Journal of Convex Analysis
Volume 8 (2001), No. 2, 401-408

Kernelled Quasidifferential for a Quasidifferentiable
Function in Two-Dimensional Space

Yan Gao*

School of Management,
University of Shanghai for Science and Technology, Shanghai 200093, China
gaoyanl962@263.net

Zun-Quan Xia

Department of Applied Mathematics,
Dalian University of Technology, Dalian 116024, China
zqriazhh@Qdlut.edu.cn

Li-Wei Zhang

Department of Applied Mathematics,
Dalian University of Technology, Dalian 116024, China
szxyh@dlut.edu.cn

Received October 14, 1999
Revised manuscript received February 24, 2000

For a quasidifferentiable function f defined on R?, it is proved, in the sense of Demyanov and Rubinov,
that the following assertion

N (0f () + 9f (x)), N (0f () — 0f ()| € Df(x)
[0 (2).01 (2)| €D () (01 () 9f (2)]€DS ()

in this paper, where Df(x) denotes the set of all quasidifferentials of f at x. It is shown that this way
can be viewed as an approach to determining or choosing a representative of the equivalent class of
quasidifferentials of f at x, in the two-dimensional case.
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1. Introduction

A function f defined on R" is called quasidifferentiable at z, in the sense of Demyanov
and Rubinov, if it is directionally differentiable at x and there exists a pair of convex
compact sets df(x),df(x) C R" such that its directional derivative can be expressed as
follows

f'(a;d) = lim (f(z +td) — f(x))/t

t—0t
= max v'd+ min w'd, d € R". (1)
veIf(z) wedf(x)
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The pair of sets [0f (x),0f(x)] is called a quasidifferential of f at z. The sets 9f(z) and
Of(x) are called a subdifferential and a superdifferential of f at x, respectively.

It is well known that the quasidifferential is not uniquely defined. Actually, suppose
that [U, V] is a quasidifferential of f at x, then for any convex compact set S C R”,
U+ S,V — 8] is still a quasidifferential of f at z. Throughout this paper, Df(x) denotes
the set of all quasidifferentials of f at z. For the purpose of practice, it is necessary to
find a way or a rule by which a quasidifferential, as a representative of the equivalent
class of quasidifferentials, can be determined automatically. Many authors considered
this problem, see for instance [5, 6, 9, 10, 11]. The following pair of sets

A (0f (x) + 0f (x)), A (0f (x) — 0f (x)) (2)

[ 0f(x), 0f (x)|€Df (=) [ 0f(x),0f (z)|€DS ()

was investigated and was conjectured to be a quasidifferential of f at x. Some results were
obtained for the subclass of quasidifferentiable functions, where (2) is a quasidifferential,
see for instance [9, 10, 11]. If (2) is a quasidifferential, then it is called kernelled quasidif-
ferential and could be taken as a representative of the equivalent class of quasidifferentials.
In the one-dimensional case, a quasidifferential happens to be a pair of nonempty closed
intervals. It was shown that the pair of sets presented in (2) is just a quasidifferential of
f at x, see [3, 11]. In the n-dimensional case (n > 2), whether the pair of sets given in
(2) is a quasidifferential of f at x is still an open problem. However, Deng et al [2] proved

that the set _
N (Of () + Of (x))
[0f(x),0f (z)|€Df (x)

is nonempty. Besides, the nonemptiness of the set

A (0f (x) — 9f (x))

[0f(x),0f (x)€DS ()

is obvious since it contains zero.

For the same purpose, Pallaschke et al [5] introduced an important notion, the minimal

quasidifferential.
=m

0" f(x), 0" f(x)] € Df ()

is called minimal, provided that any pair [0f(z),0f(z)] € Df(x) satisfying that the
relation f (x) C & f(x),0f(x) C 0 f(z) implies [0f(x),0f(x)] = [0 f(x),d" f(x)].
Furthermore, Pallaschke et al [5] proved the existence of the minimal quasidifferentials,
which reads: if [0f(z),0f(z)] € Df(z), then there exists a minimal quasidifferential
0" f(x),0" f(x)] € Df(z) such that 9" f(x) C df(x), d f(z) C df(z). However, the
minimal quasidifferential is not uniquely defined either. Actually, any translation of a
minimal quasidifferential is still minimal, say, if [A, B] is a minimal quasidifferential,
then for any singleton {c}, [A + {c}, B — {c}], a translation of [A, B], is still a minimal
quasidifferential.

Grzybowski [4] and Scholtes [8] proved independently the fact that equivalent minimal
quasidifferentials, in the two-dimensional case, are uniquely determined up to a transla-
tion, i.e., let f be quasidifferentiable on R2?, given the two minimal quasidifferentials
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[_Tf(m),?lnf(x)] and [07f(z),0, f(x)], there exists ¢ € R? (where ¢ is depends on
(07" ()8, f(x)] and (05" f(x), 8y f(x)] ) satisfying

(05 f (), 05 f ()] = [0 f(x) + {c}, 0} f(x) — {c}]. (3)

In this paper, it is to explore the kernelled quasidifferential in the two-dimensional case.
The remainder of this paper is organized as follows: In the section 2, we prove that the
pair of sets in (2) is a quasidifferential and give its expression by using of a minimal
quasidifferential. In the section 3, we propose a method of determining whether a given
quasidifferential is minimal.

2. Existence and Structure of Kernelled Quasidifferential

In this section, the existence and structure of the kernelled quasidifferential of a quasid-
ifferentiable function are established.

Theorem 2.1. Suppose that [ is a quasidifferentiable function defined on R? and
100" f (), 887(3:)] is a minimal quasidifferential of f at x. Then, the relations below hold

f (0f (x) +9f (x)) = 8" f(x) + Ty f(x), (4a)
[0/ (@), 8f (@)|€Df ()
A (0f () = 0f (x)) = 0y f(x) =y [(). (4b)

[0f(z), 0f (z)|€DS ()

Furthermore,

A (0f (x) + 0f (x)), M (0f(z) — 0f(2)) | € Df(x). (5)

[ 9f(x), Of (x)]€Df(x) [9f(x), 0f(x) |€DS ()

Proof. Let [0f(z),df(x)] € Df(x). From the existence of the minimal quasidifferentials,
as mentioned in the last section, or see [Theorem, 5], it follows that there exists a minimal
quasidifferential of f at z, denoted by [0™f(z),d" f(z)], such that 9" f(z) C df(z),
gmf(x) C 0f(z). Consequently,

9" f(x) + 9" f(x) C Of (x) +9f (x), (6a)
9" f(x) =" f(x) C Of(x) — Df (). (6b)

Note that both [0™f(z),d" f(z)] and [07 f(x),d, f(x)] are the minimal quasidifferentials
of f at x. According to the translation property of the equivalent minimal quasidifferen-
tials in the two-dimensional case, there exists ¢ € R? such that the minimal quasidiffer-
ential [0™ f(x), 0" f(x)] can be expressed as

0" f(2),0" f(x)] = 05 f(x) + {c}, By f(x) — {c}]. (7)

This leads to
I f(x)+0" f(x) =0 f(x) + Ty f(x), (8a)
9" f(x) = 3" f(a) = Ty f () - Ty f(2). (sb)
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It follows from (6a), (6b), (8a) and (8b) that

' f(z) + 9y f(x) C Of(x) + Of (), (9a)
9o f(x) =95 f(x) C Of(x) — Of (x). (9b)

Taking the intersection on the right hands of (9a) and of (9b) for all quasidifferentials of
f at x, we have that

X fx)+ 9y fz) C N @f(z) + 0f(x)), (10a)
[0f(z),0f(x)|€Df(z)
9o flx) =9y f(z) C N (0f(z) — Of (x)). (10Db)

[0f(x),0f (x)|€Df (x)

On the other hand, [0 f(z),d, f(z)] € Df(z) implies that

N (0f (x) + 8f () C 85 f(x) + By f(), (11a)
[0/ (2).9 (2)| €D (a)
f (0f (x) = 8f(x)) C 0y f(x) = By f(2). (11b)

[0f(x),0f (x)]€Df (x)

The relations (10a), (10b), (11a) and (11b) lead to that

N Of (x) +df (x)) = O f(x) + By f(x), (12a)
[0f (x),0f (x)]€Df(x)
N (0f(z) — 0f(x)) = 9y f(x) — 0y f(=). (12b)

[0f(x),0f (x)l€DS ()
Note that [07 f(z), 8, f(z)] € Df(x) and 9, f(z) is a convex compact set of R2. Hence,
(05 f () + 05 f(2),0, f(x) = By f(x)] € Df (). (13)
(12a), (12b) and (13) show that (5) holds. This completes the proof of the theorem. [

Theorem 2.1 is established for quasidifferentiable functions defined on R?. This is due to
the fact that minimal quasidifferentials in the two dimensional case be translated to each
other. In the case R™(n > 3), the conclusion of Theorem 2.1 is not true in general, but
we have the results:

N @f(z) + 0f(x)) = N @"f(z)+3" f(x)),  (14a)
[0f(x),0f (x)|€DF (x) (0™ f(2),0" f(x)|€D™ f ()

N (0f (z) — 0f(x)) = N 0" f(x) = 9" f(z)),  (14b)
[0f (x),0f(z)]€Df (x) (0™ f(x),0" f(z)]€D™ f ()

where D™ f(x) denotes the set of all minimal quasidifferentials of f at x. It goes without
saying that the conclusion of Theorem 2.1 is also valid for a class of quasidifferentiable
functions defined on R™(n > 3) satisfying the translation property among the equivalent
minimal quasidifferentials.
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3. A Method of Determining the Minimal Quasidifferential

Pallaschke et al [4] proposed a criteria for finding the minimal quasidifferential by using
a exposed point. In general, this criteria is not easy to be implemented. In this section,
we consider a particular case where a quasidifferential is a convex hull of a finite number
of points. We first review some of relevant concepts.

Let U be a convex compact set in R". Given a point y € R". The set

G, U)={velU]| <u,y>= max < u,y >} (15)

is called the max-face of U generated by y. A point u € U is called exposed, provided
that there exists y € R" such that the max-face G,(U) is a singleton coinciding with w.

Suppose S is a convex hull of a finite number of points, denoted by S = co{s; € R"|i € I},
where [ is a finite index set. It is not hard to see that only each s;(i € I) may be an
exposed point of S. Furthermore, for a fixed index i € I, s; is an exposed point of S if
and only if the following system of linear inequalities

siy<sly, yeR", Vjel\{i} (16)

is consistent. We can also say that s; is an exposed point of S if and only if s; ¢ co{s; |j €
I'\ {i}}. Evidently, (16) is a system of linear inequalities with card I — 1 inequalities and
n variables.

Now we present a criteria for minimal quasidifferential which is originally proposed by
Pallaschke et al in [6], here we refer to an equivalent version, see [Th. 8, 1].

Theorem 3.1. Let f be a quasidifferentiable function defined on R"™ and [U,V] € Df(x).
Assume that for every exposed point w =u—v of U=V, whereu € U, v € V are exposed
points of U and of V', respectively, at least one of the following two conditions holds:

(a)  there exists an exposed point vy of V' such that
u—+ vy 18 an exposed point of U +V
u — vy 18 an exposed point of U —V

(b)  there exists an exposed point uy of U such that
uy + v is an exposed point of U +V
uy — v 1s an exposed point of U —V

Then [U, V] is minimal.

By virtue of Theorem 3.1, the following theorem can be obtained immediately.

Theorem 3.2. Let f be a quasidifferentiable function defined on R™ and [0f (z),0f(x)] €
Df(x) with Of (v) = co{u; |i € I}, Of () = co{v; |j € J}, where I and J are finite index
sets and all of u; and of v; are exposed points of Of(x) and of Of (x), respectively. Assume
that for every u; — v; such that the following system of linear inequalities

(up —vi) Ty < (wi —v)Ty, yeR", Vi'el\{i}, j €J\{j} (17)
18 consistent implies that at least one of the following two conditions holds
(1)  there exists vy such that the two systems

(ui/ + vj/)Ty < (Uz + Uj(i))Tya Yy e Rna vi'e I \ {Z}7 j/ €J \ {j(Z)} (18)
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and

(wp —vp)y < (wi —ve)'y, yeR" Viel\{i}, jeJ\{j(OH} (19)
are consistent.
(2)  there exists u;;) such that the following two systems

(ur +v)"y < (i +v)'y, y R, W eIN{i(j)}, j €\ {j} (20)
and

(uy —vi) Ty < (wiy —v)'y, yeR", Vi'e IN{i(5)}, j'eJ\{j} (21)
are consistent. Then [0f (), 0f (x)] is minimal.

Corollary 3.3. Let f be a quasidifferentiable function defined on R™ and [0f (z),0f(x)] €
Df(x) with 3f(x) = co{u; |i € I} and f (z) = co{v;|j € J}, where I and J are finite
index sets and all of u; and of v; are exposed points of Of (x) and of Of (x), respectively. If
every w;+v; and u;—v; are exposed points of co{u;+v;|i € I,j € J} and of co{u;—v;|i €
I,j € J}, respectively, then the quasidifferential [0f(x),0f(x)] is minimal. In other
words, for any pair of fized indices i € 1, j € J, the two systems of linear inequalities

(i +v) "y < (wi +v)"y, yeR", Viel\{i}, jeJeJ\{j}, (22
(ui/ — ’Uj/)Ty < (uz — Uj)Ty, Y € Rn, \V/Z/ (- I \ {Z}, j/ € J - J\ {]} (23)

are consistent, then [0f (x),0f(z)] is minimal.

Therefore, in terms of Theorem 3.2 or Corollary 3.3, these can be transformed into solving
auxiliary linear programming problems based on the next proposition.

Proposition 3.4. Let A be an m x n matriz. Then the linear system Ay < 0,y € R"
1s consistent if and only if the minimum of the objective function of the following linear
programming

min Z 2; (P)
j=1
st ATp+ (21, ,2,)7 >0

m
S
i=1
pi=>0,i=1-- m,2;,>0,5=1,---,n
18 mon-zero, where p; is the i—th component of p.

Proof. It follows from the Gordan theorem that the linear system Ay < 0,y € R" is
consistent if and only if the system of linear inequalities

ATp:()a sz:lapzzoa izla"'7m
=1

is inconsistent. Note that the latter is inconsistent if and only if the minimum of the
objective function of (P) is non-zero. O
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Example 3.5. Let

f(x) = max f;(z) + min g;(z)
el jeJ

where f;,i € I, g;,j € J are continuously differentiable functions defined on R* and
and J are finite index sets. Denote

I(z)={iel|fi(z) = I?gxfi(x)}

J(x) ={j € J|gj(x) = r?g}gj(w)}

Evidently, the pair of sets 9f(x) = co{V fi(z)|i € I(z)} and df(x) = co{Vyg;(x)|j €
J(x)} is a quasidifferential of f at x. If for every V f;(z) + Vg,(z) and V f;(z) — Vg;(x)
are exposed points, respectively, of the sets co{V fi(z) + Vg;(x)|i € I(x),j € J(x)} and
of co{Vfi(x) — Vyg,(z)|i € I(x),j € J(x)}, then cardI(x) = 1 or card J(z) = 1 or
card I(z) = card J(z) = 2). We denote

9" f(x) = co{Vfi(z)|i € I(z)},
" f(z) = co{Vg(x)]i € J(z)}.

It follows from Corollary 3.3 that [0™ f(z),d" f(z)] is a minimal quasidifferential of f at
x. According to Theorem 2.1, one has that

A (0f (x) + 0f(x)) = cof Vfi(x) + Vg;(z) |i € I(2),] € J(2)},
[0f(x) 2 (@)|€DS ()

ﬂ (0f (z) — 0f (x)) = co{Vg;(x) — Vgr(z)|j,k € J(z)}.
[0f («),0f ()|€DS ()

It is easy to see that the set-valued mappings

z|— N (Of (z) + Of (x))

[0f (2),0f (x)]€Df (x)

and

z|— N (0f (x) — 9f (x))

[0f(),0f (x)l€D (x)
are upper-semicontinuous.
Example 3.6. Let f be a quasidifferentiable function defined on R? and df(z) = co{u |

i = 1,2} and Of(z) = co{vi|i = 1,2}. If uy — uy # a(v; — va), Va € R', then
[0f(z),0f(x)] is a minimal quasidifferential. Thus,

[0f (x),0f (x)]€Df(x)

f (0f (x) = 0f (x)) = cofu; — ;| 1,5 =1,2}.

[0f (2),0f (x)]€Df (x)
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