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In this paper we study the closed convex subsets of Lie algebras of bounded linear operators on a Hilbert
space that are invariant under the corresponding group of unitary operators. We will give a family f; of
convex function such, that for each closed convex invariant set C' there are real numbers c; satisfying

C={X:(Vj)f;(X) < ¢}

1. Introduction

Let € be a finite dimensional compact Lie algebra, t a Cartan subalgebra and K = expt
a corresponding Lie group. Further let 20 := Ng(t)/Zk (t) denote the Weyl group and p
denote the projection onto t that is orthogonal with respect to the Cartan-Killing form.
Then we have for every closed convex Ad(K)-invariant subset C' of ¢:

(2) p(C°) =C°Nt=1int(CNY).

(3) C=Ad(K).(CNt).

One way to prove these assertions makes heavy use of the Kostant Convexity Theorem,
which states that for every X € t we have

pt(Ad(K).X) = conv(2W.X).

In [5] a generalization of the Kostant Convexity Theorem for certain infinite dimensional
Lie algebras was given. All but finitely many simple compact Lie algebras are isomorphic
to classical matrix Lie algebras. So in [5] the corresponding Lie subalgebras of the algebra
of bounded linear operators on a Hilbert space $) were studied. These were the Lie algebra
u($) of skew-hermitian operators on $), further

wo(l.) ={X eu®): X*'I.+ 1.X =0},
where I.. is a conjugation, that is an antilinear real isometry on §) satisfying I? = 1, and
usp(l,) ={X eu(®): X*I,+ [,X =0},

where I, is an anticonjugation, that is an antilinear real isometry on § satisfying I2 = —1.
The corresponding maximal unitary subgroup for u($)) is (), the group of unitary
operators on §). For uo(I.) we get

UO(L) == {X e d(9) : X*[.X = I}
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and for usp(I,) we obtain

USp(I,) :={X € (%) : X*I[,X = I,}.

In the Lie algebra u € {u($),uo(I.), usp(l,)} we define a split Cartan subalgebra t to be
a maximal abelian subalgebra that can be simultaneously diagonalized. Then p¢ denotes
the projection onto t which is given as the projection on the diagonal with respect to
an orthonormal basis in which t consists of diagonal operators. We define the Weyl
group to be the group 2 := Ny(t)/Zy(t), where i denotes the maximal unitary group
corresponding to u. Then we have for every X €t

pi({U*XU : U € U}) = conv(2.X).

With this theorem we generalize the results for finite dimensional compact Lie algebras
mentioned in the beginning to our infinite dimensional Lie algebras. We will also give a
family {fx : kK € K} of invariant convex functions on u such, that for each closed convex
Y-invariant subset C' of u there exist real numbers ¢;, with

C:{Xeu: (VkEK)fk(X) Sck}

We begin by recalling the main results from [5] in Section 2 and Section 3. In the
infinite dimensional setting our generalized convexity theorem allows us to describe the
set pt({U*XU : U € U}) only if the skew-hermitian operator X is diagonalizable, which
need not be the case.

Therefore we introduce in Section 4 the two families {Ly : k£ € N} and {RX*, R~ : X € M}
of convex functionals that will help us to control closed convex i-invariant sets.

In Section 5 we will show that each operator A € u can be approximated by diagonalizable
operators for which {Lj : k € N} and {R", R~ R € 9} have the same values.

In Section 6 we will use this method to describe the sets p({U*AU : U € iU}), where
A € u is a not necessarily diagonalizable operator.

In Section 7 we collect the remaining tools necessary to finally show in Section 8 that for
each closed convex i-invariant subsets C' of u

(1) pe(C)=CnNt
(2) pt(CO> =C’Nt= 1ntt(C N t)
(3) C =convil.(C'Nt).

This implies that each such set C' can be reconstructed from its intersection with the
Cartan subspace t.

In Section 8 we show that each closed convex i-invariant subset of ) can be described by
using only § := {Ly : k € N} U {RT R™ X e M}. We get

conv{U*AU : U € U} = {B e u: (Vf € §) f(iB) < f(iA), f(—iB) < f(—iA)}.

For arbitrary closed convex U-invariant sets it will be necessary to use generalized convex
combinations of the elements of §.
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2. The Weyl Group Orbits

In this section we recall the main results from [4] that describe the closed convex hull of
the Weyl group orbit. This will be the basis of our further calculations.

Definition 2.1.

(1) Let J be an arbitrary infinite set. We define the Banach space
1°(J) := {(aj)jes € R? :supa;| < oo}
jeJ
equipped with the norm [[(a;);cs| = [[(a))jesllo0 := sup;es|a;]. For A C1°°(J) we

denote by A the closure of A with respect to the norm ||.||ec.
(2) In (*°(J) we have the closed subspace

co(J) == {(aj)jes : (Ve > 0)#{a; : [a;] = €} < oo}

(3)  We denote by &(J) the group of all bijections of the set J. Then &(J) acts on
[*°(J) by permutation of the entries, that is for o € &(J) and a = (a;),c; We get
(0.a); = aq(j), which is a right action.

(4)  We write Zy := {—1,1} for the group of units of the integers. The group Zj acts

on [*°(J) by component wise multiplication. This way we get a right action of
Wy (J) :=Z3 x &(J) on I°°(J).
(5)  For n € N we write S(n) := S({1,...,n}) and Wy (n) := Ws({1,...,n}).

Definition 2.2. For a given set K we write #K for the cardinality of K. Let a € *°(J).
(1) For k € N we define
Li(a) = sup{Zaj B CJ#E = k}
jEE

(2)  We write 9t for the set of infinite cardinal numbers N satisfying ® < #.J. We write
Ry = #N.
(3)  For X € M we write XN+ 1 := min{X € M : X' > N}. Further we write

M ={ReM: (N eMRN=N+1}.
(4)  For z € R we define

04() = Ulgd%)#{j €J:a; €U},

where U(x) is the set of all neighborhoods of z. We note that this minimum always
exists, as 9 is well ordered.

(5)  For every X € 9 the set {x € R : 0,(x) > N} is obviously closed and bounded, so
it is compact. Therefore we define for X € 9t
NT(a) := max{r € R:o,(z) > N}
N7(a) = min{z € R:o0,(x) > N},

the maximal and minimal cluster points of order at least N. In particular we get
N{(a) = limsupa and X (a) = liminfa.
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Definition 2.3. For an a = (a;)je; € [*°(J) we define @ := (a;)jes € (*(J), a =
(a;)jes €1°(J) and @' := (a})jes € I°(J) by

a; := max{a;,limsupa} — limsupa,
a; = min{a;,liminfa} —liminfa,
a; = a; —a; — a;.

Further we define m = |a| —al.

Then @, a and |a| lie in ¢y(J), in particular they have countable support.

Lemma 2.4 ([4, Lemma 2.17.]). Let a € {*°(J). Then we have for every k € N:
(1) Li(a) = Li(@) + kg (a);
(2)  Li(=a) = Li(=a) — kR (a).
We also have that
lim ¢ Lg(a) = R (a) lim —+Li(—a) = R; (a).

kﬂoo k—o0

and for Ry < N & 9* we have

N (a) = inf{(X)"(a) : N < N} N7 (a) = sup{(X) " (a) : X' < N}.
Proposition 2.5 ([5, Proposition 2.6]). Let a € co(J). Then b € conv(S(J)a) if and
only if for all k € N we have:
(1) Ly(b) < Li(a);
(2)  Li(=b) < Li(—a).

Proposition 2.6 ([5, Proposition 2.8]). Let a € co(J). Then for b € 1°°(J) the fol-
lowing are equivalent:

(1) b e conv(Wy(J)a)
(2)  [b] € conv(&(J)[al).
(3)  Li(|b]) < Li(la|) for all k € N.

Theorem 2.7. Let a € 1*°(J). Then
conv(S(J).a) = = conv(S(J).a) + conv(&(J).a') + conv(S(J).a)

= conv(&(J).a) + ([Ng(a), Ri(a))’ N ﬂ O.(R) | + conv(&(J).a)
ReM*

= {bel®(J): (Vk € N) Li(b) < Li(a), Li(=b) < Li(—a),

(VR € M) RT(b) < N (a), N7 () = R (a)}.

—

conv(Wy(J)a) = conv(2Wy(J)|al) + conv(Ws,(J)|al)

= conv(Wy(J)|a|) + ([ NJr<|a| N+ |a\ ﬂ Olal )

ReM*
= {bel™(J):(vk € N) Ly (|b]) < Li(Jal), (VR € M) RT([b]) <R (|al)}.

Proof. This is [5, Theorem 5.1, Lemma 5.3, Theorem 6.3 and Lemma 6.4]. [
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3. The Classical Infinite Dimensional Lie Algebras

The main result of [4] was a generalization of the Kostant Convexity Theorem for compact
Lie algebras.

Theorem 3.1 (The Kostant Convexity Theorem for Compact Lie Algebras).
Let & be a compact Lie algebra and K a corresponding Lie group. Further let t denote a
Cartan subalgebra of €, 10 := Nk (t)/Zk(t) the Weyl group and p: € — t the projection
onto t that is orthogonal with respect to the Cartan-Killing form. Then for every X €t

p(Ad(K).X) = conv(20.X).
Proof. The original proof can be found in [3], or a very short and recent proof in [7]. O

In this section we want to introduce the infinite dimensional setting to which we want
to generalize this theorem. A compact Lie algebra £ is more or less a direct sum of
compact real forms of simple complex Lie algebras. These, with finitely many exceptions,
are classical matrix algebras. Therefore we will use the straightforward generalization of
these matrix algebras to infinite dimensions and look at their hermitian real forms. We
will also investigate the Cartan subspaces and the Weyl group. We write $ for a Hilbert
space and B($)) resp. gl($) for the Lie algebra of bounded linear operators on $).

Definition 3.2. We denote by 1 the identity map or the corresponding matrix.

(1)  An anti-linear operator I, on § is called a conjugation, if (I..v, I..w) = (v, w) for all
v,w € $H and ]3 =1.

(2)  An anti-linear operator I, on $) is called an anticonjugation, if (I,.v, I,.w) = (v, w)
for all v,w € $ and I? = —1.

For an infinite set J we write 2J := JU(—J) and 2J 4+ 1 := JU{0}U — J, where —J is
a identical copy of J, but disjoint with it, and j — —7 is a bijection from J to —J.

Lemma 3.3 ([1, Appendix I]). (1) Let I. be a conjugation on $ = [>(J), where J is
not necessarily infinite. Then there exists an orthonormal basis {e; : j € J} of H
such that I.(ej) = e; for all {j € J}, called an I. basis of type zero.

For an infinite set J we also have:

(a) There exists an orthonormal basis {e; : j € 2K} with I.(e;) = e_; for all
7 € 2K. This basis is called an I.-basis of type one.

(b) There exists an orthonormal basis {e; : j € 2K + 1} such that 1.(e;) = e_; for
all j € 2K + 1. This basis is called an I.-basis of type two.

In both cases K is an infinite set with #K = #.J.

(2)  Let I, be an anticonjugation on . Then there exists an orthonormal basis {e; : j €
2K} such that
—e_ e J
Iie)=4 "7
€_j YRS —J.

Such a basis is called an I,-basis.

For a given conjugation /. we define

o(.) :=={X € B(§): X*I.+ I.X =0},
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where X* denotes the adjoint operator to X. For a given anticonjugation I, we define
sp(l,) ={X e B®): X[, + [,X =0}.
We call the Lie algebras gl(9), o(1.) and sp(1,) the classical (infinite dimensional) Lie

algebras.

For a classical Lie algebra g we obtain an infinite dimensional analog to the finite di-
mensional compact real forms by intersecting g with the algebra u($)) of skew-hermitian
operators on $). However we have for the set h($) of hermitian operators on $ that
H(H) = iu($). The generalized Kostant Convexity theorem for g Nu($)) is equivalent to
the one for gN h($). Since the notation in the latter case will be easier, these will be the
objects we will be looking at. We therefore define the hermitian real forms

h(9),  bo(le) :==o(l)NH(H),  bsp(la) == sp(La) N H(H).

We write h(J) for the set of hermitian J x J matrices corresponding to a hermitian
operator on the Hilbert space [?(J). In an I -basis of type one we have

ho(L.) = ho(2J) := {A € h(2J) : A'R + RA = 0},

where A! denotes the matrix transposed to A and R is the operator given by the 2.J x 2.J-
matrix
0 1
ne (1),

ho(L.) =ho(2J + 1) :={A € h(2J +1): A'R + R'A =0},

In an I.-basis of type two we have

where R’ is the operator given by the 2J + 1 x 2J + l-matrix
1
R = 1

Finally in an /,-basis we have

hsp(L,) = hsp(J) .= {A € h(2J) : A'Q + QA = 0},

where () is the operator corresponding to the 2.J x 2.J-matrix

0 -1
-(170)
Now we need an analog for the maximal compact group K. We define the corresponding
unitary groups. We write $4($)) for the group of all unitary operators on ), further

UO(I.) = {Ueu®):UIU=1}
USp(l,) = {UeuU®):UL,U=1,}.

Now we introduce an analog to the Cartan subalgebras in finite dimensional Lie algebras.
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Definition 3.4. Let h € {h($),ho(I.), hsp(l.)}. A =-invariant subspace t of b is called a
(splitting) Cartan subspace if

(1) The subspace t is a maximal abelian Lie algebra in b.
(2)  There exists an orthonormal basis in which each element of t is diagonal.

The condition that t is simultaneously diagonalizable may seem a little artificial at first.
We will see later why it was necessary.

Lemma 3.5 ([5, Lemma 10.1]). (1) In () let t denote the algebra of diagonal op-
erators with respect to some orthonormal basis. Then t is a Cartan subspace of h($)
and every Cartan subalgebra of H(9) is conjugate to t under U(9).

(2)  In bo(l.) let t; denote the algebra of operators diagonal with respect to some given
I.-basis of type one and ty denote the algebra of operators diagonal with respect to
some given I.-basis of type two. Then t; and ty are Cartan subspaces of ho(I.)
that are not conjugate under UO(l.) and every other Cartan subspace of o(l.) is
conjugate to one of them under UO(I,).

(3) In bsp(l,) let t denote the algebra of operators that are diagonal with respect to a
given I,-basis. Then t is a Cartan subspace of sp(1,) and every Cartan subspace of
sp(1,) is conjugate to t under USp(I,).

Lemma 3.6. Let h € {h(9), ho(l.),hsp(1,)} and let X € b be diagonalizable. Then X is
contained in a Cartan subspace.

If b = bo(l.) then X is contained in a Cartan subspace of each conjugacy class if and
only if X has an infinite dimensional kernel.

Proof. This follows from [5, Lemma 8.3 and Lemma 9.3]. O

As we have seen, there exists for every Cartan subspace t of h € {§(9), ho(I..), hsp(l,)}
an up to permutation unique orthonormal basis, such that t consists of the diagonal
operators with respect to that basis. We will denote by p; the projection on the diagonal
with respect to this basis, which will give us a projection p¢: h — t.

In the space h(J) of hermitian J x J matrices we look at the Cartan subspace t = 0(J)
of diagonal matrices. This space equipped with the operator norm is a Banach space
canonically isomorphic to the Banach space [*°(J). We denote by

p:h(J) = 1=(J)

the projection on the diagonal and by diag(a) the diagonal matrix with diagonal a, where
a € [*°(J). In this case we have p; = p.

In hsp(J) we have the maximal abelian subalgebra

t=20sp(J) := {diaga(a) = ( diag(a) _ diag(a) > a € l‘”(J)} :

The Lie algebra 0sp(J) equipped with the operator norm is canonically isomorphic to
[*°(J). We have the projection

po : BU2(2J)) — 1%(J); < 4 ) — 5 (p(4) ~ p(D))



298 A. Neumann / Invariant convex sets in operator lie algebras

where p : B(I*(J)) — [°°(J) is as above. Then p,(diag,(a)) = a for all a € [*°(J). In this
case we have p; = diag, opy.

We get one conjugacy class of Cartan subspaces of ho(I.) by looking at the Cartan sub-
space

t =00(2J) := {diagy(a) : a € I*°(J)}.
in ho(2.J). The Lie algebra do(2.J) equipped with the operator norm is canonically iso-
morphic to {*°(J). We have again that p; = diag, op,.

To obtain the other conjugacy class of Cartan subspaces, we define
diag(a)

diagy(a) : 1°(J) — 0(2J + 1), a — 0
— diag(a)

and consider
t:=00(2J + 1) := {diagy(a) : a € I°°(J)}.

in uo(2J+1). The Lie algebra do(2.J + 1) equipped with the operator norm is canonically
isomorphic to {*°(.J). We define

A v B 1
vt BT+ 1) =12 [ u e wt | e L (p(4) — p(D)).
C y D

Then pj, o diagy(a) = a for all a € [*°(J). We get p; = diag} op}.

Definition 3.7. Let § denote a hermitian real form, t C h a Cartan subspace and i the
corresponding maximal unitary group. Then we define the Weyl group to be the group

20 := Ny(t)/Zy(t),
where Ny(t) is the normalizer and Zy(t) is the centralizer of t in 4l.
Lemma 3.8 ([5, Lemma 10.3]). (1) For h=h($) we have W = S(J).
(2)  Forhe{ho(l.),bsp(l,)} we have W = Wy (J).

In both cases W acts on t canonically.

It is interesting to note that in ho(l.) the Weyl group is the same for both conjugacy
classes of Cartan subspaces. Now we are able to formulate the main result of [5].

Theorem 3.9. Leth € {h($),ho(1.),bsp(l,)} and t be a Cartan subalgebra of by. Further
let pi: b — t denote the projection onto t, I the corresponding maximal unitary group and
20 the Weyl group. Then

pe(M.X) = conv(2W.X).
for every X € t.

Now we want to study the closed convex subsets C' of a classical Lie algebra g that are
invariant under the respective unitary group. In particular we will show that p(C) = CNt
for every closed convex i-invariant subset of h and we will show that the map C' +— C'Ntis
a bijection between the i-invariant closed convex subset of h and the 20-invariant closed
convex subsets of t.
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4. Invariant Convex Functions

In this section we introduce the convex invariant functions L, and £R* and show that
they are an extension of the functions Lj and +R* | that were defined on [°°(.J) resp. a
Cartan subspace, to all of h($)). These functions will be an important tool to describe
closed convex invariant subsets of h($)). We write o(A) for the spectrum of the operator

A.

Lemma 4.1. Let ¢ be a C*-algebra and w: B($)) — ¢ be a Lie algebra-x-homomorphism,
that is m(X*) = w(X)* for all X € B($). Further we assume that m(1) = K1, for some
positive K € R. Then

supo(m(A)) = [[7(A+ A1)|| = AK = ||7(A) + AK1 || — AK
for all A € (9) and X > &||7(A)].

Proof. We note that with A € h($)) we also have A+v1 € h(9H) for all v € R. Therefore
(A4 v1l) = 7(A) + vK1, is hermitian in ¢. Further we recall that for each hermitian
operator A holds ||A]| = r(A), where r(A) denotes the spectral radius.

If A > +|w(A)| we have that 7(A + A1) = w(A) + AK'1, has nonnegative spectrum and
therefore

|Im(A+ A1)|| = supo(n(A+ A1) =supo(n(A) + AK1,)
= supo(m(A)) + \K.

For k € N the map 7, B(9) — B(A¥(§)) given by
T(X)(or Ao A ) = (X)) Ava Ao AU+ oo+ 01 A Aoy A (Xg)

is a Lie algebra-*-homomorphism. In particular m(1) = k1.

For any N € 9 we define the two sided *-invariant ideal Ry of B(9)

Ry :={X € B($) : dim(X.9H) < N},

where dim is the Hilbert space dimension. The Banach space B($))/Ryx equipped with
the norm
|X + Ryllx := inf || X =Y
YeRy

is a C* algebra and
m™: B(9H) — B(H)/Rx; X — X + Ry
is a Lie algebra-*-homomorphism with my(1) = 1.
Definition 4.2. For A € h($)) we define the functions
(A) = supo(m(A))
RH(A4) = supo(m(A))
(A) = —RNT(=A)info(m(A))

for all £ € N and N € 9.
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There is another way to obtain the functions X" and R™. Let A € h(£)). We recall that
for every hermitian operator A € B($)) there exists an operator-valued spectral measure
P on the spectrum o(A) of A such that

A= / xdP(z).
o(A)

We can extend P to a spectral measure on all of R by setting P(M) = 0 for all measurable
sets M C R\o(A). Then we can define for every = € R

o4(z) ;== min dim(P(U).9),

Ueld(x)
where U(x) is the set of all open neighborhoods of z. Obviously the set {x € R : 04(x) >
N} is closed and bounded, therefore compact.
Lemma 4.3. If A = diag(a) for a € 1*°(J) with respect to the orthonormal basis {e; :
J € J}, then we have o4(x) = 04(x).

Proof. If A = diag(a), then 0(A) = {a;:j € J} and for U C R we have P(U).9 =
span{e; : a; € U}. Therefore

dim(P(U).9H) = dim(span{e; : a; € U}) = #{j : a; € U}.

Now the assertion follows from the definition of o,(x). O

Lemma 4.4. For A € h($) and X € M we have

N (A) = max{z € R:o4(z) >N}
N7(A) = min{r € R:o4(x) > N}.

Proof. We write s := max{z € R : o4(z) > X}. For € > 0 we have that dim(P([s + ¢,
|A]]]).9) < N, otherwise we could use a bisection argument to find some = € [s + &,
|A|l] satisfying oa(z) > R. Therefore [ _(z + A\)dP(z) € Ry and we get for A >
max{|[m(A) s, [|All}

R*(A) :]M+A1+RMN—A§HA+AL—/ (z + N)dP(z)| —

+€

—A<s+et+A-A=s+e.

_ H/j7x+xmpw>

Therefore RT(A) < s.

On the other hand we get for ¢ > 0 that dim(P([s — &,0[).H)) > N. We choose \ >
max{||m(A4)|lx, ||A]|}. Then we get for every v € P([s — &,00[).$) that [[(A + A1)v|| >
s — e + A, therefore [|[A+ A1||x > s — e+ A and

NF(A) =[|[A+ A1y — A >s—e¢.

This proves the first assertion. The second assertion follows from the first one. m
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The set {x € R : o4(x) > N} can be viewed as the essential spectrum of A of order .
For X = R, we get the usual essential spectrum.

We define
M4(R) = [R7(A),RF(A)],

the smallest closed interval that contains the whole essential spectrum of A of order N.

Now we want to see that L; and R* are in fact an extension of the functions we already
know.

Lemma 4.5. Let A = diag(a) for a € [*°(J) with respect to the orthonormal basis {e; :
j € J}. Then we have

Li(A) = Li(a)
N (A) = Rf(a)
N7 (A) = N (a).
Proof. If A is diagonal with respect to the orthonormal basis {e; : j € J}, then m;(A) is
diagonal with respect to the orthonormal basis
{ejl/\.../\ejk Ijl <<]k€J}

of A¥(§), where < denotes an arbitrary total order on J. Then

U(?Tk(A)):{aj1+...+ajk T <...<jk€J}
and therefore

Li(A) = sup(a(m(A))) sup aj, + ... +a; sup Y a;L(a).

J1<..<Jk Ee¢y jeE

The other assertions follow immediately from Lemma 4.3 and Lemma 4.4. [

Lemma 4.6. Let A = diagy(a) or A = diagy (a) for a € 1°°(J) with respect to the
orthonormal basis {e; : j € 2J} resp. {e; : j € 2J + 1}. Then we have

Li(A) = Lg(|al)

NF(4) = R*(lal)

R7(A) = —R7(4) = —R7(la]).

Proof. We have
diag, (a) = diag(a, —a) = diag(o(|al, —|al))

for some o € &(2J). So the assertion follows immediately from Lemma 4.5. The same
argument works for diag,, (a). O

Lemma 4.7. The functions

zLy(A)  keN
=Ly (—A) keN
NT(4)  Rem
_N(4)  Rem

SN S NS
P11l

are contracting, convexr and ($))-invariant.
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Proof. The 4($)-invariance follows immediately from the definition of the respective
functions.

To see the convexity we use Lemma 4.1 to see that

LLi(4) = lim Him(A+nd)| —n, R*(A) = lim [[e(A+n1)]| ~n.

So these functions are pointwise limits of convex functions and therefore convex. The
convexity of the other two functions now follows immediately.

All we have left to show is that these functions are contracting. We pick A, B € h($) and
A > max{||mx(A), |7 (B)||}. Then we get with Lemma 4.1

| Li(A) = Li(B))

7 (A+ AL = |[m(B + A1)
< (A4 A1) — (B + A1)
= |m(A = B)|| < k[|A - B

and the assertion follows. The calculation for X% is identical. This finishes the proof. [

Definition 4.8. (1) We write

kT h(9) = R; A 1 Li(A)
k™ :h(H) =R A ;Li(—A)

and define

§ = {k"E :keNjU{RT —X":Rem}
§t = {kt:keNju{RT:Rem}

(2) On § and " we define an order relation < the following way:

kT < m*™ forall k<méeN.
kT < NF for all £k € N, X € 9.
N < N forall Ry <N, € M.
kw < m~ forall k<meN.
k— < =N~ forall k € N, X € 9.
—N] < —R;  for all Ry < Ny € IM™.

Lemma 4.9. Let A € h(9). Then f(A) > g(A) holds for all f,g € F with f < g.

Proof. As all functions f € § are continuous, it is sufficient to prove the assertion for
diagonalizable operators. Because of Lemma 4.5 we can therefore restrict ourselves to
sequences a € [*°(.J).

It follows immediately from the definition that X{ (a) > RJ (a) whenever R; < N,. We get
from Lemma 2.4 that

1 1
B (4) = 2 Lafo) = T14(@) + R (a) = N (0)
as a by definition is a nonnegative sequence. Using induction and again Lemma 2.4, we

see that in order to show kT(A) > m™(A) for all diagonalizable A € h($) and k < m € N
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it is sufficiet to show that §Ly(a) > %HL;CH(CL) for a nonnegative sequence a € c¢o(J). As
a is nonnegative and converges to 0 we can find the k + 1 largest entries a; > ... > a1
of a. Then

k+1

k k
1 _ 1 1 1 1
rrleii(a) = 5 § :aJ [ E : a4+ pak) < gy E :

k
= 3+ a4 = li(a).
j=1

The second half of the inequalities follows immediately from the first. O

Lemma 4.10. Let h € {h(9),ho(L.),hsp(L,)}, t € b a Cartan subspace and 20 the
corresponding Weyl group. For X € t we have

convW.X)={Y et: (VfeF) fY)<f(X)}
If b € {ho(L.), bsp(l.)} we also get
conv(W.X)={Y et: VfeF") f(Y) < f(X)}.

Proof. This is an immediate consequence of Theorem 2.7 considering Lemma 4.5 and

Lemma 4.6. [l
Lemma 4.11. For A € h($)) we have
NG (A) = hm kt(A), —N;(A) = klim k= (A)

and for Xy < R ¢ M* we have
Nt (A) = inf (W)*(A), N7 (A) = sup(N)~(A).

N/ <R N/<R

Proof. If A is unitarily diagonalizable, this follows immediately from Lemma 2.4. As the
unitarily diagonalizable operators lie dense in h($)) the general assertion follows from the
fact that k% and N* are contractions according to Lemma 4.7 and therefore an equicon-
tinuous family of functions. O

5. Approximation of Nondiagonalizable Operators

Now we want to approximate nondiagonalizable hermitian operators by diagonalizable
ones in such a way that the invariant convex functions studied in the last section do not
change. This will be an important tool to study closed convex i-invariant sets.

Let A = fJ(A) xdP(z) be hermitian. We have o(A) C R. We define
op(A) ={z € 0(A) : P({z}) # 0},

the point spectrum of A, and

9,0 B PHzhH,  He: 6,

x€op(A)

These are A-invariant subspaces. Obviously 0,(A|g.) = @. We define 0.(A) := o(A
the continuous spectrum of A.

ﬁc)’
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Lemma 5.1. Let A € B($)) be hermitian. Then for every € > 0 there ezists a diagonal-
izable operator A. € B(9) satisfying

(1) 9, and 9. are A.-invariant subspaces.
(2) A, = Als,

(3) A-Al<e

(4)  MaR) = My (R) for all X € M.

(5)  o(Aels.) € Ma(No).

Proof. We first assume that 0,(A) = @. We write A = fU(A) xdP(z). We consider

Lemma 2.4 to obtain

JEDTALREA)] = | 1R+ 1)F(A), R7(A))
ReM\{#J}

R (A), @) = | (), R+ 1) (4)]
REM\{#J}

Now we define

M- = (R M AT} : (R+1)7(A) < RT(A)}
M- = (Re M AT} (R+1)7(A) > RF(A)}.

We note that 9 and 91~ are countable. For X € 9" we choose an increasing step
function S™T on (R + 1)T(A), RT(A)] with the following properties:

(1) 1S3 —id]l <€

(2)  SHT(RT(A) — 4, RT(A)]) = {RFT(A)} for some § >0

(3)  SNF(x) > (R+1)T(A) for all z €](N+ 1)F(A),RT(A)].

By combining the S™F, we get a function SF on J(#J)T(A), R (A)].

We pick for ® € 9~ on [R7(A), (X + 1)"(A)[ an increasing step function S™~ with the
following properties:

(1) 183 —id]l <

(2)  SHT(INT(A),N"(A) +d]) = {X"(A)} for some § >0

(3) SN (z) < (W+1)"(A) for all z € [R=(A),(N+1)=(A)].

By combining the S™~, we get a function S= on [Ny (A), (#J)~(A)[.

Finally we pick on [(#J)(A), (#J)"(A)] an increasing step function S’ satisfying

(1) IS —id[leo <

(2) S (A), #J)~(A) +0) = {(#J)"(A)} for some & >0

3)  SL(F#)T(A) =6, (#J)"(A)]) = {(#J)T(A)} for some § >0

If (#J) (A) = (#J)7(A) then S is constant.

Combining 57, S+ and S=, we get the function S. on [Ry (A), N (A4)]. Tt follows from our

construction that there exists a countable partition of Ry (A), R4 (A)] into intervals such
that S, is a constant on each of the subsets. Therefore S, is P-measurable.
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We have o(A) C [Ry (A), R (A)] because of g,(A) = @. So the operator

A = /U(A) Se(x)dP(x)

is well defined and diagonalizable and satisfies the required properties.

If 0,(A) # O we write A = A|g, @ Alg,.. Then we can find for A, := Alg, an operator
Ace € B($.) satisfying ||Ac — Acc|] < e and My, (R) = My, (R) for all R € 9. We define
A; = Alg, ® Ace. Then A, is diagonalizable.

We observe that for every operator B & C € B(9,) ® B($.) we have
1BeC| = max{[|B],[|C]},
NH(BC) = max{N"(B),RT(C)},
N (B@C) = min{X(B),X"(C)}
for all X € 9. From this it follows immediately that A. has the required properties. [
Lemma 5.2. Let A = fO(A) zdP(x) € h($). We define

A= r— RF(A))dP(z
/WA),OO[( (4))dP(z)

We have:
(1) Alg, =0, and A is determined by Alg, .

(2) A = diag(a) for a € co(J). The sequence @ is uniquely determined by A up to a
permutation of the entries.

(3) If A= diag(a) for a € I*(J), then the sequence @ obtained as above coincides with
the one from Definition 2.3

(4)  For A € h($) we have

Li(A) = Ly(A) + kR (A) = Li(@) + kX7 (A)

for all k € N.
(5) For Aebh(H) and A. as in Lemma 5.1 we have

for all k € N.

Proof. (1) This follows from |Xd (A), co[No(A4) C o,(A).
(2) This is a consequence of the fact that A is compact and normal.
(3) This is an immediate consequence of Lemma 4.5.

(4) & (5) Now we choose A € h(9) and pick A as in Lemma 5.1. Then we have
Ny (A:) = N (A) and because of A.|q, = Alg, and o(A.|g,) C Ma(Ro) we get A, = A.

Lemma 2.4, Lemma 4.5 and 1) then show that
Li(A) = Li(A2) + kR (As) = Li(A) + kRJ (A).

This is true for all € > 0 and Ly is continuous. Therefore it follows that Li(A) =
Li(A) + kRS (A) and as a consequence Li(A.) = Ly(A). O
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Lemma 5.3. Let A € h(9). Then there exists a diagonalizable operator A. € H(9)
satisfying

(1) f(A) = f(A) forall | € 5.
(2) JA-Al<e.

Proof. We choose A, as in Lemma 5.1. Then the assertion follows immediately from the
properties of A, and Lemma 5.2. O]

Now we want to show that for A € ho(I.) (A € hsp(I,)) we can even find A. € ho([,)
(A € bsp(la)).

Proposition 5.4. Let I be a conjugation or anticonjugation on $. If the normal operator
A= fU(A) xdP(z) satisfies A*I + 1A =0, then we have

PU)I =1P(-U)
for every P-measurable U C R .

Proof. We have p(A*) = p(A)* for every polynomial function p with real coefficients.
Therefore p(A*)I = Ip(—A). Further we have p(A) = fo(a) p(z)dP(x).

The mapping
L*(0(A)) = B(%) ; fr f(A) = f(z)dP(z)

o(A)
is a W*-algebra homomorphism. In particular it is continuous with respect to the weak-
x-topologies on the respective spaces. Since o(A) is compact, the polynomials with real
coefficients lie weak-*-dense in L*(c(A),R). As L>*(c(A)) equipped with the weak--
topology is metrizable, there exists a sequence (p,)nen of polynomials with real coeffi-
cients that converges to xy, the characteristic function of U, in the weak-*-topology. In
particular we have

n—oo n—oo

PWU) = PU) = / . (@) dP(z) = / . lim pp(2) dP(x) = lim po(A*),

*

P(-U) = / . Yo(=2)dP(z) = lim | pu(—=z)dP(z) = lim pu(—A),

n—oo O'(A) n—oo

where lim denotes the limit in the weak-*-topology. According to [6, Theorem 1.7.8.] the
mappings B +— BI and B — IB are weak-x-continuous. So we get for every trace class
operator S on

(S, P(U)I) = lim (S, pu(A)) = lim (S, Ipn(—A)) = (S, IP(~U)).

n—od n—oo

Now the assertion follows. O]
Corollary 5.5. Let A € h with b € {ho(1.),bsp(l,)}. Then

(1) W7 (A) =—=RT(A) for all X € M.
(2) Li(—A) = Li(A) for all k € N.
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Proof. (1) follows immediately from Lemma 4.4 and Proposition 5.4.

(2) We have —A = — |, xdP(zx). Further rkP({—x}) = rkP({z}) for all z € R

J=00,—R7 (A)]
because of Proposition 5.4 . So the assertion follows from (1) and Lemma 5.2. O]

Corollary 5.6. Let A € h with b € {ho(1.),bsp(I,)}. Then

{Beb: (Vfed)f(B) < f(A}={Beb:(VfeF)f(B) < f(A)}

Lemma 5.7. Let I be a conjugation or anticonjugation on $ and A a hermitian operator
satisfying A*I + IA = 0. Then for every € > 0 there exists a diagonalizable hermitian
operator A. satisfying

(1) A I+4+1A.=0

(2) A=Al <e

(3)  f(Ae) = f(A) forall f €T

Proof. We write A = fs( A) xdP(z) and define the mutually orthogonal subspaces

H_ =P -00,00).%  $H:=P{0}).9  H.:= P(0,00[).9

of $. With Proposition 5.4 we get that .9, = H_ and 9 is [-invariant. Then N*(A) =
Nt (Alg,) and R~ (A) = X (A]g_) are a consequence of Lemma 4.4 and Corollary 5.5.

We pick an € > 0. By applying Lemma 5.1 to Alg, , we get a diagonalizable operator A}
on $. satisfying in particular

(1) Allsine, = Als,ns,

(2) [[AT —Als.ll<e

(3) WF(AF) =NT(A) for all X € M.

(4) W (AF) >0 for all X € M.

Now we define

A:.U v E Sj+
AE.U = 0 (NS 560 )
nlAf.(I.v) veEH_
where n = —1 if I is a conjugation and n = 1 if [ is an anticonjugation. The operator A.
satisfies

(1) Alg, = Acls,-

(2) AiI+IA.=0.

B) A-Al<e

(4)  M4(R) = M4 (R) for all X € 9.

(5)  o(Aels.) € Ma(Ro).

So all that is left to show is that k™ (A.) = kT (A) and k~(A.) = k= (A) for all £ € N.

This follows immediately from Lemma 5.2. O]

6. The set p(Ll.4)

Our next goal is to describe for h € {h(9), ho(I.),hsp(l,)} the subsets p(H.A), where
A € b, i is the corresponding unitary group and p; the projection on the Cartan subspace



308 A. Neumann / Invariant convex sets in operator lie algebras

t. If A can be conjugate into t under 4, this problem is solved by Theorem 3.9. However
this assumption requires in particular that the operator A is diagonalizable. In this section
we will give a description of the set pi(4.A) for h € {h(9), hsp(I,)} and arbitrary A € b.

Lemma 6.1. On the set Co(®B) of closed bounded subsets of a Banach space B we have
the Hausdorff metric

dy(A, B) := max { sup dist(a, B), sup dist(b, A)},
acA beB

where dist(x,Y) := inf ey || — y||. Then we have for any closed subgroup G of the group
of isometric isomorphisms of B that the maps

B — C(B); z—GCGux
B — Co(B) ; = — conv(G.x)
are Lipschitz continuous with constant 1, that is

du(Ga,Gy) < |z —yl
dy(conv(G.x),conv(G.y)) < |z —y

for all x,y € *B.

Proof. We choose # # 3y € B and ¢ > 0. For every a € G.x we can find a g € G such
that ||a — g.x|| <e. Then we get

la =gyl < lla—gx||+lgzr—gy| <|lz—yll+e.

Therefore dist(a,G.y) < ||z — y| +&. We conclude that dist(a, G.y) < ||z — y|| and
therefore o

sup dist(a, G.y) < ||z —y||.

acG.x

Our considerations were symmetric in x and y, so we get the first assertion.

This implies that G.x C G.y + B, where B denotes the Ball with center 0 and radius
|z — y||. Tt follows that G.x C conv(G.y) + B and, as the set on the right hand side is
closed and convex, conv(G.z) C conv(G.y) + B. The same way we obtain conv(G.y) C
conv(G.z) + B, which proves the second assertion. ]

Lemma 6.2. Let g be a classical Lie algebra and b := gNh($). Further let t be a Cartan
subspace of B, pe: h — t the projection onto t, and U the unitary group corresponding to

g.
Let A, € b be a sequence converging to A € §. If there exists a closed set Cy C t such
that p(U.A,) = Cy for all n € N, then we have p(U.A) = Cy as well.

Proof. Obviously the sets 4l. A, and 4. A are bounded. The map C' +— p¢(C') is continuous

with respect to the Hausdorff metric, as defined in Lemma 6.1. Further we have pi(C) =
pi(C). So we get with Lemma 6.1, that

p(ULA)p(UA)ph(lim A,)) lim p(lA,) lim p(U.A,) = lim CyCy,

n—oo n—oo n—oo

where the limit was taken in the Hausdorff metric. OJ
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Now we can prove one of our main results.

Theorem 6.3. Let A € h(9) and let t denote a Cartan subspace. Then we have
p(H).A) ={B ct: (V[ €3) [(B) < f(A)}.

Proof. According to Lemma 3.5, there exists an orthonormal basis such that t consists of
the operators in h($)) that are diagonal with respect to this basis. With Lemma 5.3 we can
find A. € B(9) such that A, is diagonalizable and satisfies f(A.) = f(A) for all f € §.
As A, is unitarily diagonalizable, there exists a U € ($)) such, that U.A. = diag(a.)
for a. € [*°(J). So we get with Theorem 3.9 and Lemma 4.10 and because of the $4(£))-
invariance of the functions f € §:

pU(9H).4e) = plEl(9).(U~. diag(ac))) = p(Eh(9). diag(ac))
= {diag(b) : b € I=(J), (Vf € 3) f(b) < flac)}
= {Bet:(Vfed) f(B)<f(A
= {Bet:(Vfe§)f(B) < f(A

e)}
)}
Now Lemma 6.2 finishes the proof. m

We can show a similar result for hsp(1,).

Theorem 6.4. Let A € hsp(l,) and let t denote a Cartan-Subspace. We have
P(USPI)A) = (B e t: (Vf € §) f(B) < f(A)}.

Proof. With Lemma 5.7 we can find A. € hsp(/,) such that A, is unitarily diagonalizable
and satisfies

1) A=Al <e

(2) f(A) = f(A) forall f € 3.

According to Lemma 3.5, there exists an I,-basis of $) such that t consists of the operators
in hsp(/,) diagonal with respect to that basis. In particular we can find a U € USp(l,)
satisfying U.A. = diag,(a.) € t, where a. € [*°(J). The functions f € § are U(H)-
invariant and therefore USp(/,)-invariant. So we get with Theorem 3.9 and Lemma 4.10

pe(USp(la).Ae) = p(USp(la).(U~". diagy(ac)))
= p(USp(la). diagy(a.))
= {diagy(b) : 0 € I°°(J), (VS € F)S(I]) < f(lac])}
= {Bet: (Vf€)f(B) < f(4)}
= {Bet:(Vf€g)f(B) < f(A)}

Now Lemma 6.2 and Corollary 5.6 finish the proof. ]

The results of Theorem 6.3 and Theorem 6.4 look remarkably similar to Theorem 2.7,
which shows that the generalization we chose for L, and R* was a good one.
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7. Reconstructing Closed Convex Invariant Sets

In this section we show that each closed convex U-invariant subset of b is determined by
its intersection with a Cartan subspace t. While we collect the necessary tools we also
show that for each A € h we have

conv(SLA) = {B € b: (vVf € 3) f(B) < f(A)}.

Lemma 7.1. For every operator A € §, b € {h(J),bsp(1,)}, and every e > 0 there exists
a diagonalizable operator A, € b satisfying

() A=Al <e
(2)  pe(A) = p (LA

Proof. This follows immediately from Lemma 5.3 and Theorem 6.3, resp., Lemma 5.7
and Theorem 6.4. O

Lemma 7.2. Let Ac b, h € {b(J),hsp(L,)}. Then

pe(l.A) C conv(l.A).

Proof. With Lemma 7.1 we can find for every ¢ > 0 a diagonalizable A, € b satisfying

|A— A < e and p(UA) = (8L A,). In particular there exists an A, € t and U, € U
such that A. = UXA.U. and therefore, according to Theorem 3.9,

pe(ULAL) = conv(20.A,).

For B € pi(4.A) = conv(WA,) we can find \j,..., A, € [0, 1] satisfying 37 | A\; = 1 and
wy, ..., w, € Wsuch that | B -7 A\jw;A. | < e. For every w; there exists a W; € 4

satisfying w; A, = W{lAEWj. So we get

B — zn: Aj(UEWj)_lA(Ue‘/Vj)

j=1

S AU (A — AU

Jj=1

B— Z )‘j(UEWj)_lfia(UEWj)

j=1

IN

+

< |IB=) NWTAW,

j=1

+ > NI T (A = A)(UW)|
j=1
< 2e.

As e was arbitrary, this finishes the proof. O]

Now we can obtain another main result of this chapter, the description of the sets
conv(U($).A) with the functions f € §.

Theorem 7.3. Let A € h($H). Then B € conv((9).A) if and only if f(B) < f(A) for
all f € 5.
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Proof. Lemma 4.7 tells us that Ly, Ly(—.), Rt and —R~ are continuous convex ($)-
invariant functions. This immediately shows one inclusion. We assume now that f(B) <

f(A) for all f € 5.

Let € > 0. We approximate B with an operator B. as in Lemma 7.1, that is || B— B.|| < &
and f(B) = f(B.) for all f € §. As B. is diagonalizable, we can find a Cartan subspace
t such that B, € t. If p¢ is the corresponding projection, we get with Theorem 6.3 that
B. € p(U($).A). So we obtain B. € conv(i($).A) from Lemma 7.2. As ||B. — B|| < ¢,
we conclude that B € conv(4($)).A) which proves the assertion. O

Corollary 7.4. Let b € {h(9),bsp(l,),ho(1.)}, t C b a Cartan subspace, and p; the
projection onto t. Then we get for every A € b

f(pe(A)) < f(A)
forall f€5F.

Proof. With Lemma 3.5 we can find an orthonormal basis {e; : j € J} of § such that
each element of t is diagonal with respect to that basis. We denote by t C h(§) the space
of all operators diagonal with respect to this basis. because of the maximality of t in b
we then have £ N h = t and therefore Pily = pe. On the other hand it follows immediately
from Lemma 7.2 and Theorem 7.3 that f(p;(4)) < f(A) for all A € h C ph($). This
proves the assertion. ]

Theorem 7.5. Let h € {h(J),bsp(l,)} and C be a U-invariant closed conver subset of
h. Then

pt(C') =CnNt

Proof. Obviously we have C' Nt C p(C). With the help of Lemma 7.2 we get

p(©) = (U eon@x)) U (com@x) ¢ U pleon@x))

XeC XeC XeC
- U conv p(U.X) C U conv (conv(u.X) N t) = U conv(L.X)Nt
XeC XeC XeC

- (U @n@x)ne-cne

XeC
O

Theorem 7.6. Let h € {b(J),hsp(l,)} and C C b be a closed convex U-invariant subset.
Then

C=U(Cno.

Proof. Obviously we have {.(C'Nt) C C. To show the other inclusion, we pick X € C
and ¢ > 0. With Lemma 7.1 we can find a diagonalizable operator X. € bh satisfying
| X: — X|| < e and p(U.X.) = p(U.X). As X. is diagonalizable, we can find a U, € 4
such that U..X. € t. Now we get with Theorem 7.5

U.. X, € pe(.X,) = p(U.X) C pe(conv(h. X)) = conv(h. X) Nt =conv(h X) Nt C CNt.
Therefore X, € 4.(C'Nt) for every € > 0. This finishes the proof. ]
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The only case left out in the last two theorems is h = ho(I.). This case is a little
more complicated as we have two conjugacy classes of Cartan subalgebras. We recall the
definition of the two nonconjugate Cartan subalgebras t; and t; from Lemma 3.5.

Lemma 7.7. Let a € [*°(J). Then there exists an a € 1°°(J) with infinitely many entries
equal to 0 satisfying conv(2Ws.a) = conv(Ws.a)

Proof. There exists a bijection p: JUN — J. We define

oo e pG) ed
7 0 else '

Then a has infinitely many entries equal to 0 and obviously @ = a and R*(Ja|) = R*(|al)
for all X € 9. So a has the required properties. n

Proposition 7.8. Let A € ho(l.). Further let t C ho(l.) denote a Cartan subspace.
Then we have

pe(conv(UO(1.).A) = conv(UO(l.).A)) Nt
= {Bet:(VfeF") f(B) < f(A)}

Proof. We assume that t = t;. The proof for the case t = t5 is identical. We write
C(A)={Bet: (VfegF)f(B) < f(A)}

According to Corollary 5.6
CA)={Bet:(VfeF")f(B) < f(A}

We obviously have conv(UO(1.).A) Nty C pi, (UO(.).A). It follows from Lemma 4.7
and Corollary 7.4 that p, (UO(I.).A) C €(A). So all that is left to show is that €(A) C
conv(UO(I.).A) Nty.

We pick X € €(A) and choose an € > 0. With Lemma 5.7 we can find A. € ho(/,)
such that A, is diagonalizable and satisfies f(A.) = f(A) for all f € §. By Lemma 3.6,
the operator A. can be conjugated into t; or t under UO(I.). If there exists a U €
UO(I,.) such that U.A. € t; we obtain with Lemma 4.10 that X € conv(20,(J).(U.A.)) C
conv(UO(I.).A.).

Now we assume there exists only a U € UO(I.) such that U.A. € t. With Lemma 7.7
we can find an A € t with infinite dimensional kernel such that f(A) = f(U.A.) for all
f € 3F. In particular we get

A € conv(2,.(U.A,)) C conv(UO(L.).A.).

With Lemma 3.6 we can find a U’ € UO(I,) such that U’.A € t; and therefore because of
Lemma 4.10

X € conv(W,.(U".A)) C conv(UO(L,).A)
C conv(UO(1.).conv(UO([.).A:)) = conv(UO([.).As).
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So X € conv(UO(I.).A:). We can find Ay,..., A\, € [0,1], My + ...+ A, = 1 and
Ui,...,Uy € UO(L,) such that || X — > \U;.A.|| < e and

HX -y )\iUZ-.AH < HX =) NULAL || D AU (A - A)H
i=1 i=1 i=1
< e+ ) N|UL(A = A)| < 2.
i=1
As e was arbitrary this finishes the proof. O

Proposition 7.9. Let C C ho(I.) be closed, convex and UO(I.)-invariant. Further let t
denote a Cartan subalgebra of ho(1.). Then

C = conv(UO(I.).(C' Nt)).

In particular we get pi(C) = CNt.

Proof. We can assume that t = t;, as the proof is identical in the other case.

Clearly conv(UO(I.).(C'Nt)) C C. So we pick A € C and choose € > 0. With Lemma
5.7 we can find A, € ho(I,) such that A, is diagonalizable and satisfies ||[A — A.|| < e and
f(As) = f(A) for all f € §. By Lemma 3.6 the operator A, can be conjugated into t; or t,
under UO([,.). If there exists a U € UO(J) such that U.A. € t; we have with Proposition
7.8 that U.A. € conv(UO(I.).A) Nt € C'Nty and therefore A, € UO(L,).(C Nty).

Now we assume there exists only a U € UO(J) such that U.A. € t;. With Lemma 7.7
we can find a A € t, with infinite dimensional Kernel such that f(A) = f(U.A.) for all
f € F. In particular we get

U.A. € conv(2Ws.A) C conv(UO(1,).A).

With Lemma 3.6 we can now find a U’ € UO(/,) such that U'.A € t;. With Proposition
7.8 we get U".A € conv(UO(1.).A)Nt; € C' Nty and therefore

A. € U leconv(UO(L,).A) C conv(UO(I,).A)
= conv(UO(L,).((U")~1.A)) C conv UO(L).(C' Nty).

As ¢ was arbitrary this implies A € conv(UO(Z.).(C' N t)).

The last assertion is an immediate consequence of Proposition 7.8. Il

Now we can prove a result similar to Theorem 7.3 for all h € {b($), ho(L.), hsp(I,)}.

Theorem 7.10. (1) Let A € h($). Then B € conv(U($).A) if and only if f(B) <
f(A) forall f € 5.

(2) Let Aeh, bhe{bo(l.),bsp(l,)}. Then B € conv(h.A) if and only if f(B) < f(A)
forall f € FT.
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Proof. The first assertion is Theorem 7.3. All that is left to prove is the second assertion.

Lemma 4.7 tells us that f € §* are continuous convex i-invariant functions. This imme-
diately shows one inclusion. We assume that f(B) < f(A) for all f € .

Let € > 0. We use Lemma 5.7 to approximate B with a diagonalizable operator B, € §
that satisfies ||B. — B|| < ¢ and f(B.) = f(B) for all f € §©. As B. is diagonalizable,
we can use Lemma 3.6 to find a Cartan subspace t such that B. € t. Let p¢ denote the
corresponding projection. We get with Theorem 6.4, resp. Proposition 7.8, that B. €
pi(U.A) and therefore by Theorem 7.5 resp. Proposition 7.9 the relation B. € conv(U.A).
As ||B. — B|| < ¢, we conclude that B € conv(4l.A) which proves the assertion. O

Proposition 7.11. Leth € {h(9), ho(l.), hsp(l,)}. Then we have for every closed convex
set C'Ch

C’Nnt= pt(CO) = intt(C N t)
where C° denotes the interior of C' and int(C' Nt) denotes the interior of C' Nt in t.

Proof. The inclusion C° Nt C p(C?) is obvious and p(C?) C int((C' N t) follows from
pt(C) = C' Nt (Theorem 7.5 resp. Proposition 7.9) and the Open Mapping Theorem. So
all we have to show is int{(C'Nt) C C°Nt.

We choose X € int((C'Nt). Then there exists an € > 0 such, that
{Yet: Y - X[ <epcC.

If h = h($) we can write X = diag(x) for z € [*(J).

If there exists an X € 9 with R*(z) = X7 (z) we define

N; :=min{® € M : X" (z) = R ()}, Ji={jeJ: x; e]Nf(z) — 5,8 (z) + 5[},

write J; as the disjoint union of two sets [T and I~ with #1717 = #1~ = #J, = #J,
and define § := N](z) = X[ (x). Else we let J; := [T := [~ := () and choose § €
[(#J)~ (x), (#J)"(x)[ arbitrary. Then we define y € [*°(J) by

rj+e x;>0,7¢
:cj—i—%e j€[+
ij—%g jel™
Tr;—¢€ l’j<5,j¢l]1

Yj =

For Y := diag(y) we have f(Y) > f(X) + £ for all f € §.
If h # h(H) we can assume X = diag,(z) for z € [*°(J). The case X = diagy(z) is
identical. Then we define y € [*°(J) via
) xite x;20
i = rj—e x; <0’
and get for Y := diag,(y) that f(Y) = f(X) +¢ for all f € 3.

So in both cases we obtain an Y € t with f(Y) > f(X)+% forall f € Fand ||Y —X]|| <¢,
implying Y € C. Since all f € § are contracting, we obtain with Theorem 7.10 that

{(X'eh: X' —X|| <5} Cconv(ihY) C C.

This implies X € C°, which proves the assertion. O]
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Now we summarize our results on the reconstructability of closed convex i-invariant sets

CCh.

Theorem 7.12. Leth € {h(J), bsp(1,),bo(l.)}. Further lett denote a Cartan subalgebra
of b, pe: b — t the corresponding projection, 3 the corresponding unitary group and 20
the corresponding Weyl group.

We have for every closed conver U-invariant set C C b
(1) p(C)=Cnt

(2) p(C°) =C°Nt=int(CNY.

(3) C =conv(ih.(C'NY).

In particular the map p¢ induces a bijection between the U-invariant closed convex subsets
of b and the W-invariant closed convex subsets of t.

Proof. (1)—(3) have already been proven. Let C be a closed convex U-invariant subset of
h. It follows from Theorem 7.6 or Proposition 7.9 that C' = conv(i.(C'Nt)). Therefore
the map C' — p¢(C) is injective. All that is left to show is that this map is surjective.
In other words we have to show that for every 2-invariant closed convex subset Cy of t
there exists a U-invariant closed convex subset C' of § satisfying C¢ = p((C) = C N t.

We pick such a set Cy and define C' := conv(.Cy). Obviously we have Cy C p(C). On
the other hand we get with the help of Theorem 3.9 for every X € C}

pi(U.X) C conv(W.X) C C.

Now the last assertion follows. O]

Remark 7.13. We would like to remark that in the case h = ho(/.) we no longer get
the assertion C' = 4L.(C' N t) that was true in the other cases. To see this, we consider the
following example:

We let t = t; be a Cartan subalgebra of type one. We choose an I.-basis of type one such
that t; is the algebra of diagonal operators. Then we have t; = {diag,(a) : a € [*(J)}.
If we pick b; =1 for all j € J we get

B = diag, (b) — ( b ) € ho(2]).

Obviously we get for every v € [2(2J) that ||B.v| = ||v]|. We choose A € t, satisfying
(#J)* > 1. We obtain B € C := conv(UO(1.).A) from Theorem 7.10.

We can find for every X € C' Nty at least one 0 # v € [?(2J) satisfying X.v = 0. So we
have for every U € UO(I,) that

I(B - U XU).(U )| = [IBU v) - U X
= B0 )| = lU"|

and therefore | B — U.X|| > 1. Thus we get B ¢ UO(L.).(C' N ty).

In a similar way we can obtain a B € conv(UO(/.).t;)\UO(I.).t;. This implies that for
closed convex -invariant sets Cy C t the sets UO(I..).(Cy) need not be convex.
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Remark 7.14. Now we can also understand why it was necessary to demand that our
Cartan subalgebras be simultaneously diagonalizable. The reason for this is that Theorem
7.12 need not be true without this restraint.

To see this, we look at $ = L?([0,1]) with respect to the Lebesgue measure. Then
t ;== L>([0,1]) acts on $) by multiplication and is a maximal abelian subspace of §($),
the space of hermitian bounded linear operators on L?([0, 1]). Now we look at the closed
convex subset C' of  consisting of all the hermitian compact operators. We get CNt = {0}.
This follows from the fact that each X € (' is diagonalizable and each eigenspace of X
except the one for the eigenvalue 0 is finite dimensional. The elements of t do not have
finite dimensional eigenspaces.

This illustrates that closed convex sets are not reconstructible from their intersection
with arbitrary maximal abelian subalgebras. As this was an essential property in the
finite dimensional case, we had to include the additional condition in our definition.

We conclude the section with an observation about general continuous convex i-invariant
functions.

Proposition 7.15. (1) Let h € {h(9),hsp(l,)}. Further let t be a Cartan subspace
and L the corresponding mazximal unitary group.
Let C' be a closed convex U-invariant subset of h. A continuous U-invariant function
f: C — R is convex if and only if its restriction flone: C Nt — R is convex.

(2)  There exists a continuous UO(1.)-invariant function f: ho(l.) — R that is not
convex but has a convex restriction fl¢: t — R.

Proof. (1) One inclusion is obvious. So we assume now that f|cn¢ is convex. We define
b =hd R, t :=tdR, C":= C @R, where all these sets are equipped with the product
topology, and
pr: b/ - tl ; (Xv 77) = (pt(X)777)'

Then U acts on b, and 20, the corresponding Weyl group, acts on t' by acting on the first
component. Further we define F := {(X,n) € C" : f(X) < n}, the epigraph of f. The
set F is closed and U-invariant. We know that f is convex if and only if F is convex. By
our assumption we have that £ Nt is closed, convex and 20-invariant.

We define for n € R
E, = {XelC:(X,n)eE}={XeC: f(X)<n}
E, = {XeC: f(X)<n}

Then E% C F), and both sets are closed and U-invariant. The set E% has dense interior in
C'. Therefore we get with Theorem 7.6 that E, = {.(E} Nt). So we have that
E':= | E) x {n} CW(E"NY.

neR

On the other hand, if (X,n) € E for X € C, n € R, then f(X) < 7, so we have
f(X)<n+eforalle >0and (X,n+e¢) € E,,. x{n+e} C E". Therefore E' is dense
in E. From the closedness of ' we now get

ECU(E'NY) CU(ENY)
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and with Theorem 3.9

pr(B) < UpdED x (o} = U (SENY) x n} € Jpe (WE,019) x {n}
C | cowv(W(E, N 1) x {n} = |J(E,n0) x {n} = EN¥,

so we have pr(E) = ENt. We define

F = n Upr ' (ENt).
Uedl

The set F' is closed, convex and Y-invariant. So F,, ;= {X € C : (X,n) € F} is closed,
convex and U-invariant for every n € R. In particular F, Nt is W-invariant, closed and

convex. Then we get from Theorem 7.6 that F,, = 4. (F;, Nt) for every n € R and therefore
F=4.(FNt). Now we get with Theorem 7.5 that

pr(F) = Jp(F) x {ny = | J(FE, N0 x {n} = Fnt.

neR neR

As F is {-invariant, we have ' C F' and therefore pr(E) C pr(F'). On the other hand we
get from the definition of F' that pr(F') C pr(E), therefore pr(F) = pr(E). So we have

E=U.(Ent)=Upr(E)=Upr(F)=U(FNt)=F.

As F'is convex, this proves the assertion.

(2) We define

f(X) = —dist(X, UO(I.).t).
From Remark 7.13 we get an X € ho(I.) with f(X) < 0. As f(—X) = f(X), we have

£(0) = 0> 3(f(X) + f(=X)),

so f is not convex. Obviously f is continuous and UO(/.)-invariant. For X € t we have
f(X) =0, so f is convex on t. Therefore f is the desired counterexample. O

8. Controlling Invariant Convex Sets

In this section we want to see how we can describe closed convex U-invariant subsets with
the functions f € §. Unless states otherwise we assume throughout this section that
h e {h($),ho(l.),hsp(l,)} and 4 is the corresponding unitary group.

For a special case we already have such a description. We recall Theorem 7.10, that states
that for A € b

conv(8(9).A) ={B e bh: (Vf €F) f(B) < f(A)}.
In the case h # h($) the conditions for f € F\FT were redundant. This shows that sets
of the form conv(i.A) for A € b can be controlled solely with the functions in § resp. F.
We want to examine now what can be obtained for arbitrary closed convex il-invariant
sets. To do so we first have to develop the necessary tools.
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Definition 8.1. We define a map p the following way: If h = h($) we define
p:h(H) = 17(F); A (f(A))res

and else

p:h—=I1%EFY); A (f(A)) peg+-

It will turn out that p is a characteristic map for closed convex il-invariant subsets of §.
The following lemma gives a first illustration of this fact.

Lemma 8.2. Let F': h — R be a continuous conver U-invariant function. Then there
exists a function F: 1°(F) — R resp. F: [°°(F") — R such that F = F o p.

Proof. We have to show that F(A) = F(B) holds whenever f(A) = f(B) for all f € §
resp. f € . But in this case we get from Theorem 7.10 that

B € conv(il.A) and A € conv(i.B).
So we have F/(B) < F(A) and F(A) < F(B). This proves the assertion. O

Now we want to examine the map p closer. We start with a technical lemma.

Lemma 8.3. (1) We have #I < #J.
(2)  For each R € M* we choose sets My, My, My of cardinality X. Then

#J:#(NU U MN> :#<N1L'JNQU U (M;{UMN‘)),
ReI* NeI*

where N1 and Ny are identical copies of N.

Proof. (1) For each ordinal number o we write c¢(«) := #A, where A is an ordered set
with ord(A) = a. Obviously this definition is independent of the choice of A. According
to the Well-ordering Theorem there exists for each cardinal number R an ordinal number
a with X = ¢(a). We choose an «y satisfying c¢(ay) = #J. Then, according to [2,
Theorem 4.47], the set P, , of ordinal numbers < « is well-ordered and ord(FP,,) = ay,
in particular #FP,, = #.J. On the other hand we get an injective map or from 9\ {#J}
into P,, by setting or(R) := min{a : ¢(a) = \}. Therefore

#ON{#T}) < #Pa, = #J.
As J was infinite the assertion follows.
(2) Obviously
#(NU U MN> = #(NUNU U (M{UMN‘)).

RegMm* Nem*

So we only have to show
#J = #(NU U MN).
Nem*

The inequality > follows from (1). If #J € 9%, then < is obvious. Otherwise we note

that #(UN,'@WM{,) > N for each X € M*, and as #J ¢ M* we have #.J = sup{R € M :
N < #.J}, so the assertion follows as well. ]
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Definition 8.4. (1) We define R as the set of all ¢ € I*°(F) satisfying
(R1) (k4 Dcggny+ + (B = D)cgny+ < 2key+ for all k € N.
(R2) (k+ D)cgrr)y- + (K = Dcg—1)- < 2key- for all k € N.
(R3) ¢cf>cyforall f<gegF.
(R4) ep+ + c_p- > 0 for all X € ™.
Analogously we define R’ as the set of all ¢ € [*°(FT) satisfying
(RY") (k4 Decgan+ + (B = 1)cgr)+ < 2kcy+ for all k € N.
(R2)) ¢y > ¢, forall f<geFt.
(R3’) cp+ > 0 for all X € ™.

(2)  According to Lemma 8.3 we can write, up to a bijection,
J=NUNU | (M OMy),
Rem*
where #M$ = #M; = R. For ¢ € R we construct a sequence ¢:
vy =(1725--) v =012,
where 7,7 = nc,+ — (n — 1)c—1)+ and v, = nc,~ — (n — 1)cg_1)-. Further
¢Gj=cnr VjEMY, ¢ =—-cn VjEDM
for all X € M*. It is shown in Lemma 8.5 below that ¢ € I°°(J). We define
h(c) := diag(¢) € b(J).

If h # h(J), then we write

J=NU | My,
NeM*

where #My = X. For ¢ € R’ we construct ¢ € [*°(J):
An=(n) & =ocnr Vje My
where 7,7 = nc,+ — (n — 1)cg_1y+ and R € M*. Then we define
B (c) := diag,(¢) € b.

If #J € M we can replace (R4) by cpsy+ + c—(xj)- = 0 and (R3’) by ¢+ > 0.
Lemma 8.5. With the notation of Definition 8.4 the following assertions hold

(1) o =2( +..9h) and ¢ = S(7 + ...

(2) (v, ,--.) and (1,75 - - ) are decreasing sequences.

(3) vt > cen+ and vy, > cex- for alln € N, X € 9*.

(4) eel>~()).

(5)  For c € R we have f(h(c)) = c¢s for all f € § and for ¢ € R we have f(h'(c)) = ¢y

for all f € . In particular

p(h()) =c  and  p(H(c) =c.
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(6)  p(b(J)) =R and p(h) =R for b # b(J).

Proof. (1) follows immediately from the definition.
(2) This is equivalent to conditions (R1) and (R2), resp., (R1).

(3) We pick n € N and X € M*. Then we choose € > 0. There exists a A € N such that
1(n+ ...+ m) <eand

n l

l
=1 =1 %tT ), mE<etm
j=1

j=1 j=n+1
Therefore 7, > c¢,+ — e > cy+ — € and, as € was arbitrary, v, > cx+.
The same way we get that v, > c_x-.

(4) It follows immediately from (2) and (3) that ¢y, and ¢y, are convergent and therefore

bounded. The boundedness of ¢ + - follows immediately from the definition.
Unean = (My UMy)

(5) Because of (3), we get Li(h(c)) =~ +... 4+ = keg+ and therefore kT (h(c)) = ¢+

Analogously we get k™ (h(c)) = cx-.

For ® € M* we have #(Uy .y My) < N and therefore R (h(c)) = cy+. Analogously we
get —N7(h(c)) = c_n-.

The proof for f(h'(c)) = ¢y is identical.
(6) The inclusion 2 follows from (5). So all we have left to show is C.
Let h = h($) and ¢ = p(A). Then

(k + 1)C(k+1)+ + (k’ - 1)C(k,_1)+

Li(A) — Ly_1(A)
Ly(a) — Ly (a)

< 2k0k+

& > Lea(A) - Li(4)

= > Liy1(a) — Li(a),

where A = diag(@). The last equivalence follows from Lemma 5.2. As @ € co(J) is
nonnegative, we can find the k 4 1 largest entries a; > ... > agy1. Then our last equality
just states that ay > aj41 which is obviously true. The same way we see (k+1)cgt1)- +(k—
1)c(k_1)7 < 2kcj-. The condition ¢y > ¢4 for all f < g € § is an immediate consequence
of Lemma 4.9, and the last condition is equivalent to (#J)*(A) > (#J) (A).

The same arguments apply for h € {ho(l.), hsp(l,)} and ¢ = p(A). Here the condition
cepny+ > 0 is equivalent to (#.J)*(A) > 0, which follows from (#J)*(A) = —(#J) (4).
]

Lemma 8.6. For a € [*°(N) we define the sequence a via

ay, = l(al +... Fay).
n
Then we have
(1) If a converges, then a converges and

lim a, = lim a,.

n—o0 n—oo
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(2)  Leta®™ € I°°(N) be decreasing and converging for every k € N. If (@®)en converges
in 1°°(N) then so does (a™)en.

Proof. (1) is trivial.

(2) We assume that (a®),cn converges to a € 1°°(N). Each a*) converges so a converges
as well as the space of convergent sequences ¢o(N) @ R is a closed subspace of [*°(N).

We note that each a*) is decreasing, so @ is decreasing as well. We define now a, :=
néy, — (n — 1)a,_; and claim that @ = (a,)ney lies in 1*°(N) and (a®),ey converges to a.

The fact that a® is decreasing is equivalent to

(n—Dag, + (n+ 1)al, < 2nal)

for all n € N. Convergence in [*°(N) implies pointwise convergence, so we have (n —
Dap_1+ (n+ 1)aps < 2na, for all n € N and a is decreasing.

Next we show that a® converges to a pointwise. Let ¢ > 0 and n € N. There exists a
K € N such that for all £ > K we have |[a® — al < a1y Lherefore we get for all
k>K

a® —a,| = nal — (n = D)ay, —nay + (n = 1)in|
< nfa® —a,| + (n— 1)) —a,| <e.
We have
af) > lim off = lm @l and  lmd, = lim(lim @),

This implies that there exists a K € N and E > 0 such that for all £k > K and n € N we
have a%k > lim, o0 @y — F. Because of the pointwise convergence of the a¥) we therefore
get that a has a lower bound and is therefore convergent. In particular a € [*°(N). We
write A 1= lim,, o Gy,.

Now we choose an € > 0. There exists an N € N such that a,, < A + 5 foralln > N.

Further we can find a K € N such, that for all k¥ > K holds [|a®™ — a| < £ and

) — a,| < £ for all n < 3N. We claim that [|a® — a| < & for all kK > K. This
would finish our proof.

To see this we show that alf’ € [A — S.A+¢] foralln > 3N. As a, € [A, A+ ], this

then entails |a\) — a,| < e.

Ifalf < A— 5 then we get, as a'® is decreasing, that a® < A— 5 for all m > n. This

implies that ah <A - 5 for large enough m, which is a contradiction to la® —a| < <,
as a, > A for all n € N.

If a%k) > A+ ¢, then a,(f? > A+ ¢ for all m < n. This implies that aff? —m > 5 for

N < m < n. Therefore
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which yields a contradiction. This finishes the proof. O
Lemma 8.7. For a,b € R we define

s(b, a) = sup(max{b; — ay,0}).
fes

Then there ezists a b € R satisfying

(1) by <as foral feF.
(2) (]t =b] < s(b,a).

In the case b # H($) the same holds if we replace R by R’ and §F by F+.

Proof. We start with the case h = §($).

The first idea would be to define 0, = by — s(b,a) for all f € §. Obviously we then get
Vy <ayforall feFand [V —b| < s(b,a). The conditions (R1) - (R3) from Definition
8.4 are fulfilled. Only (R4) need not hold. So we have to refine our construction.

We define

AJF = Nne’lj.l\}l*{a;q-&-, bN"" + S(b, CL)}
AT = NI?JIVI[l*{CL_N—, b_x- +s(b,a)}.

We have ax+ + a_x- > 0 and by+ + s(b,a) + b_yx- + s(b,a) > 0 for all X € M*. Further
an+ + b_N— + S(b, CL) > bN-&- — S(b, CL) + b_N— + S(b, CL) = bN-»— + b_N— >0
and analogously by+ + s(b,a) + a_x- > 0 for all X € 9*. So we have

1. At4+ A >0.
2. AT <ayr and A~ < a_y- for all X € 9M*.
3. AT —s(b,a) < by+ and A~ — s(b,a) < b_y- for all X € M.

We define as in Definition 8.4

«
«

to= nar — (n—Dap_yr B = nbyr — (0 — Dbg1)+

noi= nap- — (n—1)ap_1)y- B, = nb,- —(n—1)bg_1)-.

Then a,+ = L (a7 + ...+ af) and be = (67 +... + 8E). Further we get from Lemma
8.5.3 that ot > aw+, a;, > a_y- and B > by+, 5, > b_y- for all R € M*. Now we define
b e l®(F) by

g =max{BF — s(b,a), AT} 37 :=max{B3; —s(b,a), A"}
o=t 8 o=+ 4 8)
by :=max{by+ — s(b,a), AT} V  :=max{b_x- —s(b,a),A"}.

for all n € N and ® € 9. Then there exists an ng € NU {oo} such, that 3} > AT for
n < ng and 3" < AT for n > ng. So we get for n < ng

;ﬁ:%( 1+/+---+ﬁ:{/):%(6fr+'--+ﬁi)_s(baa):bn+_5(b’a>
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which implies |/ ; — b,+| < s(b,a) and b , < a,+. For n > ng we get

/
nt

(B 4o 4B = (8] + o4 B, = mos(b.a) + (n = no) AY)
(no(b,+ — s(b,a)) + (n — ng)AT) < %(noang +oa gt )ans

SI=3I=

We note that 3" < 8+ + s(b,a). For n < ng this follows from the definition, for n > ng
this follows from A" < by +s(b, a) < B +5(b, a). By definition we have 3" > 8+ —s(b, a)
and therefore |31 — 3| < s(b,a). This implies |b,+ — b ;| < s(b, a).

The same way we see b/~ < a,~ and |b)_ — b,-| < s(b,a). It follows from the definitions
that b+ < agns and [V g — bixz| < 5(b,a). So all that is left to show is that o' € 2.
We check the conditions (R1) - (R4).

The sequences (3 )nen and (3, )nen are both decreasing, which implies (R1) and (R2).
The condition (R3) follows immediately from our definitions, while (R4) is a consequence
of At + A= > 0.

In the case h # Hh(9) the proof is almost identical. As we only have the index set F+
we set AT = 0 and omit our definitions and calculations for f ¢ F* to get to the same
results. 0

We say that an element in [°°(§) resp. [°°(F) is nonnegative if all its entries are nonneg-
ative. Further we denote by K the cone of nonnegative elements.

Lemma 8.8. Let C' C h be a closed convex U-invariant set. Then

1) () =C.

(2)  p(C) is closed and conver.
(3)  (p(C) = KF)np(h) = p(C).
4)  p(C) = K+ nplh) = p(C).

Proof. (1) Let X € p~'(p(C)). Then there exists an Y € C satisfying p(X) = p(Y).
Theorem 7.10 now implies that X € conv(L.Y) C C.

(2) The proof is almost identical in the cases h = h($) and h # h($). We start with the
case b = ().

Now we assume that ¢ € p(C) for C' C h($) closed, convex and LU(H)-invariant. Then
there exists a sequence (¢™),cy € p(C) that converges to c. For each ™ we construct
&M € 1°°(J) as in Definition 8.4. Then diag(¢™) = h(c™). Because of Lemma 8.5.4 and
1) we get h(c™) € C. Analogously we get ¢ € [°°(.J) satisfying diag(¢) = h(c). We claim
that ¢™ converges to ¢ and therefore h(c(™) converges to h(c), which would prove the
closedness of p(C').

It follows immediately from the construction that

lim &™) = ¢ .
n—oo . — . —
Unean+ (M UMY) Uneon+ (M$ UMY)

We recall the definitions of E(”)|N10N2, €|y, on, and Lemma 8.5.1. Then we see that we
can apply Lemma 8.6.2 twice and show that &™)y, converges to é|y, and ™|y, converges
to ¢|n,. Therefore h(c) lies in C'= C and ¢ = p(h(c)) € p(C).
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For the convex1ty we choose ¢!, c¢® € p(C) and find ¢',¢* € [*°(J) as in Definition 8.4.
Then dlag( D) =n(c') and dlag( 2y = h(c?) . With Lemma 8.5.4 and 1) we see again that
h(ch), h(c?) € C. Further we choose A € [0,1]. As C is convex we get that diag(c) € C,
where ¢ = A¢' + (1 — \)é2. Let ¢ = p(diag(c)). We claim that ¢ = Ac! + (1 — X)c?, which
would prove the assertion.

Let ¢y, = (0,75, ...) and &|y, = (747, ~4t,...) for i = 1,2. Then
=M (1=t < ph (=)t =

The same way we get that 7,7 > ¢; for all n € Ny and j € J\Nj, therefore

(v + ... 35 = T (h(ch)) + (1 — Xnt(h(c?)).

S|

n'* (diag(¢)) =

We get n™(diag(¢)) = A~ (h(c')) + (1 = A)n~(h(c?)) the same way.

With a similar argumentation we have that ¢; > ¢, for j € M, k € Mg, R <X and as a
result N1 (¢) = ANT(¢!) 4 (1 — A)RT(¢?) and analogously R™(¢) = AR™(¢') + (1 — A)N™(¢?).
Therefore

Act + (1= N)e* = Ap(h(ch)) + (1 = Np(h(c?) = p(Mh(c) + (1 = X)h(c?)) € p(C).

The proof in the case h # h($) varies only in so far as we have to use the decomposition
J = NUUgeg Mx and diag, instead of diag.

(3) This follows immediately from Theorem 7.10.

(4) We choose b € p(C) — K+ N p(h). There exist a, € p(C) and k, € K* such, that

lim ||a, — k, —b|| = 0.

Let s(.,.) be as in Lemma 8.7. The inequality s(b,a, — k,) < ||a, — k,, — b|| implies
lim,, . s(b,a, — k,) = 0. Because of s(b,a, — k,) > s(b,a,) > 0 we obtain

lim s(b, a,) = 0.

n—oo

According to Lemma 8.7 we can find b,, € p(b) with lim,, . ||b,—b|| = 0 and b,, € a,— K ™.
The latter condition combined with (3) implies b, € p(C) for all n € N and therefore
b € p(C), as this set is closed. This proves the assertion. ]

Lemma 8.9. Let A C p(h) denote a closed conver set that satisfies the condition
(A—K")np(h) = A

Then

(1) p7'(A) is a closed conver U-invariant subset of .

(2)  p(p(4) = A

Proof. (1) As p is continuous, it follows that p~*(A) is closed. The i-invariance follows
from the fact that p(U*XU) = p(X) for all X € p. So all that is left to show is the
convexity.
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We choose X,Y € p~'(A) and A\ € [0,1]. Then we get
FOX + (1 =NY) <AF(X) + (1= Nf(Y)
for all f € § (resp f € ). Therefore
PAX + (1 =NY) € Mp(X)+ (1= X)p(Y)— KT C A,
which proves the assertion.
(2) is trivial. O

Proposition 8.10. The map p induces a bijection between the U-invariant closed convex
subsets C' of b and the closed convex subsets A of p(h) that satisfy

(A= K")Np(h) = A
Proof. This follows immediately from Lemma 8.8 and Lemma 8.9. O

So we have seen that the map p is a useful tool to characterize the closed convex il-
invariant subsets of fj. We will use it in the following theorem.

Theorem 8.11. Let C' C b be a closed convex U-invariant set. Then X € C' if and only
of
(o p)(X) < sup(lop)(Y)

YeC

for all continuous positive linear functions l: [°°(F) — R resp. 1: [*°(F") — R.

Proof. Obviously X € C implies (lop)(X) < supyco(lop)(Y) for all positive functionals
[. So we choose X ¢ C. Then p(X) ¢ p(C) and with Lemma 8.8.4 we get p(X) ¢
p(C) — K*. As p(C) — K+ is a closed convex set, we can use the Hahn-Banach Theorem
to find a continuous linear functional [ and @ € R satisfying

(V) < a < I(p(X))
forall Y € p(C) — K+. If we choose Y] € p(C) and Yy € KT, then we get for all ¢ € [0, 00|
a > (Y — tYs) = (Y1) — tl(Ya).

This can only be true if [(Y2) > 0. As Y, was arbitrary, this implies that [ is positive and
we have for all Y € C

(lop)(Y) <a< (lop)(X).
This finishes the proof. n
In the case that [ € [*(F) with finite support and ||/|| = 1 we have that [ o p is just a

convex combination of functions in §. Therefore it is intuitive to view [op as a generalized
convex combination of elements in §.
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