (v))n)dH" "+
00\ (ARUBY)

| o = R 5 (o + Rm)dr =

- / (0 — o (v))m)dH" 1+
8\ (ALUB})

o0N

[ B (e alo) e+

w PO — Ya(v)
wo+k L B . .
+/Bk mf (o =70 (v))n)dH" ™ <

< 12((¢o — yo(v))n)dH" ! < +oo0.
99

By such properties we conclude that F'(€, pg,v;) < 400, i.e. that (1.9) with p = 400
holds, and the thesis follows by Theorem 4.7 applied with p = 4o00. O]

Proposition 4.15. Let n > 1, f: R" — [0,+00[ be conver and verifying (1.5), p €
[1 L} , and assume that (1.8) holds. Let 2 be a bounded open set with Lipschitz bound-

' n—1

ary, o € L*(02), F(Q, o, ) and F(, ¢o,-) be defined by (1.2) and (4.1), then

F(Q,pp,u) = F(Q,po,u) for every u € BV(Q).
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Proof. As at the beginning of Proposition 4.7 it is not restrictive to assume that F'(€2, o, -)
is not identically +o0.

By virtue of this, and by the embedding of BV (€2) in LP(2) we get that actually (1.9)
holds, and the thesis follows by Theorem 4.7. O

Proposition 4.16. Let f: R" — [0, +o0[ be convez, and assume that (1.8) holds with
p = 1. Let Q be a bounded open set with Lipschitz boundary, po € L'(09), F(S, o, )
and F(S, @y, -) be defined by (1.2) and (4.1), then

F(Q, p0,u) = F(Q,pg,u) for every u € BV (Q)
and F(Q, o, -) is not identically +oo.

Proof. We observe that by using (1.8) with p = 1 it follows that (1.5) holds, moreover
(1.9) is fulfilled and the thesis follows by Theorem 4.7. O

In the following theorems we apply the above results to the study of Lavrentieff phe-
nomenon.

Proposition 4.17. Let f: R" — [0,+o0[ be convex and verifying (1.5), p € [1,+o0],
and assume that, if p < +o00, (1.8) holds. Let Q be a bounded open set with Lipschitz

boundary, ¢y € L*(0Q), F(,po,-) be defined by (1.2), and let us assume that there
erists v € BV(Q) N LY (Q) such that

loc

Yo (v) = ¥, /Qf(Vv)dx + /Qfoo(vsv)d|DSv| < 400,

then
inf{ F (2, go,u) : w € BV(Q)NC>®(Q)} = inf{F(Q, po,u) : u € BV(2)} < +o0.

Proof. Follows by Proposition 4.12. O
Proposition 4.18. Letn =1, f: R — [0, +00[ be convex and verifying (1.5). Let a, b,

a ifr=a

5 i 5’ and F(a,b[, po,-) be defined by
if © =

a, € R with a < b, gpo:xe{a,b}H{
(1.2), then
inf{ F'(Ja, b[, o, u) : w € BV (Ja,b]) N C*(Ja,b])} =
= inf{ F'(Ja, b[, po, u) : v € BV (]a,b])} < +o0.

Proof. Follows by Proposition 4.13. O]

Theorem 4.19. Let f: R" — [0, 00| be conver and verifying (1.5). Let 2 be a bounded
open set with Lipschitz boundary, ¢o € L>®(092), and F(Q, g, ) be defined by (1.2), then

inf{ (2, go,u) : u € BV(Q)NC>®(Q)} = inf{ F(Q, v, u) : w € BV(Q)}.

Proof. Follows by Theorem 4.14. O]
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Theorem 4.20. Letn > 1, f: R" — [0, +o0[ be convez and verifying (1.5), p € [1, 2],

and assume that (1.8) holds. Let Q be a bounded open set with Lipschitz boundary, ¢o €
LY09), and F(Q, g, ") be defined by (1.2), then

inf{ (2, go, u) : u € BV(Q)NC>®(Q)} = inf{ F(Q, v, u) : w € BV(Q)}.

Proof. Follows by Theorem 4.8. [

Proposition 4.21. Let f: R" — [0,+o00[ be convez, and assume that (1.8) holds with
p=1. Let Q be a bounded open set with Lipschitz boundary, po € LY(9), and F (2, o, -)
be defined by (1.2), then

inf{ F(2, go,u) : uw € BV(Q)NC>®(NQ)} = inf{F(Q, po,u) : u € BV(Q)} < +o0.

Proof. Follows by Proposition 4.16. O]
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