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In this paper we study the convergence of the Cauchy-Dirichlet problems for a sequence of parabolic
operators Pj, = /\h% —div(ap(z,t) - D) where the matrices of the coeflicients ap(x,t) verify the following
degenerate elliptic condition

M(@)[€]* < (an(@,t) - €,€) < LAn(@)[€f%,

being (Ap)n a sequence of weights satisfying a uniform Muckenhoupt’s condition in h. When ap, = ap(x)
we compare this result with the analogous results for the sequence of operators Ay = —div(ap(z) - D)
and Q) = % —div(ap(x) - D)
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1. Introduction

The asymptotic behaviour, as h — oo, of the equations
Apu=f and Quu=f (h=1,2..)

has been widely studied where

: 0 :
Ay = —div (ap(z) - D), Qn = prie div (ap(z,t) - D), (1)
an(r) = [an:;(7)]} ;=1 or an(z,t) = [an;(z,t)]};—; are matrices of measurable functions

defined respectively on a bounded open set 2 of R™ or on a bounded open cylinder
Q x (0,T) of R"! with ay, satisfying in both cases the classical ellipticity condition

Ml <Y ani&i&y < Mol¢]* forae € QVEER,VAEN, (2)

ij=1

for a.e. © € Qif a; = ap(z) and for a.e. (z,t) € Q x (0,7) if a, = ap(x,t), for suitable
positive constants 0 < \g < Ag. We recall among all some important results due to E.
De Giorgi, S. Spagnolo, F. Murat, L. Tartar and O. A. Oleinik (see for instance [11], [26],
[27], [29], [6] for the elliptic case and [5], [28], [33] for the parabolic one). We recall that
also the non linear case has been considered later (see, for instance, [29], [1]).
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Arising from some phisycal applications (see, for instance, [23]) even the asymptotic
behaviour of some class of degenerate operators has been considered, operators like those
in (1) when the matrices a;’s satisfy the following degenerate ellipticity condition (note
that aj,;; may depend on x or on (x,t), while A, depend only on x)

M@)EP <D ani &l < L)€, YEER" VA (3)

1,j=1

for a.e. € Qif ap, = ap(z) and for a.e. (z,t) € Q x (0,7T) if a, = ap(x,t), with suitable
weight functions A, (i.e. nonnegative, locally summable functions on R") and a suitable
constant L > 1. Some interesting results in this setting are obtained in many cases. The
first ones are obtained in the elliptic case, first when the matrices a;’s are symmetric and
verify (3) with

Ap = A a.e. in €2, for every h

for a fixed weight \ verifying suitable integrability conditions together with its inverse A~*
(see [18]), then in the homogenization case (see, for instance, [19], [8]), i.e. the sequence
of matrices (ay), verifying (3) has the form

ap(r) = a(hx) (x € R™)

with a(x) = [a;j(x)]; j=1,., symmetric matrix of measurable periodic functions on R™ and
An(x) = A(hx) for a suitable fixed periodic weight A.

Other results, which apply not only to the variational case (i.e. when the marices are
symmetric), are those obtained when each one of the a;’s verifies (3) with a weight Ap
verifying a uniform Muckenhoupt’s condition with respect to h, the condition A,(K)
where 1 < p < 400, (see [9], [10] for elliptic operators, [22], [21] for parabolic operators),
i. e. there exists K > 1 such that

1 L e )p_l
<|@|/¢2Ahdx>(|az\/cfh ) =K AtK)

for every cube ) C R™ with faces parallel to the coordinate planes, for every h. This class
is consider with p = 2 for the elliptic case and with p = 1+ 2/n for the parabolic one, i.e.
for a strict subclass of Ay when n > 3.

In this setting, i.e. given two sequences of matrices aj, = a,(x,t) and weights A\, = A\, ()
verifying (3) (with ap;; = apnij(z,t)) with A\, € Ay(K) for every h, in this paper we study
the asymptotic behaviour of parabolic operators of the form

Pr.an = )\h(:r)% —div (ap(z,t) - D). (4)

Given a matrix a = a(z,t) whose coefficients are in L] (R™x (0,T')), we say that it belongs
to the class Noyx o, (L, M, K, C) if there exists a weight A = A(z) such that a satisfies
the following properties with p = 1+2/n (n > 2), to the class Mqy 1) (L, M, K, C) if it
satisfies the following properties with p = 2 (and by No(L, M, K, C) and Mq(L, M, K, C)
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the corresponding subclasses of matrices a = a(z) depending only on x):
AN@)IE[* < D ay (2, 0)&&; < LA(@) [
1/2

) z”: aij(z,t)m;| < M( z": aij(, t)€i§j> 1/2< 2": aij(z, t)mm) (5)

1,j=1 3,j=1 3,j=1

—1
A€ Ay(K), / Az + (/ A‘l/(p_l)dx>p <C
Q Q

for a.e. (z,t) € 2 x (0,T) and for every {,n € R". Given a matrix a, we denote by A,
the class of the weights which satisfy (5).

The main results contained in the paper are in the fourth and fifth sections. The first one
is the following (see Theorem 4.3).

Theorem 1.1. Let €2 be a bounded open set with Lipschitz boundary, T > 0, ap =
[ani(z,)]};21 a sequence of matrices with ap;; € Lj, (R™ x (0,T)) belonging to Maxo1)
(L, M, K,C) for some positive constants L, M, K,C. Say uy the unique solution of the
Cauchy-Dirichlet problem (see Definitions 3.5 and 4.1)

ou ) |
(Py) Ny = div (an(w,t) - Du) = - in Qx (0, T)
u=>0 on (02 x (0,7)) U (Q x {0}).

Then there exist a subsequence (ap, )k, @ MATIT Qoo = [Aooi5(2, )]} ;21 € Maxor)(L, M,
K,C") for suitable constants L', M',C" and a weight Ny € As(K) such that for every
datum f € L*(0,T; L™(2))

My — Ao in L, (R™)-weak
and the subsequence (up, )i of the solutions of (P, ) satisfy

LU in L*(0,T; L*(2))
ap, - Dup, — aoo - Du in L*(0,T; L'(Q))"~weak,

Up,

where u denotes the solution of the problem

ou

)\OOE — div (aeo(z,t) - Du) = f in Q x (0,7T)
=0

u on (092 x (0,7)) U (©2 x {0}).

The result above turns out to be an extension of a well-known classic parabolic G-compact-
ness result (see Definition 4.1 and [26], [27], [28], [5], [33]).

In the degenerate setting, analogous results are contained in [10] for Dirichlet problems
where the operators are Ay, defined by matrices in Mg and in [22] for Cauchy-Dirichlet
problems where the parabolic operators are Qj, but defined by matrices in the class
Naxor) € Maxom).-

Another interesting result is the equivalence between the elliptic G-convergence and the
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parabolic G-convergence of the operators Py, 4, (see Definition 5.5 and Theorem 5.6).
This turns to be an extension to the degenerate case of the classical result contained in
[5] (only for matrices independent of t).

The difference with the classical case, i. e. when (2) holds, is that we have to consider
parabolic operators like (4) to obtain this equivalence. We also state the equivalence
between the elliptic G-convergence and the G-convergence of operators 9, but only for
matrices in the class N (Theorem 5.8), and so, in this case, the equivalence between the
parabolic G-convergence of operators Qp, and Py, 4, -

The sharpness of the assumptions, in the framework of Muckenhoupt’s weights, will follow
from some considerations made in the fifth section.

We recall that operators like (4) have already been considered to study the regularity of
the solutions (see, for instance, [2], [3], [14], [15], but also [24] (Chap. 5, sect. 6), [32]
(Theorem 2.3), [21] for the homogenization).

2. Notations and preliminary results

We will denote by @ a generic (open or closed) cube of R" with faces parallel to the
coordinate planes, by c) the cube concentric with () and having side length ¢ times that
of @ and and by B(z,r) the open ball of R™ centered in x with radius . The symbols
(), |E], 5 fdz and p’ will indicate respectively the scalar product of R, the Lebesgue
measure of the set E, the mean value of f on E (i. e. |[E|™" [, A(z)dz ) and the conjugate
p'=p/(p—1) of p.

Let A be a weight on R™, that is

A>0 ae inR" and M\A '€ L (R"),

loc

then for every bounded open set of R” we define
L%QA):{ueL;ﬂn|wvﬂeL%Qﬁ
and the space

HﬂlM:{uEWﬂ%m‘uEL%QAﬁdeMGL%QA%.

loc

It is easy to verify that the space H'(2,\) endowed with the topology induced by the

norm
1/2
sy = ( / (a2 + ypu\zwx)
Q

is a separable Hilbert space. We will denote by H} (€2, \) the closure of C}(Q2) in the
topology of H*(2,\), by H~1(Q, \) its dual space.

Definition 2.1. Let p > 1, K > 1 and let A be a weight on R". We will say that A
belongs to the Muckenhoupt class A,(K) if

p—1
(][ )\da:) (][ )\_l/(p_l)da:) <K for every cube Q C R"™.
Q Q

Moreover we define A, = Ux>1A4,(K) and Ay = Up=14,.
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Remark. By definition we have at once that A,(K) C A (K) if 1 < p < ¢ < oc.
Moreover if A € A, then P Ay

A, weights verify the following higher sommability property (see [4] and [7]): for every
K > 1, for every p > 1, there exist two positive constants ¢ = ¢(n,p, K) and § = §(n, p, K)
(depending only on n, p and K) such that

(&) ) ) )
(][ >\1+’5dq:) Ry (][ Adx) , <][ Aﬁ‘fdag> Ry (][ )\pldx) (6)
Q Q Q Q

for every cube @ and A € A,(K). A, weights also verify the doubling property, i.e. if
A € A,(K) for every t > 0 there exists a constant ¢ = c(t,n,p, K) (depending only on
t,n,p, K) such that

A(1Q) < eA(Q) (7)

for every cube @ of R" (see for instance [13]). We recall that (see Theorem 1.4 in [25] and
Proposition 1.2 in [7]), if A € Ay and 2 is a bounded open set with Lipschitz boundary,

HY QN = HY Q) N (Q).

Moreover (see [12]) the following Poincaré’s inequality holds: there exists a constant

¢ = c(n, K,Q) such that
/ u*Mdr < ¢ / | Du|*\dx:
Q 0

for every A\ € Ay(K) and v € HJ(2,\). Then, from now on, if A\ € Ay(K), by H}(Q, \)
we will denote the closure of CJ(£2) with respect to the norm

1/2
HUHH(}(Q,/\)d:ef</Q‘DU‘2)\d$> . (8)

By (6) and (7), it can be easily proved that, if A\ € Ay(K) taking 0 26/(2 4 §), where 0
is the constant in (6), there exist two positive constants ¢; = ¢;(n, K, ) (depending only
onn, K,Q), 1 =1,2, such that

LU (Q) € L*(Q,\) € L' (Q),

(9)
—1y-1/2 1/2
¢ [|A 1HL1(/Q)HUHL1+”(Q) < [lollr2@n < e H)‘HL/l(Q)HUHL(HU)’(Q)‘

Hence it follows that there exist two positive constants ¢; = ¢;(n, K,), i = 3,4, such
that

Wy Q) C HI(Q ) c WtT(Q),  HTHQ,N) € W)
(10)

—111—1/2 1/2
sl A I el gy < Naullimgan < cal Mgy lullyr.oeor g,

for every A\ € Ay(K) and for every u € Wol’(HJ)/(Q), where || - || g3\ denotes the norm
in (8).
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Moreover, for every A € Ay, H' (2, \) continuously embeds in W'!(€2), which continuously
embeds in L™=V (Q) if n > 2 (and in L?(Q) if 2 is an real interval) and then there exists
a constant ¢ = (n,) (depending only on n, ) such that for every f € L"(2)

o < ((f 37dz) e (1)

If n = 1 the analogous estimate holds with f € L?(Q).

Finally we recall some classical results concerning abstract parabolic equations (see, for
instance, [17], [16], [31] and [33]). Let V be a real reflexive Banach space and let H a
Hilbert space for which we have the classical triple

VcHcCV
with continuous and dense embeddings. Moreover consider a family of linear operators
Alt):V — V', 0<t<T

such that
t— (A(t)p, ¢>V’><V is measurable on [0, T

lells < CA®@, )y < Lllell- (12)
1/2 1/2

[(A(t)e, w>w vl < M(A(t)e, 90>V'xV<A<t>¢>w>fov
for every ¢, € V. We define now
H < L20,T:H), V¥ LX0,T;V), WE {veV|v eV} (13)

and V' = L%*(0,T; V") the dual space of V, endowed with the standard norms

_ g t 2 dt 1/2 def 2 112 1/2
[ullz20,7:x) = Ju(®)]% » Ml = (Nully + 15 )
0

(with X = H,V, V") where v" denotes the distributional derivative of v. It is well known
(see Theorem 3.1, chap. 1, in [17]) that

W c C%0,T); H), (14)

and there exists a constant ¢, depending only on 7" and on the norms of the embeddings
V C H, HCV’, such that
max [u(t)|g < ¢ [luflw,

+€[0,T]
hence we can introduce the space

={ueW |u(0) =0}, (15)

and we recall that C*°([0,T]; V) is dense in OV, || - ||w) (see, for instance, [31], chap. 23).
Now define the abstract operators

A:V—YV  where Au(t)ZAMt)u(t) 0<t<T, (16)
P:W-—V, (Pu) (t) = /() +Au(t) 0<t<T. (17)

and recall the following classical result (see, for instance, [17], Theorem 4.1, chap. 3).
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Theorem 2.2. Let P : W — V' be the operator defined in (17) and suppose that the
family of operators A(t) (0 <t <T) verifies (12). Then

(1) P:W —V is linear and continuous and
|Pully < V2ML||ul|y for every u e W,

(it) (Pu,u) > |[ul|}  for every u € WP,
(it7) P :W® — V' is an isomorphism such that

lullw < (ML +2)|[Pully for every u € W'

From now on we will actually consider these spaces when H = L*(2,\) and V = HJ (2, \)
endowed with the topology induced by the norm || - || 51,5 in (8) where Q is a bounded
open set of R™ with Lipschitz boundary and A € As, and we will denote by H(0,T;Q),
Vi (0,T;9Q), Vi(0,T;Q) and Wy (0,T;9Q) (and for sake of simplicity we will omit (0,T; Q)
if there is no ambiguity) the corresponding abstract spaces like those introduced in (13).
As usual we get the evolution triple

VyCH=H CV,

and || fl[y; < [|f][# for every f € H and for every weight A € Ay and, if u € H and v € V),
we have that

<u’v>vngA o (u, v>/\ u,v / / (x,t)v(x, t)\(z)dzdt. (18)

As in (14) we obtain that Wy (0,T;,Q) c C°([0,T7]; L*(Q, \)); indeed by (7) it follows
that there exists a positive constant ¢ = ¢(n, 2, K') (depending only on n, 2, K') such that

< . 1
ma ()@ < ¢ b, )

for every u € W, for every A € Ay(K). Therefore we introduce WY (0,T;2) as done in
(15). By (19) and (9)

Wi CCO([0, T L7(Q)  and  max [|u(t)||pisoio) < el Ao el (20)

te[0,T]

where ¢ = ¢(n, 2, K) depends only on n, {2, K.
Finally observe that if two weights A and \ are comparable in €2, that is there exist
constants ¢, co > 0 such that

aAz) < MNz) < eM\x)  ae in Q, (21)
the norms induced by A and )\ are equivalent and in particular

Verllullvg < llullvs < Veallullvg, Vel fllv, < Ifllvy < Vel Flivg- (22)
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3. Compactness type results in weighted Sobolev spaces

In this section we are going to prove some compactness type results for a sequence of
functions (vy)n, each one belonging to a suitable weighted Sobolev space depending on h.
There results are needed to prove the main result in the fourth section.

First we begin by proving an extension of a classical compactness result due to J. L. Lions
(see [16], chap. 1, Theorem 5.1).

Theorem 3.1. Let §) be a bounded open set of R™. Consider a sequence of weights (\p)p,
and a sequence of functions vy, € Wy, (see section 2) such that there exist three constants
K > 1 and c1,co > 0 for which

(An)n C As(K), / N tdx < ¢y for every h;
Q
and

[ o— for every h € N.

Then there exists a function v € L*(0,T; L*(Q)) such that, up to subsequences,
(i) vn — v in L*(0,T; L1(Q)).

If moreover A\, — A\, \,' — AU in LY(Q)-weak with X\ and \ comparable weights (see
(21)) then v € L*(0,T; L*(Q, \)) and, up to subsequences, the following facts hold:

(ii) [} [ oi dedt — [ [ v?Adwdt;
(iii) fOT Jo vnpApdadt — fOT Jo verdzdt for every p € C(Q x (0,T)).

Proof. Denote for simplicity by W, the space W), . First of all observe that if you given
two reflexive and separable Banach spaces U and V, U dense in V', a Hilbert space H
such that V' C H with dense and continuous embedding, one has that

C(0.ThV)  isdesein {ze2(O.TV) | 2 € L20.T: V)
(see [31], ex. in chap. 23). Consider the space
X = ([0, T); Wy ()

which then is dense in every W,. Hence we can suppose the sequence (vp)y is in X,
otherwise we could approximate it as follows

lvn = zallw, < 1/h

with (zp,), C X. For every z € X consider

e, 1) 2 / e yEt) () €R x0T (23)

where (p:).~o is a family of mollifiers defined by a radial function and z(-,¢) denotes the
function z(-,t) extended to zero outside of 2. Observe that (z.)" = ().

(i) Now considering the functions vy, . one can prove, following the proof of Theorem 3.1
in [22], that for every € > 0 the sequence (vp ), is bounded in

Z={2e L0, T;Wy " () | 2 € L*0,T; W1 (Q)}
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where ) is a bounded open set containing Q. Then by Theorem 5.1, chap. 1, in [16], one
obtain the compactness of (vs.), in L*(0,T; L*(2)).

(ii) Then we show the second point. First of all, since (A, ), is bounded in L'(2), by (10)
we have that there exists u € L2(0,T; Wy (Q)) such that v, — w in L*(0, T; W, 77 (Q))-
weak and by point (i) we deduce u = v. Moreover, by Lemma 2.13 in [21] and since
and A\ are comparable, we have

ve L¥0,T; L*(Q,N) = L*(0,T; L*(Q, \)). (24)

Since A\, — X in L'(Q) we have that
/ Andr < ¢ for every h € N. (25)
Q

Then we have

/ / Vi —vi\)dzdt = / / vh6 JAndxdt+
T
—i—/ /(wija)\h—vf)\)d@"dtjt/ /(US—UQ))\d:Bdt.
0o Jo o Jo

By Proposition 2.12 in [21] and (25), the first and the third term in the right of (26) are
O(e?) uniformly in h. As the central term is concerned we have:

(26)

|Uh,6(x7t) - UE(x7t)| = | (@h<§7t) - @(gat))ps('r - §)d§ ’
. (27)

< pelle / [on(€.1) — v(&, 1) d

by which we obtain the existence of a constant ¢; = ¢;(p, €, 7,€2) such that

[ e v se [ ([ - o) @

By (i) we have that v, — v in L*(0,T; L'(©)) and then we can conclude that for every e
Ve — Vel L2030 () - 0. (28)

Moreover from (27) we derive that, with fixed e, v} _(t) — v2(t) in L=(Q) for a.e. t € [0,T7].
We then obtain

/vis(x,t)/\hdx — / v’\dr  for ae. t € [0,7).
Q Q

Moreover the functions t — [, vi (x,t)updz are equibounded in L*(0,T). Infact by the

proof of (i) we have that (vj.), is bounded in Z and using (14) with V' = Wol’(HU)/(Q)
and H = L*(2,\,) and Z in the place of W (thanks to (9)) obtain that there exists cy
such that

relou) [vne (D)l 220 < 2
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T
/ ‘/U%L7g)\hdl’—/vz)\dx’dt—>(),
0 Q Q
(iii) It is an immediate consequence of the following estimates: if ¢ € C°(Q x (0,7))
T T
‘/ /Uh@)\hdﬂﬁdt—/ /vgo)\da:dt‘ =
0o Ja o Ja
T . .,
— ‘/ /(vh —vh,e)@)\hdwdt+/ /(Uh,ssl?)\h —vggo)\)da:dt+/ /(vs —v)go)\dxdt)
o Jo o Jo A
’ 12, (T 1/2 T
< (/ /(Uh - Uh,z—:)z)\h> </ /902>\h> —|—/ /(Uh,eSO)\h — UEQD)\)dxdt +
o Jao o Jo 0 Jo
! 2, Tt 1/2
([ [ o)) ([ [ ooatear)™
o Jao o Ja

By Proposition 2.12 in [21] and (28) we have that for every fixed e,

so that

T
/ / (Vneppin — vepp)ddt — 0.
0 Q h

Then for fixed ¢ letting h go to infinity we conclude. O]

¢

In addition to this “strong” result, a “weak” result holds. That is the following proposi-

tion.

Proposition 3.2. Suppose (up,)n and (vy,)n two sequences, u, € L*(0,T; L*(2, \)), vn €
W, , where

(An)n C Ay(K), / Apdr < ¢ and / N tdr < ey for every h
Q Q

PYSED VD P in L*(Q)-weak, X and \ comparable.

(29)

Suppose that

lunllzzrrz@an) < e and  lollw,, < ca

Then there exist two functions u,v € L*(0,T; L*(Q, \)) such that, up to subsequences,

T T
/ /uhvh)\hdxdt — / /uv)\dxdt.
o Ja o Ja

Proof. It is sufficient writing

T T T
/ /vhuh)\hdxdt—/ /vuap)\dxdt = / /(vhuh)\h — UpeUpAp)dxdt +
0o Ja 0 Ja 0 Ja

T T
+ / /(vhyguhgo)\h — voul)dzdt + / /(Ugu)\ — vudzdt
o Ja 0 Jo
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where the functions vy, . and v, are the approximations analogous to those defined in (23),
and then estimate the three terms. By Proposition 2.12 in [21] we estimate the first term

T T T 1/2
) / /(vhuhkh — Uh,suh/\h)dxdt‘ S (/ / ui)\hdxdt/ / |Uh - vh75|2/\hda:dt> S ce
0 Q 0 Q 0 Q

and the third one in the same way. As regards the central term we have that, by (6),
there exists o € R such that

T
/ ||Uh>\h||%1+a(g)dt S Cc
0

and then (upA)n is, up to subsequences, weakly convergent in L?(0,T;L'(Q)) to a
function w. As done in Proposition 2.1 in [31] one can prove that there exists u €
L*(0,T; L*(Q, \)) such that w = uX. Since, by (28), v, strongly converge to v. in
L*(0,T; L>=(£2)) we conclude. O
Remark. From Theorem 3.1 and Proposition 3.2 we obtain at once a compactness result
for functions vy, independent of ¢.

The proof of the following proposition can be derived from the corrisponding Proposition
3.8 in [22].

Proposition 3.3. Let K, K> 1; let Q be a bounded open set of R™ with Lipschitz bound-
ary, let (A\n)n be a sequence in As(K) and let v, € Wy, (h =1,2,...) be a sequence for
which there exists a positive constant ¢ such that ||vnl|w,, < c. Assume that there exist

two comparable weights (see (21)) A € Ay(K) and X € Ay(K)
such that .
A — A and N — AT i LY(Q)—weak.

Then there ezists o > 0 (see (10)) and a function v such that

(i) vn — v in L20,T; Wy (Q))-weak and v), — v’ in L2(0,T; W~514(Q))-weak (up
to a subsequence);

(i) veVy and [v]lv; < liminfyoo [[vrlly,, ;

(i1i) v €V} and [ [lvy < liminfy, ||U;L||V;h!

(iv) if f € L*(0,T;L"(Y)) then

17y < Timint £y, < timsup s, < £l

(v) if fn € L*(0,T;L*(Q,\y)) such that || fallr20m:02000,)) < ¢ then there exists [ €
L2(0,T; L*(Q, \)) = L2(0,T; L3, \)) such that

1 fllv, < liggglfﬂfhﬂv;h < liirisogp ||fh\|v;h < Nl
We introduce now the class of coefficients matrices of these parabolic equations and the

definition of weak solution of Cauchy-Dirichlet problem to prove successively some com-
pactness results on the solutions (see also [33]).
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Definition 3.4. Let L, M, K,C,T be positive constants, with L, M, K > 1, let Q) be
a bounded open set of R". We denote by Mq, 1) (L, M, K,C) the class of matrices
a(z,t) = [a;(z, )]}, of order n with a;; € Lj, (R x (0,T)),4,j = 1,...n, for which there
exists A, weight on R", such that

(S.1) Ma)|¢)* < (a(z,t) - £,€) < LA(2)[€]?, for ae. (z,t) € @ x (0,T) and for every
£ eR”,
(S.2) |(a(z,t)-&n)| < M(a(x,1) -5,6)1/2 (a(z,t) -77,77)1/2, for a.e. (z,t) € Q@ x(0,7) and
for every &,m € R™,
(S.:3) Ne Ay(K),  [Xdx+ [Aldx < C.
0 0

Given a € Mayor)(L, M, K,C) we will denote by A, the set of A, weights for which
(S.1)-(S.3) hold.

By Nax,r)(L, M, K,C) we denote the class of matrices a(z,t) = [ay(z,t)]};—; with
aij € L,.(R" x (0,T)), 4,5 = 1,...n, for which there exists \, weight on R", such that

loc

(S.1), (S.2) and
2/n
(83 A€ Avppn(K),  [ade+ ([A2dn) " <O
Q Q

hold (if n = 1 we define the class Noxor)(L, M, K,C) = Maxor) (L, M,K,C)). By
Mo (L, M, K,C) and No(L, M, K,C) we denote the corresponging subclasses of matrices
independent of ¢.

Remark. Given a sequence of matrices (ap), C Max o) (L, M, K,C) and a sequence of
weights (An)n, An € Ag,, by Remark 2.7 in [21] we have the existence of two weights A
and \ such that, up to a subsequence, A, — A and A\, ' — A~!in L} (R").

loc

Given a € Moy o) (L, M, K,C) and A € A, we define a parabolic operator as follows:
A=A,:Vy—=V, and P=Py,: W, — V.

where A and P are respectively the abstract operators defined in (16) and (17) with

A(t) = =div (a(-,t) - D) : H}(Q,\) — H1(Q, \) verifying (12) with V = HJ(Q, \).

Remark. Observe that if A, # 0, the operators belonging to the family (Py4)aca, are
defined on the same space. Indeed, by (S.1), A\;, A2 € A, are comparable (see (21) and
(22>)7 but PM,a 7é P)xg,a-

Definition 3.5. Let L, M, K > 1, C,T > 0, let 2 be a bounded open set of R", a €
Maxor (L, M,K,C), A € A, and f € V{. Then we call a function u € WY solution of
the Cauchy-Dirichlet problem

A2y —div(a-Du)=f inQx(0,7)
{uaz on (9Q x (0,7)) U (2 x {0}) (30)
if
(Prou)(t) = u'(t) + (Au)(t) = f(t) for a.e. t € [0,77]. (31)

Remark. Given a matrix a € Mayo,r)(L, M, K, C) then, by Theorem 2.2 (iii), we obtain
that for every A € A, and f € V) there exists a unique solution of the problem (30).



F. Paronetto / Convergence of Degenerate Elliptic and Parabolic Equations 43

Given a sequences (ap), of matrices in Moy o) (L, M, K,C) and (Ay) of weights, A, €
A,, for every h € N, consider the following sequence of problems

{)\h(x)%u —div(ap(z,t) - Du) = f in Qx(0,7T) (32)

u=0 on (09 x (0,7)) U (2 x {0})

We will write (32) in the abstract way (here £ : Wy — Vj is to be intended as in (18))

d
Prpapth = —u+ Ay u=f

dt (33)

The proof of the following theorem can be derived following the analogous one in [21].

Theorem 3.6. Let L,M,K,C,T be positive constants with L, M, K > 1 and let ) be
a bounded open set of R™. Let (ap)n be a sequence in Mayor) (L, M,K,C), (An)n a
sequence with A\, € N,, and f € L*(0,T; L"(Q)). Consider the parabolic equations (33)
and their solutions uy,. Then
(i) there exists a positive constant c = c(L, M, K, C, Q) (depending only on L, M, K,C )
such that
[unliwy, < ellfllzeo.rin@));

(ii) say A and u the weak limits, up to a subsequence, respectively of (Ap) in L'(Q)-weak
and of (up)n in L*(0, T; WH(Q))-weak; we have that

Un(t) :/Qu,%(:p,t))\h(x)dx — U(t):/Qu2(x,t))\dx in C°([0,T7).

Finally we state a weighted compensated compactness type result which extends well-
known classical results (see, for instance, [20], [30], [29], [28], [9] and [10]), whose proof
can be obtained in completely analogous way to the corresponding result in [22] using
Proposition 3.2.

Theorem 3.7. Suppose that € is a bounded open set of R™, K > 1, (An)n is a sequence
in As(K), A € Ay, such that

/ )\,jldx < for every h € N.
Q

Consider a sequence of functions up, € Wy, (h = 1,2,...) and a function uw € W, such
that
[unllw,, < e for every h, up —u in L*(0,T; LY(Q)).

Consider a sequence of vector functions oy, € L*(0,T; (L2(Q,A,)") (h = 1,2,...) and
a € L2(0,T); (LA(Q, \71)™) such that

||ah||L2((0,T);(L2(Q,,\;1))n) <ecs, ap — o in L*(0,T; (LY(Q)")—weak.
Assume further that

Ah% —div (ap) = f € LX0,T; L)) on CYQ x (0,T))
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for every h € N. Then

(o, Duy) — (v, Du) in D'(Q x (0,T)).

4. The definition of G-convergence and a G-compactness result

In this section we will introduce the definition of G-convergence for a class of degenerate
parabolic operators and get a G-compactness result (Theorem 4.3).

Definition 4.1. Let L, M, K,C,T be positive constants with L, M, K > 1, let Q2 be a
bounded open set of R™ and let a;, (h = 1,2, ...) and a be matrices in Mgy 0.1 (L, M, K, C)
and A\, € A,, and A € A, (see Definition 3.4). We say that the sequence Py, ,, G-converges
to Pra in 2 x(0,7), and we write

Pawan —= Pra i Qx(0,T),
if for every f € L*(0,T; L™(€)) it results that

up — U in L2(0,T; L' (Q))
ap - Duyp, — a - Du in L2(0,T; L*(Q))"—weak,

where u;, and u denote respectively the solutions (see Definition 3.5) of

PAmahU = )‘h% - diV(ah : DU) =f in ) x (O,T)
v=0 on (092 x (0,T)) U (2 x {0}),

Prat =A% —div(a-Dv)=f  inQx(0,T)
v=0 on (9Q x (0,7)) U (2 x {0}).

Remark. In the classic case, i.e. when A\ € A, is a constant \g > 0 the space H}(Q, \o)

is H}(Q) and we get the classic definition of G-convergence (see, for instance, [26], [27],
[5], [28] and [33]).

The proof of the following proposition can be obtained following the corresponding one
for elliptic operators (see Proposition 2.9 in [10]).

Proposition 4.2. Let L, M, K,C,T,T;,T5 be positive constants with L, M, K > 1, Q be a
bounded open set of R™ with Lipschitz boundary. Consider (an)nen a sequence in Mayo.r)
(L,M,K, C) and A\, € A, a sequence of weights. If, for every interval I; = [0, T;]
(1t =1,2) I C I, C[0,7] and for every bounded open set ; (i = 1,2) of R™ with
Lipschitz boundaries with €21 C Qo C ), we have

PAh,ah i i bi on Qz X Ii7 (Z = 172)

for suitable b; € Maq,x1,(Li, M, K;, C;) and p; € Ay, (i = 1,2), then by(z,t) = by(z,t) a.e.
in Q1 x Iy and py = pe a.e. in €.

Remark. By Proposition 4.2 the uniqueness of the G-limit follows.
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The following theorem states a precompactness result with respect to G-convergence for
the class of operators Py, defined by a € Moy o (L, M, K,C) and X € A,.

We only give a scheme of the proof since the steps are the same of the corresponding
proof in [22].

Theorem 4.3. Let L, M, K,C,T be positive constants with L, M, K > 1 and let 2 be a
bounded open set of R™ with Lipschitz boundary. Consider a sequence (an)nen C Max(o,1)
(L,M,K,C) and a sequence of weights A\, € A,, (see Definition 3.4). Then there ex-
ist a subsequence, still denoted by the index h, a matriz a(z,t) = [a;;(z,1)]},2;, aij €
Ll

e % (0,T)), defined in Q@ x (0,T) and a weight X\ such that a € Mayor)(M?*KL,
M+VL,K,KC), \/K € A, and

A — A in L;

loc

Prrar — Pra  inQx(0,T).

(R™) — weak

Proof. First of all by Remark 2.7 in [21] we get the existence of two weights A, A,
comparable (see (21)), such that, up to a subsequence, A\, — A and \; ' — A1 and define
three spaces Vy = V5, V§ = Vi, Wi = W5, The space W, is the space in which the
limit parabolic operator (which we want to find) will be defined. With the derivative
£ W) — V| we denote the operator acting as follows (see (18)) for ¢ € C2°(Q x (0,T))

d T 0y
<Eu, <,0>V&XvA = /0 /Qu(x,t)a(x, O A(x)dxdt .
In a completly similar way as in Lemma 4.7 in [22] we can find three operators
B:Vi—-W), K:V\—=V, G:V— L*0,T;(L*(Q,A1)")

such that, up to subsequences,

Proant = Bf in L*(0, 73 L (2)) for every f € L*(0,T; L"(Q2)),
ap, - D(P;h{ahf) — Gf in L*0,T; (L'(Q))")-weak for every f € L*(0,T; L"(5)),
d

a(Bf)%—le = f and Kf=-div(Gf) onV, forevery fe .

The convergence of P;h{ahf is in L?(0,T; L'(Q)) by Theorem 3.1, i). The sequence aj, -
D(P;' . f)is bounded in L?(0, T; (L'*°(€2))") thanks to (9). Finally, Theorem 3.6, i), is

Ah,a
used ’go ?prove that f = —div (Gf) on V) since we multiply Py, o, un = f by up (where
uy, is the solution to (33)) and proceed as in [22], Lemma 4.7.

Following the proof of Lemma 4.8 in [22] (using Theorem 3.7) one can prove that the

operator B is invertible and there exists an operator A : V\ — V} satisfying
ABf)y=Kf for every f €V}

1
EHuH%}A < (Au,u), < M*L|ul|}, for every u € Vj,

1/2

<Au,v>/\ < MVL <Au,u>i/2<Av,v>/\

for every u,v € Vy,
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and such that

_ i d
B 1:P¥E+A:W§HV;.

Now, following the proof of Theorem 4.5 in [22], one can prove before that

(), = | ' [ (@oPyu Doy

and then that there exist a matrix a = [ay;(x,t)]7;_, such that a;; € L}, (2 x (0,T)) and

loc

(GoP)u=a-Du
%A(x”gﬁ < (al,1) - £,6) < MPLA(w)[¢]*,

(Q(QT, t) ’ ga 77) < M\/E(CL([L’, t) ' 57 5)1/2 (CL(J,’, t) 1 77)
a.e. in Q x (0,7, for every u € V, and for every £, n € R". [

Corollary 4.4. Let L, M, K,C" be positive constants with L, M, K > 1. Consider a se-
quence (ap(x,t))n of matrices defined in R™ x (0,400) for which there ezists a sequence
of weights (\p)n and a cube Qg such that

(Z) )\h(l‘)|£‘2 < ((lh(l’,t) ’ 575) < L)\h(x)i

for a.e. (x,t) € R" x (0,+00), for every & € R™, for every h € N,
(”) |(ah($7 t) ’ 57 77)| < M(ah(xa t) . ga §)1/2 (ah(xa t) -1, 77) 1/2;

for a.e. (x,t) € R" x (0,+00), for every {,n € R™ and for every h € N,

(iii) M € As(K) and [, Mndx + [ Ay 'de < C for every h € N.

1/2

n
i.j=11

ai; € L}, (R"x (0, +00)) and a weight X such that a € Mgnx (o +o0)(M*KLMVL, K, KC),

loc

MK €A, and

Then there exist a subsequence, still denoted by the index h, a matriz a(z,t) = [a;;(z, )]

a .
Prvan — Pira inwx (0,7),

for every w bounded open set with Lipschitz boundary and for every = > 0.

Proof. By Remark 2.7 in [21] we have that A, and A" are equibounded in L}, (R") (it
is easy obtained by (7)) and the existence of two limit weights A\ and A defined in R”
such that, up to a subsequence, A\, — A and A\;' — A~!in L} (R")-weak. Choosing the

sequence of sets (—7,7)" x (0,7) invading R™ x (0,4+00) one can obtain the thesis by a
diagonal process (use Proposition 4.2 and follow the proof of Theorem 4.10 in [22]). [

If Ap(z) = Ao > 0 (Ao € R) the previous G-compactness result comes to be a well-known
classic G-compactness result (see Theorem 1 and Theorem 3 in [28], but also [26], [27],
[5], [33]).

The sharpness of condition A, considered on the weights A\, among the class of Mucken-
houpt weights is shown by some counterexamples in the elliptic case and by considerations
made in the following section, showing links between elliptic and parabolic convergence
(see Remark 5).

Homogenization for problems like that defined in (30) is considerd in [21].
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5. A comparison among G-convergence of different operators

In this section we want to analyze the relation existing among the behaviour of dif-
ferent kinds of operators defined by the same matrices. By 2 we will always denote
a bounded open set with Lipschitz boundary. Consider a sequence of matrices (ap)s,
ap = ap(x), contained in Mqy(o.1)(L, M, K,C) which in this case will be simply denoted
by Mq(L, M, K,C) (see Definition 3.4). The problems we consider in this section are

A
u=>0 in 0€),
m){M%—&W%@wa:f in Q x (0,7)
w—0 in (92 x (0,7)) U ({0} x (0,7)),
am {— () D)= X1
u=0 in (9 x (0, 7)) U ({0} x (0,T7)),

For the moment we shall confine ourselves to a comparison between problems (I) and (II).

Definition 5.1. Consider a sequence of matrices a, ap, € Mq(L, M, K,C) (h =1,2,3,...),
a sequence of weights A € A,, A\, € A,, and define the operators

A = —div(ay-D) : Hy (M) — H ' (M), A= —div(a-D): Hy(,A) — H Q).
We say that A, G-converge to A in ), and write

A, S A4 inQ,

if for every f € L"(2)

un(f) = u(f) LY(Q)
ap - Dup(f) — a- Du(f) (LY(Q))"—weak

where up, = up(f) denote the solutions of problems (I) and u solves

—div(a(z) - Dw)=f in Q
w=0 on 0€}.

As regards the problems (I), in [10] the authors show the existence of a matrix b; = by (z) €
Mq(L', M, K,C") (and implicitly of a weight X € A5(K)) such that (up to subsequences)

A -5 —div(bh(z)-D)  in Q.

As regards the problems (II) in the previous section it is proved the existence of a weight
A and of a matrix by € Moy o, (L', M', K,C") such that (up to subsequences)

,]D)\h,a,;L i) P)\7b2 ln Q X (O,T) .

We will show is that by = by = b(x) and the equivalence between these two convergences.
First we prove a result involving moving data which will be useful to this aim.
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Consider a sequence of weights (), satisfying (29). Suppose to have a sequence fj, €
L2(0,T; L? (Q,\,1)) such that

1ol L20,7;0200071y) < € (34)

Say A and A~! the weak limits in L'(£2), up to a subsequence, of A, and At (see Remark
2.7 in [21]). By Proposition 3.2 we have that there exists f € L*(0,T; L2(Q,A™")) such
that, up to a subsequence, (A and A are comparable, see (21)) for every ¢ € C2°(Q2x(0,T))

T T
/ / froA tdedt — / / foA"tdadt . (35)
0 Q 0 Q

Lemma 5.2. Let (A\y)n and (fp)n satisfy (34) and (35). Make the additional assumption

T T ~
/ / A dwdt — / / 22" dadt
0 Q 0 Q

for f € L*(0,T; LQ(Q,S\_l)). Consider a sequence of matrices a,an, (h = 1,2,3...) such
that A\, € A, and A € A, (see Definition 3.4) and the sequence of operators Pya, Ph, .a,
(h=1,2,...). If Py, a, G-converge to Py, then, given u, and u the solutions respectively
to the problems

P anthh = fn Prouw=f
u=20 u=20

we have that
up — U in L*(0,T; LY(Y))  and  ay-Du, — a-Du in L*(0,T; L' (Q)") —weak.

Proof. We simply denote by P, the operator Py, o, and by P the operator P, ,.
For £ > 0 fixed we can find g € C3(Q2 x (0,T)) such that

||f - gHLQ(O’T;LQ(Q’S\—U) < €.
Then we write
Pl =P = (P fu=Pylg) + (Prlg =P lg) + (Plg = P7f). (36)

The central term in the right hand side of (36) is going to zero in L?(0,T; L'(€2)) since
Pr. G-converges to P. The last of these three terms can be estimated as follows:

1P g =P fllomeiey < llg = fllvy <ellg = Flleoruzoa) <ce
We now consider the first term in (36):
1P o — Py tall 2@y < e |l fa — gvah <cl|fn— 9||L2(0,T;L2(Q,A;1)) :

Since

Ifn = g”LQOTLQQ)\ //f;}\ + * Nt = 2fug\, ) dadt
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by hypotheses we have that
< e’

Hfh - QHiQ(O,T;LQ(Q,)\ Hf g”L2 0,T:L2(Q,3-1))

It remains to see the the momenta converge to the corresponding momentum. Analogously
o (36) we write

D(Py" fa) —a-D(Pf) = [an - D(P, " fn) — an - D(P, " g)]+
+lan - D(Py'g) —a-D(P'g)l +[a- D(P~'g) —a- D(P~'f)]

As before the central term is going to zero since Pj, G-converges to P. Let us estimate
the last one. Since

la-D(P'g) —a-D(P'f)] < ML'Y2\2(a- D(P~'g — P\ f), D(P g — P~'))"/?

integrating we obtain
T
/ (/ la-D(P~'g) —a-D(P~'f)|dx)*dt <
0o Jo

T
<c / / (a-D(P'g—P'f),D(P 'g—P'f))dzdt
0 Q
<c||Plg=P  fllv, < llg— fliv, < de.

Now we consider the first term. Consider ® = (¢4, ...0,) With ¢; € C(Q x (0,7T)) for
every j. Then

|// S — g)), ®)dadt | <

< M //ah DP (fu — 9), DP M (fu — 9) dmdt//ah@@dxdt]
<c L M d HP fh_ h g”WA
S c ||fh - g”V;\ S C ||fh - gHL2(O,T;L2(Q7)\}:1)) < C E.

]

Proposition 5.3. Consider a sequence (ap), C Mq(L, M, K,C) (see Definition 3.4) and
a sequence of weights (An)n such that N\, € Ag, for every h € N. Suppose there ezist a
weight X € Ay and a matriz a = [a;;(x,t)]};—, such that

/\h%—div(ah(x)-D) <, )\%—dw( (z,t)-Dv)  inQx(0,T).

Then a(z,t) = a(x) and
—div(ay(z) - Dv) <, div(a(z) - Dv) in Q.

Proof. Consider a sequence of matrices a5, = ap(xz) € Mq(L, M, K,C) and suppose
the associated parabolic operators Py, ,, G-converge to Py, i.e. % + A, G-converge to
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% + A. Observe that a priori the operator A = —div(a - D) is depending also on t, that
is a = a(x,t).
Consider g € C2°(Q2) and the problems

Apw := —div(ap(z) - Dw) =g in

Ay HY Q) — HHQ, N
g 0§ n) (2, A1) {wzo on 0f)

and denote by vj,(g) = vy, the solutions. Thanks to Remark 3 (see Theorem 3.1) we have
that A, 'g = v, — v in LY() and

/v,zl)\hd:ve/vz)\da: and /vhgo)\hdxe/vgo)\d:v (37)
Q Q Q Q

for some v € H}(Q, ). If we consider uy(z,t) := tv,(z) we have that uy, are the solutions
of

)\h% —div(ay - Du) = Apop, +tg  in Q x (0,7)
u=20 in (002 x (0,7))U ({0} x (0,7)),

By (37) we have that the sequence of data A\,v, + tg satisfies the hypotheses of Lemma
5.2. Since P,, 4, G-converge to Py, we have that the solutions u, satisfy

Up — U L*(0,7T; LY(2))
ap - Dup, — a - Du L*(0,T; (L*(Q))") — weak

where u is the solution of

/\86—7; —div(a- Du) =X v+tg inQx (0,7)
u=70 in (00 x (0,7)) U ({0} x (0,7)),

Since u(x,t) = tv(z) we have that
—div(a - Dv) =g.

Then a(z,t) = a(x) and A, = —div(a, - D) ELA= —div(a - D). By the density of
C>(Q) in L™(2) we conclude. O

As a consequence we have the following result, which is immediatly derived by the previous
proposition and uniqueness of the G-limit of A, (see [10]).

Corollary 5.4. Consider a sequence ap, € Mq(L, M, K,C) with a, = ap(x). Then there
erist a = a(r) € Mq(L, M, K,C) and a subsequence, still denoted by the index h, such
that

,PAh,ah i 'P)\’a i ) X (O,T)

for every sequence (A\p)n and every A with A\, € A,, and A\, weakly converging to X in
LY().

This last result allows us to give the following definition.
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Definition 5.5. Given a sequence a, € Mq(L, M, K,C) we say that a, PG-converge to
ain Q x (0,7), and we write

ahia in Qx(0,7),

if, for every sequence of weights (\), weakly converging in L'(Q) (say A the limit) and
An € A,, for every h € N, we have that Py, 4, <, Pra in Q x (0,7). In the same way

we write
G .
ap — a in Q

if Ay —554 in Q where A4, = —div(ay - D) and A = —div(a - D) (see Definition 5.1).

Theorem 5.6. Consider a sequence (ap), C Mq(L, M, K,C). Then
PG . . . G .
ap, — a in Q2 x (0,7) if and only if ap, — a in Q.

Proof.
(i) Suppose ay, PG, 4. Then by Proposition 5.3 it is clear that ay, s a.

(ii) Now suppose to have ay, < By Theorem 4.3 and Proposition 5.3 we have a
subsequence ay,; and a matrix b = b(x) such that a, LG, By (i) we then have that

n, . By uniqueness of the limit we conclude a = b. O]

Remark. The sharpness of the assumptions (S.3) in Definition 3.4 to obtain Theorem
4.3 follows at once by Theorem 5.6 and by counterexamples in [25], Remark 2.10 (see also
Example 1 and Example 2 in [22]).

We want now to make a comparison with another family of parabolic operators, operators
like

Q) = % —div(ap(z,t) - D), (38)
and Cauchy-Dirichlet problems (III) defined at the beginning of this section. The con-
vergence of such a sequence of parabolic operators is considered in [22], but for matrices
in Moo, (L, M, K,C) (see Definition 3.4). Observe that, since Aqyo/,(K) C As(K),
NQX(()’T)(L, M, K, C) C MQX(QT)(L, M, K, C,) For a € NQX(()’T)(L, M, K, C) let A € Ag:
by Y\ we denote the Hilbert space defined as the closure of C§°(€2) with respect to
the norm |ul|* = [,u?dz + [, |Dul*Adz, by Y\ the space {u € L*(0,T;Y)) | v €
L*(0,7;Y)} and by Z9 the space {u € Y\ | u(0) = 0in L*(0,T;L*(Q))}. Now, for
(an)n C Naxo.r)(L, M, K,C), consider the sequence of problems (IIT). We have the triples

Vn, C L*0,T; L*()) C Jy, -

We just recall the definition of convergence defined in [22] which here we will call PG-
convergence.
Let a;, (h =1,2,...) and a be matrices in Noy o) (L, M, K,C). With the notation as in
Definition 5.5, we say that the sequence (ay), PG-converges to a in Q x (0,7), and we
write i

a, 2% q in Q x (0,7,
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if for every f € L*(0,T; L*(2)) it results that

up — u in L*(0,T; L*(Q))
ap - Dup, — a - Du in L*(0,T; L' (Q))"—weak,

where u;, and u denote respectively the solutions of

vE Zy vEZ)
In this framework it is easy to prove the following lemma, analogous to Lemma 5.2.
Lemma 5.7. Consider a sequence f,(fn)n C L*(0,T; L*(Q)) and suppose
fu— fin L*(0,T; L*(Q)).
Consider a sequence of matrices a,ap, h = 1,2, ..., such that ay, PG-converge to a. Then,

given uy, and u the solutions to the problems (39) we have that

Up — U in L*(0,T; L*(Q)))  and
ap - Dup, — a - Du in L*(0,T; L' (Q)™) — weak.

The following theorem also follows at once, following the proofs of Proposition 5.3 and
Theorem 5.6.

Theorem 5.8. Consider a sequence (ap), C No(L, M, K,C). Then
ahﬁainQX(O,T) if and only if ahiamQ.

As a final result we state a corollary of Theorem 5.6 and Theorem 5.8.

Corollary 5.9. Consider a sequence (ap), C Noxo,r (L, M,K,C). If a, = a(x) then

ahiamﬁ, ahP—G>az'nQ><(0,T), ahP—G>ainQ><(0,T)

are equivalent.
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