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We give elementary proofs of the the quasiconvex relaxation for the generalized Kohn-Strang functions
[1, 2] originally studied in an optimal design problem [8]. We show that by using the translation method,
we can recover the relaxations without using the homogenization method and the G-closure theory as in
[1, 2]. Our calculations give further geometric insight of the relaxation and connections to other related
areas.

1. Introduction

In this paper we give self contained elementary derivations (at least for the lower bounds)
of various generalizations of Kohn-Strang quasiconvex relaxation formulae [8], [1, Th.2.2],
[2, Th.5.3] and show that the quasiconvex envelopes can be obtained by maximizing a
family of much simpler quasiconvex functions derived by using single translations. The
main new observation is that it is possible to decompose the generalized Kohn-Strang
function f into many simpler functions f,, a € A such that sup, f, = f and the qua-
siconvex envelope @ f, for each function f, is easily found. A surprise is that sup, @ f,
gives Qf. The idea for each step is simple but the calculations might not be straight
forward. However, please keep in mind that the seemingly complicated calculations are
just aimed to find maximum for a family of functions.

Our main tools are linear algebra and convexification of simple functions. All the results
give new representations of the corresponding quasiconvex relaxations. For A > 0, the
generalized Kohn-Strang function f : MY*" — R_ is given by

A+ |APR, A£0,

1
0, A=0, 1)

f(A) = H(|A]) :{

and its quasiconvex relaxation were studied in a recent paper [1] by Allaire and Francfort.
The original function for n = 2 was introduced by Kohn and Strang [8] as a model in an
optimal design problem in electrostatics. The quasiconvex relaxation of f when n = 2 is

(2)

A+ AP if A2 +2|adj, A > ),
Qf( ) = 2 . o\1/2 . .
2V (JA]? + 2| adj, A]?) /" — 2| adj, A|, otherwise,

where adj, A is the N(N — 1)/2 vector of the 2 x 2 minors of A € M™*2,
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The quasiconvex relaxation (or envelope) of the generalized Kohn-Strang function (1) for
general n, N > 2 obtained in [1] is

A+ AP, if Y > VA,

Qf(A) = n n i
|A|? — (Zai)z—i-\/XZai, ifZai <V,

j =1 =1

=1 =]

where aq > ag > -+ > a, > 0 are the eigenvalues of [A] = VAT A.

The results above were generalized to the case of linear strains in [2]. Let e(4) = (A +
AT)/2 be the linear strain in M™*™. Let

(A2 + A, if e(A) £0,
f(e(A)) = . s

0, if e(A) =0.
This is a special case of a more general model considered in [2] by taking a4 = 1/2, Ay =0
under their notation [2,pp.459]. Let a; > as > -+ > a, be the eigenvalues of e(A), then
the quasiconvex relaxation of f given by (4) is

_ _ flel)p +x, i g"(4)
Rf(e(A))—Qf(e(A))—{,e(A)’2+2 Mg (A) — g*(A), if g*(A)

where
7= (Zw) +<Z¢“> . )

Let me explain our approach stated at the beginning of this paper more precisely. We
borrow the idea of optimal translation method described in [5] to recover @ f. However,
we do not apply the approach in [5] direcly. Instead, we introduce a family of functions
fx for each direction X € MY *" |X| = 1 such that fy < f and fx agrees with f
only on the one dimensional space spanned by X. For each X, we calculate @) fx easily
by using a fixed simple translation. Then we show that the quasiconvex relaxation (3)
obtained in [1] is the maximum of these () fx. This links formula (3) to the relaxation of
the two-matrix problem studied in [7]. In the 2 x 2 case, we show that the relaxation is
the maximum of quasiconvex relaxation of only two simple functions whose relaxations
are easy to calculate. For the case of linear strains (4) and (5), we can use a similar
method to reach @Qf. Our approach does not rely on any knowledge of homogenization,
G-closure or bounds of effective moduli which have been developed by many authors since
the 1960’s.

At this stage, some readers might wonder whether there is such a need to try to recover @ f
by using an alternative method given that in principle, the homogenization method and
the translation method by using a single translation are equivalent shown in G. Milton’s
work for studying problems related to optimal bounds of effective moduli [10]. However,
even for translation by one single function, the resulting formula provides more geometric
and analytic information for the quasiconvex lower bound thus obtained. For a continuous
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function f : MY*" — R bounded below and for a given (quasi)-convex function, g, the
translation lower bound of f by g is given by h := C(f —¢g) + g < f. If g is a rank-one
convex quadratic form (which applies to our case), the first obvious observation is that h
is the sum of a convex function and a rank-one convex quadratic form, hence not only h
is quasiconvex but also the gradient Dh is quasimonotone [13] in the sense that

/ Dh(A + Do()) - Dé(x)dz > 0

for every A € MN*" U C R" open and ¢ € C°(U,RY). This fact is important in the
study of the critical points of the variational integral I(u) = [, h(Du) + f - udz other
than minimizers [14]. Other methods might lead to the same formula in a different form
[7] and these facts could not be seen easily. We explain this point further in Remark 3.11
just before the Appendix.

The advantages of the (optimal) translation method are (i) when the translation functions
are known, the method will give a direct geometric construction of the bounds and (ii) it
applies to some nonlinear functions which are not of quadratic growth. An interesting ap-
plication of the optimal translation method is concerned with the equality among various
semiconvex hulls for compact sets K C M™*™ and semiconvex envelopes [15]. Let

qr(f) =sup{g < f, g rank-one convex quadratic function}.

Note that ¢r(f) is equivalent to the optimal translation bound by rank-one convex
quadratic forms defined in [5]. For a continuous function f : MY*" — R bounded
below: f(X) > ¢|X|* — C1, one has C(f) < qr(f) < Q(f) < R(f) < f. Among other
results, it was established in [15] that R(f) = C(f) if and only if ¢r(f) = C(f).

This implies that by using the optimal translation method one can tell whether the qua-
siconvex relaxation is trivial. It is however difficult to establish such a result by using
homogenization theory and the G-closure method. Note that in the statement above, we
do not assume any upper bound for f. Now we state our main results. Let

E+:{(_ab 2),a,beR}, E_={<Z _ba>,a,beR}

be the subspaces of conformal and anti-conformal matrices respectively in M?*? - the
spaces of all 2 x 2 matrices with Euclidean norm. Let Pg, : M**? — E,, Pp_ : M**? —
E_ be the orthogonal projections respectively. It is well known and easy to check that

1Pp (A)2 = |Pp_(A)]? = 2det A, for A€ M>2.
Theorem 1.1. Suppose [ is given by (1) with N =n = 2, then
Qf(A) = max{Qf+(A), Qf-(A)},
with
fe(A) = H(|Pg (A)) + |Pe_(A))?,  f-(A) = H(Pe_(A]) + [Pe (AP, (7)

and
Qf+(A) = g(|Pe, (A)]) —2det A,  Qf-(A) = g(|Pe_(A)]) +2det A, (8)
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where

) 44/5t, if 0<t<4/3,
g(t) = C(H({t) +1°) = { | , 9)
4 A, thz\/g.

Remark 1.2. In [5], @f in Theorem 1.1 was obtained by using a single translation
q(A) = 2tr(ATA)Y? — 2| det A.

However, it was not explained in [5] as how this translation is constructed, nor the trans-
lation ¢ above sheds any light on how to find such a ¢ for the higher dimensional cases.

To state our result for the general N x n case, let us introduce some notation and a
simple result in linear algebra. Let X € M™*" with |X| = 1, we denote by Px and Px.
the orthogonal projections onto the one-dimensional space span(X) and its orthogonal
complement. If X is a rank-one matrix with |X| = 1, we let Ay = 0, otherwise, we define

/\X la]=]b]=1 |PXJ_ ((I &® b)|2 ’

where a € RY, b € R™. Tt is easy to see that 1/\x is finite because
|Px+(a®@b)|* = e(X)]al*[b]"

for some constant ¢(X) > 0 when rank(X) > 1. We have the following characterization
of Ax. For the proof, see the Appendix.

Proposition 1.3. Suppose rank(X) > 1 with |X| = 1. Then A\x = 1/2? — 1 > 0, where
0 < z1 < 1 is the largest eigenvalue of [ X] = VXTX.

For an N x n real matrix A, we define R(A) and R([A]) to be the range of A and [A]
respectively. The following result should be well-known. However, for the convenience of
the reader, I give a proof in the Appendix.

Proposition 1.4. Let A € MN*". Then there is a partial isometry Ry € MN*" from
R([A]) to R(A) such that |Ray| = |y| for y € R([A]) and Ray = 0 if y € (R([A]))*.
Furthermore, rank(R4) = rank([A]) = rank(A) and R1R4 = Pra) - the orthogonal
projection from R™ to R([A]).

Theorem 1.5. Let f: MN*" — R, be defined by (1) with n > 2, then

Qf(A) = max Qfx(A), (10)

| X]=1

and the mazimum is achieved at X = Ra/|Ra|, where fx(A) = f(Px(A)) + |Pxi(A)?
and

Px(A Px(A)|?

Qf() = g () 4 e 2L

1

|A]2 4+ 2V/A <|Xr_1‘“> _ <X_~A|>27 i 0< XA < /3 (11)

1 x1

JA]? + 2, if 24> VX
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with
2(V Nt if0 <t <V,
gx(t) =9 . (12)
"+ ift> VA

Let £ C M™"™ be the subspace of all skew-symmetric real matrices. The orthogo-
nal complement E+ of E is the subspace of all symmetric matrices. We also see that
E does not have rank-one matrices and e(A) = Pgi(A) is the orthogonal projection
onto E+. Let A € E+ and A # 0, we may write A = RT diag(ay,...,a,)R, and let
Sa = RT diag(sgn(a), . ..sgn(a,))R, where diag(ay,...,a,) denotes a diagonal matrix
with diagonal entries a1, ...,a,. For a lower semicontinuous function f : B+ — R, we
still denote by Q f(e(A)) the quasiconvex relaxation of f as a function of A, that is, if we
let FI(A) = f(e(A)), then we let Qf(e(A)) := QF(A). We have

Theorem 1.6. Let f be given by (4). Then
Qf(e(A)) = max Qfx(e(A)),

|X|=1, XeEL

where fx(e(A)) = f(e(Px(A)) + |e(Px.(A)]* and

Rix(e(A) = Qfx(e(A)) = e(A)? + H ('{5 ;”)
_ [ le(A)P +2\/X(|);{A'> - ('2{“)2, if 0< XA <, (13)
(A + A if A > VA,
with 2
e 2(Xb - a)

= max ———,
X a=pi=1 1 + (a - b)?

where H(t) = 2tv/A — 12 if 0 < t < VX and H(t) = X if t > V/\. Further more the

maximum is reached at some X.

In Section 2, some basic preliminaries are given. We then establish our main result through
several lemmas in Section 3. In the Appendix, we give proofs of some simple results in
linear algebra which are used in this note including Propositions 1.3 and 1.4 and our key
lemma (Lemma 3.9) for the case of linear strains.

2. Preliminaries

We denote by MN*" the space of all real N x n matrices with Euclidean inner product
A - B = tr(AT B), where tr is the trace operator and AT the transpose of A. We also let
|A| to be the norm of A and define [A] = VAT A, which is a non-negative defined n x n

matrix.

Let f: MY*™ — R be a continuous function. f is quasiconvex (c.f. [3, 11, 4]) in MYV*™ if
for every open and bounded subset Q of R, every P € MN*™ and every ¢ € C5°(2, RY),

/Q F(P+ Do())dz > /Q £(P)dz.
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The class of quasiconvex functions is independent of the choice of 2.

A function f : MNV*" — R is called rank-one convex if for any A, B € MY*" with
rank(A — B) =1 and any 0 < a <0,

flaAd+(1—a)B) < af(A)+(1-a)f(B).

It is known that Quasiconvexity implies rank-one convexity [11, 3, 4] but the converse
is not true [12]. For a given function f : M¥*" — R, we can consider its quasiconvex
relaxation @ f, its rank-one convex relaxation Rf and its convex relaxation C'f [4] as:

Qf =sup{g < f; g quasiconvex }, Rf =sup{g < f; ¢g rank-one convex },
Cf =sup{g < f; g convex }.

We need the following result which was essentially due to von Neumann (see [9]). We will
deduce the result by using [9].

Proposition 2.1. Suppose A, B € MM and ay > -+ > a, >0 and by > --- > b, > 0,
are the eigenvalues of [A] and [B] respectively. Then

[tr(ATB) <D aibi.

=1

We conclude this section by introducing the iteration method [8] in calculating Rf for a
lower semicontinuous function f: M™¥*" — R bounded below, namely,

R(]f = f7
Ry f(A) = nf{ARy (A1) + (1 — A)Rif(A2),
)\Al + (1 — )\)AQ = A, rank(A1 — Ag) S 1}

Then it was proved in [8] that Rf = limy_. R f.

Notice that the Kohn-Strang construction above applies to convex relaxation C'f. In
the iteration scheme above we only need to drop the restriction rank(A; — Az) < 1
to obtain a characterization of convexification of f by using the limit of C}f, that is,
Cf =limy_ Crf. We also notice that Cf < Ry f by definition.

3. Proofs of The Results
We prove Theorem 1.1 through Lemma 3.1 and Lemma 3.2.
Lemma 3.1. Let A = {a®b, a, b € R*}. Then both Pp, : A — E; and P : A — E_

are onto mappings.

Proof. This is easy. Let

V2 V270 1
El_TI’E2_7(—1 o)’

where [ is the identity matrix. Then FE;, E; form an orthonormal basis of E,. Let
a = (1,0) and b = v/2(t,s), we have P (a ® b) = tE) + sF,. The first claim is proved.
The proof for Pg_ is similar. O]
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Lemma 3.2. Let f(-) be defined by (7). Then

Qf+(A) = g(|Pp, (A)]) —2det A, Qf-(A) = g(|Pp_(A)]) + 2det A,
where g(t) is given by (9).

Proof. It is easy to see that g(|Pp,(A)]) = Cg. (h(Pg,(A))) where h(Pg, (A)) =
F(Pe.(A) + [P, (A)P, and f,(4) = h(Pg (4)) — 2det A. Also [, (A) > g(|Pe, (A)]) -
2det A, while the right hand side of the above inequality is quasiconvex (and also rank-
one convex), hence Rfy(A) > Qf+(A) > g(|Pg, (A)]) — 2det A. Now, we show that the
reversed inequality holds. We apply Proposition 1.3 and consider Ry f1(A). Let 0 < a < 1
and let By, B, € E; be such that By + (1 — a)By = Py, (A). Let B = By — By, we
have, from Lemma 3.1 that there is some a ® b € A such that Pg, (a ® b) = B. Now we
set A1 = A+ (1—a)a®b, Ay = A—aa®b, we have A1 — Ay =a®b, P,(A)) = By,
P, (As) = By. Therefore

Rifi(A) < afi(A) + (1= o) fi(A2) =af i (A+ (1 -a)a®b) + (1 —a)f+(A—aa®D)
=ah(Pi(A+(1-a)a®b))+ (1 —a)h(Pr(A—aa®D))
—2adet(A+ (1 —a)a®b) —2(1 — a)det(A — aa @ b)
= ah(B1) + (1 — a)h(By) — 2det A.
Taking infimum on By, B, in B, with aBy + (1 — a)By = Pg, (A) for some 0 < a < 1,

we see that

Repeating this process, we see that
Rif+(A) < Cyh(Pg, (A)) —2det A

for k = 1,2,.... Passing to the limit k& — oo, we obtain Rf (A) < Cg h(Pg, (A)) —
2det A. Hence
Rf(A) = Qf+(A) = g(|Pe, Al) — 2det A.

The calculation for @ f_(+) is similar. O

Proof of Theorem 1.1. We only need to show that Qf(A) = max{Qf,(A), Qf_(A)}.
Let |Pg, (A)] =t, |Pp_(A)| = s. Then Qf(A) = g(t) + s* — %, Qf-(A) = g(s) + t* — 5%
We prove that Qfy(A) < Qf_(A) if and only if s > ¢t. We have g(t)+s*—t* < g(s)+t*—s*
if and only if g(t) — 2t* < g(s) — 2s?, which is equivalent to that g(t) — 2¢* is increasing.
The later statement can be easily checked by differentiating the function. Thus we have
established that max{Qf(A), Qf-(A)} = Qf+(A) if and only if |Pg, (A)] > |Pg_(A)],

so that v2|Pg, (A)| = /2| Pr, (A)]2 = (|A|* + 2| det A|)}/2. Tt is easy to see then that
max{@f(A), Qf-(A)} = Qf(A) = g(|Pe. (A)]) — 2| det A| = Qf(A).

It |Pg, (A)| < |Pe_(A),
max{Q[f(A4), Qf-(A)} = Qf-(A) = g(|Pg, (A)]) — 2[det A] = Qf(A).

The proof is finished. 0
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Next we prove Theorem 3.2 through Lemma 3.3 and Lemma 3.4.
Lemma 3.3. For X € MN*" with |X| =1, Qfx(+) is given by (11) with gx(-) given by
(12).

Proof. If rank(X) > 1, let z; be the greatest eigenvalue of [X] = vV X7X. We have,
from Proposition 1.3 that Ax = 1/2 — 1. From the definition of Ax, we also see that
|Px1(+)]? — Ax|Px(+)|? is a rank-one convex quadratic form, so is quasiconvex [3]. In fact,
for every rank-one matrix a ® b € MN*" |Py1(a x b)|*> — Ax|Px(a x b)|*> > 0 and we if
we let Ax ={a®0b, |Pxi(a®b)|* —Ax|Px(a®0b)|* =0}, then Px : A — span(X) is onto
by taking a = Xu, b = tu for t € R. Thus a similar argument as in the proof of Lemma
3.2 gives

Rfx(A) = Qfx(A) = Cx (H(IPx(A)]* + Ax|Px (A)*) +(| Px (A)] = Ax | Px (A)[*), (14)

where Cx (H(|Px(A)]) + Ax|Px(A)|> = gx(]X - P|/x1) is the convex relaxation along the
one dimensional space span(X). The calculation of the convexification is by examining
tangent lines of ¢2 + \ passing through the origin and is left to the reader.

If rank(X) =1, X = ap ® by, then Ax = 0. We can easily show that
Rfx(A) = Qfx(A) = Cx(H(|Px(A)]) + [Px- (A)*

by using a similar method as in the proof of Lemma 3.2. In fact, if Px(A) = t,X and
X; =16 X, Xo =t X € span(X), with aX;+(1—a) Xy = tgX = Px(A), for some 0, < 1,
then X; — X5 is obviously a rank-one matrix. Let A; = A+ (1 — a)X;, Ay = A — aXy,
then rank(4; — As) =1 and a4; + (1 — o)Ay = A. Furthermore,

Pyi(Ay) = Pyi(Ay) = Pxi(A), Px(A) =X, Px(A4y)=X.
Hence
Rifx(A) < ofx (A1) + (1 = @) f(A2) = aH(|X1]) + (1 — ) H(|Xa]) + [P (A),
so that Ry fx(A) < Ci(H(|Px(A)])) + |Px+(A)[>. Repeating this we see that
Rfx(A) < Cx (H(|Px(A)]) + [ Px- (A
Since the reversed inequality is trivially true, we reach our conclusion.
In both cases we have a unified formula (12) for Q fx. O

Lemma 3.4. For a fized A # 0, the mazimum max x=1 Qfx(A) achieves at Ra =
Ra/|Ra|, where Ry is given by Proposition 1.4 and

Qf(A) = Qfz,(A). (15)

Proof. We first establish (15) with @ f given by (3), which implicitly establishes the fact
that @ fx(A) reaches its maximum at X = R4. However, we will give a direct proof that
the maximum is attained at R4 in Proposition 3.5 following the proof of Lemma 3.4.

Recall (11) that

|AI2+2\/X<‘)§;A'> _ <>i.1,4|)2’ if 0< XAl < 3

Rfx(A) = A) =
Ix(A) = Qfx(A) AP A it XAl >
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We notice that rank(R4) = rank([A]) = rank(A4) := m > 1. So |Ra| = /m and the

all non-zero eigenvalues of [R,] equal to 1//m. In fact [Ra] = \/ RERA = Pr(ap/v/m.

Hence if we substitute X = R, in the formula above and write A = R4[A], firstly, we
have Az = m — 1. Secondly, we have

Py, (A = (W) _ (%) _ ol

Hence
QfRA(A) =Yg, <t\r/[%]> + |A[2 - (tr[A])2, (16)

with

" <tr[A]> _ {2\/Xtr[A], if 0 < tr[A] < V), )

vm (tr[A])% 4 X, if tr[A] > VA

Combining (16) and (17) and recalling our notation tr[A] = a; + - -+ + a,, we may claim
that at A, if we compare (3) and (16)-(17), we have Qf(A) = Qfz, (A). Implicitly, we
have also proved that max|y=1 Qfx(A4) = Qfp,(A) because for each X with [X| = 1,

fx(5) < f(+), so max|x=1 Qfx(A) < Qf(A). Since at Ry, the upper bound Qf(A) is
reached, we see that Q fz, (A) is a maximum.

The proof of Lemma 3.4 and hence Theorem 1.5 is complete. O

If we did not know formula (3) for @ f, we can still show that
Proposition 3.5. We have max|x=1 Qfx(A) = Qfp,(A).

Proof. In the last part of (11), if we let t = % and define

Flr) — 2V — 2, if 0 <t <V,
A if >V,

we see that F'(t) is increasing. So the maximum of Q) fx(A) is attained if we can find
max|x|=1(|X - A|/x1). Now we apply Proposition 2.1 to X and A to obtain

n

. T . n

| X - A _ | tr(X*A)| < aixl < “.
Z x Z
i=1 =1

T T 1~

This is because z; is the largest eigenvalue of [X]. We can easily check that this upper
bound can be reached by taking X = R4 and by assuming that rank(A) = m < n.
Therefore @ fx(A) is maximized at R4. The proof is finished. O

Remark 3.6. Without knowing the quasiconvex relaxation formula (3), we can only
claim that the right hand side of (3), which is alternatively obtained by maximizing
simple quasiconvex functions, is just a quasiconvex lower bound. So we still need to use
‘Step 3’ of the one page proof in [1,pp.313-314] to show that the right hand side of (3)
is a rank-one convex upper bound to finish the proof. However, that part in [1] is also
elementary, by which I mean that it does not involve either G-closure or homogenization
arguments. O
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Notice that in Lemma 3.3, the function H needs not to be quadratic. In fact we can
obtain the quasiconvex relaxation of fx by using a single ‘universal’ translation. The
following example serves as another justification for using the translation method where
I do not know how to use the G-closure theory.

Example 3.7. Suppose X € MV*" with |X| = 1 and rank(X) > 1. Then for any non-
negative continuous function g : span(X) — R, the quasiconvex envelope of Gy : MN*"
defined by Gx(A) = g(Px(A)) + |Px.(A)|? is given by

QGx(A) = Cx(g(Px(A)) + Ax|Px(A)[*) + [| Px. (A)]* = Ax|Px(A)[*)].
This result follows directly from the proof of Lemma 3.3.

Let us use this general formula to find the quasiconvex relaxation for some slightly more
general two-matrix models than that of Kohn [7]. Suppose X be as above and

op-1
g(t) = /\XT min{[t — 17, |t + 1|}

with p > 0. Let us consider Gx(A) = g(Px(A)) + |Px.(A)|?>. Here we have misused
notation and identified g(Px(A)) as g(X - A). The coefficient of ¢ is just to make the
calculation of C[g(t)+ Ax|t|?) easier. We then have, by using the relaxation formula above
that

Gx(A) |Px(4) > 2,
2
QGX(A> = 1 1
x(55+ 5) — Ax|Px(A)]* + [ Px(A).

Note that both Gx and QG x vanish precisely at X and —X and along the X-direction
the function is of p-th growth at infinity. For example, when ¢ > 1, QGx(tX) = ¢g(t) =

Ax 2pp_1 [t —1]P. If 0 < p < 1, QGx(tX) is of sublinear growth.

Now we turn to the proof of Theorem 1.6.

Lemma 3.8. The quasiconvex and rank-one relaxations of fx in Theorem 1.6 are both
given by (13), where X € E+, | X| = 1.

Proof. We use the same method as in the proof of Lemma 3.4. We recall that span(X)
has rank-one connections in the linear elasticity setting if either X is a rank-one matrix
or X is rank-two while the two non-zero eigenvalues have opposite signs [7]. In this case,
there is a rank-one matrix a ® b € M"™ ™ such that Pyingi(a ® b) = 0 and we define
Ax = 0. If rank(X) > 2 or rank(X) = 2 but the nonzero-eigenvalue have the same sign,
we see that for some Cx > 0, one has |Pyingi(a ® b)[*> > Cxlal?|b]? for all rank-one
matrices a ® b. We then define

1 |Py(a ®b)|? 1
— = sup = - :
AX  jaj=p=1 |Pxtapt(a ® b)[? infjq—p=1 —lpﬁ;;fjgb)ibw
Notice that
‘PmeEL(CL X b)’Z = ‘PE‘L<CZ & b)‘z — ’PX(CL & b)|2
1 20112 2 2 (18)
=3 (lal?[o]* +2(a - 0)*) — |Px(a @ b) > 0,
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we have, when |a| = |b| = 1, that
, 1 (14 (a-b)?) 1
A= inf —w V) g Ly
¥ lal=b=1 2 [Px(a @ D)2 &
where
|[Px(a®Db)”

£2 =2 sup .
T ampi=t 1 (@ 0)?

We can then claim that the quadratic form
qx(A) = ’PXJ-QEL(A”Q - )\X|PX(A)|2

is rank-one convex and there is some rank-one matrix a ® b such that gx(a ®b) = 0. Now
we have

Qfx(e(4)) > C (f(Px(A) + Ax|Px(A)F) + qx(A4)

and the right hand side of the above inequality is quasiconvex. Since span(X) is one
dimensional and M = {(a ® ), ¢x(a ® b) = 0} # {0}, the projection Px : M — span(X)
is onto, so we can show as in the proof of Theorem 1.1 that

Rfx(e(A)) < C (f(Px(A) + Ax|Px (A)]°) + ax (A).
A simple calculation of the above convexification gives (13). O

Now we establish Theorem 1.6. Suppose x € R, we let z, = x if + > 0 and x, = 0
if < 0. Similarly, we let _ = —(—=z),. The following result gives the value of {x in
Theorem 1.6.

Lemma 3.9. Let X € B+ with |X| = 1. Suppose 11 > x5 > -+ > x, are the eigenvalues
of X. Let a, b € R". Then

(aT Xb)?

2 _ 2 N2V . 2
=2 o=t 1+ (a - b)? (ax (@) 4 (25)=} = nx. (19)

We see from (18) that {x < 1, and the equality holds if and only if X is compatible, that
is, either rank(X) = 1 or rank(X) = 2 and the non-zero eigenvalues of X have opposite
signs. We establish Lemma 3.9 in the Appendix. Note that Lemma 3.9 is interesting
by its own right. If we view a’ Xb above as a symmetric bilinear form on R", (19) is
equivalent to

X < T PP+ (o B,

and the coefficient is optimal. If X is positive definite, one has ny = Anax, the largest
eigenvalue of X and the inequality above becomes

Amax
o’ Xb| < W\/MZW + (a-b)*.

This is a sharp generalization of the Cauchy-Schwartz inequality and can give improved
Hilbert inequality in [* [16].
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Lemma 3.10. For A€ E+, A#0, Rf(e(A)) = Qf(e(A)) = maxxepe xj—1 Qfx(e(A))

and the maximum is reached at some X = S,.
Proof. Since for each X € B+ with |X| =1, we have fx(e(A)) < f(e(4)),

max — Qfx(e(A)) < Qf(e(A)) = Rf(e(A)).

XeEL, |X|=1

As in the proof of Lemma 3.4, we observe that H(-) defined by (13) is an increasing
function of | X - A|/€4. Notice that we only need to consider A € E* so that e(A) = A.
If the eigenvalues of A are all non-negative or non-positive, we take Sy = I and Sy =
Sa/lSal = 1/y/n so that {5, = 1/y/n and [Sa - A|/€g, = tr[A]. A direct calculation then
gives
A)=Qf: (A) < A

QFA) =Qfe,() < max  Qfx(A)

and the required conclusion follows.

If the eigenvalues of A have different signs, we may assume that they satisfy
ap =z -0y 202 ap 200 2 ap.

We also have A = RT diag(ay, ..., a,)R where R is a rotation. In this case we take
Sa = RT diag(sy,- - - , $,) R where

p
> ai if 1<k<p,
sp = { =1

Zai, if p+1<k<n.

i=p+1

Observe that > 7 a; > 0 and )
and they have opposite signs. Let Sy = S4/|S4|, then

?:p 11 a; <0, and S, has only two distinct eigenvalues

so that

Hence we obtain Qfg, (A) = Qf(A) by a direct calculation. The proof is finished. O

We conclude by examine the well-known explicit relaxation for the double-well energy
given by the squared-distance function to a two-point set [7] and explain what further
information we may obtain if we use a single translation.

Remark 3.11. Let us consider

f(X) =dist?(X, {A4;, 45}) = min{|X — A, ]}, | X — Ay|?},
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where dist? is the squared distance function from a point X € MN*™ to the set {4, Ay}
We give a short proof of the relaxation formula @ f first. An explicit formula for @ f was
obtained by Kohn [7] through Fourier analysis. We adopt the same method for the proof
of Lemma 3.3.

After a simple translation in M¥*" we may consider an equivalent function
g(A) = dist*(A, {—Xo, Xo}).

If we let X = Xo/|Xo|, we can re-write g(A) as g(A) = dist?(Px(A), {—Xo, Xo}) +
|Px+(A)[?, so

Rg(A) = Qg(A)
= Oy (dist(Px(A) + Ax|Px(A)]?) + [|Px+(A)]* = Ax|Px(A)]
=G(A) + H(A),

where Ax is given by Proposition 1.3. Note that G(A) is a convex function and H(A)
a rank-one convex quadratic form. It is easy to see that Qg still has the double-well
structure and the gradient of Qg is quasimonotone. Furthermore, if we consider the
variational integral I.(u) = [, Qg(Du) + €f - udx under the natural boundary condition,
we can show that /() satisfies a weak version of the Palais-Smale compactness condition,
and for sufficiently small € > 0, I(-) has at least three critical points - a global minimizer,
a local minimizer and a mountain pass solution.

Let us compare our relaxation formula with Kohn’s original result obtained by using the
Fourier analysis and examine the difference.

We still consider the special case g(A) = dist*(A, {—Xo, Xo}) as above. Then the quasi-
convex envelope of Qg of g is given by [7]

QQ(P) = min {|X - (1 - 29)X0|2 + 40(1 - 0)[|X0|2 - )‘max]} )

0<0<1

where A\, is the largest eigenvalue of the matrix Xg’ Xo.

Although the two relaxation formulae are in fact the same, It would be more difficult
to see that the second relaxation formula obtained in [7] naturally gives quasimonotone
gradient, the fact that I.(-) satisfies the weak PS condition is even less obvious.

Appendix
We give proofs of Propositions 1.3, 1.4, 2.1 and Lemma 3.9 in this section.

Proof of Proposition 1.3. If rank(X) > 1, let 2y > 29 > .-+ > x,, > 0 be the eigenval-
ues of [X] = vV XTX. From the definition of Ay, we see that

i = max —’PX(G@b)P = max ’PX(G@Z))’Q
Ax  lal=p=1 |[Px1(a®b)]?>  lal=lpl=1 1 — |Px(a ®b)[>’
hence
1
Ay = ~1.

max|q|=jpj=1 | Px (a ® b)[?



282 K. Zhang / An Elementary Derivation of the Generalized Kohn-Strang ...
If we view a € RY, b € R™ as column vectors, we have
[Px(a®Db)]* = (a" Xb)* < |a*| Xb* < a7,

New we show that the maximum can be reached. Let w be a unit eigenvector of [X]
corresponding to the largest eigenvalue x; and let a = Xu/x;, b = u. Then

|Px(a®Db)|* = (a' Xb)? = (v X' Xu)?/2? = 22

Therefore, Ax = %2 — 1. O]

Proof of Proposition 1.4. We follow [6] for the n x n case and notice that |[A]z| = | Ax|
for every € R". We first define R4 on R([A]) as a mapping to R(A). If y = [A]z,
we let Ryy = Az. This mapping is well-defined because if y = [A]x; = [A]za, we can
casily seen that Azy = Axy. In fact, |A(x; — x9)| = |[A](z1 — 22)| = 0. It is also easy to
check that R4 : R([A]) — R(A) is linear and |Ray| = |y|, hence R4 is an isometry. Since
both R([A]) and R(A) are finite dimensional, we have dim(R([A])) = dim(R(A), hence
rank(A) = rank([A]). Next we define Ray = 0 if y € (R([A]))*. Thus Ry is a linear
transform from R™ to RY with rank(R4) = dim(R(R.4)) = dim(R(A)) = rank(A).

Finally, we show that R{R, = Pr(4))- By the parallelogram law, we see that (Ray;) -
(Raz1) = y1 - 21 for y1, 21 € R([A]). Now for y, 2 € R", we have the orthogonal de-
composition y = y; + y2, 2 = 21 + 2 with y1, 21 € R([A]) and 92, 20 € (R([A]))*.
So

(RARay) - 2 = (Ray) - (Raz) = (Ray1) - (Raz1) = y1 - 21 = (Pr(apy) -

for all z € R™, hence Ry R,y = Pr(apy for all y € R™. The conclusion follows. O]

Proof of Proposition 2.1. By a result in [9, pp.173]: [tr(AB)| < >  a;b; for A, B €
M™™ where ay > -+ > ap, > 0, by > -+ > b, > 0 are the eigenvalues of [A] and [B]
respectively. To apply this result to not necessarily square matrices, we first notice the
well-known fact that for A € MY*" AT A and AAT have the same non-zero eigenvalues.
Next we can always enlarge A and B to be square matrices by adding n — N rows with
zero entries if N < n, or N —n columns if n < N, say

o A R B . )
A:(o)’ B:(o)>ifN<”$ A=(A,0), B=(B,0),if N>n.

in both cases we see that the non-zero eigenvalues of [AT] and [A], and those of [B] and
[B] are the same respectively. Moreover, tr AT B = tr AT B. So the conclusion follows. [

We conclude this section by establishing Lemma 3.9.

Proof of Lemma 3.9. Up to a simple rotation, we may assume that | X| =1 and X =
diag(xy,...,z,) is a diagonal matrix. For a fixed a € R", |a| = 1, we consider two different
cases:

(i)  Xa is parallel to a;
(i) Xa is not parallel to a.



K. Zhang / An Elementary Derivation of the Generalized Kohn-Strang ... 283

If (i) happens, we see that either Xa = 0 and such an a cannot get us the maximum,
so we can safely ignore the case. If Xa # 0, all the eigenvalues are the same and equals

+1/y/n, so

(a” Xb)? 2 (a, b)? 1 2 2
) s == ' - Al
1+ <a7 b)2 nl+ (CL, b)2 n 1?}%2‘:”{(1'@)4_ + (l’])_}7 ( )
and the maximum is achieved at a = b= (1,0,...,0)7.

Let us consider Case (ii) which is less as trivial. Our plan is to maximize the left hand
side of (19) with respect to b first, then we maximize the resulting quantity with respect
to a. We apply the Gram-Schmidt process to a and Xa. Let

_ Xa—(Xa, a)a
| Xa— (Xa, a)a|’

u

then a, u form an orthonormal basis of span(a, Xa), and Xa = (Xa, a)a+ (Xa, u)u. We
can also write b = aa + fu + v where v is orthogonal to span(a, Xa). Since |b] = 1, we
have a? + 3% <1 and

(aT Xb)? _ (a(Xa, a) + B(Xa, u))’
1+ (a, b)? 1+ a2 '

To simplify our calculation, we may consider the function

a(Xa, a) + f(Xa, u)
Ve

and maximize it, then square the resulting maximum. The reason is that the function is
odd, hence we only need to consider its maximum.

g(a, B) = o+ 32 <1,

Since Xa is not parallel to a, (Xa, u) # 0, so g does not have any interior stationary
points. Hence the maximum is on the boundary a? + 52 = 1. We may let o« = cos¥9,
# = sin# and find stationary points of g(cos®, sinf). A simple calculation leads to the
condition for stationary points:

—(Xa, a)sinf + 2(Xa, u) cosf = 0.

so we may choose

sinf = 2(Xa, u)/v/(Xa, )2 + (2(Xa, u))?, cosf = (Xa, a)/\/(Xa, a)? + (2(Xa, u))?

and the maximum is max g = /(Xa, a)? + 2(Xa, u)2. From the definition of u, we see
that (Xa-u)? = |Xa|?> — (Xa, a)?, hence

(a” XD)? _ 2 2
1@1\3}1{21 (@ b 2| Xal* — (Xa, a)°.

Notice now that if

max(2|Xal* ~ (Xa. 0’} < 1.
al=1
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we reach our conclusion.

Now we maximize the right hand side of the above equality by using the Lagrangian
multipliers with the constraint |a|? = 1: Let a = (ay,. .., a,)", we have

4ata; — 4(Xa, a)via; = 270,

If x; = 0 for some ¢ while a; # 0, we may claim that 7 = 0. So if we sum up the above
equality from 1 to n, we obtain 4| Xa|* — 4(Xa, a)* = 0 which implies that Xa is parallel
to a which contradicts to our assumption for Case (ii).

Now we claim that there are less than three non-zero a;’s corresponding to distinct eigen-
values of X respectively. If the claim was not true, there are z; # x; # x, such that
a; # 0, with [ = 4, j, k, we have 27 — (Xa, a)z; = 7/2, we subtract the equality corre-
sponding to a; to obtain

;i +z; — (Xa, a) =0. (A2)

Applying this to 7, j, k, we have z; + 2; = z; + 2 = x + x;, hence z; = z; = x, a
contradiction.

If there is only one x; such that a is the corresponding eigenvector, with |a| = 1, then
2|Xal* - (Xa, a) = aF <k

If there are two distinct eigenvalues x; and z; such that a = v + w where Xv = z;v and
Xw = xjw such that |v]* + |w|* = 1, v # 0, w # 0, then from (A2),

0=u+x; — (Xa, a) =z, + x; — (x;]v]* + ;]w|’) = 2;(1 — |v|*) + z;(1 — |w]?).

We see that z; and x; must have different signs. Otherwise, we have [v|> =1 and |w|* = 1

which contradicts to |v]? + |w|* = 1 and v # 0, w # 0. hence we may assume that x; > 0,

z; < 0 and solve |v|? and |w|? by z; and x;. We have (1 — |w|*)/z; = —(1 = |v]*)/z; :=t,

so that 1 — |w|* = tx;, 1 — |v]* = —tx;. Thus 1 = t((x; — x;), hence t = 1/(z; — ;). We
then have .

v =1+ —L—, lw*> =1— .

Ty — Ty Ty — Ty

X

Consequently,

2|Xa|2—(Xa,a)2:2(x?(1+ i )+x?(1— i ))—(xi+xj)2

I’i—l‘j l’i—l’j

= 2(a} + 207 + wiwy) — (23 4 25)° = af + 2F = (@) + (25)2.

Therefore, we may claim that

(b Xa)?
w2y g~ et )

Now it is easy to see that ¢% < n%, and n% can be reached by taking a and b properly.
The proof is finished. O]
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