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A standard approach to duality in stochastic optimization problems with constraints in L., relies upon
the Yosida - Hewitt theorem. We develop an alternative technique which employs only ”elementary”
means. The technique is based on an e-regularization of the original problem and on passing to the limit
as € — 0 with the help of a simple measure-theoretic fact — the biting lemma .

Keywords: stochastic optimization, convex duality, constraints in L., stochastic Lagrange multipliers,
bounded sets in L', biting lemma, Gale’s economic model

1991 Mathematics Subject Classification: 90C15, 52A41, 90C19, 90A16

1. Introduction

The paper analyzes dynamic problems of stochastic optimization in discrete time. The
problems under consideration are concerned with maximizing concave functionals on con-
vex sets of feasible strategies (programs). Feasibility is defined in terms of linear inequality
constraints in L., holding almost surely. The focus of the work is the existence of dual
variables — stochastic Lagrange multipliers in L; — relaxing the constraints. Such Lagrange
multipliers are important in various applications. In particular, they play key roles in the
analysis of stability and sensitivity of solutions to stochastic optimization problems, as
well as in the design of algorithms for computing these solutions [14]. Also, such multi-
pliers often have clear interpretations, especially in models related to economics, which
sheds additional light on the issues under study [1].

The most common approach to Lagrangian relaxation for the class of optimization prob-
lems in question is as follows. First, by using an infinite-dimensional version of the Kuhn -
Tucker theorem, one constructs multipliers belonging to the dual, (L«,)*, of the space L.
Linear functionals in (L., )* are finitely additive measures. According to the Yosida - He-
witt theorem [23], any functional 7 € (L )* can be decomposed into the sum 7 = 7% + 7%,
where 7% is absolutely continuous and 7° is singular. Absolute continuity means that 7¢
is representable by a function in L;. The functions in L; representing the absolutely con-
tinuous components of the functionals constructed turn out to be the desired Lagrange
multipliers.
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The idea of the method outlined goes back to Dubovitskii and Milyutin [6] (who dealt
originally with deterministic continuous-time problems). Variants of the method appli-
cable to stochastic models were developed by Evstigneev [9], [10], Radner [18], Taksar
[22], Rockafellar and Wets [19], [20], Flam [12], Dempster [5], and others. Analogous
techniques for equilibrium (rather than optimization) problems arising in economics were
proposed by Bewley [2].

In the present paper, we suggest a different procedure for constructing the Lagrange
multipliers. We first consider an appropriate "regularization” of the given problem, de-
pending on a small parameter, € > 0. We construct (L., )*-multipliers for this version of
the problem. Its regularity permits to show that the multipliers obtained are absolutely
continuous, i.e., representable by functions in L;. Having established this, we let ¢ — 0
and prove that the corresponding vector functions in L; are norm-bounded. Then we
use an elementary measure-theoretic fact — the ”biting lemma”. By virtue of this lemma,
any Li-bounded sequence of functions contains a subsequence which can be modified on
a family of sets with measures tending to zero so that the resulting sequence will be uni-
formly integrable. Any uniformly integrable set of functions in L; has a weak limit point.
Such a limit point provides the sought-for vector of Lagrange multipliers.

The above procedure can be applied to a whole range of optimization problems with
constraints in L. In this paper, we have chosen — as a convenient vehicle for presenting
the method — a stochastic analogue of Gale’s [13] economic model. Stochastic versions
of Gale’s model represent a class of dynamic stochastic optimization problems which is
investigated in much detail - see, e.g., Dynkin [7], Radner [18], Arkin and Evstigneev [1].
Our assumptions are milder than those in the literature cited (in particular, they do not
imply that the optimal values are attained).

The paper is organized as follows. In Section 2, we describe the optimization problem
and state the results. In Section 3, we present the proof of the main theorem.

2. The problem and the result

Let (Q, F, P) be a probability space and Fy C F; C ... C Fr a sequence of sub-o-algebras
of F. Let d be a natural number. We denote by L; (resp. L) the space of integrable

(resp. essentially bounded) F-measurable vector functions with values in the Euclidean
space RY. The analogous spaces of F;-measurable vector functions are denoted by L (t)

and L. (t). We write A; for the standard nonnegative cone in L (1).

In the model under consideration we are given: non-empty convex sets Z; C X (t — 1) x
X(t), t € {1,...,T}, real-valued concave functionals F;(v), v € Z;, and a vector yy € Xj.

The optimization problem is as follows.

(P) Maximize
T
F(z) = Z Fy(zi1,9:)
t=1

over the set of sequences
z = {<xt*17yt)}:{:l (1)
satisfying
(xi_1,y) € Zy, t € {1,2,...,T}, (2)
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and
Yt Z.Tit, te {O,,T—l} (3)

All inequalities between random vectors are supposed to hold coordinatewise and almost
surely (a.s.). If a sequence z = {(z;_1,y;)}._, satisfies (2), we call z a program and write
z € Z. If z satisfies (3) as well, then z is termed a feasible program. The optimal value of
problem (P) (which is not necessarily attained) is denoted by sup(P). We assume that
sup(P)< oco. Solutions to problem (P) are called optimal programs.

In the economic applications of the above model, elements (z,y) in Z; are interpreted
as technological processes (feasible input-output pairs). The sets Z; are called technology
sets. Inequalities (3) express resource constraints. The objective functionals Fy(x,y) may
represent, for example, expected utilities Eu(w, x(w), y(w)).

For a finite-dimensional vector a = (a*), we write |a| = >_ |a’|. The L;-norm of a random

vector v(w) is defined as ||v||; = Elv(w)|, where E stands for the expectation with respect
to the given probability P. We put e = (1,...,1) € R% If I' is a set in ©, then r stands
for the indicator function of I'. We impose the following assumptions.

(A.1) We have (0,0) € Z,.
(A2) If (z,y) € Zy, (2,y) € Zy, and T € Fy_q, then xr(x,y)+ (1 — xr)(2',y) € Z;.

(A.3) There exists a program 2= {(Z,_1, ﬁt)}thl such that, for each t = 0,..., T — 1, we
have ¥, >, +0e, where § > 0 is some non-random constant (for ¢ = 0, we define Yo= o).

(A.4) For all v,v' € Z,,
lim[F,(v) — Fy(xrv"+ (1 — xr)v)] =0

as P(I') — 0 (I" € Fi—1).

Requirements (A.1), (A.2) and (A.4) are supposed to be fulfilled for all ¢t = 1, ..., 7. Con-
dition (A.1) says that the sequence of zero inputs and outputs forms a feasible program
(inactivity is feasible). Hypothesis (A.2) expresses a possibility of choice between two
input-output pairs (z,y) € Z; and (2/,y') € Z; depending on an event I' € F;_;. Assump-
tion (A.3) guarantees the existence of a program which satisfies the resource constraints

with excess. Condition (A.4) — a continuity property of F;(-) — holds, for example, if
Fi(2) = Buy(w,2(w)), where us(w,b) is a measurable function of w € Q and b € R*

meeting the following requirement: there exists a real-valued random variable h;(w) > 0
such that Fhi(w) < oo and |ut(w, v(w))| < hy(w) for any v € Z; and w € Q.

Denote by P; the standard nonnegative cone in L;(¢). The main result, holding under
assumptions (A.1) - (A.4), is as follows.

Theorem 2.1. There exist pg € Py, ..., pr—1 € Pr_1 such that

T-1

F(z) + Z Epi(yr — 1) < sup(P) (4)

t=0

for all programs z = {(x;_1, yt)}thr

The random vectors py, ..., pr described in Theorem 1 represent stochastic Lagrange mul-
tipliers relaxing constraints (3). As is well-known and easy to prove (see, e.g., [15], Section
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8.6), the existence of such vectors is equivalent to the truth of the following duality theo-
rem:
sup(P) = min(P"),

where the dual problem (P*) is defined as follows:
(P*) Minimize

F(p) = sup{F(2) + 3 Epu(ye — )}

z2€Z

over all p = (po, ...,pr) € Py X ... X Pr.

From (4), it follows immediately that a feasible program z = {(Z;_1, %)}, is optimal if

and only if
T-1

F(z) + ZEPt(yt — ;) < F(2) (5)

t=0

for all z € Z. Simple arguments show that (5) holds if and only if
Ft('ra y) + Epty - Ept—lx S Ft(jt—la gt) + Eptgt - Ept—li't—l [(x7y) € Zt7 l= ]-a "'7T]7

p(Je —Z) =0[t=0,...,T—1],

where ¢ = yo and pr = 0. In economic terms, this means that py, ..., pr are supporting
prices associated with the resource constraints (see [1], Chapter 4).

In the proof of the above theorem, we will use the following fact.

Lemma 2.2 (”biting lemma”). Let {gn(w)} (w € Q, m = 1,2,...) be a sequence of
random d-dimensional vectors such that {E|qy,|} is bounded. Then there exist measurable
sets Ay C Ay C ... and natural numbers my < mo < ... such that P(Ag) — 1 and the
sequence gm, Xa, 15 uniformly integrable.

Various versions of this lemma have been established by many authors. A number of
important results related to it are contained in the papers by Castaing [3] and Saadoune
and Valadier [21], where one can find further references. A proof is given, e.g., in [21], p.

349.

Remark 2.3. According to the Dunford — Pettis theorem (see, e.g., [16], Theorem 11.23),
every uniformly integrable sequence contains a subsequence converging in the weak topol-

ogy 0(L1,Ls). Thus, there exist natural numbers n; < ny < ..., measurable sets
Dy C Dy C ..., and a random vector g € L; such that P(Dy) — 1 and

G XDy — ¢ [0(L1, Loo)). (6)

3. Proof of the main theorem

1st step. Fix a sequence of numbers 1 > ¢ > e5 > ... > 0 converging to zero. For each
m € {1,2,...}, consider an auxiliary problem (P™) which is formulated like (P) with the
only difference that Z; is replaced by

Zgn = {(fﬂ,y) € Zt Y 2 €m yt}
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The definitions of programs and feasible programs for problem (P™) are analogous to

those for (P) (with Z}™ in place of Z;). We write z € Z™ if z is a program for (P™).
Clearly sup(P™) < sup(P™*!) < sup(P). By virtue of (A.1) and (A.3), the sequence

{Em(%t—la ?jt)} belongs to Z™, and, for any {(x;_1,y)} € Z™, we have
yt Z €m :Zt, t:O,,T (7)

(For t = 0, the last inequality holds because 50: yo and €,, < 1.) Furthermore,

Em 337: —, T €0 (t=1,2,...7), and yo — €, To> €,0e. (8)

Viewing inequalities (3) as linear inequality constraints in the spaces Lo (0), Loo(1),.. .,
Loo(T — 1), we can use an infinite-dimensional version of the Kuhn-Tucker theorem (see,
e.g., Theorem 8.3.1 in [15]) and construct nonnegative linear functionals 7] € (Lo (2))*
such that

T T—1
D F(wea,y) + Y <y — x> < sup(P™) 9)
t=1 t=0

for any program z = {(z;_1,y:)}T € Z™. The Slater constraint qualification, which allows
to apply the above result, holds by virtue of (8).

2nd step. Let us show that the functionals 77" involved in (9) are in fact absolutely
continuous, i.e., representable in the form < 7",z >= Epj*z, p* € P;. Fix any t €
{0,1,...,T — 1} and any natural number m. Furthermore, fix any real number x > 0 and
consider some feasible program z = {(x;_1,v;)} of problem (P™) for which

F(z) > sup(P™) — k. (10)
For any I' € F;, define a sequence 2" = {(z}_,y;)} by
Ti-1,Y5), . S t7
(x}lhyjr) = ( e y]) o 0 j
(1 —xr)(Tj-1,95) + xrem(@j-1,Y;), >t

Observe that 2" is a feasible program for (P™). Indeed, if j > ¢, then I' € F;_;, and so

(%r_py]r) = (1= xr)(®j-1,y5) + xrem(Tj-1,Y5) € Z;

by virtue of (A.2). Further, we have yo > z{ because xf = zg if t > 0 and

2y = (1 = xr)zo + Xrém o< (1 —x1)Y0 + Xr€m Yo< Yo

if t = 0. If 7> j > 0and j # t, then the inequality y; >  holds because both
{(zj-1,y5)} and {(f%j_l,?jj)} are feasible programs of problem (P™). If j = ¢, then, by

virtue of (7) and (8), we have
r . r o
Yi — T Z Y~ (1 = xr)@e + X1€m Tt >

o

(1 —xr)(ye — ) + xr(ye — €m i%t) > Xr€m (Y — 9037&) > Xrémde > 0. (11)
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By applying (9) and (11) to 2", we find

xt 1>?Jt <

IIM’ﬂ

-1
€md < ", xre > < Z <7y —a; ><sup(P™)
t=0

T

Z $tlyt

t=1

xt 1=yt + K,

IIM’%

o
where yl =Yo= yo. Since k > 0 is arbitrary, we obtain

T

€m0 < ", xre >< ZFt(xt—lvyt
t=1 t=1

Mﬂ

xt layt

By virtue of (A.4), the last expression tends to zero as P(I') — 0. Thus < 7", xre >— 0
as P(I') — 0. This implies that the functional 7;* (> 0) is absolutely continuous, i.e.,
representable in the form < 7", x >= Ep"z, x € L (t), where pj* € P; (see, e.g., [17],
Corollary to Proposition IV.2.1).

By substituting {(Z,_, ?jt)} into (9), we get

SE|p| = Epde < Epj*(Y, — &) < sup(P 2 1,15).

IIM'*]

This shows that the random vectors p;* are uniformly bounded in the L; norm.

3rd step. By using Lemma 2.2, we find sets A" € F; such that P(A") — 1, A] C A? C ...,
and the sequence {xapp}"} is uniformly integrable. Without loss of generality, we may
assume in addition that AJ* O AP D ... D A" | (the set A}* can be replaced by AJ*'NAT'N
..M AJ"). Since the sequence {xamp;"} is uniformly integrable, it contains a subsequence
which converges in the topology o(L;(t), Ls(t)). This is true for each t = 0,..., T — 1.
Thus, by passing to a subsequence, we may suppose, again without loss of generality,

that, for each ¢, xampi® — p¢ [0(L1(t), Loo(t))], where p; is a nonnegative random vector
in L1 (t)

Let z = {(x4_1,y:)} be any program of problem (P) satisfying y; > € ?jt, where € is some
number in (0,1). Then z is a program of problem (P™) for all m for which ¢,, < e (and
so for all m large enough). Fix any such m and put A, = A}". Define

('%tflv th) = (1 - XAt_1>€<%tfl7yt) + XAi—1 (xtflvyt)u = 17 ) T.
By virtue of (A.2), (#;-1,9:) € Z;. Furthermore, g, > € ?(J)t, where ¢ > ¢€,, and so

Z = {(Z¢-1,7:)} is a program of (P™). Consequently,

T T-1

Z Fy(Te—1,0) + Z Ep{*(9: — %) <sup(P™) < sup(P), (12)

t=1 t=0
where 7y = yo.

Observe next that (g: — &;) > xa,(yr — 2¢). Indeed,

v

(G — F2) — xacWe — 20) > (1= xar)e Ve +xarnads — (1= xa,)e
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o o °
(1= xa, )€Y +xa,na€e Y —(1—xa,)e 1=

(1—xa,) ely, — ) 2 0,

because Ay C A, 1 and y; > € ?jt. Consequently, from this and (12), we find

T T-1
Z Fy(Z-1,0e) + Z Epixap (yr — 1) < sup(P).
1=1 =0

By passing to the limit (using (A.4)), we conclude

T T—1
ZFt(fl?t—byt) + Z Ept(yt - IL’t) < SUP(P)- (13)
t=1 t=0

The above inequality was obtained under the assumption that {(x;_1,%;)} is a program
of (P) satisfying y; > € ?CJ)t for some € > 0. Now consider any program {(z;_1,y:)} of (P).
For each € € [0, 1], set (!9, 1\)) = e(Z_1, th)—l— (1 —€)(xt—1,y:). By using the result just
obtained, we find

T T—1
ST R 5 )+ Epy? — 21?) < sup(P) (14)
t=1 t=0

for all € € (0,1]. The left-hand side of (14) is a concave function of € € [0, 1]. Hence, if
inequality (14) holds for each € € (0, 1], it holds for ¢ = 0 as well. This proves (13) for
any program of (P).

The proof is complete.

Remark 3.1. We conjecture that the method described can be extended to stochastic
models of economic equilibrium [11] generalizing the optimization model considered in
this paper. In that, more general, setting, the counterpart of the problem of constructing
stochastic Lagrange multipliers is the problem of constructing equilibrium states (solutions
to certain variational inequalities). The conventional approach employing the Yosida—
Hewitt theorem seems to be inapplicable in that context. It would be of interest to find
out whether the technique based on the biting lemma could replace the conventional one
in the framework of equilibrium models.
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