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In this paper, we prove the existence of solutions to anisotropic nonlinear elliptic equations with right
hand side term in L™() and obtain the appropriate function space for the weak solutions. This paper
gives a generalization of some results given in [1] and [3].
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1. Introduction

Let © be an open bounded set of RN(N > 2), p; > 1, (i = 1,2,--- ,N) and a : Q X
R x RN — RN be a Carathéodory function. We assume that there exist two real positive
constants «, 3 and a nonnegative function h € L*(2) such that for any s € R, £ € RY,
n € RY and for almost every x € €, every component a;(z, s, &) of a,

N
a(x, Sv£>£ > az |§i|pi’ (1)

=1

N
aj(w, 5, &) < B(h(x) + |sP+ Y |&l") 7, (2)
i=1
where P satisfies % =~ SN pi
[a($7375>_a($73777)][§—77] >Oa §7é77 (3>

The aim of this paper is to obtain a solution of the anisotropic elliptic equation

(P) {—ii\(f)(a(a:,u, Du))=f inQ,
u = on 0f),

in the sense of the distributions. When f € L™()) with m satisfies

Np
Np—N+p
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l<m<m=
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We also assume

1 N—-1)p
2—N<pl<(N—_p)p, and]_?<N,Z:1,2,,N (5)
Set
. Nm
m' =5 (6)
and
Wor(Q) = {fu e WHHQ) | Diue L ()}, (r; > 1,i=1,2,-- ,N). (7)

If a does not depend on = and s, namely a(z, s,&) = a(§), a(§) is the vector field whose
components are |&[Pi72& (i = 1,2,---,N;p; > 1). In [1], it has been proved that there

exists a weak solution u € (), WU (Q) with 1 < r; < BEDN when f € My(Q), and

p(N-1)
there exists a weak solution u € ()X, W% (Q) with ¢; = % when f € L'log L'(Q)
too.
If pp = po = -+ = py = p, the existence results have been proved in [3] when f €
My(Q),f € L'log L'(Q) and f € L™(Q) with 1 < m < 2%

We consider the existence of weak solutions to problem (P) when f € L™(Q) (m > 1)
here. If p = N, then m = 1, and if f is in L™(Q2), then m > m = 1, and problem (P) is
known to have a weak solution in (2, Wy ®?(Q) by [4] (since f € (N, Wy P (Q))).
Let us now assume that p < N. Then m > 1 and if f is in L™ (2), m > m, Problem (P)
is known to have a weak solution in (), Wy () by [4] (since f € NY, Wol’(p")(Q))’).
The only case of interest is when f is in L™(2) with 1 < m < T, and we prove the
following theorem.

Theorem 1.1. Assume that (1)-(3) and (5). Let 1 <m < m = sz_ngﬁ and f be in
L™(2). Then problem (P) exists a weak solution u € (-, Wo')(Q), with ¢; = Iw.

Remark 1.2. The Theorem extends the results of Proposition 1 in [2] and Theorem 3 in
[3]. Furthermore it can be even as a regularity theorem regarding the solution u obtained
in Theorem 1 in [1].

2. Proof of Theorem 1.1

In order to prove the Theorem 1.1, we need the following nonisotropic Sobolev inequality
(cf. [1, 5]).

Lemma 2.1. Ifu € ﬂf\il Wol’(”)(Q), ri>1(i=1,2,---,N), then

N
lullze@) < Co(I T I Ditllorio) ™, (8)

i=1

where s =7" = ]\J[V_FF if 7 < N, 7 satisfies % = % Zf\;l %, C is a positive contant depending
only on N and r;, (i = 1,2,--- ,N); if T > N, then (8) is satisfied for every s € [1,4+00)

and C7 depends also on s and meas ().
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By the density property, we may choose a sequence {fy} C C3°(2),
fr — f strongly in L™(2),as k — oo, 9)

such that
| fellem) < Ifllzm@), k=1,2,---. (10)

We consider the following approximation problem:

—div(a(z, ug, Dug)) = fr in £,
(Pr)
up =0 on 0f).

In the following, we will give a generalization of Estimate 3 in [3].

Lemma 2.2. Assume (1)—(3), (9)-(10) and (5). Let 1 < m < m, then for any given

k > 1, there exists a weak solution uy, € (), Wol’(pi)(Q) to problem (Py), moreover, we
have

i(p—1)m* .
| Ditallniey < Co, = ZEZI™ iy 0 N (1)
and
[ur| o= ) < Co, (12)
where ¢* = g 4= %, Cs is a positive constant independent of k.
=1 q;

Proof. For any given k > 1, by [4], it is easy to prove that problem (P;) admits a weak
solution u € Y, Wy () such that

N
/a(:z;,uk, Duy)Dvdx = / frvdx,Yv € ﬂWOI’(pi)(Q). (13)
@ Q i=1

To prove Lemma 2.2, we use a choice of a test functions as in [6]. For 0 < s < 1, define

¢ as
o(y) = /Oy(l + |t])~*dt, Yy € R. (14)

It is easy to see that ¢(uy) € N, WOI’(’”)(Q), taking v = ¢(uy) in (13), we obtain
/ a(z, ug, Duy)¢’ Dupdx = / fro(ug)d. (15)
0 0

Noting (1) and (14), (15) yields

Z/ 1+ |Uk| T < (11_ S)/Q|fk|(1+ ug )~ dz. (16)
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For any ¢; < p; and 1 <i < N, Holder’s inequality and (16) imply that

Gidy < de) e (| (14l pia da) ™ w
(| qarreiszan) ([ (1 ) aa)

<fa(l—s)] "'</ [ fil (L + Jui)™ de)“(/(lﬂuﬂ)‘” wda)'H.(17)

If sq
7T =—" 18
Pi —4; (18)
(10), Holder’s inequality and (17) yield
/ | Djug|% dx
< 1000 = I E el (0 fua O ) [ (0 )
o w (19
<la(@—s)] #|lf Zin(n)(/ﬂ(l + Iukl)(l_s)m'dx)"“”(/g(l + ug])T da) v
= ([ 1+ )= ) [ (04 el ),
Q Q
where C5 = [a(1 — s)]_% =-m
If
m'(1—s) =7, (20)
we get
/ |Dluk Yidy S C4 + C5(/ |Uk|a*dx)l_1%+mq'i’i (21)
Q Q
where Cy and C5 are two positive constant independent of k.
By (18) and (20), we obtain
_ _ Di *
g={@—-1)m ,qz—]_)(p—l)m.z:l,Q,---,N. (22)
Taking r; = ¢;, s = ¢* in Lemma 2.1, we have
— N %
([ 1ol da) < €F ([T IDuull ) ¥ (23)
j=1
where C is a positive constant depending only on N and ¢;(i = 1,2,---, N), but inde-
pendent of k. Putting (23) into (21), we get for any ¢, with 1 <i < N
. 7 (=it T (1
/ |Dluk Yide < Cy + 0501 ! H ||D ukHLqJ (Q)) v ( mPi). (24)
Q
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Therefore, there exist two positive constants Cs and C7 independent of k, such that

N i(i, 1y
1Diugloi0y < Cs + Co(] [ IDjunllos @) ™% =, i =1,2,--- . (25)
j=1
Let
N
d = [T I1Dsul 1 (e- (26)
j=1

By (25), we get
d < Cy + Cod ™ =1~ mm) = O + Cyd™ 770 (27)

where Cy and Cy are two positive constants independent of k. By (22) and the conditions
satisfied by m and p, we have

1 1
7= - —) <1 98
G- (28)
By (28) and (27), there exists a positive constant Cyy independent of k, such that
d < Cyo. (29)
Thus (11) follows from (29) and (25). Lemma 2.1 (taking r; = ¢;) and (11) yield (12),
and by (5), we have ¢; > 1 and —&5 > 1. This finishes the proof of Lemma 2.2. O

Proof of Theorem 1.1. Using Lemma 2.1 and Lemma 2.2, Theorem 1.1 can follow as
in [3]. In fact, by (11) and (12), there exists a subsequence of {u }(still denoted by {uy})
such that

Djup, — Dyu weakly in L%(Q),i=1,2,--- , N, (30)
ur, — u  strongly in L9(Q), (31)
up — u a. e. in €. (32)
Using the same method as [3], we can prove
Dyu, — Dyu a. e. inQ,i=1,2,---,N. (33)
Since a is a Carathéodory function in Q x R x RY, by (32) and (33), we get
a;(x, u(x), Dug(z)) — a;(z,u(z), Du(z)), a.e. in . (34)
By (2), (11) and (12), there exists a positive constant Cj; independent of k, such that
[lai(, uk, Dug)|| wio-vme < Chy. (35)
L wi-Up (Q)
By (34) and (35), we obtain
a;(-, ug, Duy) — a;(-,u, Du) weakly in L%(Q) (36)
By (36) and (9), let £ — oo in (13), we get
/Qa(:v, u, Du)Dvdx = /vada:, Yo € C5°(R). (37)

Therefore u is a weak solution to problem (P) and u € ﬂf\il W, ’(qi)(Q) with ¢; = ’@m*.
Thus Theorem 1.1 is proved. O
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