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In this paper we study the convergence of the Cauchy-Dirichlet problems for a sequence of parabolic
operators Ph = λh

∂
∂t − div(ah(x, t) ·D) where the matrices of the coefficients ah(x, t) verify the following

degenerate elliptic condition

λh(x)|ξ|2 ≤ (ah(x, t) · ξ, ξ) ≤ Lλh(x)|ξ|2,

being (λh)h a sequence of weights satisfying a uniform Muckenhoupt’s condition in h. When ah = ah(x)
we compare this result with the analogous results for the sequence of operators Ah = −div(ah(x) · D)
and Qh = ∂

∂t − div(ah(x) ·D)
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1. Introduction

The asymptotic behaviour, as h → ∞, of the equations

Ahu = f and Qhu = f (h = 1, 2...)

has been widely studied where

Ah = −div (ah(x) ·D) , Qh =
∂

∂t
− div (ah(x, t) ·D) , (1)

ah(x) = [ah,ij(x)]
n
i,j=1 or ah(x, t) = [ah,ij(x, t)]

n
i,j=1 are matrices of measurable functions

defined respectively on a bounded open set Ω of Rn or on a bounded open cylinder
Ω× (0, T ) of Rn+1 with ah satisfying in both cases the classical ellipticity condition

λ0|ξ|2 ≤
n

∑

i,j=1

ah,ijξiξj ≤ Λ0|ξ|2 for a.e. x ∈ Ω,∀ ξ ∈ Rn,∀ h ∈ N, (2)

for a.e. x ∈ Ω if ah = ah(x) and for a.e. (x, t) ∈ Ω × (0, T ) if ah = ah(x, t), for suitable
positive constants 0 < λ0 ≤ Λ0. We recall among all some important results due to E.
De Giorgi, S. Spagnolo, F. Murat, L. Tartar and O. A. Oleinik (see for instance [11], [26],
[27], [29], [6] for the elliptic case and [5], [28], [33] for the parabolic one). We recall that
also the non linear case has been considered later (see, for instance, [29], [1]).
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Arising from some phisycal applications (see, for instance, [23]) even the asymptotic
behaviour of some class of degenerate operators has been considered, operators like those
in (1) when the matrices ah’s satisfy the following degenerate ellipticity condition (note
that ah,ij may depend on x or on (x, t), while λh depend only on x)

λh(x)|ξ|2 ≤
n

∑

i,j=1

ah,ijξiξj ≤ Lλh(x)|ξ|2 , ∀ ξ ∈ Rn,∀ h (3)

for a.e. x ∈ Ω if ah = ah(x) and for a.e. (x, t) ∈ Ω× (0, T ) if ah = ah(x, t), with suitable
weight functions λh (i.e. nonnegative, locally summable functions on Rn) and a suitable
constant L ≥ 1. Some interesting results in this setting are obtained in many cases. The
first ones are obtained in the elliptic case, first when the matrices ah’s are symmetric and
verify (3) with

λh = λ a.e. in Ω, for every h

for a fixed weight λ verifying suitable integrability conditions together with its inverse λ−1

(see [18]), then in the homogenization case (see, for instance, [19], [8]), i.e. the sequence
of matrices (ah)h verifying (3) has the form

ah(x) = a(hx) (x ∈ Rn)

with a(x) = [aij(x)]i,j=1,...n symmetric matrix of measurable periodic functions on Rn and
λh(x) = λ(hx) for a suitable fixed periodic weight λ.
Other results, which apply not only to the variational case (i.e. when the marices are
symmetric), are those obtained when each one of the ah’s verifies (3) with a weight λh

verifying a uniform Muckenhoupt’s condition with respect to h, the condition Ap(K)
where 1 < p < +∞, (see [9], [10] for elliptic operators, [22], [21] for parabolic operators),
i. e. there exists K ≥ 1 such that

(

1

|Q|

∫

Q

λhdx

)(

1

|Q|

∫

Q

λ
−1/(p−1)
h dx

)p−1

≤ K Ap(K)

for every cube Q ⊂ Rn with faces parallel to the coordinate planes, for every h. This class
is consider with p = 2 for the elliptic case and with p = 1+2/n for the parabolic one, i.e.
for a strict subclass of A2 when n ≥ 3.

In this setting, i.e. given two sequences of matrices ah = ah(x, t) and weights λh = λh(x)
verifying (3) (with ah,ij = ah,ij(x, t)) with λh ∈ A2(K) for every h, in this paper we study
the asymptotic behaviour of parabolic operators of the form

Pλh,ah = λh(x)
∂

∂t
− div (ah(x, t) ·D) . (4)

Given a matrix a = a(x, t) whose coefficients are in L1
loc(Rn×(0, T )), we say that it belongs

to the class NΩ×(0,T )(L,M,K,C) if there exists a weight λ = λ(x) such that a satisfies
the following properties with p = 1+ 2/n (n ≥ 2), to the class MΩ×(0,T )(L,M,K,C) if it
satisfies the following properties with p = 2 (and by NΩ(L,M,K,C) and MΩ(L,M,K,C)
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the corresponding subclasses of matrices a = a(x) depending only on x):

λ(x)|ξ|2 ≤
n

∑

i,j=1

aij(x, t)ξiξj ≤ Lλ(x)|ξ|2

∣

∣

∣

n
∑

i,j=1

aij(x, t)ξjηj

∣

∣

∣ ≤ M
(

n
∑

i,j=1

aij(x, t)ξiξj

)1/2(
n

∑

i,j=1

aij(x, t)ηiηj

)1/2

(5)

λ ∈ Ap(K),

∫

Ω

λdx+
(

∫

Ω

λ−1/(p−1)dx
)p−1

≤ C

for a.e. (x, t) ∈ Ω × (0, T ) and for every ξ, η ∈ Rn. Given a matrix a, we denote by Λa

the class of the weights which satisfy (5).
The main results contained in the paper are in the fourth and fifth sections. The first one
is the following (see Theorem 4.3).

Theorem 1.1. Let Ω be a bounded open set with Lipschitz boundary, T > 0, ah =
[ah,ij(x, t)]

n
i,j=1 a sequence of matrices with ah,ij ∈ L1

loc(Rn× (0, T )) belonging to MΩ×(0,T )

(L,M,K,C) for some positive constants L,M,K,C. Say uh the unique solution of the
Cauchy-Dirichlet problem (see Definitions 3.5 and 4.1)

(Ph)







λh
∂u

∂t
− div (ah(x, t) ·Du) = f in Ω× (0, T )

u = 0 on (∂Ω× (0, T )) ∪ (Ω× {0}) .

Then there exist a subsequence (ahk
)k, a matrix a∞ = [a∞,ij(x, t)]

n
i,j=1 ∈ MΩ×(0,T )(L

′,M ′,
K, C ′) for suitable constants L′,M ′, C ′ and a weight λ∞ ∈ A2(K) such that for every
datum f ∈ L2(0, T ;Ln(Ω))

λhk
→ λ∞ in L1

loc(R
n)-weak

and the subsequence (uhk
)k of the solutions of (Phk

) satisfy

uhk
→ u in L2(0, T ;L1(Ω))

ahk
·Duhk

→ a∞ ·Du in L2(0, T ;L1(Ω))n−weak,

where u denotes the solution of the problem







λ∞
∂u

∂t
− div (a∞(x, t) ·Du) = f in Ω× (0, T )

u = 0 on (∂Ω× (0, T )) ∪ (Ω× {0}) .

The result above turns out to be an extension of a well-known classic parabolicG-compact-
ness result (see Definition 4.1 and [26], [27], [28], [5], [33]).
In the degenerate setting, analogous results are contained in [10] for Dirichlet problems
where the operators are Ah defined by matrices in MΩ and in [22] for Cauchy-Dirichlet
problems where the parabolic operators are Qh, but defined by matrices in the class
NΩ×(0,T ) ⊂ MΩ×(0,T ).
Another interesting result is the equivalence between the elliptic G-convergence and the
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parabolic G-convergence of the operators Pλh,ah (see Definition 5.5 and Theorem 5.6).
This turns to be an extension to the degenerate case of the classical result contained in
[5] (only for matrices independent of t).
The difference with the classical case, i. e. when (2) holds, is that we have to consider
parabolic operators like (4) to obtain this equivalence. We also state the equivalence
between the elliptic G-convergence and the G-convergence of operators Qh, but only for
matrices in the class NΩ (Theorem 5.8), and so, in this case, the equivalence between the
parabolic G-convergence of operators Qh and Pλh,ah .
The sharpness of the assumptions, in the framework of Muckenhoupt’s weights, will follow
from some considerations made in the fifth section.
We recall that operators like (4) have already been considered to study the regularity of
the solutions (see, for instance, [2], [3], [14], [15], but also [24] (Chap. 5, sect. 6), [32]
(Theorem 2.3), [21] for the homogenization).

2. Notations and preliminary results

We will denote by Q a generic (open or closed) cube of Rn with faces parallel to the
coordinate planes, by cQ the cube concentric with Q and having side length c times that
of Q and and by B(x, r) the open ball of Rn centered in x with radius r. The symbols
(·, ·), |E|, –

∫

E
fdx and p′ will indicate respectively the scalar product of Rn, the Lebesgue

measure of the set E, the mean value of f on E (i. e. |E|−1
∫

E
λ(x)dx ) and the conjugate

p′ = p/(p− 1) of p.
Let λ be a weight on Rn, that is

λ > 0 a.e. in Rn and λ, λ−1 ∈ L1
loc(R

n),

then for every bounded open set of Rn we define

L2(Ω, λ) =
{

u ∈ L1
loc(Ω) | uλ1/2 ∈ L2(Ω)

}

and the space

H1(Ω, λ) =
{

u ∈ W 1,1
loc (Ω)

∣

∣

∣ u ∈ L2(Ω, λ) and |Du| ∈ L2(Ω, λ)
}

.

It is easy to verify that the space H1(Ω, λ) endowed with the topology induced by the
norm

‖u‖H1(Ω,λ) =

(∫

Ω

(u2 + |Du|2)λdx
)1/2

is a separable Hilbert space. We will denote by H1
0 (Ω, λ) the closure of C1

0(Ω) in the
topology of H1(Ω, λ), by H−1(Ω, λ) its dual space.

Definition 2.1. Let p > 1, K ≥ 1 and let λ be a weight on Rn. We will say that λ
belongs to the Muckenhoupt class Ap(K) if

(

–

∫

Q

λdx

)(

–

∫

Q

λ−1/(p−1)dx

)p−1

≤ K for every cube Q ⊂ Rn.

Moreover we define Ap = ∪K≥1Ap(K) and A∞ = ∪p>1Ap.
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Remark. By definition we have at once that Ap(K) ⊂ Aq(K) if 1 < p < q < ∞.

Moreover if λ ∈ Ap, then λ− 1
p−1 ∈ Ap′ .

Ap weights verify the following higher sommability property (see [4] and [7]): for every
K ≥ 1, for every p > 1, there exist two positive constants c = c(n, p,K) and δ = δ(n, p,K)
(depending only on n, p and K) such that

(

–

∫

Q

λ1+δdx

) 1
(1+δ)

≤ c

(

–

∫

Q

λdx

)

,

(

–

∫

Q

λ− 1+δ
p−1dx

) 1
(1+δ)

≤ c

(

–

∫

Q

λ− 1
p−1dx

)

(6)

for every cube Q and λ ∈ Ap(K). Ap weights also verify the doubling property, i.e. if
λ ∈ Ap(K) for every t > 0 there exists a constant c = c(t, n, p,K) (depending only on
t, n, p,K) such that

λ(tQ) ≤ cλ(Q) (7)

for every cube Q of Rn (see for instance [13]). We recall that (see Theorem 1.4 in [25] and
Proposition 1.2 in [7]), if λ ∈ A2 and Ω is a bounded open set with Lipschitz boundary,

H1
0 (Ω, λ) = H1(Ω, λ) ∩W 1,1

0 (Ω).

Moreover (see [12]) the following Poincaré’s inequality holds: there exists a constant
c = c(n,K,Ω) such that

∫

Ω

u2λdx ≤ c

∫

Ω

|Du|2λdx

for every λ ∈ A2(K) and u ∈ H1
0 (Ω, λ). Then, from now on, if λ ∈ A2(K), by H1

0 (Ω, λ)
we will denote the closure of C1

0(Ω) with respect to the norm

‖v‖H1
0 (Ω,λ) =

def

(

∫

Ω

|Dv|2λdx
)1/2

. (8)

By (6) and (7), it can be easily proved that, if λ ∈ A2(K) taking σ =def δ/(2 + δ), where δ
is the constant in (6), there exist two positive constants ci = ci(n,K,Ω) (depending only
on n,K,Ω), i = 1, 2, such that

L(1+σ)′(Ω) ⊂ L2(Ω, λ) ⊂ L1+σ(Ω),

c1 ‖λ−1‖−1/2
L1(Ω)‖v‖L1+σ(Ω) ≤ ‖v‖L2(Ω,λ) ≤ c2 ‖λ‖1/2L1(Ω)‖v‖L(1+σ)′ (Ω).

(9)

Hence it follows that there exist two positive constants ci = ci(n,K,Ω), i = 3, 4, such
that

W
1,(1+σ)′

0 (Ω) ⊂ H1
0 (Ω, λ) ⊂ W 1,1+σ

0 (Ω), H−1(Ω, λ) ⊂ W−1,1+σ(Ω)

c3‖λ−1‖−1/2
L1(Ω)‖u‖W 1,1+σ

0 (Ω) ≤ ‖u‖H1
0 (Ω,λ) ≤ c4‖λ‖1/2L1(Ω)‖u‖W 1,(1+σ)′

0 (Ω)

(10)

for every λ ∈ A2(K) and for every u ∈ W
1,(1+σ)′

0 (Ω), where ‖ · ‖H1
0 (Ω,λ) denotes the norm

in (8).
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Moreover, for every λ ∈ A2, H
1(Ω, λ) continuously embeds inW 1,1(Ω), which continuously

embeds in Ln/(n−1)(Ω) if n ≥ 2 (and in L2(Ω) if Ω is an real interval) and then there exists
a constant c = (n,Ω) (depending only on n,Ω) such that for every f ∈ Ln(Ω)

‖f‖H−1(Ω,λ) ≤ c
(

∫

Ω

λ−1dx
)1/2

‖f‖Ln(Ω). (11)

If n = 1 the analogous estimate holds with f ∈ L2(Ω).

Finally we recall some classical results concerning abstract parabolic equations (see, for
instance, [17], [16], [31] and [33]). Let V be a real reflexive Banach space and let H a
Hilbert space for which we have the classical triple

V ⊂ H ⊂ V ′

with continuous and dense embeddings. Moreover consider a family of linear operators

A(t) : V −→ V ′, 0 ≤ t ≤ T

such that










t 7→
〈

A(t)ϕ, ψ
〉

V ′×V
is measurable on [0, T ]

‖ϕ‖2V ≤
〈

A(t)ϕ, ϕ
〉

V ′×V
≤ L‖ϕ‖2V

|
〈

A(t)ϕ, ψ
〉

V ′×V
| ≤ M

〈

A(t)ϕ, ϕ
〉1/2

V ′×V

〈

A(t)ψ, ψ
〉1/2

V ′×V

(12)

for every ϕ, ψ ∈ V . We define now

H =def L2(0, T ;H) , V =def L2(0, T ;V ) , W =def {v ∈ V | v′ ∈ V ′} (13)

and V ′ = L2(0, T ;V ′) the dual space of V , endowed with the standard norms

‖u‖L2(0,T ;X) =
(

∫ T

0

‖u(t)‖2Xdt
)1/2

, ‖u‖W =def
(

‖u‖2V + ‖u′‖2V ′

)1/2

,

(with X = H, V, V ′) where v′ denotes the distributional derivative of v. It is well known
(see Theorem 3.1, chap. 1, in [17]) that

W ⊂ C0([0, T ];H), (14)

and there exists a constant c, depending only on T and on the norms of the embeddings
V ⊂ H, H ⊂ V ′, such that

max
t∈[0,T ]

‖u(t)‖H ≤ c ‖u‖W ,

hence we can introduce the space

W0 =
{

u ∈ W | u(0) = 0
}

, (15)

and we recall that C∞([0, T ];V ) is dense in (W, ‖ · ‖W) (see, for instance, [31], chap. 23).
Now define the abstract operators

A : V −→ V ′ where Au (t) =defA(t)u(t) 0 ≤ t ≤ T, (16)

P : W −→ V ′, (Pu) (t) = u′(t) + Au(t) 0 ≤ t ≤ T. (17)

and recall the following classical result (see, for instance, [17], Theorem 4.1, chap. 3).
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Theorem 2.2. Let P : W → V ′ be the operator defined in (17) and suppose that the
family of operators A(t) (0 ≤ t ≤ T ) verifies (12). Then

(i) P : W −→ V ′ is linear and continuous and

‖Pu‖V ′ ≤
√
2ML‖u‖W for every u ∈ W,

(ii)
〈

Pu, u
〉

≥ ‖u‖2V for every u ∈ W0,

(iii) P : W0 −→ V ′ is an isomorphism such that

‖u‖W ≤ (ML+ 2)‖Pu‖V ′ for every u ∈ W0.

From now on we will actually consider these spaces when H = L2(Ω, λ) and V = H1
0 (Ω, λ)

endowed with the topology induced by the norm ‖ · ‖H1
0 (Ω,λ) in (8) where Ω is a bounded

open set of Rn with Lipschitz boundary and λ ∈ A2, and we will denote by H(0, T ; Ω),
Vλ(0, T ; Ω), V ′

λ(0, T ; Ω) and Wλ(0, T ; Ω) (and for sake of simplicity we will omit (0, T ; Ω)
if there is no ambiguity) the corresponding abstract spaces like those introduced in (13).
As usual we get the evolution triple

Vλ ⊂ H ≡ H′ ⊂ V ′
λ

and ‖f‖V ′
λ
≤ ‖f‖H for every f ∈ H and for every weight λ ∈ A2 and, if u ∈ H and v ∈ Vλ,

we have that

〈

u, v
〉

V ′
λ×Vλ

=def
〈

u, v
〉

λ
=

(

u, v
)

H =

∫ T

0

∫

Ω

u(x, t)v(x, t)λ(x)dxdt. (18)

As in (14) we obtain that Wλ(0, T ; ,Ω) ⊂ C0([0, T ];L2(Ω, λ)); indeed by (7) it follows
that there exists a positive constant c = c(n,Ω, K) (depending only on n,Ω, K) such that

max
t∈[0,T ]

‖u(t)‖L2(Ω,λ) ≤ c ‖u‖Wλ
. (19)

for every u ∈ Wλ, for every λ ∈ A2(K). Therefore we introduce W0
λ(0, T ; Ω) as done in

(15). By (19) and (9)

Wλ ⊂ C0([0, T ];L1+σ(Ω) and max
t∈[0,T ]

‖u(t)‖L1+σ(Ω) ≤ c‖λ−1‖1/2L1(Ω)‖u‖Wλ
, (20)

where c = c(n,Ω, K) depends only on n,Ω, K.
Finally observe that if two weights λ and λ̃ are comparable in Ω, that is there exist
constants c1, c2 > 0 such that

c1λ̃(x) ≤ λ(x) ≤ c2λ̃(x) a.e. in Ω, (21)

the norms induced by λ and λ̃ are equivalent and in particular

√
c1‖u‖Vλ̃

≤ ‖u‖Vλ
≤

√
c2‖u‖Vλ̃

,
√
c1‖f‖V ′

λ
≤ ‖f‖V ′

λ̃
≤

√
c2‖f‖V ′

λ
. (22)
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3. Compactness type results in weighted Sobolev spaces

In this section we are going to prove some compactness type results for a sequence of
functions (vh)h, each one belonging to a suitable weighted Sobolev space depending on h.
There results are needed to prove the main result in the fourth section.
First we begin by proving an extension of a classical compactness result due to J. L. Lions
(see [16], chap. 1, Theorem 5.1).

Theorem 3.1. Let Ω be a bounded open set of Rn. Consider a sequence of weights (λh)h
and a sequence of functions vh ∈ Wλh

(see section 2) such that there exist three constants
K ≥ 1 and c1, c2 > 0 for which

(λh)h ⊂ A2(K),

∫

Ω

λ−1
h dx ≤ c1 for every h;

and
‖vh‖Wλh

≤ c2 for every h ∈ N.

Then there exists a function v ∈ L2(0, T ;L1(Ω)) such that, up to subsequences,

(i) vh → v in L2(0, T ;L1(Ω)).

If moreover λh → λ, λ−1
h → λ̃−1 in L1(Ω)-weak with λ and λ̃ comparable weights (see

(21)) then v ∈ L2(0, T ;L2(Ω, λ)) and, up to subsequences, the following facts hold:

(ii)
∫ T

0

∫

Ω
v2hλhdxdt →

∫ T

0

∫

Ω
v2λdxdt;

(iii)
∫ T

0

∫

Ω
vhϕλhdxdt →

∫ T

0

∫

Ω
vϕλdxdt for every ϕ ∈ C∞

c (Ω× (0, T )).

Proof. Denote for simplicity by Wh the space Wλh
. First of all observe that if you given

two reflexive and separable Banach spaces U and V , U dense in V , a Hilbert space H
such that V ⊂ H with dense and continuous embedding, one has that

C1
(

[0, T ];U
)

is dense in
{

z ∈ L2(0, T ;V )
∣

∣ z′ ∈ L2(0, T ;V ′)
}

(see [31], ex. in chap. 23). Consider the space

X = C1
(

[0, T ];W
1,(1+σ)′

0 (Ω)
)

which then is dense in every Wh. Hence we can suppose the sequence (vh)h is in X,
otherwise we could approximate it as follows

‖vh − zh‖Wh
≤ 1/h

with (zh)h ⊂ X. For every z ∈ X consider

zε(x, t) =
def

∫

Rn

ρε(x− y)z̄(y, t) (x, t) ∈ Rn × [0, T ] (23)

where (ρε)ε>0 is a family of mollifiers defined by a radial function and z̄(·, t) denotes the
function z(·, t) extended to zero outside of Ω. Observe that (zε)

′ = (z′)ε.
(i) Now considering the functions vh,ε one can prove, following the proof of Theorem 3.1
in [22], that for every ε > 0 the sequence (vh,ε)h is bounded in

Z =
{

z ∈ L2(0, T ;W
1,(1+σ)

′

0 (Ω))
∣

∣ z′ ∈ L2(0, T ;W−1,1+σ(Ω̃))
}
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where Ω̃ is a bounded open set containing Ω̄. Then by Theorem 5.1, chap. 1, in [16], one
obtain the compactness of (vh,ε)h in L2(0, T ;L2(Ω)).
(ii) Then we show the second point. First of all, since (λ−1

h )h is bounded in L1(Ω), by (10)
we have that there exists u ∈ L2(0, T ;W 1,1+σ

0 (Ω)) such that vh → u in L2(0, T ;W 1,1+σ
0 (Ω))-

weak and by point (i) we deduce u = v. Moreover, by Lemma 2.13 in [21] and since λ̃
and λ are comparable, we have

v ∈ L2(0, T ;L2(Ω, λ̃)) = L2(0, T ;L2(Ω, λ)). (24)

Since λh → λ in L1(Ω) we have that

∫

Ω

λhdx ≤ c for every h ∈ N. (25)

Then we have

∫ T

0

∫

Ω

(v2hλh−v2λ)dxdt =

∫ T

0

∫

Ω

(v2h − v2h,ε)λhdxdt+

+

∫ T

0

∫

Ω

(w2
h,ελh − v2ελ)dxdt+

∫ T

0

∫

Ω

(v2ε − v2)λdxdt.

(26)

By Proposition 2.12 in [21] and (25), the first and the third term in the right of (26) are
O(ε2) uniformly in h. As the central term is concerned we have:

|vh,ε(x, t)− vε(x, t)| = |
∫

Rn

(

v̄h(ξ, t)− v̄(ξ, t)
)

ρε(x− ξ)dξ |

≤ ‖ρε‖∞
∫

Ω

|vh(ξ, t)− v(ξ, t)|dξ
(27)

by which we obtain the existence of a constant c1 = c1(ρ, ε, σ,Ω) such that

∫ T

0

‖vh,ε(t)− vε(t)‖2∞dt ≤ c1

∫ T

0

(

∫

Ω

|vh(x, t)− v(x, t)|dx
)2

dt.

By (i) we have that vh → v in L2(0, T ;L1(Ω)) and then we can conclude that for every ε

‖vh,ε − vε‖L2(0,T ;L∞(Ω)) −→
h

0. (28)

Moreover from (27) we derive that, with fixed ε, v2h,ε(t) → v2ε(t) in L∞(Ω) for a.e. t ∈ [0, T ].
We then obtain

∫

Ω

v2h,ε(x, t)λhdx →
∫

Ω

v2ελdx for a.e. t ∈ [0, T ].

Moreover the functions t 7→
∫

Ω
v2h,ε(x, t)µhdx are equibounded in L1(0, T ). Infact by the

proof of (i) we have that (vh,ε)h is bounded in Z and using (14) with V = W
1,(1+σ)′

0 (Ω)
and H = L2(Ω, λh) and Z in the place of W (thanks to (9)) obtain that there exists c2
such that

max
t∈[0,T ]

‖vh,ε(t)‖L2(Ω,λh)) ≤ c2
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so that
∫ T

0

|
∫

Ω

v2h,ελhdx−
∫

Ω

v2ελdx|dt → 0.

(iii) It is an immediate consequence of the following estimates: if ϕ ∈ C∞
c (Ω× (0, T ))

∣

∣

∣

∫ T

0

∫

Ω

vhϕλhdxdt−
∫ T

0

∫

Ω

vϕλdxdt
∣

∣

∣ =

=
∣

∣

∣

∫ T

0

∫

Ω

(vh − vh,ε)ϕλhdxdt+

∫ T

0

∫

Ω

(vh,εϕλh − vεϕλ)dxdt+

∫ T

0

∫

Ω

(vε − v)ϕλdxdt
∣

∣

∣

≤
(

∫ T

0

∫

Ω

(vh − vh,ε)
2λh

)1/2(
∫ T

0

∫

Ω

ϕ2λh

)1/2

+

∫ T

0

∫

Ω

(vh,εϕλh − vεϕλ)dxdt +

+
(

∫ T

0

∫

Ω

(vε − v)2λdxdt
)1/2(

∫ T

0

∫

Ω

ϕ2λdxdt
)1/2

.

By Proposition 2.12 in [21] and (28) we have that for every fixed ε,

∫ T

0

∫

Ω

(vh,εϕµh − vεϕµ)dxdt −→
h

0.

Then for fixed ε letting h go to infinity we conclude.

In addition to this “strongÔ result, a “weakÔ result holds. That is the following proposi-
tion.

Proposition 3.2. Suppose (uh)h and (vh)h two sequences, uh ∈ L2(0, T ;L2(Ω, λh)), vh ∈
Wλh

, where

(λh)h ⊂ A2(K),

∫

Ω

λhdx ≤ c1 and

∫

Ω

λ−1
h dx ≤ c2 for every h

λh → λ, λ−1
h → λ̃−1 in L1(Ω)-weak, λ and λ̃ comparable.

(29)

Suppose that

‖uh‖L2(0,T ;L2(Ω,λh)) ≤ c3 and ‖vh‖Wλh
≤ c4.

Then there exist two functions u, v ∈ L2(0, T ;L2(Ω, λ)) such that, up to subsequences,

∫ T

0

∫

Ω

uhvhλhdxdt →
∫ T

0

∫

Ω

uvλdxdt.

Proof. It is sufficient writing

∫ T

0

∫

Ω

vhuhλhdxdt−
∫ T

0

∫

Ω

vuϕλdxdt =

∫ T

0

∫

Ω

(vhuhλh − vh,εuhλh)dxdt +

+

∫ T

0

∫

Ω

(vh,εuhϕλh − vεuλ)dxdt+

∫ T

0

∫

Ω

(vεuλ− vuλdxdt ,



F. Paronetto / Convergence of Degenerate Elliptic and Parabolic Equations 41

where the functions vh,ε and vε are the approximations analogous to those defined in (23),
and then estimate the three terms. By Proposition 2.12 in [21] we estimate the first term

∣

∣

∣

∫ T

0

∫

Ω

(vhuhλh − vh,εuhλh)dxdt
∣

∣

∣ ≤
(

∫ T

0

∫

Ω

u2
hλhdxdt

∫ T

0

∫

Ω

|vh − vh,ε|2λhdxdt
)1/2

≤ c ε

and the third one in the same way. As regards the central term we have that, by (6),
there exists σ ∈ R such that

∫ T

0

‖uhλh‖2L1+σ(Ω)dt ≤ c

and then (uhλh)h is, up to subsequences, weakly convergent in L2(0, T ;L1(Ω)) to a
function w. As done in Proposition 2.1 in [31] one can prove that there exists u ∈
L2(0, T ;L2(Ω, λ)) such that w = uλ. Since, by (28), vh,ε strongly converge to vε in
L2(0, T ;L∞(Ω)) we conclude.

Remark. From Theorem 3.1 and Proposition 3.2 we obtain at once a compactness result
for functions vh independent of t.

The proof of the following proposition can be derived from the corrisponding Proposition
3.8 in [22].

Proposition 3.3. Let K, ˜K ≥ 1; let Ω be a bounded open set of Rn with Lipschitz bound-
ary, let (λh)h be a sequence in A2(K) and let vh ∈ Wλh

(h = 1, 2, ...) be a sequence for
which there exists a positive constant c such that ‖vh‖Wλh

≤ c. Assume that there exist

two comparable weights (see (21)) λ ∈ A2(K) and λ̃ ∈ A2( ˜K)
such that

λh −→ λ and λ−1
h −→ λ̃−1 in L1(Ω)−weak.

Then there exists σ > 0 (see (10)) and a function v such that

(i) vh → v in L2(0, T ;W 1,1+σ
0 (Ω))-weak and v′h → v′ in L2(0, T ;W−1,1+σ(Ω))-weak (up

to a subsequence);

(ii) v ∈ Vλ̃ and ‖v‖Vλ̃
≤ lim infh→∞ ‖vh‖Vλh

;

(iii) v′ ∈ V ′
λ and ‖v′‖V ′

λ
≤ lim infh→∞ ‖v′h‖V ′

λh
;

(iv) if f ∈ L2(0, T ;Ln(Ω)) then

‖f‖V ′
λ
≤ lim inf

h→∞
‖f‖V ′

λh
≤ lim sup

h→∞
‖f‖V ′

λh
≤ ‖f‖V ′

λ̃
,

(v) if fh ∈ L2(0, T ;L2(Ω, λh)) such that ‖fh‖L2(0,T ;L2(Ω,λh)) ≤ c, then there exists f ∈
L2(0, T ;L2(Ω, λ)) = L2(0, T ;L2(Ω, λ̃)) such that

‖f‖V ′
λ
≤ lim inf

h→∞
‖fh‖V ′

λh
≤ lim sup

h→∞
‖fh‖V ′

λh
≤ ‖f‖V ′

λ̃
.

We introduce now the class of coefficients matrices of these parabolic equations and the
definition of weak solution of Cauchy-Dirichlet problem to prove successively some com-
pactness results on the solutions (see also [33]).
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Definition 3.4. Let L,M,K,C, T be positive constants, with L,M,K ≥ 1, let Ω be
a bounded open set of Rn. We denote by MΩ×(0,T )(L,M,K,C) the class of matrices
a(x, t) = [aij(x, t)]

n
i,j=1 of order n with aij ∈ L1

loc(Rn×(0, T )), i, j = 1, ...n, for which there
exists λ, weight on Rn, such that

(S.1) λ(x)|ξ|2 ≤
(

a(x, t) · ξ, ξ
)

≤ Lλ(x)|ξ|2, for a.e. (x, t) ∈ Ω × (0, T ) and for every
ξ ∈ Rn,

(S.2) |
(

a(x, t) · ξ, η
)

| ≤ M
(

a(x, t) · ξ, ξ
)1/2(

a(x, t) · η, η
)1/2

, for a.e. (x, t) ∈ Ω× (0, T ) and
for every ξ, η ∈ Rn,

(S.3) λ ∈ A2(K),
∫

Ω

λdx+
∫

Ω

λ−1dx ≤ C.

Given a ∈ MΩ×(0,T )(L,M,K,C) we will denote by Λa the set of A2 weights for which
(S.1)-(S.3) hold.
By NΩ×(0,T )(L,M,K,C) we denote the class of matrices a(x, t) = [aij(x, t)]

n
i,j=1 with

aij ∈ L1
loc(Rn × (0, T )), i, j = 1, ...n, for which there exists λ, weight on Rn, such that

(S.1), (S.2) and

(S.3)′ λ ∈ A1+2/n(K),
∫

Ω

λdx+
(

∫

Ω

λ−n/2dx
)2/n

≤ C

hold (if n = 1 we define the class NΩ×(0,T )(L,M,K,C) = MΩ×(0,T )(L,M,K,C)). By
MΩ(L,M,K,C) and NΩ(L,M,K,C) we denote the corresponging subclasses of matrices
independent of t.

Remark. Given a sequence of matrices (ah)h ⊂ MΩ×(0,T )(L,M,K,C) and a sequence of
weights (λh)h, λh ∈ Λah , by Remark 2.7 in [21] we have the existence of two weights λ
and λ̃ such that, up to a subsequence, λh → λ and λ−1

h → λ̃−1 in L1
loc(Rn).

Given a ∈ MΩ×(0,T )(L,M,K,C) and λ ∈ Λa we define a parabolic operator as follows:

A = Aa : Vλ → V ′
λ and P = Pλ,a : Wλ → V ′

λ.

where A and P are respectively the abstract operators defined in (16) and (17) with
A(t) = −div (a(·, t) ·D) : H1

0 (Ω, λ) → H−1(Ω, λ) verifying (12) with V = H1
0 (Ω, λ).

Remark. Observe that if Λa 6= ∅, the operators belonging to the family (Pλ,a)λ∈Λa are
defined on the same space. Indeed, by (S.1), λ1, λ2 ∈ Λa are comparable (see (21) and
(22)), but Pλ1,a 6= Pλ2,a.

Definition 3.5. Let L,M,K ≥ 1, C, T > 0, let Ω be a bounded open set of Rn, a ∈
MΩ×(0,T )(L,M,K,C), λ ∈ Λa and f ∈ V ′

λ. Then we call a function u ∈ W0
λ solution of

the Cauchy-Dirichlet problem
{

λ ∂
∂t
u− div(a ·Du) = f in Ω× (0, T )

u = 0 on
(

∂Ω× (0, T )
)

∪
(

Ω× {0}
) (30)

if
(Pλ,au)(t) = u′(t) + (Aau)(t) = f(t) for a.e. t ∈ [0, T ] . (31)

Remark. Given a matrix a ∈ MΩ×(0,T )(L,M,K,C) then, by Theorem 2.2 (iii), we obtain
that for every λ ∈ Λa and f ∈ V ′

λ there exists a unique solution of the problem (30).
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Given a sequences (ah)h of matrices in MΩ×(0,T )(L,M,K,C) and (λh)h of weights, λh ∈
Λah for every h ∈ N, consider the following sequence of problems

{

λh(x)
∂
∂t
u− div(ah(x, t) ·Du) = f in Ω× (0, T )

u = 0 on
(

∂Ω× (0, T )
)

∪
(

Ω× {0}
) (32)

We will write (32) in the abstract way (here d
dt
: W0

λh
→ V ′

h is to be intended as in (18))







Pλh,ahu :=
d

dt
u+ Aahu = f

u ∈ W0
λh

.

(33)

The proof of the following theorem can be derived following the analogous one in [21].

Theorem 3.6. Let L,M,K,C, T be positive constants with L,M,K ≥ 1 and let Ω be
a bounded open set of Rn. Let (ah)h be a sequence in MΩ×(0,T )(L,M,K,C), (λh)h a
sequence with λh ∈ Λah and f ∈ L2(0, T ;Ln(Ω)). Consider the parabolic equations (33)
and their solutions uh. Then

(i) there exists a positive constant c= c(L,M,K,C,Ω) (depending only on L,M,K,C,Ω)
such that

‖uh‖Wλh
≤ c‖f‖L2(0,T ;Ln(Ω));

(ii) say λ and u the weak limits, up to a subsequence, respectively of (λh)h in L1(Ω)-weak
and of (uh)h in L2(0, T ;W 1,1(Ω))-weak; we have that

Uh(t) =

∫

Ω

u2
h(x, t)λh(x)dx → U(t) =

∫

Ω

u2(x, t)λdx in C0
(

[0, T ]
)

.

Finally we state a weighted compensated compactness type result which extends well-
known classical results (see, for instance, [20], [30], [29], [28], [9] and [10]), whose proof
can be obtained in completely analogous way to the corresponding result in [22] using
Proposition 3.2.

Theorem 3.7. Suppose that Ω is a bounded open set of Rn, K ≥ 1, (λh)h is a sequence
in A2(K), λ ∈ A2, such that

∫

Ω

λ−1
h dx ≤ c1 for every h ∈ N.

Consider a sequence of functions uh ∈ Wλh
(h = 1, 2, ...) and a function u ∈ Wλ such

that
‖uh‖Wλh

≤ c2 for every h, uh → u in L2(0, T ;L1(Ω)) .

Consider a sequence of vector functions αh ∈ L2(0, T ; (L2(Ω, λ−1
h ))n) (h = 1, 2, ...) and

α ∈ L2((0, T ); (L2(Ω, λ−1))n) such that

‖αh‖L2((0,T );(L2(Ω,λ−1
h ))n) ≤ c3 , αh → α in L2(0, T ; (L1(Ω))n)−weak.

Assume further that

λh
∂uh

∂t
− div (αh) = f ∈ L2(0, T ;Ln(Ω)) on C1

0(Ω× (0, T ))
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for every h ∈ N. Then
(

αh, Duh

)

→
(

α,Du
)

in D
′
(Ω× (0, T )).

4. The definition of G-convergence and a G-compactness result

In this section we will introduce the definition of G-convergence for a class of degenerate
parabolic operators and get a G-compactness result (Theorem 4.3).

Definition 4.1. Let L,M,K,C, T be positive constants with L,M,K ≥ 1, let Ω be a
bounded open set of Rn and let ah (h = 1, 2, ...) and a be matrices inMΩ×(0,T )(L,M,K,C)
and λh ∈ Λah and λ ∈ Λa (see Definition 3.4). We say that the sequence Pλh,ah G-converges
to Pλ,a in Ω ×(0, T ), and we write

Pλh,ah

G−→ Pλ,a in Ω× (0, T ),

if for every f ∈ L2(0, T ;Ln(Ω)) it results that

uh → u in L2(0, T ;L1(Ω))

ah ·Duh → a ·Du in L2(0, T ;L1(Ω))n−weak,

where uh and u denote respectively the solutions (see Definition 3.5) of

{

Pλh,ahv = λh
∂v
∂t

− div(ah ·Dv) = f in Ω× (0, T )

v = 0 on
(

∂Ω× (0, T )
)

∪
(

Ω× {0}
)

,

{

Pλ,av = λ∂v
∂t

− div(a ·Dv) = f in Ω× (0, T )

v = 0 on
(

∂Ω× (0, T )
)

∪
(

Ω× {0}
)

.

Remark. In the classic case, i.e. when λ ∈ Λa is a constant λ0 > 0 the space H1
0 (Ω, λ0)

is H1
0 (Ω) and we get the classic definition of G-convergence (see, for instance, [26], [27],

[5], [28] and [33]).

The proof of the following proposition can be obtained following the corresponding one
for elliptic operators (see Proposition 2.9 in [10]).

Proposition 4.2. Let L,M,K,C, T, T1, T2 be positive constants with L,M,K ≥ 1, Ω be a
bounded open set of Rn with Lipschitz boundary. Consider (ah)h∈N a sequence in MΩ×(0,T )

(L,M,K, C) and λh ∈ Λah a sequence of weights. If, for every interval Ii = [0, Ti]
(i = 1, 2) I1 ⊆ I2 ⊆ [0, T ] and for every bounded open set Ωi (i = 1, 2) of Rn with
Lipschitz boundaries with Ω1 ⊆ Ω2 ⊆ Ω, we have

Pλh,ah

G−→ Pµi,bi on Ωi × Ii, (i = 1, 2)

for suitable bi ∈ MΩi×Ii(Li,Mi, Ki, Ci) and µi ∈ Λbi (i = 1, 2), then b1(x, t) = b2(x, t) a.e.
in Ω1 × I1 and µ1 = µ2 a.e. in Ω1.

Remark. By Proposition 4.2 the uniqueness of the G-limit follows.
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The following theorem states a precompactness result with respect to G-convergence for
the class of operators Pλ,a defined by a ∈ MΩ×(0,T )(L,M,K,C) and λ ∈ Λa.
We only give a scheme of the proof since the steps are the same of the corresponding
proof in [22].

Theorem 4.3. Let L,M,K,C, T be positive constants with L,M,K ≥ 1 and let Ω be a
bounded open set of Rn with Lipschitz boundary. Consider a sequence (ah)h∈N ⊂ MΩ×(0,T )

(L,M,K,C) and a sequence of weights λh ∈ Λah (see Definition 3.4). Then there ex-
ist a subsequence, still denoted by the index h, a matrix a(x, t) = [aij(x, t)]

n
i,j=1, aij ∈

L1
loc(Ω × (0, T )), defined in Ω × (0, T ) and a weight λ such that a ∈ MΩ×(0,T )(M

2KL,

M
√
L,K,KC), λ/K ∈ Λa and

λh → λ in L1
loc(R

n)− weak

Pλh,ah

G−→ Pλ,a in Ω× (0, T ) .

Proof. First of all by Remark 2.7 in [21] we get the existence of two weights λ, λ̃,
comparable (see (21)), such that, up to a subsequence, λh → λ and λ−1

h → λ̃−1 and define
three spaces Vλ = Vλ̃, V ′

λ = V ′
λ̃
, Wλ = Wλ̃. The space Wλ is the space in which the

limit parabolic operator (which we want to find) will be defined. With the derivative
d
dt
: W0

λ → V ′
λ we denote the operator acting as follows (see (18)) for ϕ ∈ C∞

c (Ω× (0, T ))

〈 d

dt
u, ϕ

〉

V ′
λ×Vλ

=

∫ T

0

∫

Ω

u(x, t)
∂ϕ

∂t
(x, t)λ(x)dxdt .

In a completly similar way as in Lemma 4.7 in [22] we can find three operators

B : V ′
λ → W0

λ, K : V ′
λ → V ′

λ, G : V ′
λ → L2(0, T ; (L2(Ω, λ−1))n)

such that, up to subsequences,

P−1
λh,ah

f → Bf in L2(0, T ;L1(Ω)) for every f ∈ L2(0, T ;Ln(Ω)),

ah ·D(P−1
λh,ah

f) → Gf in L2(0, T ; (L1(Ω))n)-weak for every f ∈ L2(0, T ;Ln(Ω)),

d

dt
(Bf) +Kf = f and Kf = −div (Gf) on Vλ for every f ∈ V ′

λ.

The convergence of P−1
λh,ah

f is in L2(0, T ;L1(Ω)) by Theorem 3.1, i). The sequence ah ·
D(P−1

λh,ah
f) is bounded in L2(0, T ; (L1+σ(Ω))n) thanks to (9). Finally, Theorem 3.6, ii), is

used to prove that Kf = −div (Gf) on Vλ since we multiply Pλh,ahuh = f by uh (where
uh is the solution to (33)) and proceed as in [22], Lemma 4.7.
Following the proof of Lemma 4.8 in [22] (using Theorem 3.7) one can prove that the
operator B is invertible and there exists an operator A : Vλ → V ′

λ satisfying

A(Bf) = Kf for every f ∈ V ′
λ

1

K
‖u‖2Vλ

≤
〈

Au, u
〉

λ
≤ M2L‖u‖2Vλ

for every u ∈ Vλ,

〈

Au, v
〉

λ
≤ M

√
L
〈

Au, u
〉1/2

λ

〈

Av, v
〉1/2

λ
for every u, v ∈ Vλ,
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and such that

B−1 = P =def
d

dt
+ A : W0

λ → V ′
λ .

Now, following the proof of Theorem 4.5 in [22], one can prove before that

〈

Au, v
〉

λ
=

∫ T

0

∫

Ω

(

(G ◦ P)u,Dv
)

dxdt

and then that there exist a matrix a = [aij(x, t)]
n
i,j=1 such that aij ∈ L1

loc(Ω× (0, T )) and

(G ◦ P)u = a ·Du

1

K
λ(x)|ξ|2 ≤

(

a(x, t) · ξ, ξ
)

≤ M2Lλ(x)|ξ|2,
(

a(x, t) · ξ, η
)

≤ M
√
L
(

a(x, t) · ξ, ξ
)1/2(

a(x, t) · η, η
)1/2

a.e. in Ω× (0, T ), for every u ∈ Vλ and for every ξ, η ∈ Rn.

Corollary 4.4. Let L,M,K,C be positive constants with L,M,K ≥ 1. Consider a se-
quence (ah(x, t))h of matrices defined in Rn × (0,+∞) for which there exists a sequence
of weights (λh)h and a cube Q0 such that

(i) λh(x)|ξ|2 ≤
(

ah(x, t) · ξ, ξ
)

≤ Lλh(x),
for a.e. (x, t) ∈ Rn × (0,+∞), for every ξ ∈ Rn, for every h ∈ N,

(ii) |
(

ah(x, t) · ξ, η
)

| ≤ M
(

ah(x, t) · ξ, ξ
)1/2(

ah(x, t) · η, η
)1/2

,
for a.e. (x, t) ∈ Rn × (0,+∞), for every ξ, η ∈ Rn and for every h ∈ N,

(iii) λh ∈ A2(K) and
∫

Q0
λhdx+

∫

Q0
λ−1
h dx ≤ C for every h ∈ N.

Then there exist a subsequence, still denoted by the index h, amatrix a(x, t) = [aij(x, t)]
n
i,j=1,

aij ∈ L1
loc(Rn×(0,+∞)) and a weight λ such that a ∈ MRn×(0,+∞)(M

2KL,M
√
L,K,KC),

λ/K ∈ Λa and

Pλh,ah

G−→ Pλ,a in ω × (0, τ),

for every ω bounded open set with Lipschitz boundary and for every τ > 0.

Proof. By Remark 2.7 in [21] we have that λh and λ−1
h are equibounded in L1

loc(Rn) (it
is easy obtained by (7)) and the existence of two limit weights λ and λ̃ defined in Rn

such that, up to a subsequence, λh → λ and λ−1
h → λ̃−1 in L1

loc(Rn)-weak. Choosing the
sequence of sets (−j, j)n × (0, j) invading Rn × (0,+∞) one can obtain the thesis by a
diagonal process (use Proposition 4.2 and follow the proof of Theorem 4.10 in [22]).

If λh(x) = λ0 > 0 (λ0 ∈ R) the previous G-compactness result comes to be a well-known
classic G-compactness result (see Theorem 1 and Theorem 3 in [28], but also [26], [27],
[5], [33]).

The sharpness of condition A2 considered on the weights λh among the class of Mucken-
houpt weights is shown by some counterexamples in the elliptic case and by considerations
made in the following section, showing links between elliptic and parabolic convergence
(see Remark 5).

Homogenization for problems like that defined in (30) is considerd in [21].
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5. A comparison among G-convergence of different operators

In this section we want to analyze the relation existing among the behaviour of dif-
ferent kinds of operators defined by the same matrices. By Ω we will always denote
a bounded open set with Lipschitz boundary. Consider a sequence of matrices (ah)h,
ah = ah(x), contained in MΩ×(0,T )(L,M,K,C) which in this case will be simply denoted
by MΩ(L,M,K,C) (see Definition 3.4). The problems we consider in this section are

(I)

{

−div (ah(x) ·Dv) = f in Ω

u = 0 in ∂Ω ,

(II)

{

λh
∂v
∂t

− div(ah(x) ·Dv) = f in Ω× (0, T )

u = 0 in (∂Ω× (0, T )) ∪ ({0} × (0, T )) ,

(III)

{

∂v
∂t

− div(ah(x) ·Dv) = f in Ω× (0, T )

u = 0 in (∂Ω× (0, T )) ∪ ({0} × (0, T )) ,

For the moment we shall confine ourselves to a comparison between problems (I) and (II).

Definition 5.1. Consider a sequence of matrices a, ah ∈ MΩ(L,M,K,C) (h = 1, 2, 3, ...),
a sequence of weights λ ∈ Λa, λh ∈ Λah and define the operators

Ah = −div(ah·D) : H1
0 (Ω, λh) → H−1(Ω, λh) , A = −div(a·D) : H1

0 (Ω, λ) → H−1(Ω, λ) .

We say that Ah G-converge to A in Ω, and write

Ah
G−→ A in Ω ,

if for every f ∈ Ln(Ω)

uh(f) → u(f) L1(Ω)

ah ·Duh(f) → a ·Du(f) (L1(Ω))n−weak

where uh = uh(f) denote the solutions of problems (I) and u solves

{

−div(a(x) ·Dw) = f in Ω

w = 0 on ∂Ω .

As regards the problems (I), in [10] the authors show the existence of a matrix b1 = b1(x) ∈
MΩ(L

′,M ′, K, C ′) (and implicitly of a weight λ′ ∈ A2(K)) such that (up to subsequences)

Ah
G−→ − div(b1(x) ·D) in Ω .

As regards the problems (II) in the previous section it is proved the existence of a weight
λ and of a matrix b2 ∈ MΩ×(0,T )(L

′,M ′, K, C ′) such that (up to subsequences)

Pλh,ah

G−→ Pλ,b2 in Ω× (0, T ) .

We will show is that b1 = b2 = b(x) and the equivalence between these two convergences.
First we prove a result involving moving data which will be useful to this aim.
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Consider a sequence of weights (λh)h satisfying (29). Suppose to have a sequence fh ∈
L2(0, T ;L2 (Ω, λ−1

h )) such that

‖fh‖L2(0,T ;L2(Ω,λ−1
h )) ≤ c . (34)

Say λ and λ̃−1 the weak limits in L1(Ω), up to a subsequence, of λh and λ−1
h (see Remark

2.7 in [21]). By Proposition 3.2 we have that there exists f ∈ L2(0, T ;L2(Ω, λ̃−1)) such

that, up to a subsequence, (λ and λ̃ are comparable, see (21)) for every ϕ ∈ C∞
c (Ω×(0, T ))

∫ T

0

∫

Ω

fhϕλ
−1
h dxdt →

∫ T

0

∫

Ω

fϕλ̃−1dxdt . (35)

Lemma 5.2. Let (λh)h and (fh)h satisfy (34) and (35). Make the additional assumption

∫ T

0

∫

Ω

f 2
hλ

−1
h dxdt →

∫ T

0

∫

Ω

f 2λ̃−1dxdt

for f ∈ L2(0, T ;L2(Ω, λ̃−1)). Consider a sequence of matrices a, ah (h = 1, 2, 3...) such
that λh ∈ Λah and λ ∈ Λa (see Definition 3.4) and the sequence of operators Pλ,a, Pλh,ah

(h = 1, 2, ...). If Pλh,ah G-converge to Pλ,a, then, given uh and u the solutions respectively
to the problems

{

Pλh,ahuh = fh

u = 0

{

Pλ,au = f

u = 0

we have that

uh → u in L2(0, T ;L1(Ω)) and ah ·Duh → a·Du in L2(0, T ;L1(Ω)n)−weak.

Proof. We simply denote by Ph the operator Pλh,ah and by P the operator Pλ,a.
For ε > 0 fixed we can find g ∈ C1

0(Ω× (0, T )) such that

‖f − g‖L2(0,T ;L2(Ω,λ̃−1)) < ε .

Then we write

P−1
h fh − P−1f = (P−1

h fh − P−1
h g) + (P−1

h g − P−1g) + (P−1g − P−1f). (36)

The central term in the right hand side of (36) is going to zero in L2(0, T ;L1(Ω)) since
Ph G-converges to P. The last of these three terms can be estimated as follows:

‖P−1g − P−1f‖L2(0,T ;L1(Ω)) ≤ c ‖g − f‖V ′
λ
≤ c ‖g − f‖L2(0,T ;L2(Ω,λ̃−1)) ≤ c ε .

We now consider the first term in (36):

‖P−1
h fh − P−1

h g‖L2(0,T ;L1(Ω)) ≤ c ‖fh − g‖V ′
λh

≤ c ‖fh − g‖L2(0,T ;L2(Ω,λ−1
h )) .

Since

‖fh − g‖2
L2(0,T ;L2(Ω,λ−1

h ))
=

∫ T

0

∫

Ω

(f 2
hλ

−1
h + g2λ−1

h − 2fhgλ
−1
h )dxdt
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by hypotheses we have that

‖fh − g‖2
L2(0,T ;L2(Ω,λ−1

h ))
→ ‖f − g‖2

L2(0,T ;L2(Ω,λ̃−1))
< ε2 .

It remains to see the themomenta converge to the correspondingmomentum. Analogously
to (36) we write

ah ·D(P−1
h fh)− a ·D(P−1f) = [ah ·D(P−1

h fh)− ah ·D(P−1
h g)]+

+ [ah ·D(P−1
h g)− a ·D(P−1g)] + [a ·D(P−1g)− a ·D(P−1f)]

As before the central term is going to zero since Ph G-converges to P. Let us estimate
the last one. Since

|a ·D(P−1g)− a ·D(P−1f)| ≤ ML1/2λ1/2
(

a ·D(P−1g − P−1f), D(P−1g − P−1f)
)1/2

integrating we obtain

∫ T

0

(

∫

Ω

|a ·D(P−1g)− a ·D(P−1f)|dx)2dt ≤

≤ c

∫ T

0

∫

Ω

(

a ·D(P−1g − P−1f), D(P−1g − P−1f)
)

dxdt

≤ c ‖P−1g − P−1f‖Vλ
≤ c′ ‖g − f‖V ′

λ
< c′ ε .

Now we consider the first term. Consider Φ = (ϕ1, ...ϕn) with ϕj ∈ C∞
c (Ω × (0, T )) for

every j. Then

|
∫ T

0

∫

Ω

(ah ·DP−1
h (fh − g)),Φ)dxdt | ≤

≤ M
[

∫ T

0

∫

Ω

(ah ·DP−1
h (fh − g), DP−1

h (fh − g))dxdt

∫ T

0

∫

Ω

(ah · Φ,Φ)dxdt
]1/2

≤ c(L,M,Φ)‖P−1
h fh − P−1

h g‖Wλ

≤ c′‖fh − g‖V ′
λ
≤ c′ ‖fh − g‖L2(0,T ;L2(Ω,λ−1

h )) < c′ ε .

Proposition 5.3. Consider a sequence (ah)h ⊂ MΩ(L,M,K,C) (see Definition 3.4) and
a sequence of weights (λh)h such that λh ∈ Λah for every h ∈ N. Suppose there exist a
weight λ ∈ A2 and a matrix a = [aij(x, t)]

n
i,j=1 such that

λh
∂

∂t
− div(ah(x) ·D)

G−→ λ
∂v

∂t
− div(a(x, t) ·Dv) in Ω× (0, T ) .

Then a(x, t) = a(x) and

−div(ah(x) ·Dv)
G−→ − div(a(x) ·Dv) in Ω .

Proof. Consider a sequence of matrices ah = ah(x) ∈ MΩ(L,M,K,C) and suppose
the associated parabolic operators Pλh,ah G-converge to Pλ,a, i.e.

d
dt
+ Ah G-converge to
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d
dt
+ A. Observe that a priori the operator A = −div(a ·D) is depending also on t, that

is a = a(x, t).
Consider g ∈ C∞

c (Ω) and the problems

Ah : H1
0 (Ω, λh) → H−1(Ω, λh)

{

Ahw := −div(ah(x) ·Dw) = g in Ω

w = 0 on ∂Ω

and denote by vh(g) = vh the solutions. Thanks to Remark 3 (see Theorem 3.1) we have
that A−1

h g = vh → v in L1(Ω) and

∫

Ω

v2hλhdx →
∫

Ω

v2λdx and

∫

Ω

vhϕλhdx →
∫

Ω

vϕλdx (37)

for some v ∈ H1
0 (Ω, λ). If we consider uh(x, t) := tvh(x) we have that uh are the solutions

of
{

λh
∂u
∂t

− div(ah ·Du) = λhvh + tg in Ω× (0, T )

u = 0 in (∂Ω× (0, T )) ∪ ({0} × (0, T )) ,

By (37) we have that the sequence of data λhvh + tg satisfies the hypotheses of Lemma
5.2. Since Pλh,ah G-converge to Pλ,a we have that the solutions uh satisfy

uh → u L2(0, T ;L1(Ω))

ah ·Duh → a ·Du L2(0, T ; (L1(Ω))n)− weak

where u is the solution of

{

λ∂u
∂t

− div(a ·Du) = λv + tg in Ω× (0, T )

u = 0 in (∂Ω× (0, T )) ∪ ({0} × (0, T )) ,

Since u(x, t) = tv(x) we have that

−div(a ·Dv) = g .

Then a(x, t) = a(x) and Ah = −div(ah · D)
G−→ A = −div(a · D). By the density of

C∞
c (Ω) in Ln(Ω) we conclude.

As a consequence we have the following result, which is immediatly derived by the previous
proposition and uniqueness of the G-limit of Ah (see [10]).

Corollary 5.4. Consider a sequence ah ∈ MΩ(L,M,K,C) with ah = ah(x). Then there
exist a = a(x) ∈ MΩ(L,M,K,C) and a subsequence, still denoted by the index h, such
that

Pλh,ah

G−→ Pλ,a in Ω× (0, T )

for every sequence (λh)h and every λ with λh ∈ Λah and λh weakly converging to λ in
L1(Ω).

This last result allows us to give the following definition.
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Definition 5.5. Given a sequence ah ∈ MΩ(L,M,K,C) we say that ah PG-converge to
a in Ω× (0, T ), and we write

ah
PG−→ a in Ω× (0, T ) ,

if, for every sequence of weights (λh)h weakly converging in L1(Ω) (say λ the limit) and

λh ∈ Λah for every h ∈ N, we have that Pλh,ah

G−→ Pλ,a in Ω × (0, T ). In the same way
we write

ah
G−→ a in Ω

if Ah
G−→A in Ω where Ah = −div(ah ·D) and A = −div(a ·D) (see Definition 5.1).

Theorem 5.6. Consider a sequence (ah)h ⊂ MΩ(L,M,K,C). Then

ah
PG−→ a in Ω× (0, T ) if and only if ah

G−→ a in Ω .

Proof.
(i) Suppose ah

PG−→ a. Then by Proposition 5.3 it is clear that ah
G−→ a.

(ii) Now suppose to have ah
G−→ a. By Theorem 4.3 and Proposition 5.3 we have a

subsequence ahj
and a matrix b = b(x) such that ahj

PG−→ b. By (i) we then have that

ahj

G−→ b. By uniqueness of the limit we conclude a = b.

Remark. The sharpness of the assumptions (S.3) in Definition 3.4 to obtain Theorem
4.3 follows at once by Theorem 5.6 and by counterexamples in [25], Remark 2.10 (see also
Example 1 and Example 2 in [22]).

We want now to make a comparison with another family of parabolic operators, operators
like

Qah =
∂

∂t
− div(ah(x, t) ·D) , (38)

and Cauchy-Dirichlet problems (III) defined at the beginning of this section. The con-
vergence of such a sequence of parabolic operators is considered in [22], but for matrices
in NΩ×(0,T )(L,M, K,C) (see Definition 3.4). Observe that, since A1+2/n(K) ⊂ A2(K),
NΩ×(0,T )(L,M,K,C) ⊂ MΩ×(0,T )(L,M,K,C ′). For a ∈ NΩ×(0,T )(L,M, K,C) let λ ∈ Λa:
by Yλ we denote the Hilbert space defined as the closure of C∞

0 (Ω) with respect to
the norm ‖u‖2 =

∫

Ω
u2dx +

∫

Ω
|Du|2λdx, by Yλ the space {u ∈ L2(0, T ;Yλ) | u′ ∈

L2(0, T ;Y ′
λ)} and by Z0

λ the space {u ∈ Yλ | u(0) = 0 in L2(0, T ;L2(Ω))}. Now, for
(ah)h ⊂ NΩ×(0,T )(L,M,K,C), consider the sequence of problems (III). We have the triples

Yλh
⊂ L2(0, T ;L2(Ω)) ⊂ Y ′

λh
.

We just recall the definition of convergence defined in [22] which here we will call P̃G-
convergence.
Let ah (h = 1, 2, ...) and a be matrices in NΩ×(0,T )(L,M,K,C). With the notation as in

Definition 5.5, we say that the sequence (ah)h P̃G-converges to a in Ω × (0, T ), and we
write

ah
P̃G−→ a in Ω× (0, T ),
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if for every f ∈ L2(0, T ;L2(Ω)) it results that

uh → u in L2(0, T ;L2(Ω))

ah ·Duh → a ·Du in L2(0, T ;L1(Ω))n−weak,

where uh and u denote respectively the solutions of

{

Qahv = f in Yλh

v ∈ Z0
λh

{

Qav = f in Yλ

v ∈ Z0
λ

(39)

In this framework it is easy to prove the following lemma, analogous to Lemma 5.2.

Lemma 5.7. Consider a sequence f, (fh)h ⊂ L2(0, T ;L2(Ω)) and suppose

fh → f in L2(0, T ;L2(Ω)).

Consider a sequence of matrices a, ah, h = 1, 2, ..., such that ah P̃G-converge to a. Then,
given uh and u the solutions to the problems (39) we have that

uh → u in L2(0, T ;L2(Ω)) and

ah ·Duh → a ·Du in L2(0, T ;L1(Ω)n)− weak.

The following theorem also follows at once, following the proofs of Proposition 5.3 and
Theorem 5.6.

Theorem 5.8. Consider a sequence (ah)h ⊂ NΩ(L,M,K,C). Then

ah
P̃G−→ a in Ω× (0, T ) if and only if ah

G−→ a in Ω .

As a final result we state a corollary of Theorem 5.6 and Theorem 5.8.

Corollary 5.9. Consider a sequence (ah)h ⊂ NΩ×(0,T )(L,M,K,C). If ah = ah(x) then

ah
G−→ a in Ω , ah

PG−→ a in Ω× (0, T ) , ah
P̃G−→ a in Ω× (0, T )

are equivalent.
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