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Let X be a decomposable set, h a convex function defined on R™ with values in R = R U {00, —oco}. We
show that, under transversality assumptions, the problem inf{f(x) +h(g(z)), * € X} admits generalized
or exact Kuhn-Tucker multipliers. We consider the case where f is a scalar R-valued integral functional

and g is a vector integral functional with values in (R)™. These properties are related to growth conditions
between integrands .
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1. Introduction

Kuhn-Tucker conditions are classical in convex analysis [2],[14],[30]. They appear in some
nonconvex optimization problems too. In [5] and [25], one can find existence results about
minimisation of integral functionals under integral contraints. In [11], [12] and [13], we
show that in many cases such local optima are global. V.I. Arkin [1] studies the maxima
of integral functionals under inequality constraints. In[3] J.P Aubin and I. Ekeland give a
duality result. A. Fougeres [9], R. Vaudene [10] and A. Bourass [6] show that when there
is inclusion between level sets of two scalar integral functionals, then we necessarily have
a growth condition between the integrands. In this paper, we widen some statements of
[1], [3], [9],[10] and [6]. We obtain not only necessary and sufficient conditions, but we also
give new results using non usual techniques. In section 2, the notions of stability and of
"epi-convex" function are introduced. The stability of a minimization problem is related
to the existence of a subdifferential (in the sense of a convex analysis) of the performance
function. In many cases, the epi-convexity of a vector function coincides with the convex
like notion for the cone {0} x R, of empty interior. A stability result is given; among
other things it allows to characterize a global minimum by Kuhn-Tucker conditions. We
establish a relation with J.P. Aubin’s work [2] and with recent studies by M. Moussaoui,
M. Volle [25] and J-P. Penot [20].

In section 3, we carry out a result of interchange of minimization and integration. We use
the notion of essential infimum given by Neveu [19]. The result is similar to theorem 3.A
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of R.T. Rockafellar [22], though the infimum is taken on a decomposable set in the sense
of [15]. We also use the notion of richness introduced by M. Valadier in [6].

In section 4, we show that when the measure is atomless, the vector integral functionals
are epi-convex. Non emptiness criteria of the interior, of the relative interior, of the range
of a decomposable set by an integral functional are given.

In section 5, we use the previous results, notably the existence of multipliers. For the
integral functionals, we characterize the inclusion of level lines in a level set and even
in a level line. In the same way, we characterize the inclusion of level sets in a level
set. These results are translated in terms of growth conditions. A connection with some
results obtained by V.I. Arkin is also provided.

2. Stability and epi-convex functions

We adopt the following notation : R = R U {oo, —o0}. )
Let X be a set, Y a hausdorff locally convex vector space with dual Y*. If h: Y — R
is a mapping, its conjugate h* is defined on Y* by

h*(y*) = sup{< y,y* > —h(y), y € Y'}.

Given a mapping f : X — R and an operator g : X — Y, the effective domain of f is
domf ={x € X, f(x) < oo} and the strict epigraph of f is the subset of X x R defined
by

epit (f) ={(z,r) € X xR, f(z) <r}.
The domain of the operator g, that is Domg is a given subset of X, and its range r(g) is

{9(x), x € Domg}.
Given the optimization problem

(P) inf{f(z) + h(g(z)), v € X}

where h(g(x)) = h(g(x)) if x € Domg, +00 if not, we classically introduce the performance
function defined on Y by

ply) = inf{f(z) + h(g(z) +y), v € X, g(x) € domh —y}.

Of course, we have p(0) = inf(P) and we suppose this quantity is finite in the sequel.
First, let us give some elementary characteristics of the performance function of the prob-

lem (P).
Lemma 2.1. Ifr¢(g) = {g9(z), x € DomgNdomf}, then

domp = domh — rs(g).

Proof.

y €domp <= dx € X :h(g(x)+y) <ooand f(r) <infty
< dz € DomgnNdomf :y € domh — g(x)
< y & domh—rg(g).
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Remark 2.2. Let us recall that for € > 0, the e-approximate subdifferential of the func-
tion p at yo [16], J-p(yo) is the set of all y* € Y™ verifying one of the following assertions

(1) VYyeY, ply) >py) —e+ <y, y—yo>;
(it) p*"(y*) +plyo)— < y*,yo >< €.

For £ = 0, we obtain the subdifferential dp(yy) of p at yo in the sense of convex analysis.

Definition 2.3. For any € > 0 the set of e-approximate multipliers of (P) denoted by
M_.(P), is defined by

M.(P)={y* € Y™, p(0) —e <inf{f(x)+ < y*,g9(x) > —h*(y*), * € Domg}}.

The following result is to be compared with [20] Lemma 5.1. and [2] ch. 14.1 theorem 6.
Proposition 2.4. For any € > 0, we have the equality

0-p(0) = M.(P).

Proof. Let us first show the inclusion 0.p(0) C M.(P). Given y* € 0-p(0), for any y € Y,
we have

p(y) > p0) —e+ < y*,y>.
Let x € Domg and a € domh. If y = a — g(x), then:
h(a) + f(x) > p(y) > p(0) —e+ < y*,y >.
Whence f(z)+ < y*, g(z) >> p(0) — e+ < y*,a > —h(a).
Passing through this inequality to the infimum relatively to x in Domg and to the supre-

mum relatively to a in domh, we get y* € M.(P).
Conversely let y* € M.(P). For any x € Domg > and any a € domh, we get

fle)+ <y*,g(x) >>p(0) — e+ < y*,a > —h(a).
Given y € Y such that there exists x € Domg : g(x) +y = a € domh, then
f(@) +(g(z) +y) > p0) —e+ < y*,y >
Taking the infimum on z such that g(x) 4+ y € domh, we obtain
p(y) =2 p(0) —e+ <y"y >

wich proves that y* is an element of d.p(0). Proposition 2.4 justifies the introduction of
the following notions:

Definition 2.5. (P) is said to be stable if Op(0) is non-empty. (P) is said to be weakly
stable if for any positive ¢, d-p(0) is non-empty.

The notion of stability is standard, see for example [28]
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Theorem 2.6. The duality result,

inf(P) = sup inf{f(z)+ < v*,g(z) > —h*(y*), x € Domg}
y*EY*

holds if and only if (P) is weakly stable.

Moreover, the supremum above is a mazimum if and only if (P) is stable.

Proof. Using the inequality: < y*, g(x) > —h*(y*) < h(g(z)), we deduce for any y*:
inf{f(z)+ < y*, g(x) > —=h*(y*), x € Domg} < inf(P)
and the following inequality is always valid:

sup inf{f(z)+ <y, g(z) > —h*(y*), v € Domg} < inf(P)
y*EY*

Theorem 2.6 is now a consequence of the Proposition 2.4.

Proposition 2.7. Let xy be an element of X. If the problem (P) is stable, then the
following assertions are equivalent

(1) o is a minimizer of (P);
(13) there exists y* € Oh(g(xo)) such that

f(@o)+ <y g(xo) >= Min{f(z)+ < y* g(x) >, x € Domg}.
Moreover, the set of all y* satisfying (ii) is exactly Op(0).

Proof. First suppose that (i7) holds for some y*. Using 2.2, we get < y*, g(zg) >=
h(g(zo)) + h*(y*) and consequently

f(xo) + hlg(xo)) = flzo)+ <y" g(xo) > —h"(y")
< inf{f(x)+ <y g(z) > =h*(y"), x € Domg}
< inf{f(z) + h(g(x)), = € Domg, g(x) € domh}

Hence xg is a minimizer of (P).
For the converse, we need the following lemma.

Lemma 2.8. Let xy be a minimizer of (P). If y* is an element of Y*, then the following
assertions are equivalent

(i) y* is an element of My(P)
(i1) y* is an element of Oh(g(xo)) which satisfies

f(xo)+ < y*, g(xo) >= Min{f(x)+ < y*,g9(x) >, © € Domg}.
Proof of 2.8. Applying the Definition 2.3 we have
(D(y" € Mo(P)) <= (W*(y*) + h(g(0)) + f(z0)) < inf{f(z)+ < y", g(z) >, x € Domg}.

Given y* € My(P). If in (1) we take x = g, we obtain h*(y*) + h(g(xo)) << y*, g(xo) > .
Consequently, h*(y*) + h(g(zo)) =< y*,g(xo) > and according to 2.2(ii), the second
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assertion is satisfied.

Conversely if 2.8(i7) is verified then h*(y*) + h(g(zo)) =< y*, g(x¢) >, and

W (y*) + h(g(xo)) + f(xo) = Min{f(x)+ <y* g(x) >, x € Domg}.

Since y* verifies (1), we have y* in My(P).

End of the proof of 2.7. Let zy be a minimum of (P). Since (P) is stable, any element y*
of Op(0) = My(P) verifies 2.7(ii), by 2.8. The last assertion follows from 2.4 and 2.8.

Corollary 2.9. Let A be a subset of Y. If the problem
(Q) inf{ f(z), z € X, g(x) € A} is stable, then we have:

inf(Q) = Max ey~ inf{ f(z)+ < y*,g(x) > —sup < y*,a >, x € Domg}
acA

Proof. We use 2.6 with h = 14, where ¥4(y) = 0if y € A and Ya(y) = 400 if y € A.

If f: X — R is an R—valued mapping and r a real number, we adopt the notation f="
for the level set of order r of f defined by

fFr={reX, flx)<r}.

We say that f is proper if it does not take the values —oo. For a function g : X — Y,
we set g~ (a) = {x € X, g(z) = a}; this is the level line of order a, where a is an element
of Y.

Corollary 2.10. (Inclusion of a level line in a level set). Let a be an element of Y. If
the problem inf{—f(x), v € X, g(x) = a} is stable, then the following assertions are
equivalent

(i) g7 '(a) C f¥
(77) there exists y* € Y™ such that

—r <inf{—f(z)+ < y*, g(z) > — < y*,a >, x € Domg}.

Proof. The inclusion of (i) is equivalent to :
—r <inf{—f(z), z € X, g(z) = a}.

Since this problem is stable, this inequality is equivalent, by 2.9, to the existence of a y*
in Y* which verifies

—r < inf{—f(x)+ < y*,g(z) > — <y*,a >, x € Domg}.
This ends the proof.

Corollary 2.11. (Inclusion of a level line in a level line). If the problems inf{—f(x), x €
X, g(z) = a} and inf{f(x), x € X, g(x) = a} are stable, then the following assertions
are equivalent

() g Ha)C f(r)
(13) there exists y*,2z* in Y™ such that

—r <inf{—f(z)+ < y*, g(x) > — < y*,a >, x € Domg}.
r <inf{f(z)+ < 2*,9(z) > — < 2*,a >, € Domg}.
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Proof. The inclusion of (i) is equivalent to ¢g~'(a) C f=" N (—f)="" and, by 2.10, this
assertion is equivalent to (7).
As usual, we denote by R, the set of non negative real numbers.

Corollary 2.12. Let (fi)o<i<n be a finite family of mappings defined on X with values in
R and let (1;)o<i<n be a sequence of real numbers. If the problem

(R) inf{fo(x), € X, —co < fi(x) <ry, i =1,..,n}
18 stable, then

inf(R) = Maxycw,y inf{ fo(z) + X, y; fi(x) — X yiri, « €0 Domf;}

Proof. Problem (R) can be written:

inf{ fo(z), = € X, g(z) € A}, where g = (fi)1<i<n,” = (ri)1<i<n and A =1 — (R;)". The
(R)"valued map g is considered as an (R)"-valued operator.

For y* € R" we have, sup{< y*,a >, a € A} =< y*,r > if y* € R.", and +o0 if not.
Since Domg =0 Domf;, with Domf; = {x € X : f;(x) € R}, using Corollary 2.9 we

obtain the desired result.

Corollary 2.13. (Inclusion of a level set in a level set). Let (f;)o<i<n be a finite family
of proper R-valued mappings defined on X and (r;)o<i<n real numbers. If the problem
inf{—fo(x), v € X, fi(zr) <r;, i =1,....,n} is stable, then the following assertions are
equivalent

(1) Nz f7 Cf3
(17) there exists y* in (Ry)" such that for all x in 0 dom f;

—ro < — fo(z) + ZiLyy; filx) — Silyyimi.

Proof. Since the f; are proper, the inclusion of the assertion (i) is equivalent to —rg <
inf{—fo(z), z € X, —oc0 < fi(z) <r;, i =1,...,n}. By Assumption this last problem
being stable, the inclusion of (i) is equivalent, by virtue of 2.12, to the existence of some
y* in (R4)™ such that for all = en Domf;, —ro < —fo(x) + X0y fi(x) — X0y

But, since the f; are proper, we have domf; = Domf;. That proves the equivalence
between the given assertions.

The results 2.6,...,2.13 show the importance of the stability of an optimization problem.
Whence the question : under what conditions the performance function is convex ?. In
order to answer this question, it seems necessary to introduce the following definition.

Definition 2.14. The strict epigraph of the mapping (g, f) denoted by epit (g, f), is
defined by

epi™(g.f) ={(y,r) € Y xR, 3z € X, g(x) =y and f(x) <r}

We say that (g, f) is epi-convex if epi* (g, f) is convex.
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Proposition 2.15. Let 7 :Y xR — Y X R be the mapping defined by 7(y,r) = (—y,r).
If p is the performance function of the problem (P), then

epi* (p) = epi* (h) + m(epit(g, f)).

Proof.(y,r) € epit(p) <= Fr € X : h(g(x) +y) + f(z) <r

< dJreX s, teR:s+t=rh(g(z)+y) <sand f(z) <t

— JreX s, teR:s+t=r((g(x),t) €epit(g, f) and (g(z) +y, s) € epi*(h)

< dreX, s, teR:s+t=r((g9(x),t) € epit(g, f) and (y,s) € epi*(h) + (—g(z),0)
< dre X,s,teR:s+t=r((g9(x),t) € epﬁ( g, f) and (y,r) € epit(h) + (—g(z),t)
< dJre X,s,teR:s+t=r((9(x),t) (g9, f) and (y,r) € epi™(h) + w(g(x),t)
< (y,r) € epi” (h) + 7(epi*(g, [))-

Corollary 2.16. If h is convex and (g, f) is epi-convex then the performance function of
the problem (P) is conve.

With the help of Corollary 2.16, the known theorems [17], [18], [24], [25], can be used to
ensure the stability of the problem (P). In this paper, we consider the case where Y is
finite dimensional. The following result can be deduced from Corollary 2 of [25], but for
greater convenience, we will give a geometrical proof of it. We denote by riC the relative
interior of the convex C' [21].

Proposition 2.17. Let Y be finite dimensional and p : Y — R be a conves function. If
Yo is in the relative interior of domp and p(yo) is finite, then the subdifferential Op(yo) is
non empty.

Proof. Without any loss of generality, we can suppose (yo,p(yo)) = (0,0). Since
(0,0) € epi™(p), we can properly separate these two sets [21] Theorem 1.3. There exists
(y*,\) € Y x R such that
(1) for any (y,r) € epit(p),0 << y*,y > +Ar;
(2) there exists (yo,70) € epit(p), 0 << y*,y0 > +Ary.
From (1), we deduce that A is non negative. Let us show that A # 0. If A = 0 then (1)
and (2) can be written
(3) for any y € dom(p),0 << y*,y >;
(4) there exists yo € dom(p),0 << y*,y0 > .
From (3) we deduce that 0 << y*, R, dom(p) >. Since 0 € ridom(p), one has R dom(p)
is a vector space and thus < y*, R,;dom(p) >= 0; which contradicts (4).
Consequently A > 0 and by setting y§ = —A~'y*, we obtain for any (y,r) € epi*(p),
< ys,y ><r. Thus
< Y5,y >< p(y), for any y € dom(p).

Since this last inequality is valid for all y € Y, we obtain that y§ € dp(0). Which proves
2.17.

Remark. When p is supposed to be a proper convex function, Proposition 2.17 is clas-
sical; see theorem 23.4 of [21].

Before stating the result of stability, let us prove the following lemma:

Lemma 2.18. If (g, f) is epi-convex then the set r¢(g) = {g(z), © € Domg Ndomf} is
convet.
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Proof. If (g, f) is epi-convex, then epi™ (g, f) is convex. If ¢ stands for the projection of
Y xR on Y defined by ¢(y,r) = y, then we get the following equality:

r1(g9) = qlepi*(g, f),

from which the convexity of r¢(g) follows.

Theorem 2.19. We suppose Y is finite dimensional. Let h : Y — R be a convex
function. Under the following assumptions:

(i)  the function (g, f) is epi-convez;
(i1) the origin is in the relative interior of domh — rs(g),
the problem (P) is stable.

Proof. By virtue of 2.16 the performance function of the problem (P) is convex and
p(0) = inf(P) is finite by assumption. Using the second assumption, 2.1 and 2.17, we
can deduce that the performance function is subdifferentiable at the origin. Therefore the
problem (P) is stable by definition.

3. On the interchange of minimization and integration

Let (2, 7, ) be a measured space by a o-finite positive measure y, E a separable Banach
space with Borel tribe B(E). Consider a subset X of the space Ly(§2, E) of classes of
measurable functions ( for p-a.e equality ) defined on Q and with values in E. The set X
is supposed to be decomposable in the following sense [29]: for all z,y € X and all A € 7

the function yl4 +x1q\ 4 is in X, where 1g stands for the characteristic function of S € 7.
*

Given v € Lo(2,R), we denote by I, or / v dp the upper integral of v defined by:
0

L,:/ vd,u:inf{/udu, ue Li(QR), v<up—a.e}.
Q Q

If f: Qx E — Ris an 7 ® B(E) measurable scalar integrand, the functional integral I;
is defined on X by:

Ip(z) = Ij) Z/Q f(x) dp,

where f(z) stands for the function w € Q — f(w,z(w)). If g : @ x E — (R)" is an
7 ® B(FE) measurable vector integrand, then g = (¢;)1<;<n Where g; is a scalar measurable
integrand. Likewise we consider the integral functional /, defined on X by

o(®) = Ly, () 1<i<n-
We also adopt the notation g(z) for the mapping w € Q — g(w, z(w)). Let us recall that

Neveu [19], I1.4 shows that any family {v;, i € I} of elements of Ly(£2, R) has an essential
infimum ess irllfvi defined by:

Viel, v; >vu—ae) < (ess irllfv,-ZUu—a.e).
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Theorem 3.1. Let X be a decomposable set and f : Qx E — R a measurable integrand.
We have
151(fff(x) = [esmg{ff(x)

provided the left hand side is distinct from oo.

Proof. Let y be an element of X such that I¢(y) < co. There exists v € L;(£2,R) such
that f(y) <v p —a. e. We consider the sets

f(X)={f(z), e X} U={ue Li({,R), Ixr € X, f(x) <u<v p—a.e}.
Lemma 3.2. The sets f(X) and U are non empty complete lattices.

Proof of 3.2. Let us first verify that f(X) is a complete lattice. Let x,y be two elements
of X. If we consider the set,

A={we, f(wzWw)) < flw,yWw))}
then,
inf{f(z), f(y)} = f(@)1a+ f(¥)lova = f(#1a + ylora).
Since X is decomposable we deduce that inf{ f(z), f(y)} € X. Similarly sup{f(z), f(y)} €
X.
By means of a similar proof, let us prove that U is a complete lattice. Let u; and wuo
be two elements of U. By definition there exists two elements x; and x5 of X such that
flz;)) <w;<vp—a.e.
If B={weQ, u1(w) <uy(w) p — a.e}, we have
v > inf{uy, us} = uilp +uslovp > f(z1)lp + f(@2)lovs = f(21lp + 2210\ B)-
Since X is decomposable we obtain
inf{ul, Ug} eU.
In the same way sup{uy, us} € U can be shown.

Lemma 3.3. If essigfu is integrable, then for any x € X, f(x) does not take p-a.e the

value —oo.

Proof. Suppose the contrary. Let x be in X such that the set A = {w € Q, f(w,z(w)) =
—oo} is of positive measure. If y and v are defined as in the beginning of the proof of 3.1,
by lemma 3.2, we consider z in X such that:

f(z) = inf{f(z), f(y)}.

Thus we get f(z) < v u—a.e and for w € A, f(w, 2(w)) = —oo. If a is a positive
integrable function, then we set, for n € N

Up = UlQ\A - nsup{a, ’U|}1A

It is obvious that f(z) < u, < v. Consequently u, is in U and we have
Tessinfu < inf/ Up dit = —00
U N Jq

which leads to a contradiction.
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Lemma 3.4. Ifess iIUlfu 18 integrable, then

ess 18fu = ess 1gl(ff(x) U—a.e.

Proof. By virtue of the definition of U we have

i < i —a.e.
essgl(ff(x)_esmgfu L—a.e

Conversely, let us show that for any x € X we have

essi[r}fu < f(z) —a.e.

For this, let y and v be as above. f(X) being a complete lattice, by lemma 3.2, we
consider z € X which satisfies f(z) = inf{ f(z), f(y)}. Let us prove that

essilr}fug f(2) pH—a.e.

If this is not the case, then the set A = {w € Q, f(w,z(w)) < ess iIUlfu(w)} is of positive

measure. Let a be a positive integrable function on 2. We set for n € N,
A, ={we A, —na(w) < f(w,z(w))}.
By lemma 3.3, the union of the A, is A. If A, has a positive measure, then we set

U = ’UlQ\Ak + f(Z)lAk
By construction, v € Li(2,R) and f(z) <u <w i — a.e. Hence u is an element of
U. But for any w € Ay, we get the contradiction

essigfu(w) <u(w) = f(w, z2(w)) < ess igfu(w).

This shows that A is of null measure. Moreover, for any x € X we have

essigfugf(z)gf(x) w—a.e

and the proof of 3.4 is complete.

wdp 18 a real number then ess i(rjlfu 15 integrable and we get

Lemma 3.5. Ifinf/
v Ja

nl}f/Qudu:/Qess%fudu.

Proof. Let r = ill}f/ wdp and w, € U be such that lim/ Updp = r. Since U is a
n Ja

Q
complete lattice (Lemma 3.2), the sequence 4, = inf{u;, 1 <i <n}isin U and satisfies

lim / Updp = r. Let 4 = limu,,. By the monotone convergence theorem w is integrable
n o) n

and / wdp = r. In order to prove 3.5 all we have to do is to show that u is the essential
Q
infimum of the family U.
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Let w € Lo(Q, R) be such that for any u € U,w < u i — a. e. It is obvious that

w < 4 pu— a. e. One needs only to show that @ is an essential lower bound of the family
U. That is to say for any v € U we have u < u u — a.e.

For this, let us consider an element v € U and the sequence v,, = inf{u, 4, }. Since U is
a complete lattice, v, is in U. The sequence (v,) is decreasing and we have

T‘Slim/vnduglim/undu:r.
noJo noJa

Thus by the monotone convergence theorem, the sequence (v,) converges to inf{u, u} in

/ inf{u, u} dp = lim/ Up dpe = .
Q "Ja
As a result

/ u — inf{u, u} dp = 0;
Q

and consequently inf{u,u} = u p—a.eor i <u it —a. e. Therefore we have shown
that u = ess irc}fu, and 3.5 is proved.

End of the proof of Theorem 3.1. We obviously have the inequality
Iesg{lnff(:p) > lgl(f[f(f)
If i)r%f I(x) = —oo, then the two terms coincide. Consequently, let us suppose —oo <

igl(flf(x) < igf/ udp < oo. In this case, we obtain by Lemma 3.4 and Lemma 3.5
Q

. < _ :
1§fff(x) < Hl}f/gud,u /Qess 12fud,u
= /Qess 1§1(ff(:v) dp.

This proves the previous equality and ends the proof of 3.1.
Theorem 3.1 gives rise to the question of the calculation of the essential infimum of the
range by an integrand of a decomposable set.

Definition 3.6. An increasing sequence (€2,,),, of measurable sets of finite measure is said
to be a o-finite covering of §2 if p(Q2\ U, ©,) = 0.

Given a multifunction M defined on €2 with values in £ and with measurable graph. We
denote by S); the decomposable set of measurable selections of M, i.e,

Su=A{x € L/, E), Vw € Q, x(w) € M(w)}.

Definition 3.7. Let X and Y be two decomposable sets of Lo(2, E). X is said to be
rich in Y if X is a subset of Y and if for any y in Y, there exists a o-finite covering (€2,,),
of Q and a sequence (x,,) of elements of X verifying, ylg, = x,1q,. for alln € N
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Let us give an example. Let M be a multifunction defined on €2 with values in £ and
with a measurable graph. If L,(Q, E) N Sy is non empty, then it is a decomposable set
which is rich in S)y.

Theorem 3.8. Suppose the tribe T p-complete. Let M be a multifunction with non empty
values and with 7 ® B(E) measurable graph, and f : Q x E — R a measurable integrand.
If X s a decomposable set which is rich in Sy, then

inf = inf —a. e.
essinf f(e)(@) = inf flw.e) p—ac

Proof. Let u(w) = 1]\% )f(w, e). By virtue of [7] I11.39, u is 7-measurable and therefore
ec M (w

satisfies u < essigl(ff(x) [— a.e

Let us show the inverse inequality. For all n € N, we consider the multifunction N,

defined by :

{ee M(w), flw,e) <u(w)+2} ifweu(R)

Ny(w) =< M(w) if weut({oo})
{e€e M(w), f(w,e) < —n} if we ut({—o0})

We check that N, has an 7 ® B(F) measurable graph and it is with non empty values.
Using [7] 111.22, we get that N,, admits a measurable selection x,, € Sy;. Since X is rich
in Sy, let (€2), be a o-finite covering of 2 and (z}), a sequence of elements of X such
that for any p € N

Tplon = .%'Zlgg W —a. e.

For all p € N, we have
ess igl(ff(l’)lg; < fzy)lap pp—a. e.
Taking the limit in p € N, we obtain for all n € N
essigl(ff(a:) < flxy) p—a. e.

Hence

i <i = —a. e.
essgl(ff(ac) _érellgf(xn) u  p—a.e

Which proves 3.8.

Corollary 3.9. Suppose that the tribe T is u-complete. Let M be a T ® B(E) measurable
multifuction with non empty values and f : 2 x E — R a measurable integrand. If X is
a decomposable subset which is rich in Sy;, we have

inf Ip(x) =1 inf f(.,e),

zeX eeM(.)

provided the left hand side is distinct from oo.

Proof. This follows from the theorems 3.1 and 3.8.
A result in relation with the Corollary 3.9 is the Theorem 2.2 of [29] by F. Hiai and H.
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Umegaki. In this last theorem X has been replaced by L, (2, £)N .Sy and the integrand is
supposed to be normal. When the tribe is y-complete, Corollary 3.9 is a natural extension
of the result of Hiai and Umegaki.

Examples of rich decomposable sets which will be useful in the sequel.

Let f: QxE — Rand g : @ x E — R" be two measurable integrands. The
multifunctions defined by Vw € Q,domf(w) = domf(w,.) and Domg(w) = Domg(w,.)
have a measurable graph. We set

Ly ={z e Ly(QE), It(z) < oo}
Ly ={x € Ly(Q, E), I,(x) € R"}.
Lemma 3.10.

(i) If Lyis non empty, then it is a decomposable subset which is rich in Sgomy-
(1) If L; is non empty, then it is a decomposable subset which is rich in Spomg.

Proof. We prove (i). Let us first show that L is decomposable. Let z,y be two elements
of Ly, then there exists u,v in L; (€2, R) such that

flz)<u p—a.eand f(y) <wv = a. e.

If Ais an element of 7, then

f(@la+ylawa) = f(@)la+ f(Y)loa Sulat+vloa p—ae,

which shows that 214 +ylq\ 4 is in Ly. Therefore Ly is decomposable. We now prove the
richness of Ly in Sgomys. Let y be in Ly and x in Sgomys. If (), is a o-finite covering of
Q, then the sequence S, = {w € Q, f(w,r(w)) < n} is also a o-finite covering of (2. For
alln € N,z, = zlg, +ylo\s, is in Ly and we have

xlsn = xnlsn.

Which proves the first assertion. The decomposability of L; is verified thanks to the
classical Lemma:

Lemma 3.11. Let x be in Lo(S2, E). I,(z) is in R™ if and only if the map g(x) is inte-
grable.

By 3.11, if x,y are in L; and A is in 7, we have

9(@la +yloa) = g(@)la + 9(y)lova € L1(€LR™).

Consequently 214 +ylgya is in L. Let us show the richness of L, in Spomg. Let y be in
L;, % € Spomg and let (Q,), be a o-finite covering of Q. Set S, = {w € Q, |g(w, z(w))| <
n}, where |.| is a norm of R”. The sequence (S,,), is a o-finite covering of Q2. The sequence
T, = xlg, +yla\s, is in L}] and satisfies x1g, = x,1g, u — a.e. Therefore L; is rich in
SDomg-

Lemma 3.12. Let M and N be two multifunctions with non empty values and with an
T ® B(E) measurable graph. Let X be a decomposable set which is rich in Sy and Y a
decomposable set which is rich in Sy. If X NY is non empty, then it is a decomposable
set wich is rich in SyAN.
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Proof. Let y bein X NY and x be in Sy;~n. Since X is rich in Sy;, there exists a o-finite
covering (€ ,), and a sequence (z,), of elements of X verifying

rlg,, = Tulo,, p—a. e, foranyn €N (1)

In the same way, there exists a o-finite covering (€23 ,,), and a sequence (y,), of elements
of Y verifying

rlg,, = Ynla,, it —a. e. forany n € N (2)
The sequence €2, = 2, Ny, p1 — a.e is a o-finite covering of ). Let z, = xlq, +ylo/q,.

Since X and Y are decomposable, by using (1) and (2), we deduce that z, isin X NY.
Besides, from (1) and (2), z,1q, = zlqg,. Which proves that X NY" is rich in Sy;nn.

Proposition 3.13. Let M be a multifunction with non empty values and with an T ® B
measurable graph and X a rich decomposable subset in Sy;. We consider the integral
functionals Iy and I, defined on X.

(i) If Doml, is non empty, then it is decomposable set which is rich in Syinpomy-
(i) If Doml, N domly is non empty, then it is decomposable set which is rich in Sy
with
N =M N Domg Ndomf.

Proof. For the first assertion, we notice the equality
1
Doml, = XN L,

and we use 3.10 and 3.12. The second assertion can be proved in the same way, noting
that domIf =XnN Lf.

4. Epi-convexity and other properties of the range of a vector integral func-
tional

Throughout this section, the measure p is assumed to be atomless and the tribe 7 pu-
complete.

Let f : QxFE — R, g: QxE — R" be two measurable integrands, M be a
multifunction with an 7 ® B(E) measurable graph and X be a decomposable subset
which is rich in Sy. The functional (I, If) is defined on X.

Theorem 4.1. The functional (1,,1f) is epi-conve.

Proof. Let us prove that the strict epigraph
epit(I,,Ip) = {(y,r) e R”", oz € X, y = I,(x) and I;(z) < r},

is convex. Given (y;,r;) in epit(Iy, If), i = 0,1, and ¢ in the unit interval ]0, 1], let us
verify that
t(yr,m1) + (1 = ) (yo, ro) € epi™ (I, Iy).

There esists two elements x;,7 = 0,1 of X such that

yi = Iy(x;) and Iy(z;) < ;.
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By the definition of I; there exists two elements u;,7 = 0,1 of L;(€,R) satisfying

f(z;) < u; p—a.e and /uidugn, i=0,1. (1)
Q

By Lemma 3.11, the vector measure v defined on 7 by

v(4) = ( / (9(a1) — g(w0) d / (ur — o) dp)

is well defined and atomless. Using Lyapunov’s theorem [8], we obtain the convexity of
the range of v. Therefore, there exists a measurable set A € 7 such that

v(A) =tr(Q) + (1 —t)v(0) = tv(Q). (2)

Let x = 2114 + z9lo\a, then z € X and we have
I(z) = r1)d o) dp = 1) —¢g(zg)) d xg)d
() /Ag< )u+/Q\A9( ) dy /A<g< )~ g(z0)) u+/ﬂg( ) dj
. / g(a) — glawo) dp + / g(eo)dn (e (2))

Besides

Ii(x) = /*fm)dw " f o) dp
A o\A

< /Auldu—k/Q\Auod,u (see (1))
- /A(u1—uo)du—k/ﬂuodp:t/ﬂ(ul—uo)du%—/guodu (see (2))

= t/ﬂuldu—l—(l—t)/g)uodu<tr1+(1—t)7’o. (see (1)).

Hence (ty; + (1 — t)yo, tr1 + (1 — t)ro) € epi* (I, I). This completes the proof of 4.1.

By Lemma 2.18, the set 77, (1y) = {I,(x), * € Doml, N doml;} is convex. We will give
some criteria that will allow to attest that the interior or the relative interior of ry (/)
are non empty. O denotes the interior of a subset C' of R and C'its closure.

Proposition 4.2. Let xy be in Doml, N domls and N(w) = (M N Domg N domf)(w).
If A, = {w € Q, g(w,x0(w)) € g(w,N(w))mt} is of positive measure, then I,(xg) is an

element of ry,(1,)™.

Proof. Let us prove firstly the following lemma.

Lemma 4.3. The multifunction L(w) = g(w, N(w))mt has an T @ B(E) measurable graph.
Its domain is measurable and, as a consequence, A, is measurable.
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Proof of 4.3. The multifunction N has a measurable graph. If F(w) = g(w, N(w)),
then F' has non empty values. Moreover for any y € R" the function d(y, F'(w)) =
inf{ly—g(w, e)|, e € N(w)} is measurable by virtue of [7] II1.39. Therefore Fis measurable
in the sense of [7] I11.30. If G(w) = R"\F(w) then G has a measurable graph and by
virtue of [7] I11.23, the domain €y of G is T measurable. The multifunction G has non
empty values on () and a measurable graph, hence as a consequence of [7] TI1.40, G has
a measurable graph. Finally L(w) = R"\G(w) has a measurable graph. By virtue of [7]
I11.23, the domain of L is measurable.
Let us prove 4.2. If Iy () is not in r; (I,)™" then Iy(zo) is on the boundary of this convex
set. By [4] 2.3.7, there exists y* in R"\{0} such that for all y € r;,(],),
< y*7[g(x0> >§< y*7y >

or equivalently,

0= Min{< y*,I,(x) — I,(xo) >, © € DomI, N domls}.

But DomlI, N doml; is a decomposable set which is rich in Sy (3.13(i¢)). Using 3.9, this
last equality is equivalent to

0= Min{< y*,g(w,e) — g(w,xo(w)), e € N(w)} for p —a.e we
which proves that for any w € A,,, y* attains its minimum on g(w, N(w)) at g(w, zo(w)).

Since g(w, ro(w)) is in g(w, N(w))int’ we obtain the contradiction y* = 0. Therefore I,(x)
is in 7, (Ig)"™.

Definition 4.4. Let C be a subset of R”. An element ¢y of C' is in the relative interior
of C'if Ry(C — ¢) is a vector space.

This generalization of the notion of relative interior is due to J.M.Borwein and A.S.Lewis
in the convex case [27], here is justified by the following two results.

Lemma 4.5. If a linear functional | assumes its minimum on C at a point ¢y of the
relative interior of C', then it is constant on C.

Proof. As a matter of fact, we have [(R,(C — ¢p)) > 0. Therefore [(R,(C — ¢p)) = 0.
As a consequence [ is identically equal to I(cy) on C.

Proposition 4.6. Let x be in DomI,NdomlI;. We set N(w) = (M NDomgNdomf)(w).
If g(x0) is a selection of w +— ri(g(w, N(w))), then Iy(xo) is an element of ri(r,(1y)).

Proof. Suppose that I,(z¢) is not in ri(r,(I;)). Then I,(x) is on the boundary of this
convex set. By [21], Theorem 1.3, There exists y* € R"\{0} such that

(1) for any y in r;,(Iy) < y*, Iy(wo) ><< y*,y >,
(2) there exists yo in r, (1) such that : <y*, I,(70) ><<y*, 5o > .

Assertion (1) is equivalent to
0= Min{< y*,I,(x) — I,(x9) >, © € DomI,Ndomls}.
By 3.9 and 3.13(z7), this last assertion is equivalent to
0= Min{< y*,g(w,e) — g(w, xo(w)) >, e € N(w)} for p —a.e w e
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Since g(w, xo(w)) is in ri(g(w, N(w))), we deduce that y* is constant on g(w, N(w)), by
virtue of 4.5. Assertion (2) is equivalent to the existence of an element x of DomI,NdomI
such that the set A = {w € Q, < ", g(w, ro(w)) >< < y*, g(w, x(w)) >} is of positive
measure. As x(w) is in N(w), this shows that y* is not constant on g(w, N(w)) and gives
a contradiction. This completes the proof of 4.6.

5. Kuhn-Tucker conditions and growth conditions

The same assumptions as in section 4 are made.
Let h: R® — R be a convex function. Let us consider the problem

(P) inf{I;(z) + h(l,(z)), v € X, I,(x) € domh}.

As in section 2, p stands the performance function of the problem (P) and inf(P) is
supposed to be finite.
The following Theorem extends a result of J.P.Aubin and I.Ekeland[3],[2] chapter 14.2.7.

Theorem 5.1. Suppose that the origin is in ri(domh — r,(1,)). Then the problem (P)
15 stable and we have:

inf(P) = Mazysepnlu,. —h*(y")
where uys(w) = inf{ f(w, e)+ < y*, g(w,e) >, e € M N Domg(w)}

Proof. By 4.1, (I,,Iy) is epi-convex and the assumptions of 2.19 are verified. Therefore
(P) is stable. Using 2.6, we deduce

inf(P) = Maxyern inf{If(x)+ < y*, I,(x) > —=h*(y*), © € Doml,}.
By using 3.9, 3.11 and 3.13(i), we have
inf{l;(v)+ < y*, Iy(z) >, ¥ € Doml,} = I, .

Corollary 5.2. Let C be a conver subset of R™. Suppose that the origin is in ri(C' —
r1,(1y)). Then

inf{l;(z), v € X, Iy(r) € C} = Mawycpnl,,. —sup{<y*,c>,ce€ C}
where uy(w) = inf{ f(w, )+ < y*, g(w,e) >, e € M N Domg(w)}

Proof. We use 5.1 with h = 9.

Corollary 5.3. (Inclusion of a level line in a level set). Suppose that a is in ri(r;_,(1,)).
Given a real number r, the following assertions are equivalent

(i) I,'(a) C I;";

g
(i1) there exists y* € R™ such that the function

w— u(w) = inf{—f(w,e)+ < y*, g(w,e) >, e € M N Domg(w)} is integrable and satisfies

—r < /udu— <y~ a>.
Q
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Proof.
Lemma 5.4. If I;(x) < oo then If(z) = —1_¢(z).

Proof of 5.4. If I;(z) < oo then f*(x) = sup{0, f(x)} is integrable. Either f(z) is
integrable and in this case If(x) = —I_¢(x); or f(z) is not integrable. In the latter case
f~(x) =1inf{0, f(2)} is not integrable and I¢(x) = —oo = —I_¢(x).

Proof of 5.3. By 5.4, if the assertion (7) is satisfied then we have
(1) I (a) C (=1-p)="

g9
which is equivalent to the next one

)" —r <inf{l_¢(z),z € X, I,(z) = a}.

By 5.2, (i)" is equivalent to (ii). the reciprocal is immediate.
For e € M N Domg(w), we get

flwe) <<y’ g(w, e) > —u(w).
If z is an element of X satisfying I,(x) = a, we obtain

Ii{e) <<y ) > - [

udp =< y*,a > —/ud,ugr.
Q

Q

Corollary 5.5. (Inclusion of a level line in a level line). Suppose that a is an element of
ri(rr_; (1)) Nri(ry,(1y)). Given a real number r, the following assertions are equivalent

(i) 1y (a) C I (r)

g
(i7) there exists y*, z* such that the functions

u(w) = inf{—f(w,e)+ < y*, g(w,e), e € M N Domg(w)}

and v(w) = inf{f(w,e)+ < y*, g(w,e) >, e € M N Domg(w)}
are integrable and satisfies

—r§/ud,u—<y*,a> andrﬁ/vdu—<z*,a>.
Q Q

Proof. The assertion (7) is equivalent to the two following conditions I, (a) C Ifgr and
r <inf{l;(z), x € X, I;(x) = a}. Then we use 5.3 and 5.2.

Corollary 5.6. We consider a family (f;)o<i<n of measurable scalar integrands. We sup-
pose that there exists real numbers ¢;,1 < i <mn, and x of X such that

(H) for everyi=1,....,n,—oc0 < I, (x) < ¢; and I () < oo.
Then if r = inf{l; (y), y € X, —oo < I, (y) < ¢, i =1,...,n} is finite, we have
r=Mazyecw Ly, — <Yy c>

where ¢ = (¢;)1<i<n, and
Uy (w) = inf{ fo(w, e) + >0, yr filw,e), e € M(w) N (291 Domf;(w,.))}
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Proof. Take C'=c— (Ry)", and g = (f;)1<i<n-

The assumption (H) ensures that the origin is in the interior of C'—ry, (,). For y* € R"
we have sup{< y*, ¢ >, ¢ € C} =< y*, ¢ > if y* € Ry" and +o0 if not.

Moreover, we have Domg(w, .) =0 Domf;(w,.), and therefore 5.6 is a consequence of 5.2.

The following result generalizes and completes some key theorems of [9], [10] and [6].

Corollary 5.7. (Inclusion of a level set in a level set). Consider a family (f;)o<i<n of
measurable scalar integrands. We suppose that for all 1 <1 < n, f; is proper. Besides, we
suppose that there exists real numbers (¢;)o<i<n and an element x of X such that

(H') for everyi=1,...,n,—oo < Ip(x) < ¢ and I_g(x) < .
The following assertions are equivalent

. <Ci <C'
(i) NIz C 1™

i>1 i
(ii)  there exists y* in (Ry)"such that the function u(w) = inf{— fo(w, e)+>_ 1, yI fi(w, €),
ee€ Mw)N (Ql domfi(w,.))} is integrable and verifies —co < [, udpu— < y*, ¢ >,

where ¢ = (¢;)1<i<n-

Proof. If the assertion (i7) is satisfied, then for any e € M (w), we have

folw,e) < Ty filw, ) —u(w).
Consequently, for z € X verifying I,(2) < ¢;,i = 1, ...,n, by integration, we obtain
Ip (2) <27yl (2) — / udp << y*,c > 4co— <y, ¢ >= cp.
Q

With the convention : 0 x (—o0) = 0.
Conversely, by 5.4, if assertion (i) is true, then the following holds

]Sci _ISCO‘
291 i - —fo

This assertion is equivalent to the following one
—co <inf{l_;(y), ye X, I,(y) < ¢, i =1,...,n}.
therefore we get
—co <inf{l_;(y), y€ X, —co<If(y) <¢, i=1,..,n}=r.

By (H') and corollary 5.6, there exists y* € (Ry)" such that —co <7 =1,.— < y*, ¢ >,
where we have uy«(w) = inf{—fo(w,e) + >, yi filw,e), e € M(w)N (r;1 Dom fi(w,.))}.

Since the f;,i = 1,...,n, are proper, we deduce Domf; = domf;, moreover, since I, , is
finite, u,» is integrable and satisfies the second assertion of Corollary 5.7. This completes
the proof.

Proposition 5.8. We consider the problem (P). Suppose that the origin is an element
of ri(domh — 1, (1y)). The following assertions are equivalent
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(i)  xo is a minimizer of (P);

(11) there exists y* in Oh(I,(xg)) such that the function
v(w) = Min{f(w,e)+ <y*,g(w,e) > —(f(w), z0(w))+ < ¥, g(w, mo(w)) >,
e € M N Domg(w)}

15 the null mapping almost everywhere.

Moreover, the set of all y* verifying (i) is exactly Op(0).

Proof. By 4.1 and 2.19, the problem (P) is stable. By virtue of 2.7, 2y is a minimizer of
(P) if and only if there exists y* in Oh(I,(zo)) such that

Ie(xo)+ < y*, Iy(x) >= Min{lf(x)+ < y*, I,(z) >, x € Doml,}.

Using 3.9, 3.13(7) and 3.11, this is equivalent to / vdp =0, with
Q

U(w) = Mln{f<w7 6)—|— < y*ag(wa 6) > —(f(w),xo(w))—i— < y*,g(w,xo(w)) >,

e € M N Domg(w)}

Since v is non positive, we deduce that v is null almost everywhere. Therefore the asser-
tions are equivalent.Besides, the set of all y* satisfying (i7) is exactly dp(0), by 2.7.

When h = 1p, where P is a cone of R" of the following type
P ={0}" x (Ry) k+1=n,

we complete some results of [1].
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