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1. Introduction and Preliminaries

The very important role that convexity plays in the optimization theory is well known.
There are several generalized convexity concepts and useful extensions of classic theorems
that have appeared in the last few years (see [13]). Particularly it has been possible to
establish results in vector optimization that allow us to characterize efficient and weak
efficient points under the concept of convexlikeness, which was introduced by Fan [1].
Likewise, the convexlikeness has been generalized by several authors, for example Jeyaku-
mar [5| defined the subconvexlikeness in R", Frenk and Kassay [17] studied a relaxed
concept of this, and Yang [9] extend these concepts and he defined generalized convex-
likeness and generalized subconvexlikeness working in normed spaces. Furthermore, all
these papers present alternative theorems adapted to the introduced concepts.

On the other hand, the convexlikeness has been generalized by Borwein, Craven, Gwinner
and Jeyakumar [6, 7, 8]. They consider notions such as near convexlikeness and moderate
convexlikeness, and they give new separation and alternative theorems.

Later, authors such as Paeck, Yang, Illés, Kassay, Breckner, Chen and Rong [10, 11, 12,
14, 15, 16] study these concepts and obtain several relations, characterizations and alter-
native theorems.

In this paper we present a relaxed subconvexlikeness and generalized subconvexlikeness
defined in real linear spaces. Likewise all the near convexity concepts have been adapted
to this new condition. On the other hand, it is normal in the literature to consider that
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the ordering cone is solid, instead we shall give definitions and theorems without this
restrictive condition, and since we don’t have any topology, we shall consider the rel-
ative algebraic interior instead of topological interior. Furthermore, because we study
constrained vector optimization with inequality and equality constraints, it is useful to
consider that the ordering cone is a product of cones. This fact invites us to define con-
cepts such as partial subconvexlikeness and partial generalized subconvexlikeness. The
second section is devoted to introducing and relating all these concepts. In the third sec-
tion we obtain new alternative theorems under generalized subconvexlikeness and partial
generalized subconvexlikeness, and as a consequence of these we can give necessary con-
ditions of weak efficiency in linear operators rule form for vector minimization problems
with inequality and equality constraints.

Let us consider a real linear space Y, a nontrivial ({0} # K # Y') convex cone K C Y
and a nonempty subset A C Y. Sometimes we shall need to separate Y = Y] x Y5, with
Y1, Y; real linear spaces and K = K x Ky with K7, K5 convex cones in Y7, Y5 respectively.
As usually, K is pointed if K N (—K) = {0}, and cone(A), conv(A), aff(A) denote the
generated cone, convex hull and affine manifold of A respectively.

We use the following definitions:

1. For A€ (0,1),Ais A—convez if for all a1,as € A, Aa; + (1 — N)ay € A.
A is nearly convez if there exists A € (0,1) such that A is A—convex.

3. The core or algebraic interior of A, and the intrinsic core or relative algebraic interior
of A are defined by:

cor(A)={y € A:Vy € Y,3IXN > 0 such that y + \y' € A, VA € [0, \]}
icr(A) ={y € A:Vy € span(A — A),3IN > 0 such that y + \y € A, VA € [0, \]}

where span(A) is the linear hull of A. We note that if A is a cone then span(A —
A)=span(A\{0} — A\{0})=aff(A)=aff(A\{0}).

4.  The algebraic dual of Y is named Y’, and K’ = {u € Y’ : Vk € K, u(k) > 0} is the
positive dual cone of K.

It is known that if cor(K) # 0 then cor(K) U {0} is a convex cone, cor(K) + K = cor(K)
and cor(cor(K)) = cor(K) (see [4] ).

2. Partial and generalized subconvexity

Fan [1] gives the name convexlike to a set A if for all A € (0,1),a1,a2 € A there ex-
ists ag € A such that Aa;+(1—A\)az—a3 € K, and it is easy to see that the convexlikeness
is equivalent to the convexity of A+ K. This concept has been generalized by several au-
thors, and in the following definition we include some known concepts such as generalized
convexlikeness and we given a natural adaptation of the subconvexlikeness and generalized
subconvexlikeness to real linear spaces. For this we shall consider the algebraic interior
or the relative algebraic interior instead of topological interior. As we will establish later,
the following definitions are equivalent to those given by other authors. Likewise, since
we are interested in the particular case of K = K; x K, we introduce new definitions.

Definition 2.1. Let Y be a real linear space, a nontrivial convexr cone K C 'Y and a
nonempty subset A CY.



M. Adan, V. Novo / Partial Subconvexity 585

A is said to be convexlike (CL) if A+ K is convex, and generalized convexlike
(GCL) if cone(A) + K is convex.

If icr(K) # 0, A is said to be subconvexlike (SCL) if A+icr(K) is conver, and
generalized subconvexlike (GSCL) if cone(A)+icr(K) is conver.

If K = K; x Ky with cor(K;) # 0, A is said to be (K1, K») partial subconvexlike
(PSCL) if Ad-cor(K;)x Ky is convez, and (K7, K») partial generalized subconvexlike
(PGSCL) if cone(A)+-cor(K;) x Ky is convex.

If in the above definitions we change the convexity by near convexity we shall add
"nearly” and thus we shall have sets nearly convexlike (nearly CL), nearly general-
ized convexlike (nearly GCL), nearly subconvexlike (nearly SCL), nearly generalized
subconvexlike (nearly GSCL), nearly (K, K3) partial subconvexlike (nearly PSCL)
and nearly (K, Ky) partial generalized subconvexlike (nearly PGSCL).

As it is obvious all the previous concepts given in (1,2,3) are stronger that their corre-
sponding ones in (4).

In this section we establish several characterizations and relationships for these concepts.
Firstly we need the following lemmas.

Lemma 2.2. Let Y be a real linear space, a montrivial convex cone K C Y and a
nonempty subset A C Y.

1. Ificr(K) # 0, then icr(K)U{0} is a convex cone, furthermore icr(K)+ K = icr(K),
and icr(icr(K)) = icr(K).

2. If K = Ky x Ky with icr(Ky) # 0 and icr(Ky) # 0 then icr(K) = icr(K;) X
icr(Ky). Furthermore L = (icr(K7) x Ky) U {0} is also a convexr cone with icr(L) =
icr(icr(K7) x Ka).

3. cone(A+ K) C cone(A) + K. If 0 € A then both sets are equal.

4. cone(A + cor(K)) = (cone(A) + cor(K)) U {0}.

5. cone(conv(A)) = conv(cone(A)).

6. K is conver if and only if K is nearly convex. Analogously for K\{0}.

Proof.

1. Since K is a cone, it is sufficient to observe that aff(icr(K)) is a linear subspace of
Y, and so icr(icr(K)) = cor(cor(K)) = cor(K) = icr(K), since all relative algebraic
interior is equal to algebraic interior in his affine hull.

2. As K = K; x {0y,} + {0y, } X K then icr(K) = icr(K; x {0y, } + {0y;} x K5) and
since both are convex cones in Y, it is icr(K') = icr(K; x {0y, }) +icr({0y, } x K3) (see
[19 ]). Then, icr(K) = icr(K;) x icr(Ks3). On the other hand, icr(L) = icr(icr(L)) =
icr(icr(Ky) x icr(Ky)) Cicr(icr(K7) x Ky) Cicr(L), and so we obtain that icr(L) =
icr(ier(K7) x K3).

3. The inclusion C is evident. On the other hand, suppose that 0 € A, if @ > 0,a €
A,k € K then aa+k = a(a+k/a) € cone(A+K), and if « = 0 then k € cone(A+K).
Consequently cone(A) + K Ccone(A + K).

4. Analogously the inclusion C is easy to see. Furthermore, if « > 0,a € A, k € cor(K)

then aa+k = ala+k/a) € cone(A+cor(K)), and if @« = 0 we can see that cor(K) C
cone(A + cor(K)). In fact, if ky € cor(K), then for any a € A there exists X' >
0 such that for all A € [0, XN],ky — Aa € K. Thus there exists k& € K such that
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ko = Aa+k, and so kg = Aa/2+k/2+k/2 € cone(A)+K+cor(K) = cone(A)+cor(K).
If x €cone(conv(A)), then there exist « > 0,\ € [0,1], and a;,as € A such that
r = a(Aa1+(1—XN)az) = AMaay)+(1—XN)(aaz) € conv(cone(A)). If v econv(cone(A)),
then there exist A € [0,1],a1,a2 € A, and «,F > 0, such that x = Aaa;) + (1 —
A)(Basg). If o, f = 0, then x = 0 €cone(conv(A)), and if (a, 5) # 0 and let us denote
= Aa+(1—XN)3, we have that x = pu((Aa/p)a; + ((1 = X)3/u)as) € cone(conv(A)).
If K is convex also it is nearly convex. Reciprocally, if a € (0,1),k;, ko € K since
there exists a A € (0,1) such that for (a/A)ki, (1 — «)/(1 — \))ky € K, then it is
AM(a/Nk)+ (1 =X ((1—a)/(1—=X))k2) € K, and so aky + (1 —a)ks € K. The proof
is analogous for K\{0}. O

Remark. The reverse inclusion in (3) does not hold, as can be seen considering A =
{(1,1)} cR* and K = R?.
According to the last of the preceding results it is obvious that

GCL < nearly GCL; PGSCL < (K, K3) nearly PGSCL; GSCL < nearly GSCL.

Lemma 2.3. Let A,W be subsets of a real linear space Y with W convex.

1.
2.
3.

/.

A+ W is convez if and only if conv(A)+ W = A+ W.

Let W be a cone, then A+ W is convex if and only if conv(A) C A+ W.

Let W be a cone, then cone(A)+W\{0} is convez if and only if conv(A)+W\{0} C
cone(A) + W\{0}.

Let W be a cone, then cone(A)+W is convex if and only if conv(A) C cone(A)+W.

Proof.

1.

(=) The inclusion D is evident. On the other hand, the reverse inclusion holds since
for all A € (0,1),a1,a0 € A,w € Wit is Aa; + (1 — N)ag + w = Aay + w) + (1 —
)\)(CLQ +w) cA+W.

(<) If ay,a9 € AN € (0,1),w1,wy € W then Aa; + wy) + (1 — A)(ag + wy) =
Aar 4 (1 — Nag + Awg + (1 = Nws € conv(A) + W = A+ W.

(=) As A+ W is convex then conv(A) + W = A+ W and so the inclusion holds,
since 0 € W.

(<) Let aj,ay € AJ N € (0,1),wy,we € W, then Aay + wy) + (1 — A)(ag + wy) =
Aag + (1= Nag + Awy + (1 = Nwy € conv(A) + W CA+W+W C A+ W.

(=) It is a consequence of (1) since conv(A) + W\{0} C conv(cone(A)) + W\{0}.
(<) It is sufficient to see that conv(cone(A)) + W\{0} C cone(A) + W\{0}. Since
conv(cone(A)) = cone(conv(A)), for all m € conv(cone(A)), w € W\{0} there exist
0 >0,a1,as € A, X € (0,1) such that m+w = o(Aa; +(1—\)az)+w. If o > 0 we can
write o(Aa; + (1 — A)ag +w/0), and by hypothesis there exist a > 0,a3 € A,w' € W,
such that m + w = o(aaz + w') = caas + ow' € cone(A) + W\{0}. For the case of
o = 0 the proof it is evident.

(=) Since conv(A) C conv(cone(A)), this result is a consequence of (2)

(<) We shall see that conv(cone(A)) C cone(A) + W. Since conv(cone(A4)) =
cone(conv(A)), for all m € conv(cone(A)), there exist ¢ > 0,a1,as € A, X € (0,1)
such that m = o(Aa;+(1—A\)az), and by hypothesis there exist a > 0,a3 € A,w € W,
such that m = o(aaz + w) = caas + ow € cone(A) + W. O
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Several authors (see [4],[9],[10],[14],[15]) have given characterizations for some relaxed
convexity concepts considering a solid convex cone K in topological linear spaces. Now,
with the help of preceding lemmas, we show that these characterizations hold in our
context. Likewise we present some new results.

Proposition 2.4. Let us consider a real linear space Y, a nontrivial convexr cone K C'Y
and a nonempty subset A CY.

1.

Equivalent are:

(a) Ais CL (nearly CL).

(b) V(I € (0,1),Vay,as € A, Jag € A such that la; + (1 — Nagy — a3 € K.

Equivalent are:

(a) A is SCL (nearly SCL).

(b) VO € icr(K),Y(I)A € (0,1),Vay, a9 € A,Jaz € A such that 0+ a; + (1 — X)ag —
as € icr(K).

(¢c) 30 € icr(K) such that V()X € (0,1),Vay,as € A, Ve > 0,dag € A such
that €0 + Xay + (1 — Nas — a3 € K.

Equivalent are:

(a) A is GCL.

(b) VA € (0,1),Vay,as € A,3az € A,Jv >0 such that la; + (1 — N)ags —vaz € K.

Equivalent are:

(a) A is GSCL.

(b) VO € icr(K),VA € (0,1),Vay,as € A, Jag € A,Iv > 0 such that 0+ la; + (1 —
Nay — vag € icr(K).

(¢) 30 € icr(K) such that ¥\ € (0,1),Vaj,ay € A, Ve > 0,3a3 € A, v > 0 such
that €0 4+ Aay + (1 — N)ag —vag € K.

If Y =Y, x Yy with Yy and Yy real linear spaces and K = Ky X Ky with Ky and K,

convez cones in'Yy and Y respectively, and such that cor(Ky) # () then the following

statements are equivalent:

(a) A is (K, Ky) PSCL(nearly PSCL).

(b) ¥(01,6y) € cor(K7)x Ka V()N € (0,1),Vay,as € A,Jag € A, such that (61,02)+
Aay + (1 — N)ag — ag € cor(K;) x Ks.

(c) 30 € cor(Ky) such that V()X € (0,1),Vai,ay € A, Ve > 0,3az € A such
that €(0,0) + Aa; + (1 — N)ag —as € K.

IfY = Y] x Yy with Y, and Yy real linear spaces and K = Ky x Ky with K and

Ky convex cones in Y1 and Ys respectively, and such that cor(Ky) # 0, then the

following statements are equivalent:

(a) Ais (K, Ky) PGSCL.

(b) ¥(01,0y) € cor(K;) x Ko,VA € (0,1),Vay,ay € A, dag € A, v > 0, such
that (01,0:) + Aag + (1 — N)ag — vaz € cor(K;) x Ks.

(¢c) 30 € cor(K7) such that Y\ € (0,1),Vay,as € A,Ve > 0,3as € A,Jv > 0, such
that €(0,0) + Aay + (1 — N)ag —vas € K.

Proof. We only show the proofs for convexlikeness, in case of near convexlikeness they are
similar. Firstly, (1) and (3) are obvious from Lemma 2.3.2 and Lemma 2.3.4 respectively.
The same way, we only prove (2) and (5), because the proofs of (4) and (6) are analogous.

2.

Evidently (a) is equivalent to (b) by Lemma 2.3.1.(b)=-(c). It is easy to see since if
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0 € icr(K) then for all € > 0 it is €f € icr(K).
(c)=(b). Let 0 € icr(K), there exist ' € icr(K) and A € (0,1) such that for all
aj,as € A, e > 0 there exists ag € A with €0’ + Xa; + (1 — N)ag € ag + K. Also there
exists p/ > 0 such that for all u € [0, 1//2] is 0 + 2u(—0") € K because —0' € aff(K).
Since p#" € icr(K) then 6 + 2u(—6¢') + pf' € K + icr(K), and this implies that
0 — pb € icr(K). Hence, setting p small enough, it is (6 — p@') + (0’ + Aag + (1 —
Nas — ag) € icr(K) + K and therefore 6 + Aa; + (1 — N)ag — a3 € icr(K).

5.  Evidently (a) is equivalent to (b) by (1) in Lemma 2.3.1.
(b)=(c) 1t is sufficient to observe that if §; € cor(K;) then for all € > 0 it is
6(81,0) € COI"(K1> X Ky C Ky X K.
(c)=(b). Let (61,0s) € cor(K;) x K. As there exist 0] € cor(Ky),\ € (0,1) such
that for all a;,as € A e > 0 there exists a3 € A with €(07,0) + Aa; + (1 — Nas €
az+ K1 x Ky, and for 0, € cor(K, there exists g/ > 0 such that for all € [0, 1/ /2] is
01+2u(—07) € K. Since pdy € cor(Ky) then 01 +2u(—0)) 4+ ud; € Ky +cor(K;), and
so 0y — b} € cor(K) and also (6, — b}, 0) € cor(K;) x Ky. Hence, setting p small
enough, it is (61 — pb}, 62) + (0], 0) + Aay + (1 — X)ag — ag € cor(Kq) x Ko+ Ky x K
and therefore (01, 02) + Aa; + (1 — A)ag — as € cor(K;) x K. O

Lemma 2.5. Let A,W be subsets of a real linear space Y, and let W be convex with
ict(W) # 0. If A+ W is convex (nearly convex) then A + icr(W) is convexr (nearly
convez). If W = Wy x Wy with icr(W1) # 0 then if A+Wy x Wy is convex (nearly convez)
then also A + icr(Wh) x Wy is convex (nearly convez).

Proof. If A € (0,1),a;1,as € A, wy,wy € icr(W) then Aay + wy) + (1 — N)(ag + wy) =
May +wi/2) + (1 = X)(ag + wa/2) + Awy + (1 = Nwy € A+ W +icc(W) = A +icr(WV).
The remaining proofs are analogous. 0

With the help of the preceding results, it is easy to prove that all these concepts are
related as follows.

Proposition 2.6. Let us consider a real linear space 'Y, a nontrivial convex cone K CY
and a nonempty subset A C Y.

1. CL= GCL
2. Ificr(K) # () then

CL = SCL = GSCL, nearly CL = nearly SCL, and GCL = GSCL.
3. If K = K x Ky, with cor(Ky) # (0 then
CL = (Ki,K3) PSCL = (K, K,) PGSCL

nearly CL = (K, Ks) nearly PSCL, and GCL = (K, K3) PGSCL.
4. If K = Ky X Ky, with cor(K;) # 0,icr(Ky) # 0 then

(K1, K3) nearly PSCL = nearly SCL, and (K, Ky) PGSCL = GSCL.

The following examples show us that the converses does not hold. It is worth noting
that cone(A) is convex for all convex set A, but this property does not hold for near
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convexity. This fact means that nearly CL does not imply GCL, nearly PSCL does not
imply PGSCL, and that nearly SCL does not imply GSCL.

Example 2.7.

1. Let K1 =RY Ky =R" x {0}, and A ={(0,0,q) : ¢ € Q,q # 1} U{(z,y,2) : x >
0,y > 0}, then A is SCL and GCL but is not nearly PSCL.

2. Let K = K| x Ky with K1 = {(z,y) : |z| < y}, Ky = {0}, and M = {(z,y,2) :
202 <y*, 0 <y,x=2z2}. Then A= {(x,0,2): x # 0} is SCL with respect to K and
M and it is PSCL with respect to K, but neither nearly CL nor GCL with respect
to either. On the other hand B = {(z,0,2) : z = 1/z,x # 1,2 > 0} is PGSCL
with respect to K and GSCL with respect M but neither GCL with respect to K nor
nearly SCL with respect to M.

3. Let K = Ky x Ky with K1 = R}, Ky = {0}, then A = {0} x {0} x ([0,1]UQ) is
nearly PSCL but nor PSCL.

4.  Let K = Ky x Ky with K1 = R, Ky = {(0,0)}, then A = {(0,1,q) : ¢ € Q} s
nearly CL but neither GSCL nor PGSCL.

5. Let K =Ky x Ky with K1 =R, Ky = {(y,2) : ly| <z}, then A={(z,y,0) : y # 0}
is GSCL but nor PGSCL.

The relations between these concepts are shown in the following diagram. The number
over the arrows makes a reference to the preceding counterexamples.

4 1 GCL
v-CL = CL > (v-GCL)
PSCL 3 pscr— PGSCL
VV' v-PGSCL)
1
4 / 2 5
v-SCL~————3CL GSCL
-GSCL)

3. Necessary conditions of weak efficiency

Now, in this section, we obtain the announced results over characterization of weak effi-
ciency. Firstly, we give two alternative theorems, and as a consequence of these we obtain
necessary conditions of weak efficiency in vector optimization problems. The first result
(theorem 3.5) is an alternative theorem without the restrictive condition about the or-
dering cone being solid, and so, it is a generalization of several theorems given by Chen
and Rong (see theorem 3.1 in [15]), Yang (see theorem 1 in [9]) and Adan and Novo (see
theorem 3.1 in [18]). Later, the theorem 3.7 is a generalization of theorem 6.1 of Illés and
Kassay in [16], which is given for nearly SCL. As an outcome we obtain a linear operators
rule as necessary condition of weak efficiency under partial generalized subconvexlikeness
(theorem 3.8). Lastly, we give an analogous necessary condition of weak efficiency under
generalized subconvexlikeness (corollary 3.9), which generalizes the theorems 3.2 and 3.3
in [18].
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Let X be a nonempty subset of a real linear space E. Let Y, Z, Z;, and Z, be real lin-
ear spaces with ordering convex cones K, M, M;, and M, respectively. Let g : X — Z,
g X — Z1,90: X — Zy,and f : X — Y be mappings. We consider the constrained
vector minimization problems:

K —Min{f(z) :z € X,g(x) € =M} (3.1)
K —Min{f(z) : 2 € X,g1(x) € =My, g2(x) € —M>} (3.2)

It is necessary to consider the problems (3.1) and (3.2) separately because we study
the cones M such that can be represented as a product of two cones: M = M; x M.
Furthermore, in (3.1) we suppose that the vector minimization problems have equality
constraints, nevertheless in (3.2) we consider inequality and equality constraints. The
feasible sets in (3.1) and (3.2) they are respectively:

Q={reX:g9(x)e —M}

Q={z € X :gi(x) € —M,gs(z) € —M>}

Definition 3.1. A point xy € X is called an efficient solution of (3.1) or (3.2) with
respect to K, if v € Q and if doesn’t exist x in Q such that f(x¢) € f(z)+ K. If
cor(K) # 0, a point is called a weakly efficient solution of (3.1) or (3.2) with respect to
K, if xg € Q and if doesn’t exist x in Q such that f(xy) € f(x)+cor(K).

These conditions are respectively equivalent to:
SN (f(zo) — K) = {f(20)}
FE) N (f(zo) — cor(K)) =0

Since K x M and K x M; x M, are ordering convex cones in the real linear space Y x Z
and Y X Z; X Z, respectively, we can establish the next definitions.

Definition 3.2. If icr(K) # 0,icr(M) # 0,(f, g) is said to be generalized subconvexlike
(GSCL) on X with respect to (K, M) if the image set (f,g)(X) is GSCL with respect to
K x M. If cor(K) # 0, (f,g) is said to be partial generalized subconvexlike (PGSCL) on
X with respect to (K, M) if the image set (f,g)(X) is PGSCL with respect to (K, M).

Definition 3.3. It is said that (3.1) satisfies the Slater type constraint qualification if
there exists x € 2 such that g(x) € -cor(M). It is said that (3.2) satisfies the Slater type
constraint qualification if there exists © € Q0 such that gi(z) € -cor(M) .

Let L(Z,Y) be the set of linear operators from Z into Y, we denote by I' = {T" € L(Z,Y) :
T(M)C K}.

Because it will be useful, we show a know result (see [2]), with a little adaptation for our
needs.

Theorem 3.4. Let S be a convexr cone of a real linear space Y with icr(S) # 0 and let
yo €Y, then yo ¢ icr(S) if and only if there ezists a linear functional I € Y'\ {0} such
that 1(s) <0 <I(yo) for all s € S, and l(s) <0 for all s € icr(5).
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Theorem 3.5. Let Y be a real linear space and let K C 'Y be a pointed convexr cone
with icr(K) # 0,0 ¢ icr(K). Suppose that the nonempty A C Y is GSCL satisfying
icr(cone(A) + icr(K)) # 0. Consider the following statements

(i) Ja € A a € -icr(K)
(i) 3 € K’ p(cone(A) +icr(K)) # {0}, Va € A, u(a) >0

Then not (i) implies (i1). Moreover, if aff(icr(K')) = aff(cone(A)~+icr(K)) then (ii) implies
not (i).

Proof. By hypothesis it will be 0 ¢cone(A)+icr(K), because otherwise there exist
a€ Aa>0,k €icr(K) such that 0 = aa + k, and so, for a > 0 is a = —k/a € icr(K),
and for @« = 0 is 0 € icr(K). In both cases there exists a contradiction. Furthermore,
as cone(A)+icr(K) is convex it will be cone(A)+icr(K) U {0} #aff(cone(A)+icr(K)), and
since aff(cone(A)+icr(K))=aff(cone(A)+icr(K)U{0}), then 0 ¢icr(cone(A)+icr(K)U{0})
Therefore by theorem 3.4, there exists a linear functional p € Y\ {0} such that p(aa+k) >
0 for all @« > 0,a € A,k € icr(K), being p strictly positive in icr(cone(A) + icr(K)).
For a = 0 we obtain that u(k) > 0 for all £ € icr(K) and so p € K’. Furthermore,
if p(a) < 0 for some a € A, then taking any k € icr(K) and a large enough « is
p(aa + k) = ap(a) + p(k) < 0 but this is contradictory.

Lastly, if we assume that aff(icr(K)) = aff(cone(A) + icr(K)), then since icr(K) C
cone(A) +icr(K) then icr(icr(K)) = icr(K) C icr(cone(A) + icr(K)), and so p is strictly
positive in icr(K). Therefore, if there exists a € A such that a € —icr(K) must be
p(a) < 0 and this is contradictory. O

Remark. The additional condition for the converse is necessary as shown in the following
example: Y =R3 K = {(z,y,0) : y > |z|} and A = {(z,y,2) : z > 0}.

The following result is a consequence of the preceding theorem and the elementary cones
properties whose algebraic cores are nonempty.

Corollary 3.6. LetY be a real linear space and let K C'Y be a pointed convex cone with
cor(K) # (. Suppose that the nonempty set A C Y is GSCL. Then exactly one of the
following statements hold

(i) Ja € A ja € -cor(K).

(i) 3p € K'\{0},Va € A, u(a) > 0.

Theorem 3.7 (PGSCL Alternative Theorem). Let Y1,Ys be real linear spaces and
K, C Y1, Ky C Y5 are pointed convex cones with cor(Ky) # 0. Suppose that the nonempty

set A CY =Y xYy is (K, Ko) PGSCL satisfying icr(cone(A) 4 cor(K;) x Ky) # 0.
Consider the following statements

(i)  Ja = (a1,a2) € A,a; € -cor(K1),as € — K,
(i) Fp = (pa, p2) € K1 x K3 \{(0,0)},V(a1,a2) € A, pn(a1) + pa(az) = 0.
Then not (1) implies (ii). Moreover, if uy # 0 then (ii) implies not (i).

Proof.

1. Analogously to theorem 3.5 it is easy to see that 0 ¢ icr(cone(A) + cor(K;) x Ko)
and so by theorem 3.4, there exists a linear functional p = (p1,u2) € Y{ x YJ\
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{(0,0)} such that (u1, ps2)(a(ar,as) + (k1,ke)) > 0 for all o > 0, (ay,a2) € A kg €
cor(Ki),ky € Ky. For a = 0 we obtain that (uq,pe)(ki,k2) > 0 for all k €
cor(Ky),ky € K,. Particularly for ks = 0 it is py(k;) > 0 for all ky € cor(K;)
and so pu; € K. Furthermore, if there exists ks € Ky such that ps(ky) = r < 0
then taking any k; € K; such that (k1) = s < —r we obtain a contradiction since
(1, p2)(ky, ko) = s+1r < 0. So (u1, 1e) € K| x K. Lastly, we obtain a contradiction
if we suppose that there exists (a1, a2) € A such that (uy, u2)(a1,as) < 0, since tak-
ing ky € cor(K;), ks =0 and o > 0 large enough, it is (u1, p2)(a(ar, az) + (k1,0)) =
a(p; p2)(ar, az) + (1, p2)(k1, 0) < 0.

2. We obtain a contradiction if we suppose that there exists a = (aj,a2) € AN
(—cor(K7) x (—K3)), since by hypothesis it will be p;(—ay) > 0, po(—az) > 0, and
consequently pg(ay) + pa(az) < 0. O

Remark. It is worth noting that the hypothesis icr(cone(A)+cor(K;) x Ks) # 0 is
weaker than the condition icr(K3) # (0. To see this, let Y = R x C(o1) where C(g 1)
is the real linear space of continuous real functions in (0,1). Let K; = Ry, Ky = {f :
(0,1) — R such that f is continuous, f(z) > 0 for allz € (0,1)} and A = Ry x {f :
(0,1) — R such that f is continuous, f(x) < 0forallz € (0,1)}. It is easy to see
that icr(cone(A) + cor(Ky) x Ky) = Ry \ {0} x Co1). Likewise icr(K3) = ), since
for all f € K, if we denote h(z) = x and we take g = —f/h € C(o1), then for all
A" > 0 there exists 0 < A < X such that (f + \g)(x) < 0 for some = € (0,1). In effect
it is sufficient to do A = X/2 and x = N/4 € (0,1) if N < 1, and A = 1/2)\ and
x=1/4N € (0,1) if N > 1. Analogously we can see that icr(cone(A)) = (.

Theorem 3.8. For the problem (3.2), let K, My, My be pointed convex cones such that
cor(K) # 0 and cor(My) # 0. Let Z = Zy X Zy and let xy € X be a weakly efficient
solution for the problem (3.2). If (f(z) — f(xo), g1(x), g2(x)) is (K x My, My) PGSCL
with icr(cone((f(X) — f(20),91(X), g2(X))) + cor(K x My) x My) # O and if the Slater
constraint qualification holds then there exists Ty € I' such that z¢ is a weakly efficient
solution of the unconstrained problem:

K —Min{f(z) + To(g1(x), g2(x)) : x € X} (3.3)

and, in addition To(g1(z0), g2(z0)) = 0.

Proof. By hypothesis, K x M; x M, is a pointed convex cone with cor(K x M) # (. If
xog € X is a weakly efficient solution of 3.2 then there is no z € X such that (f(z) —
f(z0), g1(x), go(z)) € —cor(K) x (—M;) x (—Ms) and thus it doesn’t exist x € X such
that (f(x) — f(z0), 1(2), g2(z)) € —cor(K x M;) x (—M,). Applying theorem 3.7,
there exists pu = (ux, p1, o) € K' x M{ x M5 \{(0,0,0)} such that < pu,(f(z) —
f(z0), g1(x), go(x)) > > 0 for all € X, and so we can write for all z € X:

< pr, () >+ <, 1(x) >+ < po, go(x) > > < pg, fxg) >

If we take x = x¢ then < 1, g1(xg) > + < 2, g2(xg) > > 0, but since g € € then must
be < p1,g1(xg) > + < po, g2(x9) > = 0. So we can write

< g, f(x) >+ < pr, 91(2) > 4 < o, go(z) > >
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< pre, f(xo) > + < 1, g1(xo) > + < 2, g2(xo) >

Furthermore, ugx # 0, otherwise < 1, g1(x) > 4+ < p2, go(z) > > 0 for all z € X, which
contradicts the Slater constraint qualification.
Therefore there exists ky € K such that pug(k;) > 0, otherwise ugx(K) = {0} and
so ug(—K) = {0}and then px(K — K) = {0}, but since K has nonempty algebraic
core, it will be K — K =Y and thus pux(Y) = {0} which is a contradiction. Then for
such k; € K let y; = k1/ux(k1) € K, and with it we can establish a linear mapping
h:R— Y, h(r)=<ry >.
If » >0 then it is h(r) € K and ug(h(r)) = < r,ux(y1) > = < r,1 > = r, which means
that pg o h is the identity mapping.
Let Ty be the linear mapping from Z; x Zy to Y: Ty = ho(puy, o). For all (g1, q2) € My x Mo,
it is To(q1, g2) = h((p1; p2)) (g1, ¢2) € h(Ry) C K. Furthermore pg 0Ty = puxoho(p, p2) =
(1, p12), and then

< pr, f(x) >+ < pr,g1(x) >+ < po,g2(z) > =

= <, f(x) >+ < pxk o To, (91 (), ga(z)) >
therefore
<, [(x) > 4+ < pr,g1(2) > + < pio, go(2) > =
= < g, f(x)+Too (gi(x),g2(z)) >

and consequently, < g, f(z)+Too(g1(2), g2(x)) > > < e, f(o) +Too(g1(x0), g2(0)) >
for all x € X. This is equivalent to affirming that z( is a weak efficient solution of the
problem:

K — Min{< pg, f(x) +To(g1(x), g2(z)) > x € X} (3.4)

and so x is a weakly efficient solution of the problem 3.3. Otherwise if there exists ' € X
such that

f(@o) + Ty o (g1(20), g2(w0)) € f(2) + To o (g1, g2) (") + cor(K)
then
f(xo) +To o (91, 92)(w0) — f(2') = Ty 0 (g1, 92)(2) € cor(K)
and so
< e, f(w0) + To 0 (g1, 92)(w0) — f(2) = T o (g1,92)(2") > > 0
and therefore

< pixc, f(2o) + To 0 (91, 92)(w0) > > < px, f(2') +To o (g1, 92)(2") >

which is a contradiction.
Finally, since < (p1, t12), (91(z0), g2(z0)) > = 0 we have that To(g1 (o), g2(x0)) = 0. O
The proof of the following result is similar to the preceding.

Corollary 3.9. For the problem (3.1), let K, M be nontrivial pointed convex cones such
that cor(K) # 0 and cor(M) # 0. Let xg € X be a weakly efficient solution for the problem
(3.1). If (f(z)— f(z0), g(x))is K x M GSCL and if the Slater constraint qualification holds
then there exists Ty € I' such that xq is a weakly efficient solution of the unconstrained
problem:

K —Min{f(z) + To(g9(x)) : z € X} (3.5)
and, in addition Ty(g(zo)) = 0.
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